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ABSTRACT

We model the effect, of an ultrasound beam on a water phantom by considering water

as MII incompressible Newtonian viscous fluid. The two dimensional flow velocities (u,v)

induced in the water phantom, mimic displacement in living tissues for a phantom of

unit width. The displacements depend on the ultrasound signal which is emitted and the

model also predicts the nature of the signal received.
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I INTRODUCTION

A very characteristic property of ultrasound is its non-invasive one. Thus, without

the risk of ionizing radiation, it is apparently safer in medical practice than X-rays for

imaging any part of the human body. A minor limitation is that it. is only applicable to

soft tissue, the linearity of which leads to propagation equations not. too complicated.

The pertinent question is: how much cyclic deformation do tissues undergo when ex-

posed to ultrasound signals? The subject matter of this paper is thus addressed to this

question. It is, however, noted that the response of internal tissue structure to ultrasonic

motion has long been recognized in the diagnosis of various pathological conditions and in

the identification, the differentiation, the characterization through absorption/scattering

phenomenons [1], [2], [3], [4], [5], [6], [7]. Experiments to monitor this effect, by recording

the spatial location of ultrasonic echoes and measuring the absorption/scattering coeffi-

cients through spectrums have demonstrated the potential of quantitative studies of tissue

motion by ultrasound. Otherwise, this means that there are differences in patterns of mo-

tion between normal tissues and diseased ones. So in order to select, an effective technique

of analysis, many measurements have to be made in practice.

Because the water and protein contents of tissues and organs so dominate their ultra-

sonic properties, investigators have found it propitious to study model systems to avoid

many of the complexities of dealing with in vivo anci in vitro preparations.

Hence, in ultrasound studies, the common practice is the use of water phantom which

consist of water and scatterers. This is contained in special plastic materials like rubber

[8] that have acoustical properties similar to tissue and forms the basis for experimental

modelling and computer simulation. It is also usual to vary the amount of scatterers,

thereby varying the viscosity of such a mode! [9]. Thus by analysing the signal obtained

by the receiving transducer, one can tell if the tissue traversed by the ultrasound beam is

healthy or pathologically altered.

In this work, we modelled the water phantom [10] as a Newtonian viscous homogeneous

and incompressible fluid [11]. The disturbance of such a fluid by an ultrasound wave is

governed by Navier Stokes equations (Section II). The solution to these equations are

derived analytically in Section III. A discussion of the results is presented in Section IV.

The more realistic case in which the tissue is modelled as a non-Newtonian material is

deferred to a later part.

II THEORY AND FORMULATION

We consider a water phantom in a rectangular container of unit width (x',yl). The

ultrasound emitter is a circular disk of diameter 2d in the y' direction while the r'-axis



lies at the centre1 of the emitter (Fig. 1). Let the ultrasound wave be a longitudinal one.

The pressure pulse omitted by such a wave is of the form [12]

ik ( i )

where P'ts is the pressure of the emitted ultrasound wave, e' is assumed to be a small

amplitude, w' is the angular frequency, k' is the wavenumber and t' is time, The prime

denotes dimensional quantities.

If (il,v) is the velocity vector in the water phantom, F" its pressure, p' its density,

//.' its viscosity coefficient and v its kinematic viscosity, then the equations governing the

motion of a compressible Bussinesq fluid [13] are;

- the continuity equation

the two components of the momentum equation
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ami the equation of state

P = pRT . (3d)

Let the ultrasound beam of Eq.(!) bo incident on an initially motionless phantom. Since

the amplitude is small, we seek expansions for the velocity components u and v in Eqs.(2)

and (3) under the usual acoustic approximations of the form

d

the energy equation (neglecting viscous dissipation)

, , \0T' ,dV ,3V c

u = u\ v = i/. P= P' + Px, T

subscript oo is used to denote reference conditions.
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Taking into account these approximations, the above governing equations become
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where 0 is the linear thermal expansion coefficient

dT' \d'2T

Consider the variables u',v\ T', P', p' have the form of

v! = u'(y}e,x\i)(kx — wt)

v' = v'(y)expi(kx - wt)
pi pi £*
— = —(y)expi(kx - wt) + — expi(kx - wt)
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T = T(y)ex\>i(kx-wt)

p' = p'(y)exvi(kr.-wt)
Hence the governing equations can be rewritten as
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In the above equations, squares and products of small or perturbed quantities are ne-

glected. Supposing that the ultrasound is not applied long enough to produce tissue

heating, then T ~ T^,, in which case, Eq.(7d) disappears and the term involving the

temperature in Eq.(7c) drops out. Thus the governing equation of motion in suitable

non-dimensional variables are now:
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By neglecting the compressibility term, these equations become
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The following nou dimensional variables have been used:

Pv2

(9a)

(9b)

(9c)

(10)

where a is the Womersley parameter, 1Zr the. Reynolds number, 7 the ratio of the specific

heat capacity at constant pressure to the ultrasound in tissue, c(n is a typical length say

the diameter of the aorta and 'a' is related to the wave number parameter.

Let one half of the boundary of the symmetrically disturbed phantom be taken as

y = 1 + f(ex) (11)

where / is a, slowly varying function of e.

Then the symmetry boundary conditions require that v and the shear stress2 be zero
on y = 0. At the surface (11), the normal and tangential components of velocities are

a + evf(ex) (12)

(13)

where the point denotes differentiation with respect to the argument. Eq.(13) is zero from

scattering condition while Eq.(12) will be equal to Amnli • £ in which Amwl is a constant.

Taking this constant equal to unity and neglecting products of small quantities as before,

Eq.s.(O) are to be solved subject, to the boundary conditions.

d'v
= 0 = —- on y = 0

dy1

, = 0 , - I ^ = e onin dy

(14a)

(14b)

Now the mathematical statement of the problem reduces to the solution of Eq.(9)

subjected to Eqa.(14).

2The shear stress is generally zero in liquids.

I l l SOLUTION

The solution of the problem expounded above involves the solution of the In-quadratic

A4 + \ia - a2] X2 - ina1 = 0

[iff - d2) ± [(ia - a2

= a, ± tii (15)

Therefore
A,, 2,3,4 =±(a + i

(16)
= 0 + ii, — <j? — it), $ — ifi, — 'J? + iS

Using the Moivre's theorem and after some algebra, the solution for v may be shown

to be
ia (cosh iy - sinh fy) ainh«% - 1 - /(0) - £/'(())]

f/*(0)] - sinh<5[l + /(0) + ef(0)]

Thereafter, the values for u and p could be computed directly.
The results are

« = — -

ami

iap =

coshfi[l - sinh6[l
(18)
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cosh<S[l + /(0) + £/'(())] - sinhijl + /(0) + £/•(())]

(19)

IV SUMMARY AND DISCUSSION

In this paper we tried to simulate the ultrasound interaction with tissue modelled as

a Newtonian viscous fluid. The results are obtained under the acoustical approximations.

The amplitude of the cyclic deformation that the tissue will undergo when submitted to an

ultrasonic pressure will be appreciated through the amplitude of the velocity components.
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For an arbitrary bound surface f(x). the amplitude of the velocity components and
the pressure: depends on the moduli of l alK'

So that, if <I> S> 1, the velocities and pressure induced by ultrasonic beam are small in

comparison with tin: incident pressure. If however, if < 1, the reverse case is obtained.

We noticed that u, v and p exhibit, stationary (maximum and minimum) values at.

% - 1 - /(()) - f/'(())] = In.

and

*[;, - 1/(0) - <•/'(())] = »JT, -

We also noticed that, for f{cx) = cose:?- and J(ex) = <•", the velocity varies in the same

way relatively to J\ Otherwise, the nature r>f the /(ex) does not modify the shape of the

velocity curve with respect to x as shown in Figures 2 and U. Thus, the method can be

generalised for any f(ez) provided that, e be small and / be a slowly varying function of

f.

We have also neglected the tissue heating when solving our equations.

However, V can be found out from (7d) and then substituted in (7a) to (7c). Therefore,

temperature need not be dropped out. Its value is 2co.s£!;/ where

n = V
P

Thus, a slight rise of tissue temperature will be allowed and a weak thermal effect can

he considered.

Tin1 receiver picking the ultrasonic disturbances, needs to take into account all these

considerations.
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FIGURE CAPTIONS

Figures la and lb show respectively the theoretical set up and the experimental ar-
rangement.

Figures 2 and 3 depict the velocity profiles from which it is obvious that the velocity

profile does mil. depond on the nature of j(x) and it is higher when a4 < a2 than when

Figure la Theoretical set-up
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Figure Ib Experimental arrangement
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