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Abstract 

The measured response matrix giving the change in orbit 
at beam position monitors (BPMs) with changes in steer
ing magnet excitation can be used to accurately determine 
many important parameters in a storage ring. Using the 
NSLS X-Ray Ring measured response matrix we have de
termined the gradients in all 56 quadrupole magnets; the 
calibration of the steering magnets and BPMs; the rota
tional mis-alignments of the quadrupoles, steering magnets, 
and BPMs about the electron beam direction; the longitu
dinal magnetic centers of the orbit steering magnets; and 
the transverse mis-alignments of the sextupoles. Random 
orbit measurement error of the BPMs propagated to give 
0.04% rms error in determination of individual quadrupole 
gradients and 0.4 mrad rms error in the determination of 
quadrupole rotational alignment. Small variations of a few 
parts in a thousand in the quadrupole gradients within an 
individual family were resolved. The improved understand
ing of the X-Ray Ring has enabled us to better control the 
electron beam size. 

I. INTRODUCTION 

A precise understanding of the linear optics, including 
coupling, in a storage ring is critical to achieving maximum 
performance. Recent results from Fermilab [1] illustrate 
the importance of understanding and controlling coupling 
in colliding beam machines. Careful coupling control will 
also be crucial in damping rings for linear colliders. In syn
chrotron light sources, minimization of coupling minimizes 
the vertical electron beam size and produces the bright
est possible photon beam. Here we will present a method 
for experimentally determining the sources of coupling in 
a storage ring. 

Previous work [2-7] has shown that it is possible to accu
rately derive the normal gradient distribution in a storage 
ring by analyzing the orbit response matrix. In this paper 
this technique will be extended to include a derivation of 
the skew gradient distribution in the NSLS X-Ray Ring. 
The X-Ray Ring BPM system permits fast, highly accu
rate measurement of the orbit response matrix [8]. In less 
than one second, the orbit at all 48 horizontal and vertical 
BPMs is read 256 times and averaged. The result is a read
ing of the orbit limited mostly by the 2.5 fim digital reso
lution. These accurate orbit response measurements yield 
detailed information concerning the X-Ray Ring optics. 
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II. METHOD 
The MAD [9] accelerator optics modeling program was 

used to calculate the model response matrix. The param
eters in the MAD model were varied to minimize the x2 

deviation between the model and measured orbit response 
matrices (Mmod and Mmeas). 

=E {Mmeasjj - Mmodjj)3 
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where the sum is over the 90 orbit steering magnets (51 
horizontal and 39 vertical) and the 96 BPMs (48 horizon
tal and 48 vertical). The matrices include the coupling 
terms (i.e. the shift in vertical orbit with horizontal steer
ing magnets and horizontal orbit shifts with vertical steer
ing). The <7,- are the measured noise levels for the BPMs. 
The x2 minimization was achieved by iteratively solving 
the linear system of equations, 

dxn 
(1) 

where V* = (Mm eo»,y — Mmod,ii)l^i with k ranging from 1 
to 8640 for the 8640 elements of the orbit response matrix. 
The xn are the parameters varied to fit Mmeas to Mmod-
Solving equation 1 for Axn gives the change in the param
eters to minimize J2k ^k which is equivalent to x2-

The parameters varied to fit Mmeas to Mmod include 
each of the gradients in the 56 X-Ray Ring quadrupoles; 
the small gradient in the dipole magnets; the gains of the 
96 BPMs; the calibrations of the 90 orbit steering magnets; 
and the rotational alignment of the quadrupoles, steering 
magnets, and BPMs. Also included in the fit is the energy 
shift associated with changing each orbit steering magnet. 
When a steering magnet strength is changed, the total path 
length around the ring must stay constant to keep the elec
tron bunches in synchronism with the rf, so there is an en
ergy shift of the stored beam with an associated shift in 
the closed orbit proportional to the dispersion. 

A fourth parameter was varied for each BPM. Three pa
rameters for each BPM were already mentioned: the hori
zontal gain, the vertical gain, and the rotational alignment. 
By adding a fourth parameter we are varying all the possi
ble parameters of a two-dimensional linear fit between the 
two signals from the BPM and the actual horizontal and 
vertical orbit. This is necessary, because there is signifi
cant variation of the linear mapping from BPM to BPM. 
The BPMs in the X-Ray Ring were constructed by weld
ing a disk with two pick-up electrodes to the top of the 
vacuum chamber and another such disk to the bottom of 
the vacuum chamber. Due to the tolerances in thisjvelding 
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process, there is significant variation in the response of the 
BPMs. The following gives the full linear transformation 
used in fitting the orbit measurements for each BPM: 

( x \ _ 1 / cos0 sinS W 1 C \f gxx\ 
\y)~ y/T=& { -s>n0 c o s* )\c l J \ 9 y y J' 
The four parameters varied for each BPM are horizontal 
gain {gx), vertical gain (gy), rotation (0), and C which is 
a parameter associated with errors in the construction of 
the BPM in which one diagonal pair of pick-up electrodes 
is closer together than the other diagonal pair. 

Even with the above parameters varied, the orbit re
sponse of certain orbit steering magnets could not be fit 
to the BPM measurement noise level. The magnets with 
the poorest fit were the ones closest to other ferromagnetic 
material in the ring. The steering magnets have long end-
fields. When they are located near other ferromagnetic 
material, the end fields are clipped and the longitudinal 
magnetic center of the steering magnet is shifted from its 
physical center. We varied the positions of the steering 
magnets in the MAD model, so the fitting converged to 
give the longitudinal magnetic centers of the magnets. As 
expected, we found that the closer a steering magnet was 
to some other ferromagnetic ring element, the more the fit 
for its magnetic center deviated from its measured phys
ical center. With the corrected longitudinal position, the 
model and measured responses agreed to about the noise 
level of the BPMs. 

In all, 626 parameters were varied to fit the 8640 elements 
in the X-Ray Ring response matrix. When the fit had 
converged, the rms difference between Mm o<i and Mmeas 

was 1.2 fxm which is primarily due to the digital accuracy 
(one bit is 2.5 fim) of the BPM readings. The fit converged 
to values to each of the 626 parameters. In the next sections 
we discuss how accurately these parameters reflect the real 
gradients, rotations, and calibrations of the elements in the 
X-Ray Ring. 

III. ERROR ANALYSIS 
Random errors on measured data, such as the random 

noise on the orbit response matrix measurement, propogate 
in a predictable way to give well-defined error bars on fit pa
rameters. Unknown systematic errors, on the other hand, 
propogate in unknown ways, making it is difficult to de
termine the size of the error bars. Every effort was made 
to ensure that the difference between the model and mea
sured response matrices converged to the noise level of the 
BPMs, because this ensures that there is no remaining sys
tematic error in the model. If all 626 parameters were not 
included in the fit, the rms difference between the model 
and measured response matrices would not have converged 
to 1.2 fim. The additional error would have been due to 
systematic error and would have contributed an unknown 
amount to the error bars. 

The number of data points, 8640, is much greater than 
the number of parameters, 626, but this does not in it
self guarantee that the solution is unique. One way to test 

for uniqueness is to look at the eigenvalues associated with 
the matrix, dVk/dxn, in equation 1. If this matrix is singu
lar, it will have eigenvalue(s) equal to zero, and there will 
be an infinite region in parameter space over which the fit 
gives the minimum x2- In such a case, our fit parameters 
would have infinite error bars regardless of how small the 
BPM noise is. There is actually one singularity in dVk/dx„, 
which is due to the fact that if all the steering magnet cal
ibrations and all the BPM gains were increased together, 
the response matrix would not change. This means that 
when analyzing the orbit response matrix data alone, only 
the relative calibrations of the BPMs and steering magnets 
can be derived. The absolute calibrations have infinite er
ror bars. The absolute calibrations, however, can be de
rived by comparing the shift in orbit with rf frequency to 
the model dispersion. The model dispersion is well known 
from the quadrupole calibration, so the absolute gain cal
ibration of the BPMs can be derived. The singularity in 
dVk/dxn was avoided by inverting the matrix using singu
lar value decomposition (SVD) [10]. The SVD threshold 
was adjusted to eliminate the one very small eigenvalue. 
The eigenvalue associated with the steering magnet/BPM 
degeneracy was 15 times smaller than the next smallest 
eigenvalue. That all the other eigenvalues were much larger 
indicates that there are no other degeneracies in dVk/dx„ 
(see [10]). 

The easiest way to determine how much the fit param
eters vary due to random errors in the measurements is 
simply to take many data sets, analyze each one separately, 
and see how much variation there is between fit parame
ters for the different data sets. We measured the response 
matrix ten times, and fit a model to each response matrix. 
Then, for each of the parameters we took the average over 
the ten data sets and calculated the rms variation from the 
average. The results are shown in table 1. 

Table 1. These rms variations are the error bars on the fit 
parameters due to random orbit measurement errors. 

Parameter rms variation 
quadrupole gradients .04% 
quadrupole rotations .4 mrad 

BPM gain .05% 
BPM rotations .5 mrad 

BPM C-parameter .0004 
steering magnet calibration .05% 
steering magnet rotations .8 mrad 

steering magnet longitudinal center 2 mm 
steering magnet fractional energy shift 3.4E-7 

The size of the error bars in table 1 is determined by 
the signal-to-noise ratio of the orbit response matrix mea
surement. To decrease the error bars, the signal-to-noise 
must be increased. The size of the signal is the size of the 
orbit shifts when measuring the response matrix. Orbit 
shifts of .8 mm were used when measuring the 10 response 
matrices used for table 1. We also measured response ma
trices with 1.6 mm rms orbit shifts to double the signal 
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to noise. With 1.6 mm rms orbit distortions, however, we 
could only fit Mmod to Mmeas to an rms difference of 1.4 
fitn, not the 1.2 fim with which we could fit the .8 mm rms 
orbit distortions. This means there were systematic errors 
in the measurement, most likely due to nonlinearities in 
the BPM electronics. Thus BPM-electronics nonlinearities 
limit the size of the signal we can fit. Improved BPM elec
tronics have been developed [11], and will be available for 
orbit measurements in the future. The present limit on the 
noise of the orbit response matrix measurement is the 2.5 
fim digital resolution. 

IV. RESULTS 
The error analysis showed that the fit parameters are 

very close to the real parameters in the X-Ray Ring. As 
discussed previously [3], the fit quadrupole gradients agreed 
well with the magnetic measurements we were able to find. 
Also other measured lattice parameters such as dispersion 
and tunes agreed well with the MAD model the fitting gen
erated. 

Table 2 shows the rms size of the fit rotations as well 
as the maximum rotations found. The BPM rotations 
are quite large due to the construction method described 
above. 

Table 2. This table shows the rms rotations of the 56 
quadrupoles, the 48 BPMs, and the 90 steering magnets. 
Also shown are the maximum rotations and the resolution 
with which we could determine the rotations. The resolu
tions come from table 1. 

FIT ROTATIONS rms maximum resolution 
quadrupole 

BPM 
steering magnet 

1.4 mrad 
10 mrad 
6 mrad 

3.6 mrad 
31 mrad 
21 mrad 

.4 mrad 

.5 mrad 

.8 mrad 

The first work that was a direct application of the better 
understanding of the X-Ray Ring optics was the develop
ment of a low emittance lattice [12]. The response matrix 
fit was done using response matrices measured while the 
sextupole magnets were turned off. We then turned on the 
sextupoles and remeasured the response matrix. Starting 
with the MAD model which was generated by fitting the 
response matrix with the sextupoles off, we varied gradi
ents in each sextupole to fit the matrix measured with the 
sextupoles on. In this way we were able to derive the gradi
ents in each of the sextupoles due to horizontal orbit offsets 
in the sextupoles. We then adjusted the strengths of the 
quadrupoles adjacent to the sextupoles in order to com
pensate for the sextupole gradients. Thus we were able to 
correct a large break in periodicity of the dispersion, and 
reduce the horizontal emittance. 

Another application of the results will be in the X-Ray 
Ring coupling correction algorithm [13]. The coupling al
gorithm is limited by previously unknown corrector and 
BPM rotational misalignments. Now that these rotations 
are known, they will be used to improve the coupling cor
rection. 

V. CONCLUSION 
Analysis of the measured orbit response matrix has 

yielded a great deal of detailed information concerning the 
X-Ray Ring including the normal and skew gradients in 
each quadrupole. This information has already proven use
ful for lowering the horizontal emittance. The BPM, steer
ing magnet, and quadrupole rotation information should 
improve the X-Ray Ring coupling correction. The results 
from this analysis would be useful for colliding beam stor
age rings and damping rings as well as synchrotron light 
sources. 
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