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ABSTRACT

The main stages of the cluster growth process are reviewed using Reaction - Rate
Theory . The precipitation stage is shown as a relaxation of the solute towards a cluster
state characterized by a higher stability. The kinetic of the late stage of phase separation,
the coarsening process, is analysed by an off-centre diffusion mechanism . The theoretical
results are compared to the experimental ones.
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1 Introduction.

As is well known, one can distinguish two regimes in the phase separation process following
the formation of nuclei. The initial stage is the growth of these nuclei by the condensation
of solute on their surface. The second stage is known as the Ostiuald Ripening (OR)
process where the particles flow from shrinking clusters to growing ones. The kinetic
of the Sate stage of phase separation is characterized by a universal scaling for the time
evolution of the average particle size, i.e., R(t) = Kt", where K is a constant. The
traditional treatment by Lifshitz, Slyozov [1] and Wagner [2j (LSW theory) as well as
more recent analyses [3, 4, 5] predicts a = 1/3 when the coarsening process is controlled by
volume diffusion of solute through the matrix. When the diffusion of soiute occurs through
dislocation lines or grain boundaries one sees that, theoretically, a = 1/4 [6]. Most
simulations and experiments measure a exponents in the range 0.15 to 0.25 [7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 18, 19], below the theoretical value a = 1/3. Moreover, the measured
size distributions are typically broader than the LSW prediction. This discrepancy has
been attributed either to diffusion effects at an interface or the inadequacy of the mean
field description for the systems or to insufficiently long simulation times. Several authors
have developed improved theoretical models that take into account interaction effects
[3, 20]. These models involve expansions in power of the parameter \/tp (where <p is
the volume fraction of the minority phase), whose importance was first recognized by
Tokuyama and Kawasaki [22], To first order in y/4>, interactions give rise to two types
of corrections: a direct correlations between droplet pairs where small droplets are likely
to be surrounded by large ones as well as a "medium polarization" in which the rate
of evolution of a droplet is not only a function of its radius R, but also of the droplets
within a neighborhood of size a. The models reproduce the broadening of experimental
distributions while predicting that correlations do not alter the value of the LSW exponent
a just as observed in experiments.

In this paper, we analyse some aspects of the kinetics of the clusters growth process
with the tools of the Reaction - Hate Theory (RRT) [23]. For the moment we use the
Method of Reactive Flux (MRF) to explain the first stage of the clusters growth process,
namely the precipitation stage. For the second stage of the cluster growth, we report on
an alternative approach to the classic LSW theory within which the particular properties
of cluster are included. The flux of particles from shrinking clusters to growing ones
is analysed with the aid of the Flux - over - Population Method (FPM) using a one-
dimensional model of off-centre diffusion [24]. The clusters are assumed to be spherical
droplets in which the particles are mobile. The mobility of particles among the available
sites of the same cluster is characterized by a transfer frequency po which, as usual, is
supposed to be much higher than the transfer frequency p from one cluster to another. The
model takes into account the greater fissionability of the smaller clusters in comparison
with the bigger one. In fact, this is the basis of the physical insight of the OR process.

The present theoretical results on the increase of the cluster size are compared to the
experimental data for the Ag clusters embedded in a KCl matrix.



2 Experimental.
Metal clusters can be produced with case in solid matrix. Methods of this kind have been
known for a long time (see for example the review [6] and the citations therein). Ther-
mal annealing of crystals containing negative metallic ions leads to formation of metallic
clusters [6] [25]. Extensive studies have been made on the cluster production in the alkali
halide crystals containing negative ions such as Ag~, Pb~,Cu~. In the present paper, we
consider the experimental data for metallic clusters obtained by thermal annealing of the
KCl : Ag" samples.

During the thermal annealing the clusters increase in size. Experimental, this can be
observed by a change of the optical spectra. In Figs. 1 a and b the evolution of the optical
spectra is shown with respect to the time of annealing at 800A" and <320K, respectively.
These data are for Ay clusters embedded in the KCl lattice. FFrom the optical spectra,
the cluster radii are determined using electrodynamic (Mie) theory [26]- Input parameters
are the refractive indices or the dielectric functions of the particle and of the surrounding
medium. The extinction cross section is given by

+ 2£n

(1)

where Vo denotes the particle volume, A is the wavelength and em and e(w) = £i (w)+i£a(w)
denote the dielectric functions of the medium and particle, respectively. Extinction in the
above expression is only due to the dipole absorption being proportional to the particle
volume whereas scattering is negligible in this case.

In Figs. 2n and b we show the time of the thermal treatment and the corresponding
increase of the cluster radii. As is well-known one can distinguish two regimes in the cluster
growth process. The initial stage of cluster increase, following the formation of nuclei, is
the growth of these nuclei by the condensation of solute (Ag~ions) on their surfaces. Thus,
l.he main stage of precipitation proceeds as a uniform growth of a nearly fixed number
of precipitate particles from the supersaturated matrix. In this way, during the thermal
treatment, the cluster radius increases initially due to Ihe addition of particles coming
from the source of the solute ions. When this concentration has decreased the increase of
cluster radius is due mainly to particle transport from small clusters to larger ones. This
is the second stage in the cluster growth process which is known as the Ostwald Ripening
(OR) [27]. Delimiting the boundary between the two increasing regimes is difficult to
do, but one supposes that the OR regime begins usually before the solute concentration
decreases considerably [6],

3 Reaction - Rate Theory on the Clusters Growth.

The problem of escape from metastablc states is ubiquitous in almost all scientific areas.
Reaction - Rate Theory (R.RT) [23] has received major contributions for fields as diverse as
chemical kinetics, the theory of diffusion in solids, homogeneus nucleation, and electrical
transport theory, to name but a few. Ft was recognized early that rate processes are
characterized by rare events, i.e., rate processes are phenomena that take place on long
time scales when compared to the dynamic time scales that characterize the states of
local stability. Rate theory was created when S- Arrhenius gave an extensive discussion of

various reaction - rate data, as a function of the inverse temperature, vary on a logarithmic
scale. In other words, the rate coefficient p follows the Van't HojJ - Arrhemus law [28],
[29]

(2)

where E\, denotes the threshold energy for activation, v is a prefactor, and (i —
In the following we analyse the main stages of the cluster growth process (the pre-

cipation and the OR) with the tools of the RRT. For the moment, using the Method
of Reactive Flux (MRF), [23] we show the way of escape of solute into the domain of
attraction of the nucleation states. Thus, the precipitation stage is understood as a tran-
sition of solute towards a cluster state having a higher stability. Further, we analyse the
Ostwald Ripeninig (OR) process in terms of the Flux over Population Method (FPM)
[23]. Towards this goal, we consider a one - dimensional chain of sites where around each
node there are off-centre sites in a star configuration. These are assumed to be sites of
the cluster that are available to diffusion ( see Figs. 4 a and b ). The particles dissociated
from a shrinking cluster move during the OR process from one star of itvailable cluster
sites to another by an off-centre diffusion mechanism [24].

3.1 The precipitation stage. Method of Reactive Flux (MRF).

The dynamics of spontaneous fluctuations and the relaxation towards a stationary equi-
librium for large nonetjuilibrium concentrations are connected. This is because (long -
time) decay occurs in both cases on the same time scale (escape time scale). This concept
of the MRF [23], which is valid whenever there is a clear - cut separation between time
scale (the escape time must be much larger than all other relevant time scales: local sys-
tem relaxation time scale, noise correlation time scale etc.), is known as the "regression
hypothesis" [30], [31].

Let us consider the dynamics of two relative populations nA(t) ( the solute in the host
matrix for our case ) and iic(t) ( the solute in the clusters ) which correspond to the two
regions of local stability. Here, we confine ourselves to thermal systems only. In terms of
the rate coefficients p+, p~ ( the jumping frequencies ), the population dynamics are

—j- = p (lie - nA) - p+ (nA - nc) (3)

- ^ - = P {nA - nc) -p c - nA)

with nA(t = 0) 3> nc(t = 0). Over time intervals much longer than (p+) ' or (p ) the
relaxation towards C proceeds by slight perturbations of the nA population

" c = nA - a- 2dx ' 2 dx2 '

where a stands for the separatrix and (3) now becomes

dnA d2nA a2 &nA

dt adtdx 2 dtdx*

dnA dnA

Ot ax

_ dnA a25V4
~Aadx A2 ax2

a1 d2nA

(4)

(5)



where A = JJ+ + p~ is the relaxation rate. We may now write

dtdx 2

whose Fourier decomposition gives

u/1 I iqa H I = 2Xiqa •

(6)

(7)

The above equation leads to LJ = 4A. In this way, the law of relaxation of nA{t) is given
by

nA(t)=nA{0)exp(-4\t) (8)

where n^(0) is the initial ])O])ulat.ion.
For n.f(t) we find

nA{Q) (1 - exp(-4At)) (9)

under the assumption that nc(0) <£ 71 (̂0) and taking the density of particles inside a
cluster [32] to be

( £ ) " ,.o,
where r, is the Wigner - Seitz radius the evolution of the cluster radius during the pre-
cipitation stage is described by the law

R{t) ( I t )

a whose shape can be seen in Fig. 3. W is a constant. One can say that there is agreement
with the shape of the experimental curves (Figs. 2 a and b) up to an asymptotic behaviour.

3.2 The Ostwald Ripening stage. Flux over Population Method
(FPM).

Generally, the FPM [23] relies on the explicit knowledge of a master equation that governs
the time dependence for a single - event probability of the reaction coordinate. Identifying
the Markovnan chains for situations when there exists more possibilities to escape and
knowing the separatrix between the attracting domains, we can study more complicated
diffusant systems using FPM. A recent example is given by the off-centre diffusion system
[24], [33], [34].

Using an off-centre diffusion mechanism [24], we can take into account both the
mobility of particles among the available sites of the same cluster and the possibility of
particles being transferred from one cluster to another. The mobility of particles inside
of small clusters has been suggested by Martin, Bergman et al. [35] to explain the
transition of the cluster from an electronic shell structure to a geometrical shell structure.
In the following, we assume that the mobility of particles among the available sites of the
same duster is characterized by a transfer frequency po.This frequency is usually much
higher than the transfer frequency from one cluster to another denoted here by p.

As is well known, the diffusion process of an initial concentration n(x, t = 0) = ng6(x)
of diffusing particles along a one-dimensional chain of sites, equally spaced by the distance
a is given by the law

n(x,t) = n0 •exp(- (12)

Different forms for the transfer frequency p are disregarded here, in particular its tem-
perature dependence usually given by an Van't Hoff - Arrhenius - type law at high
temperatures; see (2). Let us consider an off-centre configuration as is shown in Fig. 4a,
where there exists a cluster of six sites slightly displaced around each normal site. We
assume that the motion among the available sites of the same cluster is described by the
frequency po. The transfer frequency from one cluster to another is p. Indeed, this latter
frequency differs from the one used in equation (12) for describing the diffusion on a chain
of sites. We shall not make this distinction explicitly, though, we shall keep it in mind.
The equations for the six concentrations rii(x,t), (i — 1, 6), can readily be written as:

In
— Po " {V-2 + rii + Ui + Tig + n$ — bill)

+ p • [n3{x + a) + nA(x + a) + nr,(x + a) + ns(x + a) - 47!]]

+ p • [n2(i - a) •+- n3(a; - a) + in{x - a) + n5(a: - a) + TI6(X - a) - 5«i]

dt
Po • («i + n3 + Ui + n5 + na - 5n2)

+ p • \ri\(x + a) + n3(x + a) + n^x + a) + nb(x + a) + nb(x + a) - 5n2]

+ p • [n,s(r - a) + n^x — a) + n$(x - a) + n6(z - a) - 4naJ

dt
Po • ("I + »2 + "4 + "s + n6 - 5n3) (13)

+ p • [ni(i + a) + n-t(x + a) + nA(x + a) + n^x + a) + ne(x + a) - 5«3]

+ p- \n}(x-a) J
rn2{x - a) + nb{x -a) + nB(x - a) - 4n3]

-T— = po • («i + "2 + "3 + "5 + "6 - 5n4)

+ p • [n( [x + a) + n2(x + a) + n5(x + a) + n^x + a) - 4n4]

+ p • [n\(x — a) + TJ2(^ — a) + «3(K — a) + 7!.5(i — a) + ra6(i — a) — !

dt Po • (nj + n2 + n3 + n4 + n6 - 5n5)

+ p • [ni(x + a) + 1- n6(x + a} - 6n5]

+ p • [f»i(x - a) H 1- n&{x - a) - 6n5]

~8t = Po-1

+ p • [TIJ (x + a) H + n6(x + a) — 6ne]
+ p • [nt{x - a) H r- n6(x - a) - 6n6].
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We perform the power-series expansion of the concentration function in (13), Since since
Po 3> P, w e may neglect the zeroth-ordcr contributions that contain the factor p in
comparison with the po -terms. In addition, we note that the first-order derivatives in
the series expansion of (13) occur only for off-diagonal terms. Therefore, since we are
interested only in slowly varying functions in time and space, we may also neglect those
terms. Equation (13) can, therefore, be approximated by

dn, ,2 d'2 f 1 \
— « p0 • (n2 -f • • • + HB - 5J, I ) + prj • — ^ + n4 + n5 + n6 + -n a I

9 i 2

(14)

:Po ' h nb - 5? TI5

— sap , , • (/), + fl2 + "-i + dx2

d2

n-2

i)t
Orir,

In

• Po • ( " I + h »,i + ns + 7(6 - 5n4) + pa2 • -— [ n .

• n e

• TJ.B "

1 \-n4 J

-n3

• (ii! H + n 4 + ? ( 0 -

• ( ( ! [ H • • • f / i -5 - 5 7 ( t i )

wliosc: Fourier tiiUisforms read

" i , , U - - •IJpo) +•»•

—

^ (TJ| +

(n, -f \- ne)

+ Tl6) ,

" 1 , fPII

" • & ,

(p.) (pa = 0

Looking at the systems of equations given by (13), the series expansions and the Fourier
transforms, we can see that the problem amounts to finding the lowest eigenvalue of a
system of equations which has the general matrix form

A2. (16)

Here A o describes the diffusion among the off-centre sites belonging to the same cluster;
/ I , corresponds to the second-order expansion of the concentration functions; and A 2

includes the higher-order contributions of the derivatives. We note that in the long-
wavelength limit A 2 vanishes. Therefore, these matrices have a vanishing lowest eigenvalue
corresponding to the eigenvector T T = ^ _ ( 1 , 1, - • • , 1), wher N is the number of available
sites of the cluster in a given configuration. The lowest eigenvalue of (16) can be obtained
by a perturbation [36] given by

ui = nAln, (17}

where n is the (column) vector adjoint to 77. The lowest ei gen frequency of the off-centre
diffusion in the case shown in Fig 4a is computed as follows. To second-order , we get
the matrix Ai from (15)

A , = pa2
W q*

o f/
2

0

7'J f/2 \

where, by using (17), we obtain w = fpa2g2. It is also easy to check that the (hrrmitian)
matrix of the first-order derivatives gives no contribution within this approximation,
as noted before. It is easy now to find that for the initial condition n(x,t = 0) =
S 1 = ] iii(x,t = 0) = iiob(x), the diffusion solution is given by

a2q2)n,q [ih, - pa2q2) + n2q (p0 - (15)

Pa - ^P"-'2q'2 (p0 - = 0

[Pa -

- Pa2q2) + T»2,

pa2q2)

+ n-3,

(pa = 0

(p0 - pa2q2) = 0

(po - V&2q2) + n2q (pa - pa'q*) + n3q fa - pa'q*) +

niQ (pa - pa2Q2) + nbg fpo - pa2?2) + nSq ( u - 5p0 - po2?2) = 0

n(x,t) = • e x p ( -
4 • bpaH'

(18)

which differs from (12) by the factor 5. Indeed, looking at Fig. 4 a we see tha t there are
4 ways for each of the particles 1 and 4 to be transferred to the available sites 3,4,5 and 6
respectively, to 1,2,5 and 6 at the x + a - cluster of sites. Also, there exist 5 ways for each
the particles 2 and 3 to be transferred to the available sites 1,3,4,5 and 6 respectively,
to 1,2,4,5 and 6 at the x + a - cluster of sites. Finaly, there exist 6 ways for each the
particles 5 and 6 to be transferred to the x + a cluster of available sites. These makes a
total amount o f 4 - 2 + 5 - 2 + 6 ' 2 = 3 0 , which divided by the number 6 of the available
sites gives the factor 5 found above.

Using the same method to determine the diffusion solution for the off-centre configu-
ration shown in Fig. 4b we now get

n(x, t) = - exp ( (19)

with a new factor y .

6



As we have seen, an immediate consequence of the off-centre diffusion mechanism is
the appearence of a variability in the diffusion coefficient. This is related both to the
number of available sites of the same cluster and to their orientation with respect to the
normal sites of the chain, Generalizing, the diffusion solution can be readily written as

n(x.t) =
2 • <JnJgDot

• e x p { -
4-/,Dor

(20)

where Do = pa2 is the on-site diffusion coefficient and/9 stands for the diffusion coefficient
variability. Under the assumption that the number of available sites belonging to the same
cluster is directly proportional to its surface, the geometrical factor fg may be given in a
crude approximation as

/„ =s a • — . 21)
al

The a stands for the geometrical obstructions of the available sites (see Fig. 5 ) (a ~ ^},
R represents the cluster radius and ao the atom radius.

The separation between two attracting domains (the off-sites groups) denoted above
by a is, in fact, the scparatrix characterizing the cluster sites. Equation (20) gives the
particles number per unit. length at the time t and at the distance x due to the diffusion
of an initial (5-form concentration of particles. The diffusing particles come, in the OR
process, from shrinking clusters and, indeed, we must take into account their dissociation
rate. Since the cohesive energy per atom decreases with decreasing cluster size [32],
the dissociation rate for shrinking clusters become considerable greater in comparison
with growing ones. This is important to gain physical insight in the OR process. The
shrinking or growing of a cluster begins from a critical radius that depends on its size. A
common definition of the critical radius states that it is the radius of a particle which is
instantaneously neither growing nor shrinking [6].

The dissociation rate is related, in the RRK theory (Rice,Ramsperger, Kassel) [37]
to both the thermal energy Eo = EO(T) and the dissociation energy of the particle ED,

K(T) = (22)

Here, v is the vibrational frequency, s = 3N - 6 is the number of vibrational degrees
of freedom of the cluster, T is the temperature and N* accounts for the number of
surface atoms. One sees that the excitation of the cluster, ultimately, causes heating and
dissociation and that to a large extent the excitation mechanism is decoupled from the
dissociation [37]. Thus, with such a simplification, the dissociation rate can be calculated
by (22). In this way, we may find the total number of dissociated particles from the
shrinking cluster during the thermal treatment as

nD = NK{T) • t, {23}

where N is the initial number of particles in cluster and t is the time of the thermal
treatment. Further, the no entering in equation (20) is replaced by the above amount.

Particles added to a cluster (the growing cluster in the OR process) with an initial
critical radius Ro leads to an increase in its radius to R (see Fig. 5)

(24)

where p is the particles concentration in the cluster. As (20) gives the number of particles
per unit length at the time t and at the distance x due to the diffusion of an amount of
particles no, we can express n (eq. 24) as

rR rR
n = / n(a-R,t)dRtz n (a, t) dR,

•* Ft-a J fit,

(25)

where a stands for the separatrix of the cluster sites (here, the distance of separation
between the growing cluster and the shrinking one) and a » R.

Taking into account equations (20), (21), (22), (23), (24) and (25), we have

(26)

With the assumption a > R and for large t and making the substitution Ar

above equation becomes

Rt-Rl

with

(27)

(28)

(29)

The equation (28) gives the time t for an increase of the cluster radius from a critical radius
Ro to R by an off-centre diffusion mechanism. Indeed, the diffusion process is related to
the frequency transfer p, (Do — pa2) and, as we have said, the particular dependencies of
p are disregarded here.

4 Conclusion.
In Figs. 6 a and b we have shown the theoretical (eq. 28} and experimental curves for
the increase of the cluster radius in the OR stage both for a thermal treatment at 820A"
and at 90QK respectively. One can say that there is agreement between the theoretical
and experimental curves.

The general goal of this paper was to show the mechanism of cluster growth using
RRT. With the off-centre diffusion mechanism , which is an extension of the FPM, we
have introduced an alternative approach to the classical I S W theory of the OR process.
This approach is distinguished by the fact that the clusters act as individual entities. The
relatively good agreement between theory and experiment (at relative longer time after
the thermal treatment begining) is encouraging in further pursuing the off-centre diffusion
approach.
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Figure Captions:

Fig. 1: The changes of the absorption spectra during thermal treatment both at 800A'
( a ) and at 920/C ( b ).

Fig. 2: The increase of the cluster radius R{k) versus the time t (min.) of the thermal
treatment: ( a ) - thermal treatment at 800 K; ( b ) - thermal treatment at 920 K.

Fig. 3: The theoretical curve of the increase of the cluster radius during the precipi-
tation stage.

Fig. 4: Various off-centre configurations discussed in the. present diffusion model-
Fig. 5: The sense of the particles flow between two clusters.
Fig. 6: The time t (min.) of thermal treatment for the increase of cluster radii R (A)

at different sizes in the OR stage: ( a ) - thermal treatment at 800 K, ( RQ = 50A, V(T) =
0.7410~2 ), ( b ) - thermal treatment at 920 K, ( Rg = 50/1, T(T) = 0.2110"2 ). • -
experimental, - - theoretical.
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