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A. Reiman 
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James Forrestal Campus, Princeton University 
P.O. Box 451 

Princeton, N. J. 08543 

A b s t r a c t 

The structure of the open field fines of a slightly nonaxisymmetric, poloi-
dally diverted tokamak is explored by numerical integration of the field line 
equations for a simple model field. In practice, the nonaxisymmetry could 
be produced self-consistently by the nonlinear evolution of a free-boundary 
MHD mode, or it could be produced by field errors, or it could be imposed 
externally by design. In the presence of a nonaxisymmetric perturbation, 
the tokamak is shown to develop open field line regions of differing topology 
separated by singular surfaces. It is argued that the singular surfaces can be 
expected to play a role analogous to that of rational toroidal flux surfaces, 
in terms of constraining ideal MHD perturbations and thus constraining the 
free-energy that can be tapped by ideal MHD instabilities. The possibility 
of active control of free-boundary instabilities by means of currents driven 
on the open singular surfaces, which are directly accessible from the divertor 
plates, is discussed. Also discussed is the possibility of early detection of 
imminent disruptions through localized measurement of the singular surface 
currents. 
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I. Introduction 
Rational surfaces and separatrices play a key role in constraining the 

ideal MHD dynamics of a toroidal plasma. In this paper we identify a set of 
singular surfaces in the open field line region of three-dimensional divertors 
which, we axgue, play a role analogous to that which rational surfaces and 
separatrices play in a toroidal plasma. This is relevant for poloidal divertors 
in present day tokamaks, where field errors are typically of sufficient mag
nitude to introduce significant nonaxisymmetry in the neighborhood of the 
divertor separatrix.1 The presence of a nonaxisymmetric free-boundary MHD 
instabilitjr will itself introduce a perturbation of the divertor separatrix, so 
that, even if the tokamak is initially close to axisymmetry, the self-consistent 
nonlinear evolution of the mode may be influenced by the presence of sin
gular surfaces in the open field-line region. One could also envision adding 
a nonaxisymmetric perturbation to a tokamak divertor for the purpose of 
influencing MHD modes through the constraints introduced by the singular 
surfaces. Stellarator divertors are intrinsically nonaxisymmetric, so that open 
singular surfaces also play a role there. The particular model we study in this 
paper is more directly relevant to a perturbed tokamak poloidal divertor. 

It is helpful to consider the analogy with rational toroidal flux surfaces. 
Those flux surfaces on which the safety factor, q, is a rational are called ratio
nal surfaces. Field lines on a rational toroidal flux surface close on themselves, 
so that they are topologically distinct from the surrounding field lines, which 
ergodically cover flux surfaces. Magnetic field perturbations at a rational sur
face which follow the pitch of the field lines (resonant perturbations) cause 
reconnection. The impossibility of reconnection within ideal MHD constrains 
the allowed magnetic field perturbations at the rational surface, and leads 
to the formation of surface currents to shield out perturbations that follow 
the pitch of the closed field lines. We will see in this paper that open field 
lines in a three-dimensional divertor have regions of differing topology, with 
singular surfaces separating the regions. We will argue that on an ideal MHD 
time scale the perturbations of the magnetic field at the singular surface are 
constrained by the requirement that the field lines cannot reconnect. We will 
also discuss an alternative way of looking at this, which involves an analysis 
of the singularities associated with the magnetic differential equation for the 
electrostatic potential along the field lines.2"4 This analysis, too identifies the 
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open singular surfaces as the locus of three-dimensional reconnection. 
The constraints on the allowable ideal MHD perturbations at singular 

surfaces reduces the free-energy available to drive instabilities. It also gives 
rise to surface currents intersecting the divertor plates. As we will discuss, 
the direct access suggests the possibility of external control over these cur
rents, which would provide some measure of control over free-boundary MHD 
instabilities. It also suggests the possibility of early detection of imminent 
disruptions through localized measurement of the singular surface currents. 

Figure 1 shows the conventional tokamak geometry in the absence of a 
divertor. There is a nominal edge outside of which the equilibrium current 
vanishes. In the figure, dashed lines indicate flux surfaces inside the edge, and 
solid lines indicate flux surfaces outside the edge. The ideal MHD stability 
properties of the tokamak are strongly affected by the presence or absence 
of plasma on flux surfaces outside the edge. External kink modes may be 
unstable if they resonate with a rational surface in a vacuum region. They 
are stabilized by the presence of plasma at the rational surface. Resistivity 
at the rational surface may allow the instability to reappear with a much 
smaller growth rate as a tearing mode. 

The presence of an axisymmetric poloidal divertor changes the situation 
in a fundamental way. Figure 2 shows the geometry in the presence of a 
divertor. (We specialize here to a single-null divertor.) The safety factor 
q -» oo as the divertor is approached. Plasma is present on every rational 
surface, although the rational surfaces are packed very closely together near 
the separatrix. 

This purely axisymmetric picture is not realistic because the flux surfaces 
become increasingly fragile to break-up in the presence of nonaxisymmetry 
as we get closer to the separatrix. In reality, tokamaks are not perfectly 
axisymmetric. The effect of the magnetic nonaxisymmetry is to destroy the 
separatrix and nearby flux surfaces, allowing the field lines in that region 
to reach the divertor plate. We again recover a situation in which we have 
a nominal plasma edge having finite q, corresponding to the last good flux 
surface. The question arises whether the presence of plasma in the open field 
line region outside the last good flux surface can significantly affect the MHD 
stability of the tokamak. 

It might naively be expected that the strong stabilizing influence obtained 
from the presence of plasma on the external rational surfaces in the non-
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diverted case would have no counterpart here. It might appear that there is 
nothing to distinguish one open field line from another, so that there can be 
no distinguished surface carrying a singular current. One point of this paper 
is to show that the complicated trajectories of the field lines in the open field 
line region defy this superficial intuition, defining singular surfaces that can 
carry large currents and constrain the motion of the plasma. 

It has: been recognized for some time that present day divertors display 
significant nonaxisymmetry.5 Several authors have studied the effects of non-
axisymmetric perturbations on the structure of a tokamak poloidal divertor. 
La Haye6 computed several field-line trajectories in the divertor region of the 
DIII-D tokamak, finding large changes in the trajectories in the presence of 
the field errors believed to exist on the device. Chu et al 7 studied the fea
sibility of an X-point ergodic divertor. Pomphrey and Reiman1 employed a 
model magnetic field to determine the properties of the field line trajectories 
just outside the last good flux surface in a diverted tokamak. Although these 
field lines reach the divertor plate, it was found that they may execute many 
toroidal transits before doing so, so that there is a region of chaotic field line 
trajectories outside the last good flux surface. The footprint of the trajecto
ries on the divertor plate was found to exhibit a coherent, spiral structure. 
Braams and Teytel8 have incorporated the effects of cross-field thermal con
ductivity in this picture to study the heat deposition on the divertor plate. 
Punjabi et a l 9 ' 1 0 have modeled the divertor field with an area preserving 
map, and have used this model to study some aspects of nonaxisymmetric 
divertors. 

The work described in this paper is related to that of Lau and Finn 1 1 

on three-dimensional reconnection of plasmoids in the solar corona and mag-
netosphere. The work of Lau and Finn, in turn, builds on the earlier work 
of Stern and of Greene on three-dimensional reconnection.2'3 Greene recog
nized that reconnection in three-dimensions is associated with the stable and 
unstable manifolds of unstable field nulls or unstable closed field lines. He 
focused his study on field nulls, which he argued are likely to be more im
portant for space plasmas. Lau and Finn studied a periodic plasmoid as a 
model for a long solar coronal arcade. In this context, the reconnection is 
governed by an unstable closed field line. This is the relevant case for us in 
our study of the three-dimensional poloidal divertor. 

The plan of the paper is as follows. In Sec. II we describe our model. 
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For the axisymmetric piece of our field, we employ a simple divertor model 
consisting of two wires and a uniform toroidal field. The nonaxisymmetric 
piece of the field is specified analytically. In Sec. Ill we take advantage 
of the simplicity of the model, which allows rapid numerical evaluation of 
many field line trajectories over large distances. Plots of field fine length 
as a function of initial coordinates exhibit singularities associated with the 
singular surfaces. An observed correspondence between the singularities and 
jumps in the number of poloidal transits of the orbits allows us to examine 
the structure of the singular surfaces using a contour plot of the number of 
poloidal transits as a function of the initial coordinates. The intersection 
of the singular surfaces with the divertor plate exhibits a spiral structure, 
establishing a connection with the work in Ref. 1. We also obtain Poincare 
plots for near-resonant trajectories which have a large number of toroidal 
transits. Finally, in Sec. IV we discuss the implications of these results. 

II. The Divertor Model 

For the calculations described in this paper, we superpose an analyti
cally specified nonaxisymmetric magnetic field on a simple two-wire divertor 
model. We work in cylindrical geometry, with the field a periodic function 
of z. Figure 3 shows our two-wire model for an axisymmetric divertor. A 
single, straight wire located at x = 0, y = 1 represents the plasma current. 
An additional straight wire located at x = 0, y = — 1 produces a single null 
divertor. For simplicity, the current in the two wires is taken to be equal. A 
divertor plate is located at y = —0.5. 

The magnetic field for the unperturbed poloidal divertor can be written 
in the form 

B = z x W 0 + #oZ, (1) 
where 

*o = Clog(r p r c ) , (2) 

rp and rc represent the distances from the two coils (as shown in the figure), 

r\ = x 2 + (y - l ) 2 , (3) 

rl = x 2 + (y + l ) 2 (4) 
and C is a constant that is proportional to the current in the coils. 
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We superpose a nonaxisymmetric magnetic field, 

5B = eBoVx, (5) 

on our two-wire divertor model, with 

X = (1/&) exp (kx) cos (kz). (6) 

This perturbation is manifestly curl-free. It is easily verified that it is also 
divergence-free. 

To model tokamak geometry, we must introduce a periodicity length in 
the z direction, L = 2nR, where we identify R with the "major radius". 
Because we have normalized the distance from the wires to the X-point to 1, 
R is also roughly equal to the aspect ratio. We take R = 3 for our calculations. 
The nonaxisymmetric perturbation must satisfy 

k = n/R, (7) 

where n is an integer. We choose C in Eq. (2) so that in the absence of 
the divertor coil the cylindrical safety factor, q, is equal to 3 on the rp — 1 
surface. This gives 

C = Bo/9. (8) 

The addition of the divertor coil produces an X-point at the origin, so that 
q -» oo there. 

One conventional method of comparing field error magnitudes in toka-
maks is to Fourier decompose the field error on a reference circular surface 
centered at the major radius. The Fourier components of Eq. (6) can be 
calculated from the expression12 

exp (k cos 6) = I 0 (k) + ]T 2lj (Jfe) cos(j0), (9) 

where Ij denotes the modified Bessel function of order j . For n — 1, the 
m = 1, m = 2, and m = 3 Fourier amplitudes of SB/B are, respectively, 
.49e, .082e, and .0069e. In present day tokamaks, the n = 1, m = 2 Fourier 
component of the field error is typically of order 10~4 times the toroidal 
field,13-15 corresponding roughly to a value of e = 1.2 x 1 0 - 3 in our model. 
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To study the structure of the magnetic field, we integrate the field fine 
equations, 

dx/dz = Bx/Bz, (10) 

dyfdz = By/Bz, (11) 

with respect to z. 

III. Structure of the Open Field Lines 

In this section we explore the structure of the open field fines for the 
model described in Sec. II by employing numerical integration of the field 
fine equations. The field line trajectories are initialized on the divertor plate, 
and they are followed until they again intersect the plate. We begin with an 
examination of the lengths of the field line trajectories as a function of their 
initial coordinates. This will lead us to the study of a set of trajectories having 
infinite length, which define a set of singular surfaces. We study the structure 
of the singular surfaces, and we uncover some interesting connections with 
previous work on three-dimensional divertors.1 

Figure 4 is a plot of the value of the z-coordinate where a trajectory 
returns to the plate, 2/, as a function of the initial x-coordinate, XQ, in 
the absence of a perturbing field (e = 0). In constructing this figure we 
have followed 10,000 field line trajectories. The initial z coordinate here 
is z0 — 0.0. (For e = 0, z/ — ZQ is of course independent of ZQ.) For this 
plot we have focused on a narrow region near the separatrix which will show 
interesting structure for e = 10~3. For e = 0 there is no additional fine-scale 
structure at any scale. 

The singularity in Fig. 4 is of course associated with the divertor sepa
ratrix. The geometry is that shown in Fig. 3. The separatrix intersects the 
divertor plate at 

x = (2 1 / 2 - 5 /4) 1 ' 2 « 0.4052. (12) 

A field fine trajectory initiated at this value of x remains on the portion 
of the separatrix between the plate and the X-line, asymptoting to the X-
line as z —J- oo. (For e = 0 the X-line is independent of z, and we can refer 
interchangeably to the "X-point" or the "X-line".) As the initial x-coordinate 
of a trajectory approaches the separatrix, Zf —> oo logarithmically. 
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In discussing the properties of the field line trajectories for e > 0 we will 
refer to the "stable manifold" of the X-line. The stable manifold of an X-line 
is the set of points that are mapped asymptotically to the X-line by the field 
line trajectories. For e = 0, the stable manifold coincides with a portion of 
the separatrix. (We regard the field line trajectories as being terminated by 
the divertor plate, so a portion of the separatrix maps onto the plate.) 

It will be useful in the following to keep track of the number of times 
a trajectory goes around the tokamak in the poloidal direction. For this 
purpose, we define a quantity ne to be equal to the number of times that a 
trajectory crosses the y = 1 plane from above. Figure 5 shows ne vs. XQ (the 
initial x coordinate) for e = 0. Trajectories initialized just to the left of the 
point given by Eq. (12) He in the private flux region and do not go around the 
plasma, so that ne = 0 for these trajectories. (See Fig. 2.) Trajectories which 
start to the right of this point go over the top of the plasma before returning 
to the divertor plate, so that n$ = 1. There is a discontinuity in ne at the 
point where the separatrix intersects the divertor plate, corresponding to a 
change in field fine topology. Field lines on either side of the separatrix are 
continuously deformable to nearby field fines. (This involves a small motion 
of the foot-point.) On the other hand, a field line just to one side of the 
separatrix cannot be deformed in a continuous manner into one on the other 
side of the separatrix. 

Next we introduce a three-dimensional magnetic field perturbation corre
sponding to e = 0.001. This value of e is chosen to roughly correspond to the 
magnitude of field error in many present day tokamaks. It is also roughly 
equal to the nonaxisymmetric magnetic field perturbation amplitude used in 
many of the calculations of Ref. 1. Figure 6 is a plot of Zf vs. XQ for this 
value of e. We have again followed 10,000 field line trajectories. We see that 
the singularity at the separatrix has broken up into a complicated structure 
displaying multiple singularities. This can be understood if we recall that the 
flux surfaces just inside the separatrix break up in the presence of a three-
dimensional perturbation. Associated with each broken rational surface is a 
set of closed orbits corresponding to unstable fixed points (X-lines). Field 
fine trajectories in the region of broken surfaces intersect the divertor plate, 
as do stable manifolds of the X-lines in this region. (Although the field lines 
that he in remnant islands do not intersect the divertor plate.) At each such 
intersection of a stable manifold with the divertor plate, Zf must go to oo. 
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Figure 7 is a plot of ng vs. x0 for e = 0.001. For x0 < .403, ng = 0, as 
before, corresponding to the region of private flux. For x0 > .407, ng is also 
unchanged from the e = 0 case, corresponding to field lines which go over 
the top of the plasma and then return to the divertor plate. Intermediate 
values of XQ have higher values of ng. The orbits are temporarily "captured", 
and circle the plasma multiple times before returning to the divertor plate. 
We can begin to make contact here with previous work on nonaxisymmetric 
divertors.1 In the presence of a nonaxisymmetric perturbation, field line tra
jectories in the region of broken flux surfaces define a region of chaotic field 
lines that can circle the plasma many times before escaping to the plate. The 
ng > 0 trajectories in Fig. 7 are temporarily captured by this chaotic region. 

There are discontinuities in the ng vs. XQ plot, corresponding to the bor
ders between regions where the field lines circle the plasma different numbers 
of times. These borders define three-dimensional singular surfaces separating 
regions of differing topology. At the intersection of such a singular surface 
with the divertor plate, Zf —> oo, as can be observed in Fig. 6. 

We have thus far been following field fines that intersect the divertor plate 
at z = 0. To study the toroidal structure of the singular surfaces, we make use 
of the fact that they correspond to jumps in ng. In Fig. 8 we have plotted the 
contours separating different values of ng in polar coordinates. For reference, 
the location of the intersection of the unperturbed separatrix with the plate 
(at so ~ .405) is shown as a dashed circle. The angular coordinate for the 
plot is <j> = zjR. Since the width of the structure is small compared to its 
radial location, we have used XQ — x r , with xr « .4025, as the radial variable 
for the polar plot. Subtracting off a reference value of x in this way allows us 
to choose a radial scale that magnifies the structure. The contours separating 
values of ng from 0 to 12 have been plotted. The intersection of the singular 
surfaces with the divertor plate takes the form of a spiral structure. (The 
roughness that can be observed in the contours appears to be caused by the 
fact that the plotter is interpolating between integer values of ng evaluated 
on a discrete grid, and should not be taken to be indicative of any lack of 
differentiability. The roughness is observed to scale with the fineness of the 
grid. For the plot shown, a 200 x 200 grid in XQ — ZQ coordinates was used, 
and 40,000 field fine trajectories were computed.) Scrape-off layer widths 
are typically of the order of 1% of the minor radius, and the width of the 
spiral structure is roughly comparable to this for the perturbation amplitude 
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chosen. 
The spiral structure of Fig. 8 is similar to that observed in a different 

context in Ref. 1. In Ref. 1, the footprint of a set of set of field lines on the 
divertor plate was calculated as a first approximation to the heat deposition 
pattern on the plate in the presence of a nonaxisymmetric field. A set of 2000 
field fine trajectories was initialized just outside the last good flux surface, 
and the trajectories were followed until they intersected the divertor plate. 
The footprint defined by the intersections with the plate was found to have a 
spiral structure. Smaller scale local structure was also visible in the footprint, 
perhaps reflecting the influence of the singular surfaces. 

The identification of the singular surfaces with the stable manifolds of 
X-lines suggests the presence of a fractal structure. The break-up of the flux 
surfaces near the separatrix leads to the formation of an infinite hierarchy of 
X-lines, each having an associated stable manifold. 

To investigate the small scale structure of our singularities, we magnify 
the region near the leftmost peak of Fig. 6. Figure 9 is a plot of Zf vs. xo for 
xo in the range from .40365 to .40375. What appears as a single, narrow peak 
in Fig. 6 reveals a complex structure when magnified in this way. Notice the 
difference in the Zf scales for the two plots. 

In Figure 10 we magnify the XQ scale even further, again focusing on the 
leftmost peak. Here XQ ranges from .403662 to .4036635, corresponding to 
the leftmost peak in Fig. 9. Figures 9 and 10 show evidence of a self-similar 
structure. 

The behavior we have been describing in this section corresponds to 
chaotic scattering of the field line trajectories. (See e.g. Ref. 16.) Simi
lar behavior can arise in the scattering of a particle off a classical potential. 
Depending on its energy and impact parameter, a particle which comes in 
from infinity may be captured by the potential and orbit indefinitely. Anal
ogous to our plots of z^ one may define a "delay time" for this case to be 
the time it takes the particle to exit some region. For those trajectories that 
are captured by the potential, the delay time goes to infinity. A plot of delay 
time vs. impact parameter shows a singular structure similar to that in our 
plot of Zf vs. XQ. A plot of the net deflection in a particles orbit as a function 
of impact parameter shows singularities coinciding with the singularities in 
the plot of the delay time. The singularities have a fractal structure. Mag
nification of the neighborhood of one of the peaks reveals further structure. 
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As the neighborhoods of newly revealed peaks are in turn magnified, a self-
similar structure becomes apparent, with the structure repeating itself on 
smaller and smaller scales. 

The field hne structure we have described is similar to that observed by 
Lau and Finn in the context of three-dimensional reconnection of plasmoids 
in the solar corona and magnetosphere.1 1 Studying periodic perturbations of 
solar arcades having a separatrix, they observed a fractal singularity structure 
in plots of the field Hne lengths as a function of footpoint location, and they 
made the connection with chaotic scattering. 

Finally, it is interesting to look at Poincare plots for some of our trajecto
ries. A Poincare plot shows the intersection of a trajectory with z = 2mrR, 
n an integer. By and large our field line trajectories return rapidly to the 
divertor plate, where they are terminated, and have at most a few intersec
tions with these surfaces. The Poincare plot for such a trajectory consists 
of only a few points, and is not very interesting. We can, however, usefully 
look at Poincare plots for the trajectories having large z/. Two such plots 
for e = 1 0 - 3 are shown in Fig. 11 and Fig. 12. The trajectory associated 
with Fig. 11 has xQ « 0.4045, with Zf « 3114 and ns = 108. Note the m = 3 
structure, suggesting that the nearby stable manifold is associated with an 
m = 3 X-line. The trajectory of Fig. 12 corresponds to XQ « .40367, near the 
left edge of the region shown in Fig. 6. It has Zf « 3233 and n^ = 118. The 
appearance of the Poincare plot suggests that the nearby stable manifold is 
associated with the m = 0 divertor X-line. 

IV. Discussion 

Conventional models of tokamak divertors assume axisymmetry. In prac
tice, there is always some nonaxisymmetry present. The separatrix is very 
sensitive to magnetic field perturbations, so that even relatively small per
turbations will destroy the separatrix and a significant region of nearby mag
netic surfaces, producing a region of open field lines there. In present day 
tokamaks, nonaxisymmetric "error fields" are typically of order 8B/B RS 
2Q-3 13-15 -pĵ g p e rturbation is sufficiently large to open up the magnetic sur
faces in a region whose width is comparable to that of the scrape-off layer.1 

Similarly, perturbations arising from the nonlinear evolution of free-boundary 
MHD instabilities, or externally imposed for the express purpose of influenc-
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ing the edge behavior of the plasma, will have a significant effect on the 
magnetic field structure near the separatrix. 

In an axisymmetric diverted tokamak, the divertor separatrix forms a 
barrier which prevents open field lines from executing multiple poloidal tran
sits around the tokamak. In the terminology of Sec. Ill, the open field lines 
in this case must have either n$ = 0 or n$ = 1. (See figures 2 and 5.) A 
nonaxisymmetric perturbation changes this situation, breaking the separa
trix and allowing open field line trajectories starting at the divertor plate to 
circle the tokamak in the poloidal direction multiple times before returning 
to the divertor plate (ne > 1). Field lines which circle the plasma different 
numbers of times (have different values of rc#) are topologically distinct. The 
boundaries between regions of differing n# define singular surfaces. Figure 8 
shows the intersection of a set of singular surfaces with the divertor plate for 
our model field. 

A field line in the interior of a region having a given value of n# can be 
subject to small magnetic perturbations without changing its topology. On 
the other hand, for a field line very close to a singular surface, a small per
turbation of the magnetic field can cause reconnection. Referring to Fig. 2, 
consider the open field lines in the "common flux" region outside the sep
aratrix, which go over the top of the tokamak. If a field fine is far from 
the separatrix, all of the neighboring field lines have the same topology, and 
the topology of the field line is invariant under small perturbations of the 
magnetic field. If the field line is close to the separatrix, on the other hand, 
an appropriate perturbation of the magnetic field can cause it to pinch off 
at the X-point and separate into two field fines, a closed line which moves 
into the interior of the tokamak, and an open field fine which moves into the 
region of private flux. 

In ideal MHD, the magnetic field lines can be viewed as moving with the 
velocity of the fluid, and their topology must be preserved.17 Magnetic field 
perturbations are constrained by the requirement that they preserve the field 
line topology, with surface currents appearing at singular surfaces to shield 
out perturbations that would cause reconnection there. 

The presence of a small but finite resistivity causes surface currents to 
decay, allowing the constraints of ideal MHD to be broken on a longer time 
scale. Reconnection takes place. In a three-dimensional divertor, pertur
bations on the ideal MHD time scale give rise to localized currents at the 
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singular surfaces. On a longer time scale, reconnection can take place at the 
singular surfaces. 

This intuitive picture can be related to the more rigorous picture of three-
dimensional reconnection that has been developed in the context of space 
plasmas. 2 - 4 ' 1 8 The approach of Stern 2 and Greene3 has been to consider the 
E x B motion of the field lines produced by an electrostatic potential, E = 
—V0. The electrostatic potential must be constant along field lines, B- V<p = 
0. In the presence of closed field fines or field nulls, the solutions to this 
magnetic differential equation, subject to appropriate boundary conditions, 
develop discontinuities. Delta functions appear in the solution for the electric 
field and fluid velocity. This is taken to be a signature for the appearance of 
reconnection. It is argued that reconnection in three-dimensions is associated 
with either closed field lines or field nulls. The delta functions lie along the 
stable and unstable manifolds of the closed field fines and nulls, so that is 
where we can expect to see sheet currents due to reconnection. 

There are no field nulls in our case, so the theory of Stern and Greene 
predicts that reconnection is associated with X-lines. Singular currents form 
on the stable and unstable manifolds of the X-lines. These are the surfaces 
where Zf —> oo. We have seen that the singularities of Zf coincide with the 
discontinuities of n#, that is, with the discontinuities in field line topology. 

The picture of Stern and Greene has been extended to include an ex
ternally imposed time dependent vector potential by Lau and Finn. 4 Lau 
and Finn observe that, if flux surfaces exist, the E x B velocity driven by 
an electrostatic potential lies entirely in the flux surfaces. To recover the 
conventional picture of two-dimensional reconnection, where field fines move 
across the flux surfaces into a separatrix, they add an externally imposed 
inductive component to the electric field, E = — V<f> — dA/dt. The condition 
that E • B = 0 gives them a magnetic differential equation for <j>: 

Again, the presence of closed field lines or field nulls leads to the appearance 
of singularities in the solution for <f>. The case of interest for us is that where 
closed field lines are present. The singularities again lie along the stable and 
unsteble manifolds of the X-lines. As we approach the stable and unstable 
manifolds the flow velocity becomes very large, signaling the local breakdown 
of the theory and the need to bring in some additional piece of physics, such 
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as resistivity. This is the locus of reconnection. A more discursive exposition 
of this picture can be found in Ref. 18. 

We have argued that unconstrained magnetic field perturbations at the 
singular open surfaces can lead to reconnection. This implies the existence 
of constraints on the self-consistent magnetic field perturbations that can 
appear at these surfaces on an ideal MHD time scale. The constraints have 
implications for free-boundary MHD instabilities, such as external kinks. 
To the extent that edge localized modes (ELMs) are external modes (e.g. 
localized external kinks), they too will be influenced by the singular surface 
constraints. 

The singular surface constraints limit the free-energy that can be tapped 
by ideal MHD instabilities, and are therefore stabilizing. Instabilities which 
are stabilized on the ideal time scale may reappear as tearing modes on a 
longer time scale, as the resistivity relaxes the constraints and allows the 
plasma access to an additional reservoir of free energy. The tearing is local
ized at the singular surfaces. 

For external modes rotating with the plasma, the stationary field lines 
in the scrape-off layer see an external perturbation with real frequency. In 
this case, localized currents continue to be induced at the singular surfaces 
on long time scales. Stabilization persists into the resistive time scale. This 
effect is well know in the context of stabilization by a resistive wall, where 
plasma rotation relative to the wall allows the stabilizing wall currents to 
persist. 1 9 , 2 0 

The open singular surfaces will play an important role in the nonlinear 
evolution of a tearing mode whose rational surface is close to the divertor 
separatrix. When the tearing mode reaches sufficient amplitude, its rational 
surface self-consistently opens up. In the absence of the constraint associated 
with the open singular surface, the mode would enter a phase of rapid growth. 

The stabilizing constraints at the singular surfaces are enforced by lo
calized currents which shield out perturbations whose presence would cause 
reconnection. It is the resistive decay of these localized currents that may 
remove the stabilizing constraint on longer time scales. The time scale on 
which they decay, and therefore the effectiveness with which they resist per
turbations will be affected by how localized the stabilizing currents need 
to be, which is in turn affected by the field line structure. If the chaotic 
nature of the field lines near the singular surface cause the induced currents 
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to rapidly dissipate after broadening only slightly, that will reduce the time 
scale on which the induced currents can provide effective stabilization. Sim
ilarly, if the induced stabilizing currents are largely confined to a narrow 
region around the X-line, and are small elsewhere on the singular surface, 
that will also reduce their effectiveness. This issue of time scales is outside 
the scope of this paper. 

It is natural to ask whether some external control could be exerted over 
the localized currents to extend their influence to longer time scales and 
to more effectively stabilize deleterious modes. For the analogous currents 
at toroidal rational surfaces, it has been proposed that current drive 2 1 or 
localized heating 2 2 could be used for that purpose. Similarly, feedback sta
bilization using external coils can be regarded as an artificial way of impos
ing stabilizing currents that would arise naturally if a conducting wall were 
present. 

Because the open singular surfaces intersect the divertor plate, we can 
drive currents in the neighborhood of these surfaces directly. This may be 
accomplished either by application of an electrical bias potential, or through 
the use of thermionic emission.23 The lengths of the field line trajectories get 
large near a singular surface, so the resistance along the field lines gets large. 
A large, radially localized voltage is needed. 

The direct access to the open singular surfaces also suggests the possi
bility for obtaining useful diagnostic information. When the singular surface 
constraints stabilize an otherwise unstable mode, localized currents are in
duced at the singular surfaces. The induced currents impinge directly on the 
divertor plates, where they can be measured. Very localized measurements 
would be necessary to extract the full structure of the induced current for 
a nonrotating mode. If the mode rotates, adequate resolution in the time 
domain could be substituted for resolution in the toroidal direction. Even 
measurements of relatively low resolution should be capable of distinguish
ing the spiral current distribution implied by Fig. 8 from a sinusoidal current 
distribution. Measurement of the induced curents on the singular surfaces is 
of potential interest as a method for early detection of imminent disruptions. 

A comment is necessary concerning the issue of the net current flowing 
into the divertor plate. This becomes an issue if we recall that, unlike our 
stylized model of Fig. 3, the inner and outer strike-points of the unperturbed 
separatrix may in practice lie on different divertor plates. In that case, the 
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two ends of each of the open field lines lie on different plates. If the net 
current flowing into a plate is nonzero, the plate will rapidly charge up, and 
the resulting electric field will drive a diffuse return current that cancels the 
net current. A diffuse return current will not affect any of the conclusions 
of this section. In general the imposed perturbation is sinusoidal, so the 
net induced current will be relatively small, and the resulting diffuse return 
current will also be small. 

Finally, we note that in the presence of the rapid motion associated with 
a disruption, large nonaxisymmetric halo currents will be induced along the 
singular open surfaces, with corresponding torques on the external coils and 
localized damage on the divertor plates. 
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Figures 

FIG. 1. Geometry of a non-diverted tokamak (poloidal cross-section). Dashed 
lines indicate interior flux surfaces, and solid lines indicate exterior flux 
surfaces. 

FIG. 2. Geometry of tokamak magnetic field lines in the presence of an ax
isymmetric poloidal divertor. 

FIG. 3. Two-wire model for an axisymmetric divertor. Ip and Ic indicate 
the current filaments used in the model. At any given point, rp and rc 

represent the distances from the filaments. The field lines shown are those 
produced by taking equal currents in the two filaments. 

FIG. 4. Distance that field fines travel in the z direction before again hitting 
the divertor plate, Zf, plotted as a function of the initial x coordinate, 
XQ. Initial points of the trajectories lie on the plate. Perturbing field is 
absent (e = 0). 

FIG. 5. Number of times that the trajectory crosses the x — 1 plane from 
above, n#, plotted as a function of the initial x coordinate, x 0 . e = 0. 

FIG. 6. Distance that field fines travel in the z direction for e = 0.014. 

FIG. 7. ne vs. x 0 for e = 0.014. 

FIG. 8. Contours separating different values of ng as a function of xo and ZQ. 

FIG. 9. Blow-up of the leftmost peak in Fig. 6. 

FIG. 10. Blow-up of the leftmost peak in Fig. 9. 

FIG. 11. Poincare plot for the trajectory initialized at x 0 = 0.404503714. 

FIG. 12. Poincare plot for the trajectory initialized at x 0 = 0.4036724736842. 
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