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ABSTRACT

The "squeezed" representation of commutation relations for gluon fields in QCD is
formulated as the mathematical tool for the description of the gluon condensate. We first
consider Ay?4 theory and show that the "squeezed" Bogoliubov condensate can lead to
the spontaneous appearance of a mass. Using the "squeezed" representation, we show
that in the non-Abelian theory spontaneous gauge symmetry breaking (SGSB) and the
appearance of a constituent mass of gluons can be described. We construct a projector
onto the oscillator - like variables, for which the "squeezed" representation is valid, by
using the formal solution of the Gauss equation instead of fixing a gauge. We discuss the
effects of the SGSB and present as an application of the approach the calculation of the
gluon mass from the difference of the rf and the r? - meson masses.



I. INTRODUCTION

Quantum chrornodynamics (QCD) is believed to be the fundamental theory of strong interactions. It was formulated
as a SU(3)-gauge theory generalization of QED and applied to improve the parton model for the description of
experiments in the high energy region, where the coupling constant is small due to asymptotic freedom such that
perturbation theory analogous to the very successful quantum electrodynamics (QED) can be applied. However, at
low energies this scheme does not apply since the coupling constant becomes large and the perturbative vacuum
becomes unstable due to gluon self interactions [1]. According to the general theory of field quantization [2,3], the self
interaction can lead to a 'reconstruction' of the vacuum and to the appearance of a gluon condensate and collective
excitations which belong to unitary nonequivalent representations of the commutation relations. In the literature,
there are two different types of such representations considered:

1. "coherent" representation: when gluon field excitations are found by a transitive transformation, i.e. shifting
the fields to the solution of the classical equations of the instanton type [4-8].

2. "squeezed" representation: when gluon states are constructed by a multiplicative Bogoliubov transformation of
the gluon fields [9-12].

The description of a stable vacuum in low energy QCD by the coherent representations is still an open problem, as in
Minkowski space there are no non-Abelian classical solutions with stable excitations [6]. Concerning the "squeezed"
representations (we will call them the Bogoliubov type ones), a consistent scheme of their application for non-Abelian
fields is absent. In particular, the recent papers on "squeezed" gluon states [9-12] testify to the appearance of a
constituent gluon mass. The consistent description of a massive vector field requires a number of degrees of freedom
which exceeds that provided after fixation of a gauge in QCD [13]. Recall that in the unified theory of electroweak
interactions a consistent description of massive vector fields can be given due to the presence of a scalar Higgs field
in the Lagrangian which generates a longitudinal component. However, in QCD due to the absence of a scalar field,
the appearance of a constituent gluon mass can be understood as a spontaneous gauge symmetry breaking (SGSB)
of the type of a spontaneous chiral symmetry breaking (SCSB) for the quark sector [14-16]. The latter also means
the appearance of constituent quark masses due to the interaction of quarks with the "squeezed" vacuum, as this
interaction destructs the chiral projection operator.

In the present work devoted to the derivation of the gluon spectrum in the low-energy region of QCD we try to
solve the problem of the appearance of a constituent gluon mass using the gauge invariant scheme of an elimination
of the nonphysical components of the gluon vector field [17-21] which does not require the gauge- fixing as the initial
supposition. This scheme is based on the construction of the projection operators by explicitly solving the Gauss
constraint. We show that these projectors are destructed by the interaction of gluons with the "squeezed" vacuum.
As the result of this the constituent gluon mass appears together with the longitudinal components. We also show
that the analogous "squeezed" vacuum interaction for the weakly nonideal Bose gas model reproduces the results of
the Bogoliubov theory of superfluidity, where the "squeezed" states have been introduced for the first time.

Note that the Bogoliubov theory was the first to explain the experimentally observable spectrum of collective
excitations of superffuid Helium. This spectrum cannot be obtained by resummations of the conventional perturbation
theory series. This spectrum is not connected with exact classical solutions as it is in the Higgs effect. As Bogoliubov
has shown, the collective exitations are determined by the "condensate" of particles with zero momentum and finite
density. In the thermodynamical limit (limth, means infinite volume and infinite particle number at constant density)
the quantum theory becomes unitary nonequivalent the initial theory without the condensate.

Thus, there are two main problems:(i) the construction of a concrete model of gluon condensation with a physical
treatment of the parameters of the "squeezed" representation, and (ii) the extraction of oscillator - like field variables
for which this "squeezed" representation is valid, from the non-Abelian QCD action.

In the first part of our paper {Section II) we consider the first problem (i) on the example of a Bose gas model
with a generalized nonlocal <pA interaction. We give a field theoretical description of the condensation phenomenon
as a unitary nonequivalent representation of the algebra of commutation relations ("squeezed" vacuum) and discuss
the conventional local A04 theory. The relation to the Bogoliubov model for the weakly nonideal Bose gas is given in
Appendix A.

In the second part, we introduce in Section III the homogeneous colorless Bogoliubov condensate of gluons in
chromodynamics where the unphysical degrees of freedom are eliminated by applying projection operators instead of
fixing a gauge. At the end of this Section, we discuss spontaneous gauge symmetry breaking and the corresponding
oecurence of a massive gluon quasiparticle spectrum.

In Section IV we present applications of the approach. We determine the gluon mass (i.e. the condensate value)
from the anomalous j / - rf transition. In Section V we present the conclusions.



II. BOGOLIUBOV CONDENSATION IN THE \<t>* THEORY

A. The condensate as unitary nonequivalent representation

The spectrum of collective excitations in a superfluid is one of the solid experimental facts which has to be explained
by any microscopic description of the superfiuid state. The first and up to now most popular model which fulfills
this requirement is the Bogoliubov model of the weakly nonideal Bose gas [2], We remind the reader of this model in
Appendix A.

In order to describe the condensation phenomenon in field theory, we consider an interacting Bose gas with an
interaction kernel according to the well known local A04 model. This model is described by the Lagrangian density

C{x) = dM ^

The canonical momentum is ir(x) — tp(x) and we obtain the corresponding Hamiltonian:

The theory is quantized by turning the classical fields <p(x., t),ir{x, t) to Schrodinger operators <p(x), n(x) by imposing
the canonical commutation relations

[7r(x)l¥>(x')] = - t f ( x - x ' ) , (3)

and the physical states satisfy the Schrodinger equation

H\$ >= E\$ > . (4)

In the momentum representation

we have the Hamiltonian

]
p

+ E
P1P2P3P4

and the commutation relations

\VP,<PP'] = ~i6P,-p' . [VpiVp'l = I^P.^P'I = 0 •

For the massless theory (1), u}%(p) = p2, and the local interaction in momentum space is

A more general case of the Hamiltonian (5) will be considered in the nonrelativistic case treating the weakly nonideal
Bose gas in Appendix A.

Furthermore we use the Fock space representation and introduce creation and annihilation operators ap, a£ accord-
ing to

-a* + atn), (8)



with an arbitrary function u>(p). The operators ap,ap" satisfy the commutation relations

[«*.<-] = <W - K ' V l = K^+] = o , (9)

The corresponding vacuum |0 > is defined by a p | 0 > = 0, and the Fock space is given as

> } = | 0 > ; a + | 0 > = | p > , o + o + | 0 > = | P l p a > , • • - . (10)

To each special choice of w(p) corresponds a certain Fock space representation. The particular choice w(p) = wo(p)
would diagonalize the noninteracting part of the Hamiltonian, thus introducing a representation of free particles for
a model with K = 0. We will identify below £j{p) with the dispersion relation for quasiparticles which should be
determined selfconsistently.

In order to remove the infinity due to the zero point energy we have to introduce normal ordering in the Hamiltonian
(5)

_ : • ( n )

P1P2P3P4

We are interested in a more general approach to find optimized quasiparticles, which are also determined by the
interaction part. For the time being, we consider a wider class of representations of the algebra of commutation
relations (6) which are obtained by applying the unitary operator

UB{a,a+) = exp ( V]-^(apa_p - a+a+p)
\ P /

V P /

where fp is considered here as an arbitrary function of p.
The operator UB transforms the Fock space to the Bogoliubov space which is a superposition of all eigenstates of

the number operator

(13)

In quantum optics these states are called 'squeezed states', see e.g. [22].
In the Bogoliubov space the creation and destruction operators are given by

ap = U^OpUB = cosh /pap + sinh fpatp , (14)
at = t /s 1 tip f̂ B = cosh/pap" + sinh/pa_p . (15)

Applying the unitary transformation (12), we can define the new field operator t̂ p3 and its momentum TT̂  by means
of

(16)

which satisfy the same algebra of commutation relations as the initial ones

and from (8) we have the decomposition of the field operator and its momentum



Under this transformation (16) the contraction of a pair of field operators is left invariant

= Ci2 (19)

such that the normal ordering of the Bogoliubov fields <PB with respect to the Bogoliubov vacuum (13) |0s > {which
is denoted as :: ipp^ipP2 :: )

(20)

has the same form as the normal ordering of the original fields with respect to the Fock vacuum (10)

The normal reordering of the Hamiltonian (11) can be performed with respect to the new vacuum |0s > by using the
set of transformations (16)-(21):

« • • • •

where

and

(22)

(23)

- (5 permutations) + C12C34 + (2 permutations)

+ :: Vp^p-t •'• e^i+/p2C3^ + (5 permutations) + C^C^ + (2 permutations) .

As the result we get the normal ordered initial Hamiltonian (11) in terms of the Bogoliubov fields:

where

n V L
P

+3
PlPip3pi

* 1 2

P3P4

a 2 / p

Pi ^

As the result we find for the quasiparticle dispersion relation U>B{P)'-

12
P3P4

1/2

(24)

(25)

(26)

(27)

(28)

(29)

which can be identified with the quasiparticle energy <D in Eq. (23). This choice ofu(p) renders (29) a nonlinear integral
equation of the Schwinger-Dyson type that has to be solved selfconsistently upon specific choice of the interaction
kernel:

iff 1 M E -m .* < . . . : , . * . . Mt m—jl - , , . <



12 £ /sT(p, -p,p3, -psJCg. (30)

As in the Bogoliubov model [2], given in the Appendix, we consider here the case that only the zero momentum state
is squeezed so that /p^o = 0 and only /o 7̂  0. The Schwinger-Dyson equation then reduces to

, -P, 0,0)coBo : P ^ 0 . (31)
w|{0) = 12K(0,0,0,0)C0^ ; p = 0 . (32)

The dispersion relation ws(p) for p ^ 0 is given by (31) depends on C®0 which has to be determined selfconsistently
from the equation (32) for p = 0. For strong squeezing (/0 large), we find

1 / 3,0,0,0)e2 / o)1 / 3 . (33)

B. Bogoliubov mechanism of mass generation

In this subsection, we want to consider the Bogoliubov condensation phenomenon for the example of the \<p4 theory.
In this case, the interaction kernel and the free dispersion relation are given by

P3-P4,0 , (34)

= \ff • (35)

Inserting Eqs. (34) and (35) into the general result for the quasiparticle dispersion relation (29) we obtain for p ^ 0

w | ( p ) = P 2 + m | , p ^ 0 , (36)

where

l ^ & (37)

is the bosonic quasiparticle mass. In analogy to the Bogoliubov model, see Appendix A, mB should be expressed in
terms of the condensate density (for large /0)

AT 1 e2f°
nB = ^ = v < 0B|a0

+ao|0B >= ~W , (38)

which survives in the limit V —* 00, if the parameter / 0 is chosen according to fQ = \ ln(4nsV). Using the formula
(23) for the contraction in the A<̂ 4 model, the quasiparticle mass is given by the density of the condensate

mB = (AnB)1/3 . (39)

The r.h.s. of this formula depends only on intensive quantities , but does not explicitly depend on the volume V. The
Hamiltonian (11) coincides with that of the usual massive theory which reads in coordinate representation

\ j ^ ^ ^ (40)

where £0 is the vacuum energy

Eo = < 0B\HB(V, ^ ) | 0 B >= I ^ ( C M ) 2 = ^ V , (41)

which has the same nonanalytic dependence on the coupling constant as that of the Higgs mechanism of mass
generation. Obviously, the Bogoliubov mechanism of spontaneous mass generation presented above differs from the
Higgs mechanism by the representations of the vacua and the interactions of the quasiparticles. The Higgs mechanism
corresponds to the coherent vacuum representation, while the Bogoliubov one - to the squeezed vacuum, see Appendix
A. The introduction of the Bogoliubov condensate is related to the Wick reordering procedure with respect to a new
Fock space.



III. BOGOLIUBOV CONDENSATE IN QCD

The formulation of a microscopic approach to the theory of superfluid helium shows similarities to the formulation
of the theory of strong interactions, QCD. Both theories are defined in terms of elementary particles (helium atoms
and quarks and gluons, resp.) the spectra of which are denned by free Hamiltonians in the high energy domain. In
both theories in the low energy region, the interactions dominate the free terms so that there are no free particles.
The usual perturbation theory cannot be applied in this region. The problem appears to find the stable vacuum state
and the spectrum of one-particle excitations.

By the use of the experience with the Bogoliubov approach to Bose condensation considered above it is attractive
to suppose that also the QCD-vacuum (in the limit of infinitely heavy quarks) can be considered as a homogeneous
colorless condensate of gluons. This condensate is described mathematically by the procedure of Wick reordering with
an additional squeezing parameter / 0 , and it corresponds to the transition to the "squeezed" representation for the
algebra of field commutation relations.

A. QCD Hamiltonian and Gauss law

As is well known, QCD is a gauge theory with unphysical degrees of freedom in the Lagrangian which have to be
eliminated before quantization. According to Dirac, only the spatial components of the gauge fields are dynamical
and have to be quantized. The time components obey constraint equations (Gauss laws) and have to be eliminated.
We shall use the Hamiltonian approach where the physical states are energy eigenstates of the Hamiltonian and at
the same time are annihilated by the Gauss law operator. The reduction of the QCD action to the class of functional
which obey the Gauss law constraint for the unphysical time-like component Ao is realized by the introduction of a
projection operator as will be shown in this section. This method of the construction of the physical variables and
of the Hamiltonian in QCD corresponds to the choice of the radiation gauge in QED and fixes the particular frame
where the spectrum of the Hamiltonian is determined and the condensate is at rest. It is natural to choose the rest
frame of the hadron or of the quark - gluon plasma (similarly, the frame of the radiation gauge in QED is chosen as
the rest frame of the atom). This projection scheme leads to gauge invariant variables [17] which are introduced for
the non - Abelian case in Refs. [18,19,21].

We start from the QCD Lagrangian of quarks and gluons

C(A, q) = -\{F«vF»va) + q{i 0+ A ~ m°)<? , (42)

where F*u is the field strength tensor

F% = dpAl - 8vAl + gfabcAlAl . (43)

In the following, we use the notations

Aa\a r)

*>-'Q- »-*£-• ( 4 4 >
where g is the coupling constant. Due to the gauge invariance

v = Vq, (45)

) 1 (46)

this classical Lagrangian contains only 3(iVc
2 - 1) degrees of freedom instead of the 4(N? - 1) components of the A

field (iVc is the number of colors). For the construction of the Hamiltonian one usualy introduces chromoelectric and
chromomagnetic fields

El = Aai- Df{A)Ab
0 , (47)

B?{A) = \ £ljkF]k = aMdjAl + \g fabcAb
3Al), (48)

with At = 9o^i and the covariant derivative



Df(A) = Sabdi + g facbA\ . (49)

The magnetic field satisfies the Bianchi identity

D?{A)B\{A) = 0 , (50)

which can be interpreted as a generalized transversality of this field. In order to construct the Hamiltonian, we
have to find the canonical momenta. We see that the Lagrangian (42) does not contain time derivatives of the zero
components of the gluon fields. The Euler-Lagrange equations are therefore constraints (the Gauss laws):

(51)

where D^ = DfcDfb and j§ is the zero component of the currents

In the following we shall use the formal solution of these equations:

i n a r A 1 i ~b (p\rl\

where

(54)

We suppose that zero modes of the differential operator D^b(A) are absent.
The pure gauge components are excluded by the transition to the physical variables as the gauge invariant functional

constructed by the help of solution (54)

A1 [A] = V{A)(Ai + dt)V(A)~l ; q^A, q] = V(A)q , (55)

where matrix V is defined from equation:

V(ao + dojV-1 = 0 => V = Texp( I aodt ) (56)

(within a stationary matrix as the time boundary condition). The invariance of these functionals

A1 [A*} = V(A)(g~lg)(A + di)(9g-l)V(A) = A![A]
qr[A*q9] = V(A*)q9 = V(A){g-1g)q = q'lAq] .

follows from the transformation properties of O.Q and V:

(57)

V[A8] = V[A\g-1 . (58)

The consequence of this is the variables (55) depends on 2 {N^ - 1) independent degrees of freedom, as the magnetic
field:

Bf{A) = \ uMdjAa
k + | fabcA)Al) . (59)

The tensions Bf and A[ satisfies the identities

Df(A)Bb(A) = 0 (60)

Df{A)Alb{A) =0 .

In the terms of the functionals (55) the Lagrangian (42) takes the form



Rsd{A!,q!) = i [AC - Bf(A}] + 5 ' ( ^ - m V 4- (61)

The canonical momenta to the spatial fields A^ and the quark fields q are

= ^1 > ^ = 9 7 t - (62)

This electric field El<\ satisfies the Gauss constraint

Df{A1)-Elb
i=0 . (63)

The explicit solving this constraint can be fulfilled by help of the projection operator:

El<\ = U^iA^E^ (64)

which is given by

n ^ / l ) = 6tJ6
ab - D?C(A) * Df(A). (65)

(In following we omit the index I.) In the case of A = 0, this projection operator represents the transverse one
11$ (A - 0) = 6f}6

ab. Finally we get the Hamiltonian

l- [El
aUtb(A)El + B?{A)B?(A)] + q^A - m°)q - ± j j ^ — jb

0 + q^Aiq\ , (66)

where the role of gauge fixing is played by the projection operator (65) (see in details [18,19,21]). The nonabelian
chromomagnetic field projects onto the generalized transverse component of the A field quite analogous to the form
EtUij(A)Ej for the chromoelectric field.

B. Spectrum of quasigluon excitations

In analogy to the Ay4 model we perform Wick reordering to the new squeezed vacuum and consider a homogeneous
and colourless condensate (/p/o = 0, / 0 = 0) with the contraction

0 > = < 0fl | (A
B)«(Pl)(A

B)b(P2) 10B >= 5%}6
ab6PuP,Cp ; Cp - ^ - 1 ^ ; (67)

(68)

where

Let us consider the Wick reordering of the magnetic part of the Hamiltonian (66),

1 JSX : B?(A) : = \ Jtfx | : (djA%)6&djAt) : +2gfab< : {d}A%)AbA% : +^f<^f^ : A^AJAl : | , (70)

which reads in momentum space



\ fd3x : Bf(A) : =

J=

P1--P4

The reodering of the first two terms on the r.h.s. of Eq. (71) gives no extra contraction contribution. For the Wick
reordering of the third term we write

fabcfade . A^pi)Al{n)Aj{pz)Al{v,) : = / a f r7 f l d e^0
rabcrade ^

-fabcfadeAb(pl)A
d(P3) < Ac

k(p2)A%(p4) >

> Ad(p3)A
e
k(Pi)

l(P2)Ad(P3) >

+jabcfade < AfoMtfa) >< Ac
k(p2)A%{p4) >

+fabcfade < Ab{pi)A^p2) >< A
d(p3)A%(p4) > . (72)

Using formula (67) and the identities

abc

in Eq. (72) we thus have

P\-P4

p

+ J^ fabcfadeAb
J(pl)AUP2)A'j(p3)AUP4)SPl+P2+P3+Pi,o

P 1 - - P 4

= 6iVc(7Vc
2 - \)(CBf + 4NCCB

+ J2 fabcfade :: Ab(p1)AUP2)Ad(p3)At(p4) :: ef^+f^+f^+f^SPl+p,+P3+Pi,0 . (73)
P1. .P4

Putting all together,

\ Jd*x : S?{A) : = 3 2 ^ ( N C
2 - l){CBf + \ ^ [(p2 + 2g*NcC

B/V)6tj - piPj} ::

+ ^ 5
2 ^ f^f^ " Ab(Pi)Al{p2)A

d(P3)A%(p4) :: e ^ ^ ^ + ^ + ^ ^ . ^ + ^ + p ^ o • (74)
P1. .P4

The first term corresponds to the conventional definition of the gluon condensate [5]

G' = | i < jF^F>"" >= | i < S? > (75)

10



The second term in Eq.(73) includes the mass of the quasigluons which have both transverse and longitudinal parts,
as the operation of the reordering destroys the projection properties of the non-Abelian magnetic field. This fact can
be understood as the spontaneous gauge symmetry breaking (SGSB), and is the Bose -analogy of the spontaneous
chiral symmetry breaking for the constituent quarks [14-16], which is also realized by the corresponding Bogoliubov
transformation of the "squeezed" type. It is well known that a massive vector field requires for the description a
number of degrees of freedom which exceeds that provided after fixation of a gauge in QCD. Note that the fixing
of a gauge results in an elimination of the longitudinal components of the vector field and is inconsistent with the
concept of a mass [13]. So, the method of projection onto gauge invariant variables [17] used here is more adequate
to the phenomenon of SGSB than the conventional gauge fixing method. Similarly to the above magnetic energy the
projector n,^ in the electric energy EiHij(A)Ej is destroyed by the Wick reordering procedure. The kinetic energy
contribution to H'2' reads

::El
BEJ

B::<Uij(A)>

In the low energy limit p2 ~ 0, the expression <

n?j P~o =< n?j (A)

> can be easily determined:

1 xdlbAl >=Zx..£at>
feme J^m fend j[n J } 3 *J

(76)

(77)

with the quasigluon mass

m9 - c9 ~y~ •

In analogy to (39) this gluon mass can be expressed through the density of the gluon condensate:

m3
g = ZNcg

2nB.

After the reordering of the complete Hamiltonian (66) we obtain:

HB =

where

The Eqs. (74), (76) and (77) allow us to find the Bogoliubov Hamiltonian for the quasigluon excitations in the low -
energy limit:

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

(85)

(86)

(87)

idi - mo)q + l-f0 > J o -

{A*? .

In the approximation

> 2

the spectrum of the quasigluon excitations is given by u^(fc) = fc2 + rojj. A more detailed consideration of Eq.
goes beyond the framework of the present paper and will be considered in a forthcoming work.

The propagators

1 -

11



coincide with the massive vector field ones in the Dirac variables [17,23]. The quasigluon mass mg in the low energy
limit is determined by the vacuum expectation value using the relations (75) and (79):

(88)

We have shown that the Bogoliubov condensation of gluons leads to a nonvanishing contraction CB (69) of gluon fields
which results in the spontaneous gauge symmetry breaking and the occurence of a gluon mass. We have obtained a
new gluon mass formula for the low energy limit of QCD.

In the following Section we examine consequences of the present approach to the low energy sector of QCD for the
TJ' mass formula.

IV. APPLICATIONS

A. The mass difference of r) and T)' and the quasigluon mass

According to the Bogoliubov condensate approach, the contraction (69)Cg is a phenomenological parameter of the
"squeezed" vacuum state and is directly related to the macroscopic occupation of the zero momentum quasigluon state
and therefore to the gluon mass. We suggest to use this relationship for the fixation of the squared mass difference

m%, -m% = AmJ, = 0.67GeV2 (89)

According to recent approaches to the determination of the rf mass [24], we suppose that the mass difference (89)
is determined by the rf —* TJ' transition through the process of the anomalous decay of the 7j' meson into the gluon
condensate Bf and a collective gluon excitation Ef. The effective Lagrangian of such a type of decay is well known
[25]

AS* = A* B?(b)r)' (-^-aa) , (90)B?

where aa = g2/A-K, F^ = 93 MeV and b is the constant part of the A field.
The sum of this Lagrangian (90) and the Lagrangian for "free" quasigluons in the low - energy limit (77)

*,) , (91)

after the renormalization (Aft = » / | J 4 ) , leads to the Hamiltonian

H(AR) = £({£*)? + B?(6)TJ' ( — ^ = a s ) ) 2 - \{AR)2m2 (92)

so that the effective Hamiltonian of the rj' —»7/ transition has the form

Thus, we have

This equation together with Eqs.(75) and (88) leads to a relation between the quasigluon and if masses:

Choosing in the low-energy region o, ~ 1 we can estimate the values of the condensate and quasigluon mass:

mg ~ 650MeV ; G2 ~ (300MeV)4 (96)

which is in the agreement with earlier estimates [5,9]. Note that the process of the decay of rf into gluon fields by
means of the Hamiltonian (90) is forbidden, as the vacuum expectation value from the magnetic field < \Bf(b)\0
is equal to zero.

12



V. CONCLUSIONS

The formulation of a microscopic approach to the theory of superfluid systems such as helium shows similarities to
the formulation of the theory of strong interactions, QCD. Both theories are defined in terms of elementary particles
(helium atoms and quarks and gluons, resp.) and parametrize their interactions in the relevant energy domain. We
tried here to construct the low-energy spectrum for collective gluon excitations in QCD by the analogy with the
Bogoliubov microscopic theory of superfluidity. The main peculiarity of the latter is the dependence of the spectrum
on additional parameters of the nontrivial quantum representation of the algebra of the commutation relations. We
have chosen the "squeezed" representation and have shown that the Bogoliubov condensation can be fulfilled for
quasiparticles in the selfconsistent form, which looks as the Wick reordering of the initial Hamiltonian with the
definite contraction (69). This reordering in QCD can be physically treated as the filling of the conventional vacuum
by the condensate of colorless scalar homogeneous pairs of quasigluons (which formally differs from free gluons by
the one-particle energy). The quasigluon spectrum depends on the density of the condensate as the parameter of
the "squeezed" representation, and in the thermodynamical limit cannot be reproduced by a naive summation of the
convential perturbation theory series.

Apparently, such an analogy with the Bogoliubov theory of superfluidity with a homogeneous condensate is more
suitable for the description of a quark - gluon plasma with high particle density. Nevertheless, even in the simplest
homogeneous version, the Bogoliubov condensation signals about more general theoretical problems of the type of
the here described spontaneous gauge symmetry breaking and the appearance of the constituent gluon mass which
require the specific scheme of quantization of gauge theories without gauge fixing as the initial supposition.
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APPENDIX A: THE WEAKLY NONIDEAL BOSE GAS MODEL

The Bogoliubov theory of the weakly interacting Bose gas [2j is described by the nonrelativistic Hamiltonian

H = E h a>p + w
The operators a+,ap are the creation and annihilation operators of bosons in the state p

[<v<']=V< (A2)

where p stands for momentum and internal quantum numbers. The coupling constant Uo is defined by the scattering
amplitude of slow particles, V is the volume of the system. We figure out the original work of Bogoliubov [2], for a
more recent presentation of the theory of the weakly interacting Bose gas see [26], [27].

In the Bogoliubov derivation of the superfluid spectrum one can distinguish three points:

1. A macroscopic occupation of the zero momentum state (p = 0) is assumed so that in the thermodynamic limit
a finite density of the condensate

ns = limth^/0 (A3)

occurs, where No denotes the number of particles in the condensate. Therefore, the operators a^,a0 in the
thermodynamic limit (A3) are described as c-numbers
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a0 ~ a.Q ~ y/N^. (A4)

This description, strictly speaking, should be completed by defining a representation for the condensate which
in the present work is given in Subsection II A, see also below.

2. The next step is the expansion of the Hamiltonian (Al) around these c-numbers

5ZoPianap;v, = N«+ No J2^aPa-p+ at>a-»+ Aatav) + °NUl •

Taking into account the conservation of the total number of particles N and rewriting

in Eq. (A5) and neglecting terms of higher than second order in the particle operators ap^o, a^Q the Hamiltonian
(Al) transforms into

= j" +

where

. ... P2
( A 7 )

3. The last step is the diagonalization of (A6) using the Bogoliubov transformation, i.e. the transition to the
operators of quasiparticles 6+ and bp for p ^ 0

b+ = U-la+U = ch(/p)a+ - sh(/p)a_p,
(A8)

bp = U~lapU = ch(/p)op - sh(fp)a±p,

where

\~* — i — + + ^ I (A9)

The function / p is found from the requirement of the disappearance of nondiagonal terms:

so that the Hamiltonian (A6) gets the form

„ N

2 \ep

(All)

where ujg is the spectrum of excitations in a superfluid liquid

-4">-«*-»•=(£)'+£(**£)• <A12)

which is determined by the condensate density rig = NQ/V = N/V and by the coupling constant UQ.
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In the low momentum region this expression describes the Landau sound and the particle excitations with energy
(p2/2m) disappear.

In his paper [2], Bogoliubov did not determine the representation of the condensate state for which Eq. (A4) is
fulfilled. Usually one assumes that of the coherent state

|OC >= exp I > co(a{J" + a0) } |0 > , co = -/NQ , (A13)

\P I
for which holds

< 0c|ao|0c > = < °clao"l°c > = vrNo~ , (A14)

corresponding to Eq. (A4).
However, to get the Bogoliubov result it is enough to assume the weaker condition

(aj)2 ~ al ~ a j a0 ~ No , (A15)

rather than (A4). These relations are fulfilled for the representation of the condensate state which is given by the
same Bogoliubov transformation as for p ^ 0 (A9):

l°e >= [UBI\ 1° > > (A16)
where

UBo - exp i y ( a o a _ o - aja~tQ) \ • ( A l 7 )

The inverse of the unitary operator (A9) defines also the transformation of the old into a new vacuum state for
momenta p / 0. In quantum optics the vacuum | Og > is called 'squeezed vacuum', see e.g. [22].

For the "squeezed" vacuum representation (A16) of the condensate we have the realization (A15)

< 0 s | a2
0 \ 0B > b+shfo > 10B >= (A18)

= < 0g | (OQ")2 I Og >— ch/osh/o ,

< QB | a+a0 10s > = (sh/o)2 = Aro ,

and at large No (A15) means that

ch/osh/o ~ (sh/o)2 ^/Vo ^ oo , (A19)

e2h ~ 4JV0 , /o ~ 1

The choice of the "squeezed" vacuum is more prefable from the point view of a general consideration of all momenta,
p — 0 and p / 0. Together, the Bogoliubov transformation now is given by the product UUBQ.

On the other hand, the Bogoliubov transformation (A9) means that the initial theory (Al) goes over into the
field version without the conservation of the number of quasiparticles, due to the appearance of terms of the type
b+bbb,b+b+b+b. Therefore, it is worth from the very beginning to formulate the theory in terms of field operators and
their momenta.

In order to give the relation to the field model, Sec. II, we consider a Hamiltonian (5) where the interaction kernel
and the free dispersion relation are given by

Un ^—, — — ;—r, ^ ^ ^A 2 Q )

MP) - ~ • (A21)

It is easy to check that the interaction in (5) in perturbation theory (wo(p) sa LJB(P)) contains the Bogoliubov one
(Al):
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_± ^ a+a+a^a p ^ P l + P 3 , P l , + p , , + . . . . (A22)

However, in addition to the Bogoliubov matrix element which describes particle scattering, the <jf>4 interaction in the
present field theoretical formulation contains also pair creation and annihilation terms.

The spectrum of collective excitations (29) for the Bogoliubov model defined by (A20), (A21) reads

^ ^ ^ (A23)

where JV is the constant

X > 2 i <A24>
This equation has to be solved selfconsistently. The Bogoliubov assumption of the condensation of free particles
corresponds to replacing OJB(P) by the free dispersion relation Wo(p)-

In this case, the spectrum (29) coincides with the Bogoliubov result (A12) with the replacement

N - N = - Y^ (e2/t - 1) • (A25)
k

According to Eq. (A19) N is twice the total number of particles 2N. The factor 2 as compared to the Bogoliubov
result appears due to additional interaction terms in the field version. The second difference is that the occupation
number is defined by a distribution function /jt obeying Eq. (A25). Following Bogoliubov [2] we can choose that all
particles occupy the zero momentum /o and /jt/o = 0; such that

e2/o
No = 2 < 0B I ajo0 10B >= 2sh2/o ~ — (JVo -» oo) (A26)

We have shown above that due to the occurrence of the condensate in the low-energy region p ~ 0 the theory contains
only the collective quasiparticle excitations with the dispersion relation CJB(P)- This result, however, contradicts the
supposition that the particles in the condensate obey the free dispersion relation wo(p). The field version allows us to
resolve this contradiction supposing the condensate is formed by quasiparticles.

Thus, to reproduce the spectrum of the collective excitations of a superfluid liquid in the field version of the
Bogoliubov model it is sufficient to introduce the condensate of the zero momentum particles by the operation
of "squeezing" the initial Fock space of states. The consideration of the field version allows us to more clearly
recognize the fact that the spectrum of a superfiuid liquid cannot be obtained either by naive summation of a
perturbative series, or by a lattice calculation of the functional integral corresponding to the initial condensateless
theory. Moreover, in the thermodynamical limit of infinite volume the initial Fock space becomes orthogonal to
the space of the "squeezed"states, and the perturbation theory in terms of the Bogoliubov fields becomes unitary
nonequivalent to the conventional perturbation theory.
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