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ABSTRACT 

The pressure surge that results from a step change of flow in liquid pipelines, commonly 
known as water hammer, was analyzed by an eigenfunction method. A differential-integral 
pressure wave equation and a linearized velocity equation were derived from the equations of mass 
and momentum conservation. Waveform distortion due to viscous dissipation and pipe—wall elastic 
expansion is characterized by a dimensionless transmission number K. The pressure surge 
condition, which is mathematically singular, was used in the solution procedure. The exact 
solutions from numerical calculation of the differential-integral equation provide a complete 
pressure transient in the pipe. The problems are also calculated with the general-purpose computer 
code COMMIX, which solves the exact mass conservation equation and Navier-Stokes equations. 
These solutions were compared with published experimental results, and agreement was good. The 
effect of turbulence on the pressure transient is discussed in the light of COMMIX calculational 
results. 

INTRODUCTION 

When the velocity of flow in a steady-state pipe system is forced to zero at a cross section, 
a pressure surge commonly known as water hammer is initiated. In a simple case, the system 
consists of a constant-pressure reservoir, a pipe, and a downstream valve, as illustrated in Fig. 1. 
When the valve suddenly closes after steady-state fluid flow in the pipe, a pressure increase Ap 
immediately results at the valve. By assuming that the steady flow velocity is uniform over the pipe 
cross section at UQ, the magnitude of the pressure surge is pau0 (Streeter and Wylie, 1973), where 

* Work supported by the U.S. Nuclear Regulatory Commission. 
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p is fluid density and a is acoustic speed. The pressure surge is then transmitted and reflected 
through the system at speed a, and its magnitude is attenuated by wall friction. 

Several analytical solutions for the pressure transients have been published in the literature 
(Rouleau, 1960; Brown, 1962; D'Souza and Oldenburger, 1964; Brown and Nelson, 1965; 
Holmboe and Rouleau, 1967; Goodson and Leonard, 1972). A common solution procedure 
involves the use of the Laplace transformation. However, because of the complicated forms of the 
general solutions, their inverse transformations are not available. To obtain useful results, it was 
necessary to make some drastic approximations and consequently, the final solutions were valid 
only under very limited conditions. On the other hand, numerical methods, such as the 
characteristics method, are more flexible and easy to use to solve the system transient response 
(Zielke, 1968; Streeter, 1971; Streeter and Wylie, 1974; Trikha, 1975). However, the 
characteristics method is quite involved, especially for multidimensional problems. 

In a recent paper (Wang et al., 1994), we presented an eigenfunction method to derive the 
pressure wave equation from the basic governing equations. In the following, the method is used 
to analyze the pressure surge problem. Because the pressure surge is mathematically singular, a 
special treatment was used in the solution procedure for the pressure wave equation. The same 
problems were also calculated with the general-purpose computer code COMMIX, which solves 
the exact mass conservation equation and Navier-Stokes equations. These solutions are compared 
with the experimental results of Holmboe and Rouleau (1967). 

BASIC GOVERNING EQUATIONS 

The system consists of a pressure vessel maintained at a constant pressure p 0 , a uniform 
circular pipe of radius R and length L, and a downstream valve, as illustrated in Fig. 1. Initially, 
the valve is fully open and the liquid in the pipe is at steady-state laminar flow with a parabolic 
velocity distribution (Hagen-Poiseuille flow). At time zero, the valve is suddenly closed. The 
pressure surge is then transmitted through the pipe. The governing equations for the two-
dimensional pipe can be derived from the mass, momentum, and state equations for the fluid 
(Rouleau, 1960; Brown, 1962; D'Souza and Oldenburger, 1964): 

3u_ 1 3p 
d x ~ ~ p a 2 a t ' (1) 



du dp (d2\x 1 dw\ 

p^=-^+^+ F̂ FJ> ( 2 ) 
where u(x, r, t) is the fluid velocity in the axial direction and u(x, t) is the average of u over the 
cross section of the pipe; p(x, t) is the fluid pressure and assumed to be uniform over the pipe 
cross section; t is the time; x and r are the axial and radial axes of the pipe, respectively; p and p. 
are respectively the fluid density and viscosity; and a is the wave speed defined by (Goodson and 
Leonard, 1972) 

a LPJ (3) 

( 2RKcY / 2 ' ( 1 +-bl-J 

where K<, is the bulk elastic modulus of the fluid, E is the Young's elastic modulus of the pipe 
material, and b is the thickness of the pipe wall. The boundary conditions for u and p are 

9u(x^0, t) = Q > u ( X f R f t ) a s 0 , u(L,r,t) = 0, (4a-c) 

P(0,0 = p 0 , ^ ^ = 0, (5a,b) 

and the initial conditions, based on fully developed steady-state laminar flow, are 

» u(x, r, 0) = 2u0 ( l - ^ \ (6) 

8jj.u0 p(x, 0) = po - - p - x. (7) 

Equations 1 and 2, which are the basic water hammer equations with viscous effect 
(D'Souza and Oldenburger, 1964), can be rewritten in dimensionless form as 

% - - * % • 

3w 9H 92w 18w sg\ 



where X = x/L, £ = r/R, x = tv/R2, w = u/u0, W = u/u0, H = (p-p0)R2/Lnu0, v is the fluid 
kinematic viscosity (= }j/p), and K is the transmission number defined by 

K = aR2/Lv , (10) 

which is the reciprocal of the dissipation number in Goodson and Leonard (1972). The boundary 
conditions for w(X, £, x) and H(X, x), Eqs. 4 and 5, become, respectively, 

8w(X,^0, x) = ^ w ( X > u x ) = ^ w ( U ^ x ) = 0 > ( U a _ c ) 

H(0,x) = 0, 8 H 3 X T ) = °» ( 1 2 a ' b > 

and the initial conditions, Eqs. 6 and 7, are 

w(X,^,0) = 2 ( l - ^ ) , (13) 

H(X, 0) = - 8X. (14) 

Based on the eigenfunction method, the solution of Eq. 9 pertaining to boundary conditions 
1 la and b and initial condition 13 is 

:, $, T) = Zrf - 3 — - 3 1 - e x p ^ x ) w(X, , , , . , - ^ -
n = 1 *>WK) 

£ J 2J0(fon) 
n=l d M l W 

aHtx^y e x p [ - ^ ( x - x 1 ) ] d x 1 , (15) ax 

where Jm(z) is the Bessel function of the first kind of order m, and \ is the root of Jo(z) 

If we average Eq. 15 over the cross section of the pipe at each X, i.e., 

W(X,x)=f 2 w £ d£ , (16) 

we obtain 
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W(X,x) = 2 ^|exp(-^x) + X J 4 aHcx.Xi.)" 
ax expt -^d-Xj^d t ! . (17) 

Note that at x = 0, we have 

W(X, 0) = X T | = 1, (18) 

which is the initial condition of W. Equation 17 indicates that the average velocity at X is related to 
the decay of the initial flow velocity and to the history of the pressure gradient. 

Substitution of Eq. 17 into Eq. 8 leads to 

^ " ^ J T2 3X2 cxp^ft-^dt^O, 
n 

(19) 

which is a one-dimensional linearized homogeneous pressure wave equation with damping 
coefficient equal to the square roots of the Bessel function Jo(z). The boundary and initial 
conditions for H(X, x) are given in Eqs. 12a and b and 14. 

Equations 15 and 19 are the basic equations that govern the transient flow and pressure 
wave in the pipe. When pressure H is solved from Eq. 19, the flow velocity can be obtained from 
Eq. 15. The only independent parameter is the transmission number K. 

EXACT SOLUTION OF PRESSURE WAVE EQUATION 

The pressure wave Eq. 19 is solved by the finite-difference approach. The time and space 
domains are uniformly discretized, i.e., x = k Ax, k = 1,2,..., and Xj = i AX, i = 1, 2,... N. We 
first define a function S n to be the integral in Eq. 19 as 

S„(k AT) = S* = J ± ^ | i ) e x p K ( t _ w ] 6%i CW» 

The function S n at time x+Ax can be expressed as 
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t+At 

S^ = exp(-V2 AT) S„k

 + J ± ^ | | ^ exp[-Xj ft + At - x,)] dx, . (21) 

In Eq. 21, the second-order derivative of H with respect to X in the integral can be expressed in 
die finite-difference form as 

ax* " a ax* + v 1 <*; 3 X 2 ' t 2 Z > 

where H k = H(X, kAx), and a is an implicit parameter. In the following formulations, we omit die 
superscript k+1. Substitution of Eq. 22 into Eq. 21 leads to 

S n =exp( -^Ax)S^ + [ a ^ + ( l - a ) 3 - | ^ J ^ [ l - exp( -^Ax) ] . (23) 
n 

Denoting y as 

Y=Z- , fy . l -exp( -^Ax)J , (24) 
n-i Xn 

= Z ^[l-exp(-^Ax)], 
n-i Xn 

the finite-difference formulation of the pressure wave Eq. 19 becomes 

K ^ c t H , (1 , 2K2yaV K ^ a 
AX? " i " 1 l̂ Ax AX2 J * AX2 " i + 1 

- s^ +^2^^ 2 A^ + l^^Ki-^ k +^v (25) 

n=l 

Equation 25, with boundary and initial conditions (Eqs. 12a and b and 14), cannot be 
direcdy solved for die pressure surge problem. We first notice that the boundary condition for 
W(X, x) at X = 1, Eq. 1 lc, has not been used in the solutions. When x immediately passes zero, 
represented by x = 0+ and corresponding to the moment of the sudden close of the valve, the mean 
velocity W at X = 1 jumps from 1 to 0, or AW = - 1 . As we apply this condition to Eq. 17, we 
obtain 
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3H(1, T) s , . 

9X = 5 ( t ) ' (26) 

where 5(x) is the Dirac function defined by 

J«x) dx = 1, (27) 

with t > 0 +. Physically, Eq. 26 represents a pressure surge at X = 1 and x = 0 +. The magnitude of 
the surge pressure is Ap = pau 0, or AH = K. To realize this pressure surge condition in the 
solution of the pressure wave equation, the boundary condition of Eq. 12b is replaced in the first 
time-step by 

H(l, Ax) = H(l, 0) + K. (28) 

Second, it can be shown that AX and Ax are not independent because of the pressure surge 
condition. At X = 1 and x = 0 + , we have AH = K and AW = - 1 . From Eq. 8, we obtain 

AX = K Ax. (29) 

Therefore, once AX is selected, Ax is determined from Eq. 29. 

Equation 25 is solved with the appropriate boundary conditions (Eq. 12a and b or 28) and 
initial condition (Eq. 14). A total of 400 roots of X̂  are used to ensure that solution accuracy is not 
affected by neglect of the remaining roots. The space is discretized by AX = 1/1000 or N = 1000. 
The number of X„ and N are chosen such that when they are further increased the difference 
between solutions becomes negligibly small. Implicit formulation was used in Eq. 25, i.e., a = 1. 

The theoretical solutions are compared with the experimental results of Holmboe and 
Rouleau (1967), whose tests were run on a 2.54-cm-ID (l-in.-ID) copper tube connected 
upstream to a 60-gal tank that was maintained at constant pressure by compressed air. A quick-
closing valve was mounted at the downstream end. The tube, with a length of 36.1 m (118.4 ft), 
was coiled in the form of a spiral «0.9 m (3 ft) in diameter and embedded in concrete to reduce 
vibration. One pressure transducer was installed at the valve and another was placed at the 
midpoint of the tube. Two test results are presented. In the first test, the fluid was water, which 
has a low viscosity and consequently low friction. The initial mean velocity was 0.244 m/s (0.8 
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ft/s). In the second test, an oil was used that has a kinematic viscosity of 3.97xl0 - 5 m 2/s 
(4.27X1CH ft2/s) at 26.7°C (80°F), almost 50 times that of water. The wave speed was measured 
to be 1324 m/s (4345 ft/s) and the initial mean velocity was 0.128 m/s (0.42 ft/s). The pressure 
transient results for these two tests are reproduced in Figs. 2 and 3, respectively. For the test with 
water, Fig. 2, small waveform distortion can be observed. For the test with oil, Fig. 3, waveform 
distortion is large, indicating a strong viscous friction effect. 

The transmission numbers K are evaluated as 7279 and 149.2 for the first and second tests, 
respectively. The analytical solutions corresponding to the first and second test conditions are 
plotted in Figs. 2 and 3, respectively. For the test with water, Fig. 2, the analytical results agree 
well with the experimental results in both magnitude and frequency. However, the calculated 
waves seem not as steep as the experimental waves, probably because we neglected higher-
frequency terms of X̂  and because of the discretization accuracy in the analytical solutions. For the 
test with oil, Fig. 3, the agreement is also good. The lower calculated wave magnitudes are 
probably due to the approximation in the treatment of the initial pressure surge condition. 

It is evident that the waveform distortion is characterized by the wave transmission number 
K; the waveform distortion becomes severe as K decreases. 

NUMERICAL SOLUTION WITH COMMIX CODE 

The transient fluid flow and pressure wave in the pipe is simulated by the COMMIX code 
(Domanus et al., 1990). COMMIX is a general-purpose, three-dimensional, steady-
state/transient, multispecies computer code for thermal-hydraulic analysis of single- or multi-
component engineering systems. It solves a system of conservation equations of mass, 
momentum, energy, turbulence kinetic energy, and dissipation of turbulence kinetic energy as a 
boundary-value problem in space and an initial-value problem in a time domain. A special feature 
of the COMMIX code is its porous-media formulation that is based on the concepts of volume 
porosity, directional surface porosity, distributed resistance, and distributed source of heat or sink. 
The porous-media formulation used in COMMIX represents a unified approach to thermal-
hydraulic analysis. 

The pipeline is modeled by a circular pipe of same length and inside radius as that in the test 
of Holmboe and Rouleau (1967). The flow in the pipe is assumed to be axisymmetric so that only 
two-dimensional simulations were performed. To resolve the wave front and the velocity 



distribution over the cross section of the pipe, the axial length is partitioned by 392 meshes and the 
radius by 12 meshes. Fluid velocity at all solid walls is zero. 

The COMMIX calculational results of pressure oscillations with time are also plotted in 
Figs. 2 and 3. From these figures it is seen that, in general, the COMMIX results are similar to the 
analytical solutions of the one-dimensional pressure wave equation. 

The test with water needs some consideration. Based on the experimental conditions, the 
Reynolds number (= 2u0R/v) for this test was 6884, well in the turbulent-flow range. Although 
there was evidence that laminar models may be used over a limited turbulent-flow range (Goodson 
and Leonard, 1972), we need to examine the difference between the pressure predictions of a 
laminar-flow model and a turbulent-flow model. A COMMIX calculation with the turbulence k-e 
model was performed for the test with water. The calculated laminar and turbulent results are 
shown in Fig. 4; the difference between the two is small. This result seems to indicate that the 
turbulence vicosity does not cause additional frequency-dependent wave dissipation, although it 
induces significant wall friction. 

CONCLUDING REMARKS 

We analyzed pressure surge problems in a liquid pipeline connected on one end to a 
constant-pressure vessel and on the other end to a valve. A pressure wave equation and a 
linearized velocity equation were derived from the equations of mass and momentum conservation. 
The pressure wave equation was solved exactly by a numerical method. Because the pressure 
surge is mathematically singular, an additional pressure surge boundary condition had to be applied 
and the discretizations in space and in time became dependent. The analytical solutions were 
compared with the two test results of Holmboe and Rouleau (1967), whose tests represent systems 
with low and high viscous-friction conditions. The analytical solutions of the pressure wave 
equation agree well with the experimental results for the entire pressure transients. It is shown that 
the waveform distortion due to viscous dissipation is characterized by the transmission number K; 
the waveform distortion becomes severe as K decreases. 

The same problems were simulated with the general-purpose computer code COMMIX, 
which solves the exact mass conservation equation and Navier-Stokes equations. The COMMIX 
calculational results agree well with the analytical solutions. A turbulent-flow simulation was also 
performed. The difference between results for laminar- and turbulent-flow simulations is small. 
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Figure 1. Vessel and pipe system 
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Figure 2. Experimental and calculated results for test with water, 
( a )X=l , (b )X = 0.5 
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Figure 3. Experimental and calculated results for test with oil; 
( a )X=l , (b )X = 0.5 
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Figure 4. Laminar- and turbulent-flow results calculated by COMMIX 
for test with water; (a) X = 1, (b) X = 0.5 


