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ABSTRACT

A simple Kronig-Peiiney model for ID mesoscopic systems with disordered 6-peak and

finite width potentials under an electric field is used to study the conductance fluctua-

tions and distributions in different phase states. The electr ic field allows us to obtain the

insulating, transition and metallic regimes. In the superlocalized electron states found

previously near the Briltouin zone edges of the corresponding periodic system the con-

ductance fluctuations are smaller than those of the insulating regime corresponding to

tin. vanishing field, but. the conductance probability distribution has a similar behaviour.

Extensive results are compared to the previous works on higher dimensions and quasi-lD

mesoscopic systems in each regime and found to be in good agreement. Further discussions

are also included.
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I.Introduetion:

Since the last decade intensive works have been devoted to understand the

transport properties in mesoscopic systems, i.e. whose sample size is larger than the mean

free path and does not exceed the coherence length [1-10]. By now it is well established

that the conductance does not obey to the central limit theorem [1] and then fluctuates as

a function of the Fermi energy, chemical potential or the size of the sample.

The conductance fluctuations have been observed experimentally (not as noises) in

small metallic wires [1,2] and in metallic rings (with the Aharonov-Bohm oscillations) [3]

and also in the quasi-one-dimensional Metal-Oxide-Semiconductor Field Effect

Transistors (MOSFET) in the metallic regime [4,5], Such fluctuations have also been

predicted and extensively studied [6-10]. The most striking result is the Universal

Conductance Fluctuations (UCF) observed in the metallic regime at low temperatures [6-

10]. The origin of these fluctuations is the coherent interference between different

channels across the sample. Such fluctuations are of the order of e2 /h and depend only on

the dimension of the sample.

In the insulating regime the conductance fluctuations have been firstly observed in

quasi One-Dimensional (ID) inversion layers in Si MOSFETs [11] and become unusually

large at low temperatures [12,13]. This Finding was anticipated by the theoretical

observation that the conductance at zero temperature is not statistically well behaved [14].

Therefore the conductance is not only characterised by its mean value but it is

necessary to know the whole probability distribution. Numerical results in 2D disordered

systems yield to a gaussian distribution in the metallic limit [15-17], While for strongly

localized states (insulating regime) the probability distribution of the conductance was

found to be log-normal [12,17,18],

The conductance fluctuations have been extensively studied in presence of a

magnetic field but less known is the influence of an electric field [19]. On the other hand

the electric field was shown to delocalize the electronic states in ID disordered systems

(where all the states are strongly localised) [20,21] and the Anderson transition is

expected for strong fields [22]. Furthermore two of us have shown that the electric field

can also "superlocalize" the electron states near the band edges of the corresponding

periodic systems due to the Wannier-Stark ladder effect [23], Therefore we can check the

behaviour of the conductance fluctuations in different state phases of a 1D disordered

system.

In the present paper, we use the Kronig-Penney model to discuss the influence of

the electric field on the conductance fluctuations and probability distribution in a

mesoscopic chain of disordered potentials. This model is appreciated for its simplified



form in including external fields. Two kinds of potentials are used: the 5-peak potential

and the finite width potential. Extensive results on the conductance fluctuations and

probability distribution are shown in four phase states: strongly localized states (for

vanishing fields), Anderson transition phase (corresponding to power-law decaying states),

superlocalized states (related to the Wannier-Stark ladder effect) and the metallic regime

(where the states become extended). These results are discussed and compared to the

existing data in 1D, quasi 1D systems and systems of higher dimensions.

II.Formalism:

We consider a Kronig-Penney model applied to ID system of equally spaced

potentials V(x) with random strengths under a constant electric field F. The corresponding

Schrodinger equation can be read:

dx
(I)

where E is the incoming electron energy measured in units of h* 12m. The electron charge

e and the lattice parameter a are taken here for commodity to be a unity. The chain length

is then identical to the number of scatterers (L=N). The two ends of the system are

assumed to be connected ohmically to ideal leads (where the electron moves freely)

maintained at a constant potential difference V=F L. The potential strength is uniformly

distributed between :

- W and 0 for the wells

0 and W for the barriers

where IV is the disorder parameter. We are concerned in this paper with the barriers. The

dimensionless conductance (in units of el/h) can be obtained from the transmission

coefficient (7) via the Landauer formula [25] for ID systems:

2T
1-T

(2)

where the factor two means the two possible states of the electron spin. The variance of g

reads;

Var(g) = ( ( g - 0)

The transmission coefficient, which is related to the wave function, is also used here to

distinguish between the different phase states available by varying the field. Indeed, for

vanishing fields the states are strongly localized and the system is in its insulating regime.

In this case the transmission coefficient decreases exponentially with the chain length [20].

For fields such that E~V it has been shown that a transition from insulating regime to

metallic regime (extended states) occurs [20,21,23] and a power-law decay of T takes

place giving rise to the weak localization. For fields corresponding to momentums near the

Brillouin zone edges, i.e. k =(rm/ a) with n integer, the electron states become

"superlocalized" [23] due to the Wannier-Stark ladder effect, and the transmission

coefficient drops abruptly. Finally for strong fields, the electron states become extended

[22] and the system will be in its metallic regime. In this regime the localization length

(which can be obtained from the slope of ln(T) as a function of the chain length) becomes

larger than the size of the sample. We treat in this paper two shapes of potential : 8-peak

potential (called model A) and finite width potential (called model B).

H.l.Model A:
In this model the potential has the general form:

V(x) = ( x - x n ) (4)

The exact solution of the equation (I) is Airy function-like. In order to reduce the

computer time consuming we use the so-called ladder approximation which is valid only

for weak fields [23]. For strong fields we use the multistep function approximation [24]

which is very accurate and use plane waves instead of the Airy functions.

The second order differential equation (1) can be mapped by means the Poincar6

map representation in the ladder approximation to the following recursive equation:

sin (knt,)
V.-.

where ka =i/E+kn is the momentum at the site n. To carry out the iterations we
introduce as initial wave functions: y, =exp(-ik 0) and i|»2 =exp(-2ik 0 ) . We



consider here an electron of momentum kL incident at JC= L= N+2 from the right. The

transmission coefficient then can be read

k0 |exp(-2ikL)-l | ;

(6)

II.2.Model B;
In this model the potential has the form:

with V(x-xJ = •
for x-x <b/2

0
IV

elsewhere

(7)

(8)

Here vn is the on-site potential with center at xn and N is the total number of potential

barriers in a chain of length L (Fig.I). We take the lattice parameter a as a unity and the

barrier width is half (b= 1/2).

The exact solution of (1) becomes

= anAi(z) + bnB,(z) (9)

with z = -F"3(x + (E-Vn)/F). We use the transfer matrix formalism which connect

the nth potential to the nth +1 one

) = T'(na)S(na)S-'(na-b)T(na-b)

with

and S(z) = m(z/V * 0)

The total transfer matrix is then

N

M = JJm(na)

(10)

(11)

(12)

For weak fields, we use the ladder approximation. In this case the matrix m yields:

4 1 C 3

-ik ,b))exp(i(k's,-k,))b (13)

and

12 =-—L(a l2a31exp(ik 2b)+a21a'J2exp(ik jb))exp(-i(k,3na-k,b)) (14)
4k

here the parameters kt ,1c', , o^ and a'^ are defined in ref. 20. The transmission

coefficient is then given by:

(15)

IILResults and discussion:
In this section we discuss the results of the conductance fluctuations and

probability distribution both in the insulating regime, the transition regime (E = V), the

superiocalized phase and the metallic regime at zero temterature. We compare the data of

the two potential barriers A and B both in the insulating and the metallic regimes to the

previous works while for the other phases only the model A is used. In all the work the

conductance probability distribution is obtained from 10000 samples of size 500. The

value of the electron energy and the disorder are 4 and 2 respectively except for the

metallic regime where they are smaller in order to compare our results to those in the

weak disorder.

IH.l.Insulating r?E'm?:

In this regime it has been shown in higher dimensions (and also in quasi-ID

systems) [12,13] that the conductance fluctuations are unusually large and that for 2D

systems [12] the variance of ln(g) behaves linearly as a function of the <-ln(g)>. This

linearity is observed in Fig.2 for a vanishing field for both the potentials A and B but with

different slopes. It is also shown that the conductance fluctuations are stronger for the

potential A which is a short-range interaction than the potential B. This can be expected

from the results of Cota et al. [21] who have shown that the electron transmission is easier

in systems with the potential B. Therefore we expect that the conductance fluctuations in

the insulating regime increases when the electron states of the system are more localized.



This difference in the conductance fluctuation between the two kinds of potential is

also observed in the broadning of the probability distribution of -ln(g) (Figs.3a and b). In

these figures the distributions are gaussian confirming the general behaviour in such

regime [12-18]. Such a behaviour can be expected from the self-averaging and the normal

distribution of the Lyapunov exponent y ( which is in ID systems the inverse of the

localization length). Indeed the conductance for strongly localized ID systems (7 L » 1 ) is

related to the Lyapunov exponent [26]

1

cosh yL
(16)

Therefore -ln(g) becomes linear with 7 and gives rise to a gaussian distribution. It is also

clearly shown from Figs.3 that the mean conductance in the model A is too smaller (-ln(g)

=8.5) in comparison with that of the model B (-/n(g,|s=1.5) confirming the results of Cota

etal.[21].

This leads us also to expect larger conductance flutuations in the region of

"superlocalization" [23]. This will be confirmed in the section III.3 for the model A.

III.2.Transition regime:

In this regime the electron wave-function becomes power-law decaying [20]. This

behaviour is obtained from Fig.4 for samples of sizes between 200 and 600 for a field of

0.01. In this range the root mean square of the conductance (rmsfg)) is of about e1 /h and

seems to be independent of the sample size (see Fig.5). It is also observed from this figure

only a small change of the conductance fluctuations in comparison with the insulating

regime discussed previously. Furthermore it is shown in Fig.6 that the conductance

fluctuations remain linear with the mean conductance as in the insulating regime. This

similarity is also observed in Figs.7 where the probability distribution of -tn(g) is still

gaussian and the mean conductance remains small {<-tn(g)>=4.5). Therefore we can

conclude that this regime is an insulating one. This finding is not in agreement with the

previous results for 2D systems in the metal-insulator transition [17] where the probability

distribution of -ln(g) was not gaussian. In fact in 2D systems the insulating regime

corresponds to weakly localized electron states and the transition regime is a mixing

between weakly localized and extended states while in our case we have only weakly

localized states. Therefore we expect the real insulator-metal transition for higher fields.

III.3.SuDerinsuliitinE regime?
Around the Brillouin zone edges the electric field superlocalues the electron states

for disordered potentials in the mode! A [23], This is observed in Fig.4 as a jump of -ln(T)

for sample sizes above 600. In this region rms(g) drops abruptly and becomes 20 orders of

magnitude smaller than the corresponding conductance fluctuations in the insulating

regime as shown in Fig.5. Therefore we expect also a gaussian probability distribution of

in{g) in this region with a larger variance. This is clearly shown in Fig.8 for L=900 where

<-ln(g)> is about 10 times greater than the corresponding one in the insulating regime.

May be the difference in the shape with the gaussian distribution (solid lines) is the lost of

smaller conductances while for insulating regimes it corresponds to an exceed (see Figs.

3a and 7a).

III.4.Metallk regime:
For larger fields the localization length becomes large in comparison to the chain

length. The following results correspond to this case. Fig.9 shows the rms(g) as a function

of the sample size for a field of 4 and weak disorder W=0.2 for the model A. We see that

the rms(g) reaches a value of 0.73 in the region £-=600 to 800 where it seems to be

constant. For the model B we need a smaller field F=1.7 to reach this value which

becomes constant in the same region of the sample size and seems to be independent of

the disorder as seen in Fig. 10. This value is in quite agreement with the UCF values found

previously for other disordered systems [6-10]. In figure 10 we see that for larger fields

the value of the rms(g) becomes smaller suggesting a critical field above which the

conductance fluctuations decrease. This is in agreement with the predictions of Alt'shuler

and Khmelniskii where the rmsfg) behaves above a critical voltage Vc as:

(17)

This decrease has been explained by the inelastic scattering in the sample [30]. Such a

decrease is however seen here (model B) with only elastic scattering.

The non vanishing conductance fluctuations lead us to study the relevant

probability distribution which is seen in Fig. 11 for the model A. As predicted previously

for higher dimensions [6-10] a normal distribution of g is found in this regime with a tail

for larger values of g. Such fluctuations have been shown to be responsible of the non

linear behaviour observed in the /-Vcurves [27-29,31].



Conclusion:

In this paper we have used the metal-insulator transition in two simple models of

ID random mesoscopic systems in presence of an electric field to examine the

conductance fluctuations and probability distribution already studied for higher dimensions

and quasi-ID systems. The results show the main findings of the previous works for other

models. In particular we obtained in the metallic regime the UCF in the two models for

different values of the field (4 and 1.74 respectively for the models A and B). This is due

to the Anderson transition which is reached in model B before the model A because the

latter is a short-range interaction [21]. However, for small fields we found that the power-

law decaying states correspond also to the insulating regime and that the conductance

fluctuations and probability distribution have the same behaviour as this regime. Another

insulating regime where the conductance fluctuations are several orders of magnitude

smaller than that of the vanishing field, is the superinsulating regime corresponding to the

superlocalized states found near the Brillouin zones edges [23]. In this regime the

broadening of the conductance distribution is larger than in the insulating regime. It is also

interesting to test such conductance fluctuations for well potentials which are known to

strongly attract the electron in comparison with the barriers [23]. On the other hand in

some models of ID disordered systems like random dimer systems [32] and a particular

case of tight-binding models with off-diagonal disorder [33] an infinite number of

extended states are observed but are not like Bloch wave functions. Such cases

correspond to the metallic regime in which it is interesting to test the UCF values and the

conductance probability distribution. This will be the subject of a forthcoming paper.
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Figure Captions

Fig.l: Kronig-Penney model with finite width potentials of random strengths

Fig.2; Variance of ln(g) as a function of <-ln(g)> for potential barriers with F=0,

E=4, and W=2 for both models A and B. Solid lines are guides for eyes

Fig.3: Probability distribution of conductance for potential barriers with L=500,

F=0, E=4 and W=2. a) model A, b) model B. Solid curves are guides for

eyes

Fig.4: <-Ln(T)> as a function the chain length for F=0.01, E=4 and W=2 for

the model A. The solid line is a guide for eyes

Fig.5: rms(g) as a function of L for fields F=0 and 0.01, E=04 and W=2 for the

model A,

Fig.6: rms(g) as a function of <g> in Log-Log scale for L=200-600 and the same

parameters as Fig.5 for model A. The solid line is a guide for eyes.

Fig.7: Probability distribution of g (7a) and -Ln(g) (7b) for the same parameters

as in Fig.6. The solid curve in 7b is a guide for eyes.

Fig.it: Probability distribution of -Ln(g) for L=900, and the same parameters as

Fig.6 for model A . The solid curve is a guide for eyes.

Fig.9: rms(g) as a function of L for F=4, E=0.3 and W=0.2 for the model A

Fig.10: Same as Fig.9 for model B with F= 1.74 and 2 and W=0.18 and 0.2

Flg.l l: Probability distribution of g for potential barriers with L=500, E=0.3 and

W=0.2 for model A. The solid curve is a guide for eyes.
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