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Abst rac t 

In order to study the influence of fluctuations on various phenomena linked 
to heavy ion collisions, a Langevin equation has been derived from a microscopic 
model. Parameters entering this equation are completely determined from micro
scopic quantities characterizing nuclear matter. This equation has been applied to 
various phenomena at intermediate energies. Here, we will focus on large amplitude 
motions and especially thermal fission. Fission rate is calculated and compared to 
experimental results. 
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1 Introduction 
In parallel to the development of great accelerators, theoretical approaches ofo heavy ion 
collisions were widely developed over the last years. In order to extract informations 
on hot nuclear matter from experimental data, dynamics of these collisions should be 
well understood. To describe the various phenomena that are observed, ranging from 
simple excitation of collective modes to multifragmentation, depending on the energy of 
the collision, kinetic equations expressing the conservation of the one-body distribution 
function have given many successful results [1]. Nevertheless, for very specific situations, 
these descriptions, that only consider average quantities, fail to describe correctly phys
ical phenomena. There are some situations where fluctuations play an essential role on 
the evolution of macroscopic quantities. Imagine an ensemble of particles in a potential 
well with a barrier and suppose that the average kinetic energy is slightly lower than 
the barrier height. To count the number of particles that can escape the well, a mean 
description would give exactly zero, therefore fluctuations should be taken into account 
to describe properly the problem. Another case concerns the description of multifragmen
tation, starting from a central collision which has a cylindrical symetry, this symetry will 
be conserved by the Boltzmann equation. Therefore, one needs to keep fluctuations in 
order to break the symetry which is not satisfied by the set of detected fragments. 

For these kinds of situations, there is the possibility to make a microscopic description 
where no average has been done, and work with the Liouville equation for the N-body 
system. Molecular dynamics calculations try to stay at this level, but it is a very ambi
tious task [2, 3, 4]. It might be simpler to try to improve the successful one-body level 
description and a stochastic extension of the Boltzmann equation was proposed [5], the 
so called Boltzmann-Langevin equation (BLE), 

¥t + m ' V r " V r f / ( ^ - V p ) ^ ' P ' f ) = A ' ( / ) + 5K{r> P ' f ) - ( 1 ) 

This is a Boltzmann equation with an additional term which contains all the correlations 
not taken into account by the collision term which only describes average effects of two-
body collisions. Calculating the additional term, 8K(f), explicitely, would mean to solve 
the iV-body problem. In analogy with Langevin description of brownian motion [6], it is 
considered as a stochastic force acting on the one-body distribution function, / ( r , p , t ) . 
In fact, we have an ensemble of one one-body distribution functions and the elements are 
noted, / . The correlation function of the stochastic force can be evaluated and is related 
to the collision integral K(f) in agreement with the dissipation-fluctuation theorem. 

Direct simulations of the BLE are in progress [7, 8], in particular, it has been used to 
study the production of kaons under the threshold [9, 10]. These simulations are CPU 
consuming and only give an approximate solution of BLE. In the case of collective motions, 
it might be simpler to perform fluid dynamical reduction and project on collective variables 
[11, 12]. One obtains a Langevin type equation which is simpler to manipulate. The 
second part of this paper will be devoted to an application of this equation to the thermal 
fission problem [13], in continuity with the contribution of T. Wada to this symposium 
[14]. Before, we will briefly recall the derivation of BLE and its reduction to a Langevin 
Equation (LE). 
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2 The theoretical framework 
In this section we will make a brief description of the derivation of the BLE and its 
reduction to a LB, showing only the main features and underlying the approximations 
made. For details, we refer to original papers [5, 11] and to ref. [15]. 

2.1 The Boltzmann-Langevin equation 
Derivation of the Boltzmann equation [16] and of the BLE [5] can be done using the 
BBGKY hierarchy or the Green function formalism [17]. Here, we will use the first 
formalism for its simplicity. 

Using notation of ref. [5], the first two equations of the hierarchy are, 

i^(l , l ' , t )=Tr 2 <12p 1 2 ) ^)] | l , 2> (2) 

ih—a(12, l'2',t) =< 12|[if12, a]|l '2' > + three - body terms, (3) 

where Kyi = K\ + Ki + V 1 2 is the two-body hamiltonian, p and a are respectively the 
one- and two-body density and Tr2 represents the partial trace over all accessible states 
of particle 2. Our aim, is to get an equation for the one-body density only; we hence 
need to express the two-body density as a function of the one-body density. To get the 
Boltzmann equation, two hypothesis are assumed [16], 

1. the system is diluted and two-body interactions have a short range; 

2. before each collision between two particles, there is a time where they are uncorre
cted, this is the molecular chaos assumption (StoBzahlansatz). 

With the first Ansatz, one can close the hierarchy with the first two equations, the second 
one is responsible for the lost of the fluctuations, and therefore will be abandoned in the 
derivation of BLE. To close the system of equations (2,3), one needs another hypothesis. 
Let us divide the two-body density into two parts, 

<7(12, l'2',t) = cr0(12,1'2',<) + 6o{12, l'2',i), (4) 

where OQ is the uncorrelated density defined as the antisymetrised product of the one 
body density and where bo is the other part of density which contains initial correlations. 
In order to keep small amplitude fluctuations, we define a coarse-graining average which 
is called local average. This will allow us to make some linearizations in bo and derive a 
one-body stochastic transport equation. 

To get the BLE, two other approximations are done. The first one is the Markovian 
approximation, where memory effects in the collision integral are neglected. It has been 
shown that in the case of giant resonances, this approximation is doubtful [15, 18]. The 
second one, is the semi-classic limit which is obtained performing a Wigner transform. 

We end up with the Boltzmann-Langevin equation , eq. (1), where the collision term 
reads, 

K(fi) = -fiJw J rfWWp4^(12; 34)[/4/3M - A/a/s/J, (5) 



with fi = / ( r , pt*ji), / = 1 — / and where the transition rate is, 

W(12; 34) = — — £ ( P l + p 2 - p 3 - p4)<5(e1 + e2 - e 3 - ^ ) . (6) 
mi ail 

The stochastic force is characterised by its correlation function, 

5K{vl)Vutl)8K{x2^2,h) = Cfc i .paMr! -v2)8{t1 -t2), (7) 

where, 

C ( P i , p 2 ) = / d5p3a*PiW(l2, U^fjJJ, + Iihlzh) 

- 2 J' d?pzdz

PiW{l^24){hhhh + hhhh) (8) 

+*(Pi - p2)Jd3p2,d3p3d3

PiW(12', 34)( / 1 / 2 , / 3 /4 + hhhh). 

The correlation function, eq. (8) has a structure similar toone of the collision integral, 
eq. (5), and only depends on the same transition rate, given by eq. (6). Therefore, we 
end up with a closed system. This a consequence of the dissipation-fluctuation theorem. 

One of the first questions which arise is, "how to solve such an equation ?". We 
generally do not know the exact solution of Boltzmann equation, and direct simulations 
are difficult. In the stochastic case, one has to solve the equation a large number of times, 
which is computer demanding. In some specific cases, such as the the study of collective 
motion at finite temperature, it might be easier to do another reduction to fluid dynamical 
level. 

2 . 2 F l u i d d y n a m i c a l r e d u c t i o n a n d p r o j e c t i o n o v e r a c o l l e c t i v e 
v a r i a b l e 

In this part, we will reduce the BLE into a LE for a collective variable, following the work 
done in ref. [5]. For sake of simplicity, we will consider only one collective variable and 
an incompressible velocity field, but a generalization can be made [12]. In this paper, 
we will only consider application to thermal fission where one single collective variable is 
sufficient to evaluate the fission time [19]. 

For a fluid dynamical description, one deals with the local density, 

p ( r' f ) = / ' (W / ( r ' p ' t ) ' ( 9 ) 

and the current density, 

mpu(r,t) = J g—^-p f(v,p,t), (10) 

where u(r, t) is the velocity field and g, the spin-isospin factor, g = 4. In the following, we 
will suppose that the motion can be described by a Bohr-Mottelson type parametrisation, 

N 
u ( r >*) = £ < ? n O W „ ( r ) , (11) 

n = l 
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where {qn} is a set of collective variables. 
To obtain a dynamical equation for the collective variables, we make two approxima

tions, supposing that the motion is diabatic and quasi-static, i.e., p(r,£) ~ Po(r, g(i)). 
This will allow us to suppose that at each time we have a local Fermi distribution around 
the collective velocity field in momentum space. In the case of one single collective vari
able, we end up with, 

where the coefficients are explicitely expressed as a function of microscopic quantities: 

1. M is the collective mass, 

M(q) = mj (Prp0(r, q)V<f>.V<t>; (13) 

2. V(q) comes from the mean field of the BLE and can be evaluated from a Skyrme 
force or can be considered as a liquid drop potential, 

V(q) = JdirE(p0(v,q))] (14) 

3. i7* is the dynamical force due to the distorsion of the Fermi sphere which comes from 
the coupling between collective motion and intrinsic degrees of freedom, 

with, 
mQij{p) = (pi - mu{)(pj - muj). (16) 

Dissipation and fluctuations are included into this force. 

The dynamical force explicitely depends on the one-body distribution function, solu
tion of the BLE. In order to evaluate it we perform a Chapman-Enskog type expansion 
(see, for example, ref. [20]), supposing small departure from equilibrium in momentum 
space. This leads to 

dF F 
— + Vq = + 6Kr, (17) 
at r 

where V is the stiffness parameter, 

r = \AeF < £ ( W ) ( w ) >, (18) 

and r is the relaxation time coming from the linearization of the collision integral of BLE. 
In the limit of low temperatures, it can be evaluated analytically [18], 

1 / T \ 2 

; = 8 . w y , (is) 



for a quadrupolar motion. In eq. (17), the stochastic force, 5Kp, is characterized by its 
correlation function, which is evaluated from eq. (8), 

TT 
6KF(t)8KF{t') = 2—8{t -1'). (20) 

r 

Eqs. (12,17) form a closed system of equations where all the parameters are well 
defined from microscopic quantities. Formally integrating eq. (17), one can rewrite these 
two equations in a single one, 

W i + Y^e + ^ = ~ /-co ^ ^ " ^ ^ + 6 m ' ( 2 1 ) 

which exhibits memory effects. In eq. (21), the friction kernel reads 

j{t-t') = Texp(-\t-tyr), 

and the stochastic force satisfies, 

5F(t)8F(t') = Ti(t - 1 ' ) . (23) 

If r vanishes, i.e., if the number of two-body collisions is large during a characteristic 
evolution time of the collective variable, then 

-y{t-t')~2TT5(t-t'), (24) 

and eq. (21) becomes Markovian. In the case of giant resonances these memory effects 
cannot be neglected [12], but we will see below that for a slow motion such as thermal 
fission, one can safely neglect them. Such a memory dependant Langevin equation has 
been widely used in kinetic chemistry where it is usually called Generalized Langevin 
Equation (GLE) [21]. 

The GLE we have derived, eq. (21), only contains two-body dissipation through the 
relaxation time, r, the one-body damping was lost in the fluid dynamical reduction, due to 
the approximations done. Our aim is to apply this GLE to various collective phenomena 
of heavy ions collisions. Here, in this contribution, we will focus on thermal fission, but 
we refer to [12, 18] for application to giant resonances. 

3 Study of thermal fission 
The study of thermal fission (fig. (1)) with a Langevin type approach has been done by 
various authors [14, 22]. Some similar work was first made with a Fokker-Planck type 
equation [23]. The authors of ref. [23] have used a phenomenological equation and tried 
to fit experimental data in order to extract physical quantities characterizing nuclear 
matter, such as viscosity. This problem hence constitutes an interesting framework to 
test our equation and we have decided to study the same nucleus as the one of ref. [23], 
at the same energies [13]. As the GLE we will use is a little more complicated than the 
phenomenological ones, it contains memory effects and second order terms, we will discuss 
the importance of these differences. 

(22) 



Figure 1: Schematic representation of thermal fission 

3.1 Ingredients of the calculation 
As we have restricted ourselves to a one-dimensional problem, we will just consider 
quadrupolar deformation, choosing as a velocity field, <f> = (2z2 — x2 — y2)/2. We can 
now calculate explicitely all coefficients entering GLE, eq. (21). The inertia parameter 
reads, 

2 
Af (?) = -Am < r2 > (2exp(4q) + exp(-2q)), (25) 

the stiffness parameter is 

and the reduced friction coefficient is 

, 1 2 4 . r = — AeF 

o 

0-%-r* 

(26) 

(27) 

where Q, is the frequency of the giant quadrupole resonance. The potential is taken from 
the liquid drop model. The saddle point position being known [24], one can easily build 
a potential with two parabolas, 

V{q) = 135,5 q2 for q < 0,122 
- 1 3 5 , 5 ( ? - 0 , 2 4 ) 2 + 4 for q> 0,122 (28) 

All the parameters entering the LE are well defined. The observable we want to 
calculate is the fission rate, 

1 dPT(i) r(t) = (29) 
PT(t) dt ' 

where Pr(t) is the probability that the nucleus is compound. The scission point being 
very difficult to parametrize with a quadrupole deformation only, we will consider that 
the nucleus is compound if it is located in the potential well, on the left of the saddle 
point, see fig. (1). This also reduces the computer time (for the numerical scheme used, 
see ref. [14, 25]). 
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Figure 2: Fission rate as a function of time for two different temperatures. Calculations 
where done with a linear GLE and with the complete GLE which includes second order 
term. 

3.2 Stationary fission rate 
The stationary fission rate can be evaluated analytically, generalising Kramers' approach 
[26] for a memory dependent equation [27]. Applying results of ref. [27] to our problem, 
in case of very high friction and a linear equation, the stationary rate reads, 

k = ^O^b Vh 

2-7T/? - (jjlr exp(—=•) , (30) 

where u)0 and u>b are respectively the potential frequencies in the potential well and at 
the top of the barrier. The prefactor in front of Arrhenius5 term, exp(—V^/T), is memory 
dependent through r. If r vanishes, the stationary rate, eq. 30, becomes identical to the 
one derived by Kramers [26]. In the fission problem, a numerical application shows that 
UIT/2TT^ ~ 0,001 and that memory effects can be safely neglected. 

The authors of ref. [23] showed that another parameter is very important to under
stand competition between fission and neutrons evaporation, it is the transient time, or 
the time needed to reach the stationary fission rate. As we do not know how to evaluate 
it analytically, some numerical simulations are necessary. 

3.3 Numerical Results 
We made some calculations at various temperatures and the results are shown in figure 
2. In order to test our code, we perfomed a calculation with a linear Langevin equation. 
In such a case, the fission rate should converge to the one calculated analytically. This 
can be checked on the figure. If we keep second order term, ^APW'' ^ e fissi°n r a t e is 
increased by about 40%, which is quite an important effect. 
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Figure 3: Stationary fission rates and transient time for the various calculations we per
formed (see text). Our results are compared to the phenomenological approach where the 
reduced friction rate is ft = 5 1 0 2 1 s - 1 . 

Nevertheless, if we compare our results to the ones of ref. [23], our reduced friction co
efficient is higher and, consequently, our fission rate is slower. In order to fit experimental 
data, the authors of ref. [23] obtained a reduced friction coefficient of about (3 = 5 1 0 2 1 s - 1 

which is far below the one we have derived from a microscopic model and therefore, our 
fission rates are not very realistic, especially at low temperature. 

In order to improve our model, we have done similar calculations with a potential 
barrier depending on temperature, because it is well known that for a temperature higher 
than 5MeV, there is no fission barrier anymore. To make a numerical calculation, we 
took the temperature dependence from ref. [28] and obtained a larger fission rate but still 
below the one of ref. [23]. 

In figure 3 we show all the stationary fission rate and transient times we calculated 
and compared them to the phenomenological approach's results of ref. [23]. It shows that 
all additions of our model compared to usual phenomenological approaches are not very 
important and that the process is entirely dominated by the viscosity of nuclear matter. 

3.4 Nuclear viscosity 
In figure 3, our results are quite far from the ones of ref. [23], but some recent studies 
[14, 22] show that the friction coefficient might be closer to /? = 20 1 0 2 1 s - 1 and not too 
far from our results at high temperature. Figure 4 shows that our model is not too bad 
at high temperature and becomes unrealistic when temperature vanishes. This is due to 
the fact that ft oc 1/T2, which a general behavior for Fermi liquid [30]. Actually, if we 
keep memory effects in the collision integral of the Boltzmann equation, the friction does 
not diverge anymore [18]. At low temperature, they should be kept. 

Due to the approximations we made in the fluid dynamical reduction, our friction 
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Figure 4: Reduced friction parameter as a function of temperature for both experimental 
and theoretical studies. 
The figure is taken from ref. [29] and the references of this summary should be taken in 
ref. [22]. Note that our approach is refered as [Boi92j. 

coefficient only takes into account the two-body dissipation. Our result is in agreement 
with the work done in ref. [31] (and refered as [Cha92] in figure 4), which proposes another 
derivation of two-body damping. Actually, some recent studies [14] show that in case of 
fission phenomena, the process might be dominated by the one-body friction. 

4 Conclusion 
Starting from a microscopic model, we have derived a Generalized Langevin equation and 
applied it to a very specific case, the thermal fission. Our aim was, on one hand, to study 
the influence of fluctuations on a collective motion and, on the other hand, to test our 
model and derivation on a realistic problem. A further goal is to learn about nuclear 
matter, comparing our results to experiments. From a dynamical point of view, three 
features appeared, which are memory effects, dissipation and fluctuations. The last two 
ones come from the interaction between the selected degrees of freedom and the reduced 
ones. Memory effects appear systematically in such derivations. If in the case of a rapid 
motion like giant resonances they should be kept [18], for a slow motion like thermal 
fission, we shown that they can be neglected. 

One of the first aim of this kind of calculations, was the study of fluctuations. Our 
model includes fluctuations, and thermal fission is a typical case where they play a very 
important role. They allow some nuclei to "jump" over the barrier. How model gives 
a precise value for the friction which depends on microscopic characteristics of nuclear 
matter such as the nucleon-nucleon cross section, a, (see eq. (27)). In the case of fission, 
our model gives the right order of magnitude for the friction coefficient, however, this 



coefficient is overestimated. This is due to the fact that we only considered two-body 
contribution. An interesting extension would be to add the one-body contribution. Note 
that taking into account both contributions, we change the number of degrees of freedom 
and then we cannot simply add the two components. Nevertheless, this is a first step 
which makes a direct link between microscopic models and macroscopic equations usually 
used for this kind of problems. 

One of us (E.S.) would like to thanks the Yukawa Institute for Theoretical Physics for 
the warm hospitality extended to him during his visit. 
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