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Abstract
Kiselev V.V. Scaling relation for leptonic constants of higher excitations in heavy quarkonium: 
IH15P Preprint 94-71. —  Protvino, 1994. —  p. 9, figs. 2, tables 2, refs.: 9.

Using a specific scheme of the QCD sum rules, one derives the relation for leptonic cons' ants 
of nS -wave heavy quarkonia, so jf* / / *  =  n2/n  1( that does not depend on the quarkonium 
content, and it is in a good agreement with the experimental values of constants for the ф- and 
T-families.

Аннотация
Киселев В.В. Масштабное соотношение для леитонных констант высших возбуждений в 
тяжелом кварконии: Препринт ИФВЭ 94-71. —  Протвино, 1994. —  9 с., 2 рис., 2 табл., 
бмблиогр.: 9.

С использованием особой схемы правил сумм КХД выводится соотношение для леп
тонных констант п.S'-волновых тяжелых кваркониев /^  / / *  =  ге2/п ь  которое не зависит 
от состава кваркония и находится в хорошем согласии с экспериментальными значениями 
констант в семействах ф- и Т-частиц.
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Introduction

A description of quark bound states demands an application of nonpertur- 
bative approaches in QCD, which comes in the strong coupling regime (as ~
1) within the region of the hadronization at large distances (г ~  1/Лq c d - >  

A q c d  ~  200 MeV).
Considering the bound states with the heavy quarks ( t o q  >  Л q c d )  г one 

derives some regularities, simplifying the solution of problem.
For the hadrons with a single heavy quark, the virtualities of the heavy 

quark are low (~ Лq c d )  and one can make the expansion of the heavy quark 
QCD action over the small parameter Aqcd/w-Q' In the leading approxima
tion, the effective action possesses the symmetry with respect to the substi
tution of a heavy quark, moving with a velocity v, by any other heavy quark, 
moving with the same velocity v and having an arbitrary orientation of its 
spin [1]. The symmetry allows one to state the scaling law for leptonic con
stants of the heavy mesons, containing a single heavy quark, and the universal 
dependence of the form factors for exclusive semileptonic weak transitions be
tween the heavy hadrons such as В —► D *̂Hu, so that the universal function 
has fixed normalization at the zero recoil point.

For the heavy quarkonium (QQ'), the nonrelativistic heavy quark motion 
inside the bound state has allowed one to develop the approach of phenomeno
logical potential models. The QCD-motivated potentials combine the linear 
rise of the quark interaction energy at the large distances and the Coulomb-like 
interaction at the small distances [2]. Such models reach the high accuracy in 
the description of the mass spectra of heavy quarkonia (the (cc) charmonium 
and the (bb) bottomonium), 6m ~  30 MeV, however, their accuracy in the 
description of leptonic constants is very low (~ 25%).

Another powerful tool for the description of bound states with the heavy
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quarks has become the QCD sum rules [3], combining perturbative calcula
tions and an account of contributions by the vacuum expectation values of 
composite operators, i.e. by the quark gluon condensates such as < mgg >,
< asG^  > and so on. However, making the consideration with the finite 
number of terms in the QCD perturbation theory for the Wilson’s coefficients 
and taking into the account only the restricted set of quark-gluon conden
sates, results of the QCD sum rules get unphysical dependence on an external 
parameter of the sum rule scheme (the number of spectral density moments 
n or the Borel transformation parameter a). This dependence essentially de
creases the predictive power of QCD sum rules. An additional parameter is 
also the threshold sth, discriminating the resonant region from the hadronic 
continuum. Moreover, the weight functions, rapidly dropping with the energy 
increase, define the averaging scheme of QCD sum rules and do not allow one 
to draw some conclusions on the contributions by the higher excitations of 
quarkonium with the given quantum numbers, so that these contributions are 
practically neglected.

The QCD sum rule scheme, using the data on the quarkonium mass spec
trum has been recently offered in ref.[4]. In the scheme, the conditions of 
nonrelativistic quark motion and the small value of ratio Лqcd/^ q have al
lowed one to state the scaling relation for the leptonic constants of 5-wave 
quarkonia (QQ)

f 2—  =  const. , (1)
M

independently of the heavy quark flavours. The generalization of eq.(l) for 
the heavy quarkonium (QQ') has been considered in ref.[5], so that

f 2 /M\2
M  ( ^ )  = const- ’ (2)

where fi =  mQmQ>/(niQ +  mQ>) is the reduced mass of (QQ') system.
In the present paper we use the QCD sum rule scheme of refs.[4,5] to derive 

the relation for the leptonic constants of nS-states of heavy quarkonium

I 1 =  -  . (3)f l  «1
that does not depend on the heavy quarkonium content.

In Section 1 we describe the QCD sum rule scheme, using the spectroscopic 
data, and derive eq.(3). In Section 2 we make the phenomenological analysis 
of relation (3) and show, that it gives a good description of the experimental
relations for the leptonic constants in the ip- and T-particle families. In the
Conclusion we discuss the obtained results.
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1. QCD Sum Rules for Heavy Quarkonium

In the used scheme of the QCD sum rules [4] for the vector currents [3], we 
introduce the number n(s) for the nS-level in the heavy quarkonium (n(M% =  
fc), so that the resonance contribution can be written in the form

n i r V )  =  /  E  -  M L ) ,

= (4) 

Taking the average value of the derivative for the step-like function, we get

n ‘" ' V ) - < £ ? » < - * > > ' (5)

and, assuming, that

< -p ]£ 0 (n - f c )  > ~ 1  , (6)
an k

we find, that the resonance contribution, averaged in such way, is equal to

< Л  (T)

As for the theoretical part of the QCD sum rules for the vector currents, first,
in the leading approximation over the inverse heavy quark mass, we neglect
the power corrections from the quark-gluon condensates, which give small 
contribution into the leptonic constants (< 15%[3]), and, second, we take into 
account the Coulomb-like a$/ v-corrections, which are important in the heavy 
quarkonium, where v —» 0, so the corrections have the form of the factor

that correctly restores the 0(«s/u)-contribiition, obtained in the QCD per
turbation theory [3].

Then near the threshold of the heavy quark production, we will have

9 m I I ^ ( i )  ~  as 8/x2 . (9)

where fi =  mQmQ>/(mq +  s ~  M 2 ~  [tuq +  mg-)2. Making the theoret
ical part of the sum rules to be equal to the averaged contribution of the res
onances and assuming, that the hadronic continuum contribution is equal to
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the calculated part in the QCD perturbation theory at y/s >  +  m(Q'q) —
m,Q +  ™.q> +  2Л, we find, that

Л  as d M ,  /4му
Mn 7Г dn \MJ K ’

Note, that the analogous sum rules for the pseudoscalar currents lead to 
the same result [4].

Further, as it has been shown in ref.[6], in the region of average distances 
between the heavy quarks in the charmonium and the bottomonium,

0.1 fm  < r < 1 fm  , (11)

the QCD-motivated potentials allow the approximation in the form of loga
rithmic law [7] with the simple scaling properties, so

=  const. , (12)
dMn

i.e. the density of heavy quarkonium states with the given quantum numbers 
do not depend on the heavy quark flavours.

In ref.[5] it has been shown, that relation (12) is also practically valid for 
the heavy quark potential approximation by the power law (Martin potential)
[8], where, neglecting a low value of the binding energy for the quarks inside 
the quarkonium, one can again get eq.(12).

In ref. [4] it has been found, that relation (12) is valid with the accuracy up 
to small logarithmic corrections over the reduced mass of quarkonium, if one 
makes the quantization of S-wave states for the quarkonium with the Martin 
potential in the Bohr-Sommerfeld procedure.

Moreover, with the accuracy up to the logarithmic corrections, as is the 
constant value. Thus, as it has been shown in refs.[4,5], for the leptonic 
constants of 5-wave quarkonia, the scaling relation takes place

f2 /M \ 2
м  (i£) = cons(' ’ (13)

independently of the heavy quark flavours.
Integrating eq.(7) by parts, one can get with the accuracy up to border 

terms, that one has

dfn dn ae f 4/i \ 2
- 2 !^ Ж ^  =  ^ м Л м )  ■ (14)
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Table 1. The experimental values of leptonic constants (in MeV) for the nS-bottomonia in 
comparison with the estimates of present model.

quantity exp. present
fi 715 ±15 input
h 487 ±  16 506 ±  10
h 429 ±  14 412 ± 8
U 320 ±  30 358 ± 7
h 369 ±  46 320 ± 7
h 240 ±  30 292 ± 6

Comparing eqs.(10) and (14), one finds

(15)

that gives, after the integration, eq.(3):

f l  ni '

Relation (3) leads to that the border terms, which have been neglected in the 
writing of eq.(14), are identically equal to zero.

Thus, under the conditions of small Aqcd/ wiq ratio value and the nonrel
ativistic heavy quark motion, the described QCD sum rule scheme with the 
’’smooth average value” allows one to derive the scaling expression, relating 
the leptonic constants of different nS-wave levels, independently of the quark 
content of heavy quarkonium.

2. Analysis of Scaling Relation

Note, that eq.(13), relating the leptonic constants of different quarkonia, 
turns out to be certainly valid for the quarkonia with the hidden flavour (cc, 
66), where Afi/M — 1 (see [4]). In that case, to estimate the constant value 
in the right hand side of eq.(13) we have supposed in refs.[4,5], that as has 
the value, defining the Coulomb part of potential in the Cornel model (see
[2]), and the < dM/dn > value is equal to the average distance between the 
nearest 5-wave levels in the bottomonium.

This fact shows that the offered scheme can be quite reliably applied to 
the systems with the heavy quarks.

dfn ^  1 
f ndn 2 n ’
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Figure 1. The calculated dependence of n S  - bottomonium leptonic constants and the exper
imental values of fr(nsy

Taking a value of the 15-level leptonic constant as the input one, we 
calculate the leptonic constants of higher n5-excitations in the charmonium 
and the bottomonium.

The results are presented in Tables 1, 2 and on Figures 1, 2. One can see 
that eq.(3) is in a good agreement with the experimental values of leptonic 
constants for the nS-wave levels of heavy quarkonia [9].

One has to note, that for the f^^s) value we have taken

/ | ( 3 S )  =  / |(3 7 7 0 )  +  / |(4 0 4 0 )  j (1 ® )

since, as it generally accepted, the ф(3770) and ^(4040) states are the results

Table 2. The experimental values of leptonic constants (in M eV) for the nS-charm onia in 
comparison with the estimates of present model.

quantity exp. present
fi 410 ± 1 4 input
/2 283 ±  14 290 ±  10
/3 205 ±  20 237 ± 8
/4 180 ±  30 205 ± 7
/5 145 ± 1 5 183 ± 6
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Figure 2. The calculated dependence of n S  - charmonium leptonic constants and the experi
mental values of /^(„s)-

of 3D- and 35-levels mixing in the charmonium.

Conclusion

In the framework of the QCD sum rules for the leptonic constants of the 
heavy quarkonia one uses the conditions of low Aqcd/^ q ratio value and the 
nonrelativistic quark motion in the phenomenological potential, possessing the 
simpje scaling properties, one takes into the account the Coulomb-like a?/v 
corrections, and in the scheme of the ’’smooth average value” one derives the 
scaling expression, relating the leptonic constants of nS-wave quarkonium 
levels, so

f i t  _  Vl 
f l  ni ’

independently of the heavy quark flavours.
The obtained relation is in a good agreement with the experimental values 

of leptonic constants for the charmonium and the bottomonium, and it reflects 
a small variation of the heavy quark kinetic energy with respect to the heavy 
quark flavours.
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