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ABSTRACT

The scattering of soliton by impurities at the frontiers of a finite-length region of an
infinite sine-Gordon chain is analyzed. The impurities consist of two isotopic inhomo-
geneities installed at the boundaries of the finite-length region. The soliton solution in
the region is found in term of snoidal sine-Gordon soliton which properly takes into ac-
count the effects of the boundaries. By contrast, the soliton solutions in the neighboring
sides of the region are obtained in terms of the so-called large-ampiitude, localized kinks
with limiting spacial extensions at x —> ±00, which is equal ±x. Using the continuity of
these sotiton solutions at the frontiers as well as appropriate boundary conditions, it is
shown that the soliton may be either i) reflected by the incident impurity, ii) trapped{
with oscillating motions) between the two impurities (i.e. inside the finite region) or iii)
transmitted by the second impurity into the third, infinitely extended region. The thresh-
old velocities for the reflection and transmission into different regions are found and shown
to vary exponentially as a function of the length of the bounded region. The frequency
of soliton oscillations between the impurities has also been calculated in some acceptable
limit.
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1. Introduction:

Nonlinear solitary waves(solitons) are currently used in a remarkable variety

of contexts in condensed matter physicsflj. The sine-Gordon(sG) soliton[2] in

particular is uhiquitious in its application as a model for dislocations in crystals[3],

domain walls in ferromagnets and ferroelectrics[4], propagating flux quanta in

Josephson Junctions[5], charge carriers in weakly pinned charge-density-wave

condensates[6], charged dislocations in superionic conductors[7], phasons in

incommensurate quasi-one-dimensional conductors[8] and many other nonlinear

objects in the condensed state.

A great deal of recent interest has been devoted to understanding of soliton

properties in the presence of perturbations. Thus, Fogel et al.[9] have developed a

perturbative theory which treats the dynamical behavior of the sG soliton under the

influence of impurities, external forces and dampings. They found that the soliton

behaves very much like a classical deformable particle[10] and indeed, its

trunslational motion is governed by Newton's second law. Other perturbation

methods based on more sophisticated techniques such as the inverse-scattering

transform have been developed[ll-13] to treat the effects of perturbations on multi-

soliton solutions[2] of the sG equation.

The basic question concerning the study of soliton properties in the presence

of perturbations is of whether or not the nonlinearity can influence qualitatively the

effects of disorder on transport properties in condensed matters. Several analytical

as well as numerical investigations[14-19] have been carried out in the past decade

and have led to interesting results which sheet light on physical interpretations of

these phenomena. In this context, it has been shown that the main effect of disorder

was the modulation of soliton's dynamic parameters(center-of-mass coordinate,

velocity and momentum). Thus, a soliton interacting with an impurity may be either

reflected, captured or transmitted with possibly more or less distorsion of its profile



and in some cases the excitation of new degrees of freedom, the best studied being

the so-called impurity mode[14,17]. These scattering processes are relevant and are

at the root of many novel and stricking phenomena in condensed matter physics.

But there is another intriguing question connected with the influence of

disorder which has received very little attention, namely the effects of boundaries or

interfaces on the soliton dynamics. This question is raised particularly in systems

where the soliton must be reflected or transmitted into a different medium, as it is

the case for the problem of ac-to-dc conversion in Josephson Junctions[20,21]. In

statistical mechanics, soliton solutions on a finite interval are important in

determining the validity and the reality of thermodynamic parameters! 22-24]. Last,

in dislocations phenomena soliton solutions of the sG as well as the dsG on a finite-

length, one or two-dimensional crystal surface are more favorable to the appearance

of multi-step processes with finite and conservative densities of the

steps(kinks)[25,26].

The model of an infinite nonlinear Klein-Gordon chain with a few( one or

two) inhomogeneities has been the most exploited in previous works. Indeed, it

allows for the use of Hamiltonian pertubation theories which are so far the best

known analytical method with which to investigate the dynamics of nonlinear

disordererd systems. Basically, this method[13,16] consists of interpreting the soliton

as a Newtonian particle, and therefore to describe its motion by an energy equation.

In this way, results obtained for both the <f>4[17,19] and the sG[14,17,19] chains with

a local impurity instruct that the effective potential provided by the impurity to

soliton is strongly localized about the host, varying in a drastic manner and fades at

a short distance from it. In fact, such a variation just traduces the fact that the

soliton reaches the impurity after propagating on a sufficiently long distanceii.e. the

distance from the impurity to the chain ends is large enough compared to the

trajectory of the soliton transitory motion), so that the impurity appears as the
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single obstacle seen by the soliton at the host. Evidently, similar behavior occurs in

the case of two-impurity model but in this last situation mutti-scattering processes

can be involved, which are more or less sensible depending on the separation

between the two hosts.

Although results of the infinite-length models have led to relatively good

interpretations of many phenomena which have remained mysterious until recent

years, they can display significant weakness in a number of physical situations,

namely in systems with short lengths, or those in which the impurity(ies) are close to

the chain boundaries. A typical example of such situation is given by the model of

one-dimensional(lD) chain with two closed isotopic impurities. Indeed, in this case

the scattering processes can become more complex than the simplest predicted

behaviors[18]. First, multi-impurity-soliton scatterings can require a dynamical

approach based on quite different and new considerations, such as the need of an

appropriate ansatz that takes into account properly!intrinsically) the effects of the

chain boundaries on the soliton profile. This is remarkably the case when the

impurity rates are large and the impurity potential strong. Next, it is not evident

whether the effects of the impurities on the soliton motions are similar inside the

region between the impurities and out of this region. To this point of view, results

for the <|)4[27] instruct that the local variation of the impurity potential predicted in

the infinite-chain model is rather observed in the two sides of the region between the

impurities, being oscillating inside this region. Actually, even for the finite-length

chain with a single impurity the scattering potential is predominantly oscillating, so

that neglecting effects of the chain boundaries leads, in any case, to over or under

estimation of the order of magnitude of the soliton-impurity scattering parameters.



This paper is intended as the analysis of the scattering properties of a soliton

by two isotopic impurities sufficiently close to each other so that boundary effects

are involved in the scattering processes. It is instructive to note that similar analysis

has been previously carried out for the $4 model[27]. In section 2, we derive exact

soliton solutions in different regions of the ID sG chain. In section 3, used in made

of the perturbation method to estimate the main dynamical parameters of the

soliton in the presence of the two point impurities. Section 4 presents conclusion.

2. Model, exact kink and snoidal soliton solutions.

We consider a model of kink-bearing nonlinear systems which, in the

presence of inhomogeneities and in the continuum limit, is described by the

nonintegrable equation:

t»tt- «xx+(l^2)sinW=P(<t),itit.x,t) (1)

Where <|> is the displacement field along the chain, f is a parameter inversely

proportional to the nonlinearity scale and t and x refer to time and space

respectively. The function P plays role of the inhomogeneous term, which in the case

of isotopic impurity is written[27]:

P= E[8(X - d) + 5(x + d)] <t»u (2)

Equation (I) with P given as above, describes a sG system with two point impurities

at the distance 2d from each other. £ is a weak parameter referred to as the impurity

rate. When e> 0, we are in presence of two isotopic defects and when e< 0, we are in

presence of isotopic excesses.

When e= 0, (1) is exactly integrable and leads essentially to two different types of

soliton solutions. The first type corresponds to large-amplitude displacements! sharp

kinks) in the two boundary, infinitely extended media, and the second type

corresponds to a nonlinear solution of soliton type in the region -d£ x £ -d. It is

worth noting that due to the shortness of the intermediate medium such a soliton

solution could not display a complete" kink " shape. However, as d increases, the

soliton shape must sharpen gradually so that the transition into a complete "kink1

structure is accomplished as d -> °°.[25].

In the nonrelativists limit, these two types of solutions are obtained as

follows:

4tan-lexp([x - x, - X(t)]«} x < -d

0{x,t)= 2cos'1(msn{[x - X(t)]tf, m}) - d < x < d (3)

4tan-'exp{[x-x2-X(t)]/£} d<x

In this set, the first and third solutions are the well-known forms of large-amplitude

kinks. The kink center of mass is repered by the collective variable X, which at the

present time reads X= vt, where v is the kink translational velocity.

The second solution is a soliton given in terms of Jacobi elliptic functions of

modulus m, with 0 < m < 1. The Jacobi elliptic functions are periodic, and the

periodicity condition required for propagation within the finite medium is obtained

as:

d= ^K(m) (4)

Where K(m) is the complete Jacobi elliptic integral of the first kind. Hereafter the

second type of soliton solution will be referred to as a snoidal soliton. The varables X;

are introduced to take into account the continuity of the snoidal soliton and of the

two kinks at the frontiers of the finite medium. Indeed, a continuous motion within

the whole chain requires that any solution of the equation of the motion must be

matched across the hosts at positions x= ±d, so that the continuity requirement

follows from (3) as:

Xj = - x2 , x2 = d (S)

The physical meaning of this condition is quite simple: when d ->°°, kinks of the two

neighboring regions fade gradually whereas the snoidal soliton grows, sharpens
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more and more about its center of mass and then transforms into a large-amplitude

excitation.

3. Trapping, reflection and transmission of soliton by the impurities.

When e* 0, equation(l) becomes nonintegrable. Nevertheless, it can be

assumed! 16-19] that neither the kink nor the snoidal soliton shapes are affected by

the presence of the impurities, but their dynamical parameters may, however, be

subjected to changes in time. Actually, this assumption squares well enough with the

spirit of the perturbation theory, according to which the essential dynamic equation

governing the time variation of the soliton center of mass coordinate X, is the energy

equation:

Xtt= -e J [6(x - d) + 8(x + d)] ^tt^x d x <6)

When the snoidal soliton is introduced in (6), and performing series expansions of

the Jacobi elliptic functions to the first order[27], we arrive at the following second

order differential equation:

Xtt= Ao {sin(ic/KO(d - X) - sin(n/K#)(d + X)} (7a)

Ao = [eimc4/K-V2]cosech( itKVK) (7b)

Now inserting the two kink solitons in the energy equation (6), yields:

Xt,= (4e«3)sech2[(d + X + x,)«]tanh[(d + X + x,)«] at x= d (8a)

Xtt= (4e/^3)sech2[(d - X - x2)«]tanh[(d - X - x2)«] at x= -d (8b)

Equations (8) are precisely the two constraints required by the continuity across the

boundaries of the finite medium.

Equation (7) describes the motion of an effective particle with mass unity and

coordiniate X, in the field of the effective potential:

U(X)= t 0 {cos(*/KO(d - X) + cos(ji/Kf )(d + X)J (9)

We recall that, (9) is derived in the first-order approximation of expansion of the

Jacobi elliptic function. In this approximation, the scattering potential U(X) appears

to be doubly-periodic and has amplitude:

Uo = [emJc3/K3^2]cosech(jcK7K) (10)

According to (10), the amplitude of the scattering potential inside the finite region

depends on the impurity rate, the nonlinearity scale and the modulus of the Jacobi

elliptic function. On figure 1, we plot Uo (ml for arbitrary values of the impurity

rate and the kink width (.. The potential amplitude increases starting from a

characteristic valuelcorresponding to m= 0). Therefore the height of the trapping

barrier will increase as the soliton grows.

Due to the periodic feature of the trapping potential U(X), the snoidal soliton

in the field of this potential will oscillate, and the frequency of such oscillations is

given, in the small-amplitude limit, by:

£12 = [emics/K4^]cosech(j:K 7K) (11)

Now, turn our attention to the interesting question concerning the responses of

kinks to the presence of the impurities. About the incident impurity(x= -d), the kink

dynamics will be strongly affected by a local effective potential derived from (8a) as:

Uj (X) = (2e/^2)sech2[(d + X + x,)tf] (12)

On the other hand, from (8b) we derive the effective local potential governing the

dynamics of kink about the transmitting wall(x= d) i.e.,

Ut (X)= (Idt2)sech2[(d - X - x2)/(] (13)

As one can see, both Vt (X) and LI, (X) are potential walls peaked at X= -d and X= d

respectively, for e> 0. By contrast, when e< 0, they are potential wells centered at

X= -d and X= d, respectively. In both cases, however, the energy equation for the

kink motion at the frontiers is common and writes;

2 (14)



Where E is the energy conserved about each impurity after interacting with the

soliton. Just Consider the situation e> 0. Then we are led to distinguish two different

classes of behaviors:

a) A kink soliton in the Held of the local potential (12) cannot cross the incident

impurity wall as long as itsi incident) velocity does not exceeds the threshold:

v, = [2(E)1/2«]exp(o7« (15a)

b) The snoidal soliton must remain trapped between the impurities, oscillating from

one impurity to the other at the frequency £1, until it acquires a velocity higher

than the threshold:

v2 = [2(E)V2/(]exp(-dm (15b)

In an explicit sense, V| is the velocity needed for the kink soliton to fall into the

region between the impurities, and v2 is the minimum velocity at which the snoidal

soliton can overcome the trapping of the two potential walls. Expressions (15a) and

(15b) instruct that both threshold velocities vary exponentially as functions of the

thickness d of the region between the impurities. V[ increases and v2 decreases as the

thickness of the region is increased. In the limit d -> 0, where the two impurities

tend to join on a single site, V| and v2 are asymptotically equivalent and in the limit

d -> °°, v r > « and v2 •> 0. These two behaviors are interpreted as follows: when

the scattering region becomes very narrow, the incident and the transmission

velocities are almost equal and for a large scattering region the soliton may be

always totally reflected by the incident impurity wall, and therefore will never get

into the scattering region.

4. Conclusion.

We have investigated the scattering properties of sine-Gordon solitons

in a lattice with two isotopic impurities, separated from each other by a finite length

2d. Starting, we derived the appropriate exact soliton solutions in different regions

on the chain. Next, taking account of the presence of the impurities we obtained that

the soliton can either be reflected by the incident impurity, trapped between the

impurities!with oscillating motion) or transmitted. It appears from our study that

the threshold values of the reflection and transmission velocities are exponential

functions of the domain thickness, increasing and decreasing respectively, as d is

increased. We have also found that the frequency of soliton oscillations as it is

trapped between the impurities was a function of the domain length parameter m.

The behaviors for the case of excess mass impurities considered and when

d -> °°, that is V]-> •» and v2 -> 0, can be seen in the following way: when the

scattering region becomes very large, the soliton will be always totally reflected by

the incident impurity wall. However, it is possible that provided the soliton initial

velocity is above some well-defined resonnance windows, it may escape from the

impurity trapping potential. Indeed, this has been proved from numerical

investigations[28], which point out that for the infinite chain problem the

resonnance windows should depend mainly on the magnitude of the impurity rate.

However, the finiteness of the scattering region in our specific situation could lower

or enhance[27] the critical value of the initial velocity above that predicted in [28], so

that the scattering problem in finite-length case becomes quite different and

certainly more complicated.
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Figure 1: Increase of the height of the trapping potential barrier as a function of the

modulus (length parameter) ill.




