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HALF-YEAR PROGRESS REPORT FY92/93 
NRL HIFAR RESEARCH PROGRAM 

INTRODUCTION 

Progress during this reporting period has been in several areas. The research effort 
has continued in close collaboration with personnel at LBL and LLNL. In addition, studies of 
the longitudinal physics, which are jointly supported by the Division of High Energy Physics 
of the U. S. Department of Energy, have benefitted from collaboration with personnel at the 
University of Maryland associated with the Maryland transport experiment. 

The research results supported by this program have been, and will be, actively 
reported to the scientific community through papers presented at conferences and published in 
conference proceedings as well as in the refereed literature. 1" 1 9 The first of these 
references, 1 ' 1 5 describe work primarily supported under the current contract, while the 
remaining references1 6'1 9 describe work jointly supported by the Division of High Energy 
Physics. Progress detailed in these manuscripts, currendy in preparation, will be included in a 
later report. The emphasis below is instead concentrated on reporting work, in cooperation 
with LBL, on the simulation of large aperture quadrupoles, with a further emphasis on the 
NRL contribution. This work is concentrated on understanding the basic nonlinear physics 
which is important to the design of large aperture magnetic quadrupoles, as well as the 
numerical requirements for reliable simulations of that physics. In particular, comparisons 
between the SHIFT-XY and HIFI simulation codes are presented to determine the conditions 
under which the HIM code, which is faster running, but is generally run using less accuracy in 
the space charge model than SHIFT-XY, can be appropriately employed. 
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SIMULATION OF LARGE APERTURE QUADRUPOLE MAGNETS 

The amount of current transported in an alternating gradient transport system can be 
limited by various characteristics of the focusing system, such as the pole tip strength and 
occupancy factor of the focusing elements. Transportable current can also be limited by 
beam dynamical effects such as collective space charge in s t ab i l i t i e s 2 0 , 2 1 and lens 
nonlinearities2 2 which limit the dynamic aperture. While these limits do not generally pose 
severe design constraints in the higher energy sections of a driver system, the use of magnet 
quadrupoles for transport of sufficient current in ILSE, and in the lower energy section of a 
driver can be problematic. 

Because of the low beam emittance required for final focus onto the inertial fusion 
target, the amount of current which can be transported can be estimated from the solution of 
the K-V envelope equation2 3 with the emittance term neglected, and the transportable current 
can then be written 2 4 as: 

2 f a l 2 „ 3 / 2 f 2qe 1 

where OQ is the phase advance of a single ion trajectory per lattice period of length 2L, a is the 

mean beam edge radius, V is the voltage to which the beam has been accelerated, e 0 is the 

permitivity of free space, qe is the ion charge, and MgA is the ion mass. 

Because the value of <r0 is constrained by the onset of collective electrostatic 

instabilities 2 0 ' 2 1 ' 2 5 to somewhat less than 90° per magnet period, transporting the maximum 

current requires maximizing the ratio of the mean beam radius, and therefore the usable 

dynamic lens aperture, to the magnet length. The dynamic aperture, in turn, depends on the 

consideration of details of lens nonlinearities. 

An important characteristic of large aperture focusing elements, however, is that the 

fringe field region which is typically the source of a large part of the nonlinearity in the 

focusing force, occupies a relatively large fraction of the lens length. In addition, in this 

regime the lens diameter can become a significant fraction of the lens period. The 

representation of particle orbits by the paraxial approximation is then inadequate, and kinetic 

nonlinearities are introduced which can also affect the beam dynamics. These two sources of 
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nonlinearities are a potential source of significant emittance growth, particularly for the very 

low emittance beams which are necessary for heavy ion ignition designs. 

While it is possible to simulate point magnet designs and learn much about the 

behavior of those systems, a more ambitious systematic research program has been 

undertaken which aims to gain insight into the underlying nonlinear physics, by using a 

variety of levels of approximation. In this way the beam dynamics can be described with 

sufficient accuracy using a fast running numerical model such as the HDFI code written by 

Fawley,26 to permit the broad parameter searches necessary for detailed magnet design. The 

point designs can then be checked using a more accurate model for the self-consistent space 

charge dynamics, as contained in SHTFT-XY. 

In particular, it has been found that the nonlinear beam dynamics in large aperture 

quadrupoles can generally be more complex than previous studies22 of a simplified nonlinear 

model suggest. For example, the addition of a longitudinal magnetic field in the model 

presented here, complicates the beam dynamics by providing a coupling mechanism, in 

addition to space charge, between the two transverse dimensions and adds a nonnegligible 

new source of emittance growth. Nevertheless, the importance of the relatively small 

mismatch which can result from the modification of the average focusing force by the 

nonlinearities, is not diminished from what was found previously. So that it is important to 

rematch the beam to the transport system with the nonlinearities included. When this is done, 

it is found that relatively large ratios of beam radius to lens period can be employed without 

unacceptable emittance growth. 

As will be described below, various sources of nonlinearities have been 

investigated by successively including them in the numerical description of the large aperture 

lens. Comparisons between the SHIFT-XY and HTFI code results have been performed at the 

various levels of description. The HTFI code has, for the magnet designs considered, closely 

agreed with the SHIFT-XY results, and confidence has therefore been increased in using HDFI 

as a tool for the design of large aperture magnet systems. There are instances, however, 

especially related to the minimization of emittance growth by matching the beam to the 

nonlinear channel, where it has been found important to retain the more comprehensive 

treatment of the self consistent space charge dynamics found in SHTFT-XY. 
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The emphasis in the description below is on the fundamental consequences of the 

lens nonlinearities and on the comparison between the two code descriptions. A description 

of various options for winding the actual magnets, and extensive description of the HIFI 

simulation results has been prepared by W. Fawley. 2 6 An additional description which 

incorporates more recent work and includes the application of the numerical work described 

here is in preparation 1 1 , 1 5 and will be included in a later progress report. 

Sinusoidally Varying Quadrupoles 

The nonlinear dynamics of a space-charge-dominated beam propagating in a system 

of large aperture magnets is complicated by several factors. For example, in order to exploit 

the advantages of a large aperture system, it is usually also necessary to employ a filling factor 

as close to unity as practical. This means that the fringe fields of adjacent magnets can 

overlap. The parameter space possible in considering a variety of magnet designs is also quite 

large. 

An analytically simple and well studied 2 7 magnet configuration is one proposed by 

Laslett, where the magnetic fields are described by a quadrupole on axis whose amplitude 

varies sinusoidally with z, the direction of beam propagation. This magnet system, especially 

when higher harmonics of the z variation are included in the windings, is in several ways an 

optimal sys tem. 2 6 The single sinusoid, without harmonics, was chosen as an initial 

configuration for understanding the physics issues likely to be of general importance to large-

aperture magnet designs. 

The magnetic field in this system can be derived from the magnetic potential 

4> = * c o s ( k z ) I 2 ( k r ) s i n { 2 # ) , (2) 

where k = 2ir/L, L is the magnet period, and the magnetic field can then be found as B = - v>. 

Making the transition to rectangular coordinates, the magnetic field can be written as: 

B = - ~. ^„ ky c o s ( k z ) x 4 0 

8 l 2 ( k r ) 2 2 8 l 3 ( k r ) 

+ k x 

(kr) (kr) 
(3) 
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B = - — \pn kx cos(kz) 
8 l 2 ( k r ) 2 2 8 l 3 ( k r ) 

r— + k y — 
L (kr) (kr) 

(4) 

* , v 2 2 2 • ,v ^^-L B z = - j ypQ k x y s m ( k z ) j (5) 
(k r ) 

If the Bessel functions I 2 and I 3 are expanded in a Taylor series about the origin, 

I2(kr) = (kr)2/8 + (kr)4/96 + (kr)6/30720 + (kr)8/184320 + . . . , 

and 

I3(kr) = (kr)3/48 + (kr)5/768 + (kr)7/30720 + (kr)9/2211840 + . . . , 

it can be seen from the above expressions, that the fields near the axis can be approximated by 

a quadrupole with sinusoidal variation in the z direction and peak gradient G0=k$o/4. 

An extensive series of numerical tests have been performed to investigate the 

accuracy of the numerical representation and the sensitivity of the results to variation in 

numerical parameters such as the number of particles employed, the number of mesh points 

used in solving for the electric fields, and the step size. Results were also compared at each 

stage with the HIFI code run with similar parameters, to ensure consistency of the model used 

in the two descriptions and to enable identification of the source of any differences in results. 

The nominal magnet set investigated is a sinusoidal quadrupole system with a full 

period of 1 m and a peak field gradient of 13.49 T/m, which corresponds to a phase advance 

per period of 72° for the 4 MeV, singly charged, ions with mass of 20 AMU which were used. 

The phase advance was measured by averaging over the orbits of a number (2K) of particles 

in a matched, low current, beam integrated over a single period. The phase advance was also 

checked by integrating over five periods after which the particles have returned to their 

original phase space locations. For these linear low current runs, a small beam with a K-V 

distribution and emittance 1.5*10"10 m-rad and matched x and y radii of AQ= 15.35jam and 

B0=8.28Mm, at the peak of the focusing in x, was used to ensure that any nonlinearities in the 

external fields were negligible. A line charge density of 10" 1 9 C/m was chosen so that the 

space charge tune depression was not significant. A factor of ten increase in line charge 

density was found to have negligible effect on the phase advance. 
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If the value of cos(kz) at the center of each leapfrog timestep is used in calculating 

the magnitude of the quadrupole gradient for that step, then varying the step size 5z from 

10 mm to 50 mm results in an increase of approximately 0.3° in the measured phase advance 

per cell. By instead using the integral of the cosine function over the timestep in advancing 

the particles for that step, this change in phase advance over the same range in 5z is reduced 

to 0.02°. The integral formulation was therefore used in the simulations described below. 

The nature of the single particle response to the external nonlinear fields was 

compared against the HEFT code by running both codes on a low-current beam with initial zero 

emittance. The initial beam x and y radii were chosen to correspond to the matched values 

which would be obtained for a low current beam with an initial emittance of 1.5 *10~3 m* rad. 

A matched beam with this emittance has x and y radii of 48.5 mm and 26.1 mm at the 

maximum field plane and a circular cross section of radius 36.8 mm between maxima. 

Figures la and lb are phase space plots of the beam generated by the SHIFT-XY 

and HIFI codes respectively showing the distortion of the initial line in phase space after 

propagation of 30 m down the transport lines. In this comparison, the nonlinear longitudinal 

magnetic field is neglected, so that the particle orbits are only affected by the Bessel function 

transverse dependence of the focusing forces as described in Eqs. (3) and (4). Both plots 

exhibit the "s" shaped phase space characteristic of a one-dimensional nonlinearity which 

causes the betatron frequency to vary monotonically with the amplitude of the oscillation. 

The rotation of the "s" shape and the degree of the deviation from linearity agree between the 

two codes, with the major difference resulting from the difference in plotting method, since 

the use of an "x" to represent each particle in the HIFI plots gives the appearance of a 

somewhat thickened phase space line when compared to the "." used in the SHEFT-XY plots. 

Figures 2a and 2b are similar plots including the nonlinear longitudinal magnetic 

field as described in Eq. (5). In this case the amplitude-dependent coupling between the two 

transverse directions is evident. The phase space, which is initially a line, thickens because it 

is a projection onto two dimensions of a thin surface of higher dimensionality. In this 

comparison, as in the previous one, the major difference between the two codes is caused by 

the difference in plotting character. It should be noted that, for ease of comparison between 

the two codes, the beam shown in these cases was initialized at the zero in the transverse field 
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between the magnets, where the beam cross section is circular. This is different than the 

initialization at the plane of the maximum transverse field which is used in most of the 

simulations presented below. In the presence of substantial nonlinearities in the focusing 

forces the details of the beam dynamics, and the amount of emittance growth which occurs, 

can in fact be modified by where the beam is initialized, and this will be discussed below. 

A more quantitative comparison between the two codes was also made by 

examining the orbits of particles with initial displacement chosen to sample nonUnearities just 

below the threshold for rapid particle loss, and therefore representative of the maximum 

nonlinearities expected for any beam particles. In these comparisons the nonlinear corrections 

to the particle orbits in the two codes were generally within about 1% of each other. In view 

of the very different integration methods employed in the two codes this is felt to be a 

reasonable level of agreement. 

Even in the low current limit, the dynamics of a beam in a nonlinear lens system 

can be fairly rich. The picture of an rms emittance which increases as particles with different 

betatron frequencies form spirals in phase space2 8 is relevant only for a mismatched beam. If 

the beam is initially matched, the initial emittance can either increase or decrease, depending 

on the details of the initial distribution, the nature of the nonlinearity, and the definition of 

"match," A range of characteristic timescales are also present. These include the betatron 

oscillation times of the particles at different average radii, as well as the overtaking time 

caused by these differences between the particle periods at the different radii. In the case of a 

nonlinearity which couples the motion in the the two transverse dimensions, the picture is 

even more complex. 

In order to illustrate some of the features of the low current beam dynamics, as well 

as to test the numerical characteristics of the particle advance algorithm, a series of 

simulations of low current beams has been performed. The beam with an initial K-V 

distribution, is matched to the linear transport system. Figure 3 shows the evolution of the x 

and y rms emittance of a beam, with transverse nonlinearities only. In order to explore the 

consequences of the range of characteristic time scales, the simulation has been run to a 

propagation distance of 500 m, or 500 lens periods, even though this is a somewhat greater 

propagation distance than is likely to be used with such a transport system. The beam in this 
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and the following simulations is initialized at the maximum field plane where the slope of the 

beam envelope is assumed zero because of the forward backward symmetry of the lens 

system. The focusing fields in this case are applied in "equivalent electrostatic" mode. That 

is, the particles are given a transverse acceleration proportional to the local value of the 

transverse v*B force, and the longitudinal magnetic field is neglected. The initial beam 

emittance in this run is 6* 10~3 m • rad. The initial major and minor radii of the ellipse are 97.1 

mm and 52.4 mm respectively. Note that these simulations were run with 64K particles to 

facilitate matching the actual beam distribution since, as will be amplified below, the 

emittance behavior is a sensitive function of the initial match and the statistical variation in 

the averaged characteristics of a random loading with a small number of particles can make a 

good match for the initial distribution difficult to obtain. Note that the fluctuations in rms 

emittance for the equivalent "electrostatic case" without any z-component of magnetic field, 

are somewhat less than 1% and there appears to be no secular component on the scale of the 

plot shown. 

The variation of the rms emittance is very small in this case, so that a more 

illustrative picture of the dynamics can be obtained by examining the variation of the rms 

beam radii. Figure 4 is a plot of the evolution of the major radius (x direction) as the beam 

propagates down the transport line. Note that only the values at the same place in each lens 

period are plotted, so that the beam breathing motion within each period is not shown. In 

addition to rapid oscillations on the betatron time scale, a much slower time scale with a 

period of approximately 300 m is also evident. Figure 5, which is a plot of the rms minor 

radius (y direction), shows a slightly different behavior. The period of the slow oscillation is 

somewhat longer. Since the beam initial conditions are found by matching to a linear 

transport system, such as would be encountered by a beam with a very small radius, and the 

nonlinearities affect the value of the focusing force averaged over the beam radius, there is a 

small initial mismatch. Note that, because the plots are normalized to the initial value of the 

rms radius, the y mismatch is accentuated slightly because of the smaller initial radius in that 

direction. 

Addition of the nonlinear terms associated with the longitudinal magnetic field 

increases the magnitude of the nonlinearities, and also increases the complexity of the low 
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current beam dynamics. In addition, replacing the "equivalent electrostatic" approximation in 

the applied fields by an actual integration in the external magnetic fields adds nonlinearities to 

the particle dynamics which are present even when the external fields are linear. Rather than 

using an expansion about the paraxial orbits to treat these nonlinearities,29 the SHEFT-XY 

code actually integrates the particle orbits in the magnetic field using the Boris mover 

algorithm.3 0'3 1 This algorithm advances the particles over a time interval At, rather than the 

spatial As which is desired so that all particles in a slice transit the focusing elements together. 

Since each particle can have a different, and changing, longitudinal velocity v z, and that v z is 

not known at the beginning of the timestep, the At necessary to advance each particle through 

the slice is not known until the velocity has been advanced. To overcome this noncentering of 

the algorithm, each particle is integrated over an interval using the v z at the beginning of the 

integration step. The value of v z halfway through that step is then used to calculate a new 

At=As/vz, and the integration is repeated to generate a new value. It was found that this 

procedure is rapidly convergent. For the test cases run, increasing from two to three iterations 

resulted in virtually no discernible differences in the behavior of the simulated beam system 

after hundreds of meters of integration. Nevertheless, to be conservative, three iterations were 

generally employed in the simulations shown. 

Figure 6 shows the evolution of the x and y rms emittance for an initially K-V 

distribution with the same parameters of the previous run but with the B z field and the 

dynamic nonlinearities included. The extra nonlinearity adds an increased amplitude 

oscillation in the evolution of the rms emittance, with a period of about 150 m, but which 

damps after a few oscillations. It is generally expected that an increased level of nonlinearity 

will increase the degree of oscillations in the rms emittance and the beam radii. Also, the 

slower time scale oscillations, as well as the damping, which result from the differences in 

betatron frequencies between particles with small and large amplitude betatron oscillations, 

will also tend to occur more quickly as the amplitude of the nonlinearity increases. 

No secular growth in the rms emittance appears to occur on the 500-m scale in this 

simulation. At the end of the run, however, one can observe a slight increase in the y 

emittance and a similar decrease in the x emittance and it is not known whether this separation 

in the two values will damp away on a much slower time scale. Figures 7 and 8, which are 
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plots of the x and y rms radii respectively, illustrate the existence of several different 

frequencies in the simulation. Note that, as in the previous case, some initial mismatch is 

observed, since the initial beam rms radii are appropriate to the linear match. 

Figure 9 shows the evolution of the rms emittances when the beam rms major and 

minor radii are rematched to the nonlinear transport line. The rematching is done by running 

the code for a single period and iterating on the initial x and y rms radii to minimize their 

variation over the single period. This results in a change from 97.1 mm to 96.3 mm in the x 

direction and 52.4 mm to 50.8 mm in the y direction. As will be discussed below, this 

rematching can be quite significant to reducing emittance growth when the beam current is 

increased. In the present low current case however, the rematching primarily changes the 

phase of the observed beam oscillations. It can also be noted that the spread in x and y 

emittances seen at the end of the run in Fig. 6, has been substantially reduced. Figures 10 and 

11 are the plots of rms x and y radii for the rematched beam. 

As the beam current is increased, the addition of significant space charge forces 

further complicates the nonlinear dynamics. Also introduced by the necessity to solve for the 

self-consistent space charge forces are several numerical issues which should be examined to 

maximize the credibility of these simulations. As will be illustrated below, because of the 

tradeoffs involved, the numerical parameters appropriate to these simulations can depend on 

the details of the physics which is under investigation. 

Figure 12 is a plot of the x and y rms emittances of an initially K-V beam with the 

72° phase advance per period depressed by space charge to approximately 7.2°. The lens 

nonlinearities have been turned off in the simulation, so that, except for the sinusoidal 

variation in the magnitude of the applied quadrupole focusing force, this simulation should be 

very similar to many which have been run previously to examine the stability of initially K-V 

beams in alternating gradient systems. 2 1 The beam has an initial emittance of 1.5* 10~4 

m* rad, and a line charge density of 1 juC/m. The matched major and minor radii at the center 

of a quad are 51.2 mm and 29.6 mm respectively. The simulation results shown were run 

with 64K particles and a 1 mm cell size, so that the beam major radius is resolved by 

approximately 51 cells. The behavior of the rms emittance seen in Fig. 12, especially the rapid 
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increase by approximately 1.2 * of the beam emittance, is characteristic of the well-studied K-

V instabilities.20 

If the number of cells used to resolve the beam is approximately doubled, the 

emittance behavior of this 72°/7.2° K-V beam is essentially unchanged. However, because 

the unstable mode is one of relatively high order, a reduction in the resolution of the 

numerical system will cause the instability to essentially disappear. For example, if the case 

shown above with 51 cells used to resolve the major radius is rerun, and smoothing is applied 

which results in Gaussian shaped macroparticles with a width such that the charge is down by 

a factor of 1/e in a half-cell, the emittance behaves as shown in Fig. 13. Similar behavior is 

also observed if the resolution is halved. As will be discussed below, the smoothing can be 

important for reducing the emittance growth which results from use in the simulation of far 

fewer particles than are found in an actual beam. This smoothing can be obtained by 

employing Gaussian-shaped macroparticles. It should be noted, however, that an increase in 

effective smoothing also occurs as the resolution employed in the simulation is reduced, and 

the short-wavelength fluctuations in the beam density are not resolved by the numerical 

system. 

Previous experience has shown that the type of unstable behavior of a K-V 

distribution observed in this case, where the unstable mode is of relatively high order, will not 

be present if the initial beam distribution is semi-Gaussian instead of K-V. The K-V 

distribution is convenient at low currents because it is an equilibrium, and assuming the 

transport system parameters are within the range where a K-V distribution is stable, will not 

change in form when the focusing forces are linear. The semi-Gaussian distribution, on the 

other hand, is not an initial equilibrium. As the phase space rotates during transport, the 

initial Gaussian shape in velocity, after 90° rotation, becomes Gaussian in configuration 

space. Particles in the tail of the distribution in velocity space then form a tail in 

configuration space, or halo, around the beam and can sample substantially greater 

nonlinearities than the bulk of the beam distribution. A small number of particles can 

therefore complicate interpretation of the response of the beam to the nonlinear external fields. 

However, at higher currents, an initially K-V distribution can be problematic because of the 

possibility that instabilities will cause emittance growth, which at the very least, modify the 
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initial distribution so that it is no longer K-V in form. On the other hand, at the higher 

currents, an initially semi-Gaussian beam is close to equilibrium, and the initial tails in 

velocity space do not transform into configuration space. The simulations of behavior of 

space-charge-dominated beams discussed below therefore employ an initial semi-Gaussian 

distribution. 

Figure 14 is a plot of the rms emittance of an initially semi-Gaussian distribution 

with the same current and emittance as the 72°/7.2° K-V case shown above. As in the 

previous run, the lens nonlinearities are turned off. In this case no smoothing is applied and 

the almost 10% growth in the rms emittance is an indication that numerical collisionality 

needs to be considered in interpreting any simulations employing the substantially depressed 

phase advances in this parameter regime. 3 2 As expected, the application of smoothing 

somewhat reduces the emittance growth as shown in Fig. 15. The importance of numerical 

collisions will be discussed extensively below for some test cases for which the nonlinearities 

in the lenses are included. It is sufficient to state here that semi-Gaussian distributions will 

generally be employed in the following examinations of the lens nonlinearities, and that it is 

important to continually examine the numerical parameters to preclude biasing any 

conclusions on the basis of collisional emittance growth which will not occur in a physical 

beam. 

In order to gain some phenomenological understanding of the behavior of a beam in 

the nonlinear transport system, to bracket the possible numerical limitations of the simulation 

techniques, and to compare the SHIFT-XY space charge model against the one in HIFI, an 

extensive series of simulations was performed. The test case used in the linear simulations 

above, showed little degradation in emittance or particle loss when run with the nonlinearities 

turned on, so the current in that case was increased by a factor of four and the initial beam 

major and minor radii were doubled to provide a test case which facilitates examination of the 

nonlinear behavior, but which retains the the 7.2° depressed phase advance. As will be 

discussed below, the relatively benign behavior even under the more severe conditions in the 

4 nC test case are an indication that, for the original parameters appropriate to DLSE design, of 

a line charge density of 1 MC/HI, and an emittance of 1.5X10"4 m«rad, the beam should easily 

be transportable with negligible degradation for tens of meters. However, further 
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investigation of the possibility of exciting unstable resonances as the tune depression is 

varied, as well as the behavior of a beam system which includes the matching of a non ideal 

initial distribution, are planned in order to strengthen the likelihood that no surprises will be 

forthcoming after construction of the actual ELSE system. 

The test case used for the runs below is a beam with a line charge density of 4 

liC/m, and an emittance of 6.0* 10~4 m«rad. This represents sufficient space charge to 

depress the beam phase advance from 72° to 7.2° in the case of an initially K-V beam, but as 

discussed above, an initial semi-Gaussian beam distribution has been employed in these 

simulations. For these parameters the initial beam major and minor radii are 102.4 mm and 

59.1 mm respectively, when the beam is matched to the linear transport channel, so the ratio 

of initial beam major radius to 0.5 m magnet length (half-period) is approximately 0.2 in these 

simulations. 

When space charge and the lens nonlinearities are both included in the simulations, 

the beam behavior can become somewhat more complex than is observed for either of these 

effects separately. For example, four sources of possible emittance growth are easily 

identified. 

Since the beam current density is initially uniform, and this uniform density would 

be in local force balance with a linear external focusing force, the beam space charge is not 

initially in local equilibrium with the applied external focusing forces. Just as a nonuniform 

low emittance beam will rapidly relax to a uniform state in the presence of a linear focusing 

force, 3 3 ' 3 4 a similarly rapid relaxation is expected to occur, on a plasma period time scale, as 

the beam density approaches a state of local force balance between the space charge forces 

and the external focusing. 

A second source of emittance growth occurs when the beam is not rms matched to 

the focusing channel. The space charge potential energy in a mismatched beam can be 

substantial,35 even for relatively small mismatches. Therefore, if the beam is rms matched to 

the linear transport system, a mismatch can result from the alteration, by the nonlinearities, in 

the focusing force averaged over the beam. This mismatch can, in turn, result in substantial 

emittance growth, as the lens nonlinearities couple the mismatch energy into randomized 

transverse kinetic energy. 
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A third source of emittance growth results from instability of some particle orbits in 

the nonlinear fields. The unstable particles spiral out secularly in phase space and can 

represent a substantial contribution to the rms emittance until they are intercepted by the edge 

of the simulation region (which serves as the beam pipe or wall in the simulation) and are 

removed from the simulation. 

Finally, numerical collisions can cause emittance growth 3 2 both because of the 

dilution of phase space area that the collisions themselves cause and also because collisions 

can transfer a particle into a region of phase space where the particle orbit becomes unstable. 

The numerical source of emittance growth can be estimated by varying the number of 

particles in the simulation and by attempting an extrapolation to what would occur if an 

arbitrarily large number of particles were used. As will be discussed below the nonnumerical 

sources of emittance growth can be separated from each other by varying the initial match and 

the radius at which particles are removed from the simulation. 

Figure 16 is a plot of the emittance vs. the distance propagated, for a 4 nC/m beam 

with an emittance of 6* 10 m* rad, and an initially semi-Gaussian distribution, rms matched 

to the linear channel. To illustrate the separate terms in the nonlinear fields this case was run 

with an "equivalent electrostatic" focusing force. The initial major and minor radii are 102.4 

mm and 59.1 mm respectively. To reduce the collisional emittance growth, smoothing of the 

macroparticles, as discussed above, was employed in all of the following runs. The 

consequences of collisionality will be discussed below. 

A very rapid rise in emittance to a value of approximately 5% in the initial 

emittance is observed followed by a slower growth to about 16%. Figures 17 and 18 are plots 

of the evolution of the rms major and minor radii in the x and y directions respectively. The 

relatively steady state observed in these three curves, after about 100 m of propagation, is 

evidence that the bulk of the beam distribution has achieved a balance with the external 

nonlinearities. This picture neglects, however, the fact that particles are being driven unstable 

by the nonlinearities in the external focusing fields, and because these particles are removed 

as they hit the "wall" in the simulation, which is at approximately 1.25* the initial major 

radius in this case. This is illustrated by the plot, in Fig. 19, of the fraction of the particles 
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which have hit the edge of the simulation and have been removed. By the end of the 300 m in 

this simulation, 788 particles have been lost out of the original 64K particles. 

Examination of the evolution of the x and y rms radii in Figs. 17 and 18 shows that 

there is a small initial mismatch which results from the initial radius being chosen to match 

the beam to a linear channel with the same axial quadrupole gradients. This mismatch can be 

almost eliminated if a "single-period rms match" is obtained by iterating the initial rms radii 

until the value is unchanged after one period. This results in initial major and minor radii of 

101.0 mm and 57.3 mm respectively. Figure 20 shows the evolution of the rms emittance of 

such a rematched beam. Note that the initial jump is similar to what is observed in the non 

rematched case shown in Fig. 16, but the growth after this initial jump is somewhat slowed. 

The longer term growth approaches the same value as seen in Fig. 16, but this value is 

affected by the "wall" radius at which the particles are removed, and by numerical collisions, 

which are discussed below. Examination of the rms major and minor radii in Figs. 21 and 22, 

respectively, shows that the mean value of the radius changes little over the course of the 

simulation, indicating that a matching procedure which uses the first magnet period, is a 

reasonably good way to match the beam. Figure 23, which is a plot of the fraction of particles 

lost as the beam traverses the transport line, shows a substantial reduction in the loss rate as 

the beam is rematched. In this case 420 particles out of the 64K in the simulation were lost 

after 300 m compared with the 788 for the simulation in which the beam was not rematched. 

The use of an approximate "electrostatic-equivalent" form for the external magnets, 

as presented above, was described both to compare with previous work, 2 2 as well as to 

illustrate the similarity to the full magnet system. Most of the features observed in the 

previous investigation, which used axisymmetric rather than alternating gradient focusing, are 

also observed here. Use of the full set of magnetic fields which includes both the 

consequences of the nonlinear z component of the external magnetic field as well as the 

orbital nonlinearities neglected in the electrostatic equivalent model, does not qualitatively 

differ from the simpler model, however, the magnitude of the nonlinear effects does increase. 

The case with all the terms included, since it is somewhat closer to what would actually be 

expected to occur when a magnet system is constructed, will be presented in greater detail. 
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Figure 24 is a plot of the evolution of the rms emittance for an initially semi-

Gaussian beam, matched to the linear transport system, wim the "wall" again at approximately 

1.25* the initial major radius. The general behavior is similar to what is observed in the 

"equivalent electrostatic" case in the sense that a very rapid increase, in this case of about 

12%, occurs in the emittance, followed by a less rapid increase which saturates. The rate of 

this less rapid increase is much greater and the saturation level higher than in the "equivalent 

electrostatic" case. Figure 25 is an expanded scale plot of the first 50 m (periods) of the beam 

transport, which a distance scale more appropriate to the likely use of large aperture magnets, 

since acceleration of the beam during transport can be used to reduce the required aperture 

ratio as the beam energy is increased. 

Figures 26 and 27 are plots of the major and minor rms radii of the beam as it 

propagates down the transport line. Since the initial radii are appropriate to a linear transport 

system, and the nonlinearities have been increased compared with the "equivalent 

electrostatic" case, the mismatch due to the change in averaged focusing caused by the 

nonlinearities, is correspondingly greater. The increase in the nonlinearity also results in an 

increase in the number of particles lost during the run, as shown in Fig. 28. In this run 1948 

particles were lost after 300 m. 

A considerable improvement in the emittance growth can be obtained by 

rematching the beam to the transport system characteristics including the nonlinearities in the 

external fields. As previously, the beam was iteratively rematched by minimizing the 

variation of the rms major and minor radii over the first lens period. Figure 29 is a plot of the 

evolution of the rms emittances of the rematched beam, with initial major and minor radii of 

99.3 mm and 56.3 mm respectively. We will defer a discussion of the long term behavior of 

the rms emittance to the sections on collisional emittance growth and the effect of "wall" 

radius below. The extent to which the small change in the initial radii necessary to match the 

beam has substantially improved the emittance performance, can be seen by comparing Fig. 

30 which is a plot of the emittance behavior of the rematched beam for the first 50 m of 

propagation, to the previous case shown in Fig. 25. Another measure of the improved 

characteristics of the matched system is that after 50 m the rematched system has lost 5 

particles compared with 231 in the system matched to the linear transport line. Figures 31 and 

16 



32 which are plots of the major and minor rms radii respectively, and Fig. 33 which is a plot 

of the fractional particle loss in the rematched beam case, are also presented for reference. 

After 300 m, 515 particles are lost. 

It is clear from the simulations that there are at least two different mechanisms by 

which emittance growth is occurring, and these appear to be the same as those identified 

previously22 in a simplified axially symmetric focusing system. The first is a redistribution of 

the beam phase-space distribution itself, caused by some combination of a lack of local force 

balance and the conversion of the space charge potential energy in the initial mismatch 

oscillation to particle kinetic energy. The second is caused by the nonlinearities in the 

external focusing field driving individual particle orbits unstable. Since some of these 

unstable orbits can grow in amplitude secularly, it is possible for a small number of particles 

to cause a secular increase in the rms emittance of the entire beam, as these particles increase 

their radii in phase space. In any actual beam system these particles eventually strike the wall 

of the beam pipe and are removed from the system. Since only a small number of particles 

need be involved in this process, the importance of this process to transport system design 

depends on a variety of factors such as beam energy and pipe material as well as the details of 

the vacuum, since it is usually not the beam loss itself which is important, but rather what can 

occur as stray particles intercept the beam wall. The relative importance of the beam loss, as 

opposed to redistribution of the beam particles in phase space, also depends on the length of 

the transport section with a substantial degree of nonlinearity, and on the emittance budget of 

the accelerator system. In practice it is therefore useful to characterize both the particle loss 

and the bulk emittance growth separately so that design tradeoffs can be examined. For 

example, Fawley 2 6 , 1 1 ' 1 5 has found using HBFI simulations that if a large emittance budget is 

available, it is possible to minimize particle loss at the expense of emittance growth in the 

bulk of the beam distribution by lowering the phase advance per period. As the phase 

advance is reduced, the lowered amplitude of the AG flutter motion presumably provides less 

of a modulation to drive individual orbits unstable, while the increase in matched beam radius 

causes the beam to be further from equilibrium with the external focusing forces. 

One way of separating the effect of orbital loss on beam emittance growth is to set 

the simulation "wall" fairly close to the beam edge, and then assume that, since particles are 
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taken out of the system before they contribute substantially to the emittance growth, that the 

remaining emittance growth is a realistic measure of the nonlinear physics which excludes the 

effect of orbital instabilities. The measured rate of particle loss can then be used directly as an 

indication of the degree of orbital instability. This is the method that has been employed in 

the simulations presented above. 

Alternatively, if the wall is much further out, the emittance growth itself can be 

used as an indication of the degree of orbital instability. The various mechanisms can then be 

separated by noting the usually disparate time scales which characterize them. A 

comprehensive understanding is probably best achieved by considering both methods. For 

example, Fig. 34 is a plot of the x and y rms emittance for a run with parameters the same as 

in Fig. 29, except that the "wall" at which particles are removed from the system is twice as 

far out, or approximately 2.5* the initial major radius. As expected, the emittance growth in 

this case is much greater than observed with the "wall" closer in. It might also be noted that 

fluctuations in the emittance can be observed as single particle orbits become large and are 

then removed from the system. If it is recalled that 515 particles were removed from the 

system during the 300 m of propagation in the run with the close-in "wall", compared with 30 

in the current case, it appears that the remaining 485 particles account for the approximately 

18% additional emittance growth. This is out of the 64K in the simulation. This effect would 

presumably be even larger if the particles were allowed to acquire greater oscillation 

amplitudes before being removed. Figures 35 and 36 are plots of the major and minor radii, 

respectively, for this run. Note that the behavior is similar to Figs. 31 and 32 which suggests 

that most of the emittance growth is occurring as some unstable particles acquire large kinetic 

energies, rather than as a result of any increase in the configuration space radius caused by 

these particles. 

The resonant mechanisms by which particle orbits usually are driven unstable 

suggests a note of caution, however, in interpreting the results. In the absence of external 

nonlinearities, it is possible for particles suffering coulomb collision to exchange momentum 

and not substantially affect the total beam emittance. That is still true in the present case. 

However, it is now also possible for an exchange of momentum to knock a particle into a 

region of phase space where its orbit is then unstable, or conversely to avoid instability by 
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knocking a particle out of resonance. An easy way to examine the effect of numerical 

collisions on both the particle loss rate and the emittance growth is to vary the number of 

particles in the simulation and observe the resulting changes in the beam dynamics as a 

function of the particle number. 

In evaluating the collisional emittance growth in the particular case of a nonlinear 

lens system it is appropriate to subtract out the initial jump in emittance in order to determine 

how much of the residual component might be collisional. Figure 37 is a plot of the logarithm 

of the residual emittance growth vs. the logarithm of the number of particles, for a series of 

runs with the simulation wall approximately 2.5* the initial major radius. Also drawn on the 

same axes are two straight lines, approximately fitted to the data points, with slopes 

corresponding to a N" 1 and N" 1 ' 2 variations in emittance growth with particle number. In 

previous simulations 2 2 of numerical systems with linear focusing, the collisional emittance 

growth was found to scale with N ' 1 with relatively few particles, and then be dominated by 

N" 1 ' 2 scaling as the number of particles increased. In the present case, some saturation in the 

long-timescale growth may be occurring, but it is difficult to say definitively because of the 

uncertainty in subtracting the initial jump in emittance caused by the rapid emittance growth 

and some overshoot which occur during this initial stage. For reference, we note that the 

emittance growth for the simulation with 128K particles was approximately 30% after 300 m 

of propagation, and the number of particles lost was 74. 

Since some particles are being driven sufficiently unstable to reach the boundary, 

even when it is at 2 .5 X the initial major radius, some information may be extracted from the 

dependence of the particle loss rate on the number of simulation particles. If the particle loss 

mechanism were unaffected by the collisionality of the system, one would expect the fraction 

of particles lost to be independent of the number of particles in the system. Expressed as the 

number of particles lost per IK (1024) particles in the simulation, this ratio is approximately 

0.58, 0.47, 0.53,0.81,1.13, and 1.5, as the number of particles in the simulation is decreased 

by factors of two from 128K to 4K. Since the numbers of particles involved are small (only 6 

particles in the 4K run) it is difficult to say whether the increased fraction as N is decreased 

has enough significance to justify the N " 1 / 2 dependence the numbers seem to be tending 

toward. 
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For reference, a series of computer simulations with approximately the same 

numerical parameters was run with the nonlinearities suppressed. Figure 38 is a plot of the 

logarithm of the emittance growth, vs. the logarithm of the number of particles for this series 

of runs with linear focusmg elements. Since the emittance growth in this series of runs is 

somewhat below what is observed when the lens nonlinearities are included, and the 

improvement in behavior of the linear lens system increases as the number of particles is 

increased, the lens nonlinearities either are causing an increase in the beam emittance, or 

causing some enhancement of the collisions. 

One method for obtaining further understanding of the role of numerical collisions 

in these simulations is to decrease the number of cells used to resolve the beam. This 

decrease in numerical resolution effectively increases the smoothing applied to the numerical 

system and should reduce collisional effects. If the results of this decrease in resolution 

appear to leave any physics not connected with numerical collisions unaltered, it might then 

be possible to deduce the behavior of the system in the absence of any numerical collisions. 

Figure 39 is a plot of the logarithm of the emittance growth vs. the logarithm of the 

number of particles, when the lens nonlinearities are included but the number of cells used to 

resolve the beam is halved. As expected, the emittance growth has decreased as the resolution 

is decreased. Furthermore, in this case the decrease in emittance growth with increasing 

numbers of particles appears to saturate. However, the particle loss rate has also decreased 

somewhat, so that some decrease in the emittance growth rate might be due to a decrease in 

particle instability growth that accompanies the decrease in resolution, although it is also 

possible that some of the particle loss is due to a complex coupling between lens 

nonlinearities and the fluctuation electric fields resulting from the granularity of the particle 

distribution function. This question of the dependence on numerical collisionality of particle 

loss rate in a nonlinear lens system, is currently under further investigation. If the particle loss 

per IK particles is calculated for this series of runs the numbers are 0.22,0.44,0.19,0.25, and 

0.25 as the number of particles is decreased by factors of two from 64K. Note however, that 

the statistics are not particularly good since the run with 4K particles loses only a single 

particle. 
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An additional series of runs to investigate the effect of varying the numerical 

collision rate on the rate of particle loss is shown in Fig. 40, which is again a plot of the 

logarithm of the emittance growth plotted against the logarithm of the number of particles in 

the simulation. The resolution in this run has been reduced, as in the previous case, but the 

"wall" radius is 1.2* the initial major radius. Since the unstable particles can not contribute as 

much to the growth in the rms emittance, the amount of emittance growth in this series of runs 

has been reduced, as expected. In this case the total emittance growth appears to approach 

approximately 9% as the number of particles is increased, 6% of this growth occurs in the 

rapid beam redistribution which occurs in the first few meters of propagation. This can be 

seen in Fig. 41 which is a plot of the emittance growth vs. distance propagated for the run 

with 64K particles. 

The particle loss per IK particles which occurs after 300 m is, for this series of 

runs, 2.5,2.9,2.6,3.4, and 2.3 as the number of particles is reduced by factors of two from 64 

K. Note that the 9 particles lost in the 4K run is still a sufficiently small number that too 

much accuracy should not be attached to these numbers. 

The fact that the particle loss rate the and emittance growth rate observed in the last 

two series of runs are relatively constant as the number of particles is increased past a certain 

point, is encouraging. It appears that with the amount of numerical smoothing in these two 

runs, collisional effects do not significantly affect the simulation behavior. However, more 

simulation data is necessary to demonstrate that the increased emittance growth which occurs 

as the resolution is increased, is numerical in origin. This work is currently in progress and 

will be reported subsequently. 

Assuming that increased particle loss and emittance growth do not occur as the 

numerical resolution is increased, the most likely conclusion that can be drawn from the 

simulations presented is that, certainly for the tens of meters of transport section likely to 

employ lenses with apertures as large as those examined here, particle losses well below 1% 

and emittance growth of only a few per cent are likely. This conclusion, however, could be 

modified in the actual accelerator by inhomogeneities in the entering distribution, such as 

occurs due to transit through a merging section, or difficulty in designing a matching section 

of sufficiently large aperture. The matching section design can be problematic because the 
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fringe fields of the matching lens are different from those in the middle of the transport 

system. Sensitivity of the beam behavior to how it is launched into the transport system was 

in fact observed in some of the simulations where different matching conditions were 

employed. In these cases, the emittance behavior differed noticeably when the beam was 

matched and the simulation started at the center of a lens where the quadrupole gradient is 

maximum, compared with the zero in the quadrupole gradient between me lenses. 

F a w l e y 2 6 ' 1 1 , 1 5 has suggested that in a transport system design scenario where a 

substantial emittance budget is available, but where particle loss can not be tolerated, it is 

possible to transport more current by using a transport system with a smaller low-current 

phase advance per cell. Because the HIFI runs which were used to support this assertion were 

in a regime where nonlinearities were quite substantial, and where the phase space distortion 

caused relatively large initial emittance growths, it was desired to compare these HIFI runs 

against similar SHIFT runs. The two codes, run for similar parameters were found in 

excellent agreement. Figure 42 shows the evolution of a beam with the same emittance and 

line charge density as previously, but with the low-current phase advance per cell reduced to 

30° from the 72° employed in the simulations above. The matched radii of 177 mm and 138 

mm become somewhat larger as the phase advance is reduced, sampling a more nonlinear 

focusing field, so that the initial jump in emittance is somewhat greater than previously 

observed. However, in the simulation shown, where the "wall" is approximately 2* the inital 

major radius no particles were lost. 

Figure 43 is a plot of the evolution of the rms emittance which was generated by 

HIFI. The agreement between the two codes is very strong which gives increased credibility 

to both models, but particularly to the HIFI approach which is somewhat more efficient. 

However, the method for obtaining an initial match developed by Fawley 2 6 in HIFI, which 

uses a procedure following particles at the outer edge of the beam, and works quite well at 

moderate nonlinearities, is not as successful in this case where the nonlinearities are quite 

high. Somewhat improved transport was obtained by using SHTFT-XY with 64K particles to 

rematch the beam by minimizing the change in rms radii over the first period. The improved 

match was then used for the HIFI run shown. When such a large number of particles is used, 

the efficiency improvement in using HIFI is somewhat reduced. For reference, Fig. 44, which 
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is a plot of the emittance behavior when the phase advance is reduced to approximately 15° so 

that the matched radii become 267 mm and 234 mm, shows that reducing the phase advance 

further can result in a substantial amount of emittance growth. However, no particles are lost 

during this simulation. 

Some tentative conclusions reached thus far can be summarized. The HIFI code 

appears to agree closely with SHIFT-XY in most of the cases run and appears, because of its 

increased efficiency, to be a more suitable vehicle for parameter searches. Because of issues 

of possible collisionality, and the occasional necessity to use large numbers of particles, spot 

comparisons between the two codes do seem appropriate, especially when point designs are 

obtained, or if other features of SHIFT-XY such as its ability to employ complex conducting 

boundaries are appropriate. It is also possible that the reduced resolution in the HIFI model 

for the self-consistent space-charge forces will understate particle loss rates for a particular 

focusing system. Simulations are currently underway to further explore indications that fine 

resolution is required in the sheath at the beam edge to accurately model particle loss 

mechanisms. 

Perhaps more significant, is that both codes indicate the possibility of using ratios 

of aperture to half-period of approximately 0.2 without significant beam degradation, 

especially if relatively short transport sections are required or if small particle loss can be 

tolerated. It is, however, probably appropriate to state some possible qualifications to this 

conclusion. 

In addition to the numerical issues of collisionality and adequate resolution 

discussed above, conclusions stated about emittance growth and particle loss assume the beam 

entering the transport system is very well matched to the nonlinear transport system. As we 

have demonstrated, small mismatches can cause substantial degradation in the beam behavior. 

Accurate matching of the beam into the transport channel, which must also use large aperture 

lenses with their attendant nonlinearities, may not be completely straightforward. This 

matching is further complicated when lens tolerances, as well as deviations from ideal beam 

characteristics in the initial distribution are included. It must be recalled that, unlike a linear 

system where the beam can usually be described adequately by its rms characteristics, local 

variations in the beam density of the form which could be present after beam merging, can 
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affect the beam match. In view of the sensitivity of the beam evolution to initial match, more 

accurate characterization of the initial distribution of the beam entering the channel may be 

necessary in this case than in previous cases employing linear lens elements. 

Another possible qualification of the tentative conclusions about dynamic aperture 

arises from the incompleteness of the range of parameter space which has been explored thus 

far. The possibility of resonant enhancement of the particle loss rate, as seen in previous 

simulations,22 can not yet be ruled out without further simulation work. Work to address 

these issues, as well as to examine the consequences of beam acceleration during transport in 

large aperture magnets, is currently in progress. 
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FIGURE CAPTIONS 
Fig. 1. Phase space plots showing the distortion, of an initially cold low current beam 

with 48.5 mm and 26.1 mm major and minor radii, after 30 m of propagation in 
a sinusoidally varying quadrupole channel with a i m period. The focusing 
forces are approximated by an electrostatic force whose magnitude equals the 
applied magnetic force in the transverse plane. Figure la is the output from the 
SHIFT-XY code and Fig. lb the output from the HIFI code under the same 
conditions. Note that the plotting character in the SHIFT-XY output is a "." 
while that of the HIFI output is an "x". 

Fig. 2. Phase space plots under conditions similar to those shown in Fig. 1, except that 
the external focusing forces are applied as magnetic fields so that the nonlinear 
B z term is included as well as the non-paraxial orbital nonlinearities. Figure la 
is the output from the SHIFT-XY code and Fig. lb the output from the HIFI 
code under the same conditions. 

Fig. 3. Plot of x and y rms emittance vs. distance propagated for a low current beam 
matched to the linear channel. Magnet forces are applied as equivalent 
electrostatic forces in the transverse direction only. 

Fig. 4. Plot of rms value of the major radius (x direction) vs. distance propagated. 
Only points at the maximum in the focusing strength in x are plotted, so that 
the short wavelength variation within a magnet period is eliminated. 

Fig. 5. Plot of the minor radius (y direction) at the maxima in focusing force in the x 
direction. Note that the radii are normalized to the initial values, so that the 
oscillations in the y direction are accentuated. 

Fig. 6. Plot of x and y rms emittance vs. distance propagated for a low current beam 
matched to the linear channel and with the same emittance as in Fig. 3, 
however, the full magnet and orbital nonlinearities are included. 

Fig. 7. Plot of rms value of the major radius (x direction) vs. distance propagated. 

Fig. 8. Plot of rms value of the minor radius (y direction) vs. distance propagated. 
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Fig. 9. Plot of x and y rms emittance vs. distance propagated for the low current beam 
which has been rms rematched to the channel, including the nonlinearities. The 
rematching appears to primarily affect the phase of the long time oscillation. 

Fig. 10. Plot of rms value of the major radius (x direction) vs. distance propagated for 
the rematched case. 

Fig. 11. Plot of rms value of the minor radius (y direction) vs. distance propagated for 
the rematched case. 

Fig. 12. Evolution of the x and y rms emittances of a beam propagating in a channel 
with the nonlinearities in the external focusing turned off. The initally K-V 
distribution, with enough space charge to depress the 72° phase advance to 
approximately 7.2°, exhibits emittance growth which is characteristic of an 
unstable initial distribution. 

Fig. 13. Evolution of the x and y rms emittances as shown in Fig. 12, except that 
smoothing has been applied so that the simulation employs Gaussian shaped 
macroparticles with density down by 1/e a half cell from the particle centers. 
The smoothing appears sufficient to attenuate the unstable behavior. 

Fig. 14. Evolution of the x and y rms emittances of an initially semi-Gaussian beam, 
with no smoothing, propagating in a transport system with the external 
nonlinearities suppressed. The same current and emittance as the 72°/7.2° case 
shown above were employed. 

Fig. 15. Evolution of the x and y rms emittances as shown in Fig. 14, but with 
smoothing applied to create Gaussian shaped macroparticles. 

Fig. 16. Evolution of the x and y rms emittances for an initially semi-Gaussian beam 
with 4 MC line charge density and an emittance of 6*10~4 m«rad, so that their 
is enough space charge to depress the 72° low current phase advance to 
approximately approximately 7.2°. In this case an "electrostatic equivalent" 
nonlinearity was used, and the beam was matched to the linear channel. 

Fig. 17. Plot of rms value of the major radius (x direction) vs. distance propagated for 
the beam shown in Fig. 16. 
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Fig. 18. Plot of rms value of the minor radius (y direction) vs. distance propagated for 
the beam shown in Fig. 16. 

Fig. 19. Plot of fractional beam loss vs. distance propagated for the beam shown in Fig. 
16. 

Fig. 20. Evolution of the x and y rms emittances for a beam similar to the one shown in 
Fig. 16, but rematched so that the rms radii are unchanged after propagation 
one period in the channel with the lens nonlinearities included. 

Fig. 21. Plot of rms value of the major radius (x direction) vs. distance propagated for 
the rematched beam shown in Fig. 20. 

Fig. 22. Plot of rms value of the minor radius (y direction) vs. distance propagated for 
the rematched beam shown in Fig. 20. 

Fig. 23. Plot of fractional beam loss vs. distance propagated for the rematched beam 
shown in Fig. 20. 

Fig 24. Evolution of the x and y rms emittances for a beam, matched to the linear 
channel as in Fig. 16, but with the full lens nonlinearities, including the 
nonlinear z-component of the magnetic field and the kinetic nonlinearities. 

Fig. 25. Evolution of the the x and y rms emittances in Fig. 24, but plotted on an 
expanded scale showing the first 50 m (periods) of propagation. 

Fig. 26. Plot of rms value of the major radius (x direction) vs. distance propagated for 
the beam with full nonlinearities, matched to the linear transport line, as shown 
in Fig. 24. 

Fig. 27. Plot of rms value of the minor radius (y direction) vs. distance propagated for 
the beam shown in Fig. 24. 

Fig. 28. Plot of fractional beam loss vs. distance propagated for the beam shown in Fig. 
24. 

Fig. 29. Evolution of the x and y rms emittances of the beam subjected to the full set of 
nonlinearities, as shown in Fig. 24, but showing the improvement in behavior 
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when the beam is rms rematched over a single period to the transport channel 
including the external nonlinearities. 

Fig. 30. Evolution of the the x and y rms emittances in Fig. 29, but plotted on an 
expanded scale showing the first 50 m (periods) of propagation. 

Fig. 31. Plot of rms value of the major radius (x direction) vs. distance propagated for 
the rematched beam shown in Fig. 29. 

Fig. 32. Plot of rms value of the minor radius (y direction) vs. distance propagated for 
the rematched beam shown in Fig. 29. 

Fig. 33. Plot of fractional beam loss vs. distance propagated for the rematched beam 
shown in Fig. 29. 

Fig. 34. Evolution of the x and y rms emittances of the beam subjected to the full set of 
nonlinearities, and rematched to the nonlinear transport channel, as shown in 
Fig. 29, but the "wall" in the simulation, the distance at which particles are 
removed, has been moved twice as far from the beam center. This allows the 
growth in rms emittance to reflect the contribution from the small tail of 
particles whose orbits have been driven unstable by the lens nonlinearities. 

Fig. 35. Evolution of the x and y rms emittances of the beam subjected to the full set of 
nonlinearities, but with the "wall" distance doubled, as shown in Fig. 29. 

Fig. 36. Evolution of the x and y rms emittances of the beam subjected to the full set of 
nonlinearities, but with the "wall" distance doubled, as shown in Fig. 29. 

Fig. 37. Logarithm of the excess emittance growth plotted against the logarithm of the 
number of particles. Also drawn on the same log-log axes are straight lines 
with slopes of N"1 and N" 1 / 2 approximately fitted to the data. Runs shown are 
with lens nonlinearities included and the simulation "wall" placed at 2.5* the 
initial major radius. 

Fig. 38. Logarithm of the excess emittance growth plotted against the logarithm of the 
number of particles, for a set of simulations run with the nonlinearities in the 
external magnets suppressed. 
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Fig. 39. Logarithm of the excess emittance growth plotted against the logarithm of the 
number of particles, for a set of simulations run with the nonlinearities in 
external fields but with a cell size of 4 mm so that the number of cells 
resolving the 104 mm initial major radius has been halved. 

Fig. 40. Logarithm of the excess emittance growth plotted against the logarithm of the 
number of particles, for a set of simulations run with the reduced resolution but 
with the simulation "wall" placed at 1.2* the initial major radius. 

Fig. 41 Evolution of the x and y rms emittances of the beam with reduced resolution 
and the close-in wall. Note that the emittance growth which occurs after the 
initial jump has been substantially reduced. 

Fig. 42. Evolution of the x and y rms emittances of a beam with the same 4/iC/m line 
charge density, but with the quadrupole gradient reduced so that the low 
current phase advance per cell is reduced to 30°. 

Fig. 43. Evolution of the x and y rms emittances of the beam as shown above but run 
using the HIFI code. 

Fig. 44. Evolution of the x and y rms emittances of a beam with the same 4jttC/m line 
charge density, but with the quadrupole gradient reduced so that the low 
current phase advance per cell is further reduced to 15°. 

33 



01 
u 
3 
00 
•H 

( p i e j u j ) A A 

S I 
IS 

f 6 
- e 

Fi
gu

re
 

la
 

J >< Fi
gu

re
 

la
 

-1
00

. 

I S 
TO 

<s s ( S 

in 
Q 

-5
0 

( pip-JUJ ) X A 

(M 
1 



i 1 1 1 r s 
iS CM 

/ 

s i SI s> 
SI 
in 

s> St 
in 
i 

( p^JUl) A A 

SI 51 

- e 

<s s> 

SI SI 
(\» 
I 

CM 

u 
3 60 •H 

SI 

SI SI 

e 
• e 

SI —-

51 SI 

CM 
<a u 
3 
•H En 

S I S I S> 
St 
in 

S I St in 
i 

{ piBJUl J A A 



33NV11IW3 



swy x s> 



in 

CO 

CO 

swy A 

SI 



>» X 

33NVJ.1IW3 



SWd X «s 



1.1 

en 

>-

0.9 
500.0 



> . X 

33NVJL1IW3 



swa x <s 



swy A 



CO 
cc 
V-
LLJ 

CO 

33NV11IW3 



33NV11IW3 



33NV11IW3 



30NV1IIN3 



CO 
cr VO 

.—1 
f -
txl 1-4 

s: 3 
bO 

•H 
[x. 

CO 

33N\/i_LIH3 



CO 
cc t~~ 
UJ r - l 

1— a> 
LU U 
sz 3 

tx 
m 

CO 

swy x 
"S( 



CO 
or QO 
LU .—1 

h- <U 
LiJ u 
s: 3 

00 
*—* •H 

(s i 

CO 

SUB X 



!T> 

u 

1S01 WV38 



o 
CM 
<u 
U 3 
60 
•H 

30NV11IH3 



0 
1 -

SWd X <s 



CO 
DC CS 

bJ CS 

V- a 
LiJ 5-
21 5 •~-̂  vA 

W 
CO 

SWd A si 



CI 
CM 

(U 
U 

00 
•H 
En 

<S 1S01 WV38 
SJ 



<u 
u 
60 

f*4 

30NV11IW3 si 



>* X 

33NV11IW3 i s 



SWH X (3 



SWH A s> 



in 
cc co 
Ld Csl 
» — 
LLJ 

0) 
u s: 3 
60 

fe 
CO 

I S 
i so i wv3a 

iS> 



>. x 

CO 
CC <yi 
Ixi CM 
h - <D 
tx! U 
2Z 9 60 
**—* •H 

fo 
CO 

33NV11IW3 



>, x 

CO 
az o 
LU c> 
I— a> 
LU u 3 

CO 

33N\/JL1IW3 



a: I_-bJ C" 
h- 01 
UJ J; 
2 : 5 
•*~̂  •H 

Jx< 

CO 

swa x K> 



swy A s 



cc CI 
txl en 
h- <u 
UJ u 3 

C/) 

ISO"! WV39 



33NV11IW3 



swy A 
(S 



SWd X <s> 



• - . 1 » 

CD 
a> o c 
CO 
33 
c 
LU 

c. o 
'•8 
2 

LL 

°1 .0 10 100 
Number of Particles (K) 

Figure 37 

P l o t of c o l l l s t o n a l o m i t t a n c e d a t a 
NX=256 l o g t e p s f - e p s j ) vs l og lnumpar t ) 



Fractional Emittance Growth 

H. 
00 
C 
rt> 
to 
OO 

0.01 0.1 1.0 
— A i 1 

b 

Z - / 

c z / + 
3 1 

cr /+ 
CD _*. 
7! o 
o — * i / 4 -

TJ 
03 
3- + / ' 

o' 
CD + /̂  CO 

- — « s — • * • 

7v 2 
«o o 

-

1 "- 1 



O1.0 10 100 
Number of Particles (K) 

Figure 39 

P l o t of c o l l i s i o n s ! o m i t t a n c e d a t a , 
NX=128 l o a ( aDaf-BDS i ) va Ioa (nuffljaart) 

-.1 . 



s 
CD 
CD 
O 

Ctf 

CO 
C 
O 

""8 
LL 

O 

o 

01,0 10 100 
Number of Particles (K) 

Figure 40 

Plot of colllsional emittance data, bradus=1,2 
NX=128 log{epaf-epsj ) vs logInumpart) 



33NV11IW3 



to 
cc CM 
UJ -* 
1— 0> 
UJ u 
sz 3 00 
-̂* •H 

Pd 
CO 

30NV11IW3 



4*RMS X&Y Emitances vs. Z 16:43:5 
I7/217S 

EG3C 
•54 

07/21/93 
I?30b 

CRAY-c 



30NW11IW3 


