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Abstract Direct solution of the Schrodinger equation and inversion (numerical 
inversion epitomised by the phenomenological optical model and global inversion 
based upon inverse scattering theories) methods of analysis of elastic scattering 
data are considered to evaluate the information that they can provide about the 
physical interaction between colliding nuclear particles. 

Introduction 

Many measurements have been made of the elastic scattering cross sections for the interac
tion of nucleons, deuterons and heavier particles with nuclei, and a central problem is to find 
related interactions (potentials) between the colliding pairs, mainly because rather similar 
potentials can describe a wide range of scattering cross sections. It is useful to relate these 
cross sections to potentials for several other reasons. For example, such potentials enable 
the cross sections of other reactions, not yet measured, to be calculated with confidence. 
This is particularly useful when a cross section is required that is difficult to measure, for 
example when the target nucleus is unavailable due to rarity or instability. The potentials 
also are essential components of nuclear reaction theories, such as the distorted wave theo
ries, that have been developed to calculate non-elastic cross sections since they provide the 
wave functions required. Furthermore, these potentials are not simply mathematical ways 
of describing the data, like a Legendre polynomial expansion. Rather they have a physical 
basis in that they are related to the nucleon-nucleon interaction and the structures of the 
interacting nuclei. We also note that such potentials give not only the differential cross 
sections but also the polarisations, the reaction cross sections and, for uncharged particles, 
the total cross section. The question then arises of how best to determine these potentials. 

For practical reasons, it is desirable to define these potentials in terms of quite simple 
analytic and local forms, with parameters that depend linearly on the energy, but which can 
describe quite accurately the elastic scattering cross sections and their variation with energy. 
The variation of the cross sections with atomic number of the target nucleus one would also 
hope to so describe in a simple way. The phenomenological optical model potentials are of 
this class. 

Inverse scattering theories lead to other classes of simple local interactions. Usually the 
inversion potentials that result are not simple analytic functions but are instead tabulated 
sets of values versus radii. Those sets usually form a smooth variation and so are just as 
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useful as the phenomenological ones for further application. 
The most, satisfactory method of specifying the physical optical potential, however, would 

be to specify it directly from some underlying theory of how nucleons interact within the 
nuclear volume folded with the nuclear density profiles of the colliding systems. However, 
the potentials obtained from such direct methods are insufficiently accurate, as discussed in 
Section II. 

Whichever approach one adopts to assess the 'physical' interaction by its link with mea
sured data, the central feature and major problem in the process, is that the link has to 
be made through the scattering function, S(A, E), or equivalently, the phase shift function, 
6(X, E) = (l/2i) lnS(A, E). Therein A is the (complex) angular momentum variable but 
note that data analyses only need the values of S(\, E) along the real angular momentum 
axis and at the points where A = i + (1/2). 

That link brings with it problems of ambiguities. For while the diverse processes of spec
ifying inversion potentials from an 5 function that fits the data then give unique potentials, 
the question remains what that S function should be. Likewise once the phenomenological 
form for an optical model potential has been chosen, and its parameters have been set by 
a 'best fit' to the data, then the S function is unique. But it may not be the 'physical' 
one. Essentially, with almost all measured cross section data, more than one S function 
can be found to fit that data and with statistical significance, i.e. with a chisquare per 
degree of freedom, x 2 / F , of order unity. As noted by Satchler (1994) in his study of the 
ambiguities in determining heavy ion scattering potentials, it is important that a fit to data 
should achieve such a result (unless there are reasons to believe that systematic errors in 
the data set will prevent that occuring) since only then can one be sure that the maximum 
information is being (or may be) extracted from the data. He argues for use of the chisquare 
per datum (x2/N) as the measure for the success of a given model, but one should subtract 
the numbers of (in principle free) parameters and work with the chisquare per degree of 
freedom, not only if comparison is to be made between different analysis approaches, but 
also as, with enough parameters in a model form, any data shape can be fit very well but it 
can have no statistical significance. 

If the S function is required to be unitary, then it is possible that it may be deduced from 
the cross section if such is taken over the complete 0° to 180° scattering angle range (Chadan 
and Sabatier 1989), and that it is unique at least to within only trivial ambiguities. But 
that requires a very stringent condition to be obeyed; one which a first analysis of nuclear 
scattering data did not meet (Lun Allen and Amos 1994). But even had the conditions of 
existence and for uniqueness been met, the S function still would only be known 'on-shell', 
i.e.. the values are specified only at the physical values of \. Inversion requires that those 
values be extrapolated and interpolated to define the S function in the entire complex A 
plane (or, at least for some methods, along the real axis). In the case of complex potentials, 
unitarity is lost and then select forms for the 5 function must be obtained by fitting the 
data. Such is another ambiguous process. To deal with these ambiguities, each approach 
has adopted a method based however tentatively upon some a priori physical belief about 
the physics of the colliding particles. The methods are considered briefly in turn. 
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Direct methods 

Direct solution of the relevant, Schrodinger equation for elastic scattering requires the po
tential to be calculated from the nucleon nucleon interaction and the properties of the 
interacting nuclei. More specifically one must fold the appropriate two nucleon g matrices 
with the density matrix elements of the nuclei involved. For nucleon elastic scattering, this 
can be done by detailed nuclear matter calculations (Mahaux 1977, Brieva and Rook 1977, 
Rikus Nakano and von Geramb 1984, Dortmans and Amos, 1993) to define the g matrices 
(usually in momentum space) and which are then mapped to an effective (coordinate space) 
two nucleon interaction that may be folded with the target density to specify a microscopic 
optical potential. For composite particle collision; other than for some few body problems, 
a double folding process is needed and the current numerical difficulties preclude use of any 
sophisticated form of two nucleon effective interaction that will resemble the actual two 
nucleon g matrices. All too often the two nucleon effective interaction is taken to be purely 
real so that the absorptive part of the resultant optical potential is then described by a 
parametric form, usually a Saxon-Woods shape (Khoa von Oertzen and Bohlen 1994). 

With nucleon elastic scattering, the direct approach (with or without a phenomenologi-
cal imaginary potential term) has led to optical potentials that give very reasonable results, 
i.e. the cross sections and analysing powers (at least for energies of 200 MeV and above), 
visually compare very reasonably with data. But none yet provide a quality fit to the data as 
measured by \2/N (no adjustable parameters considered) or by x2/F (with the phenomeno-
logical imaginary term), as they have values typically 50 to 100 or more. The results of the 
direct methods clearly show that medium effects upon the two nucleon interaction must be 
incorporated and therewith the process is quite complicated. The relative simplicity of the 
phenomenological and inversion methods makes them attractive alternatives. 

Nevertheless potentials derived microscopically are valuable because, having a direct 
physical basis, they can provide essential physical constraints on the potentials obtained 
from the data by other methods. 

The phenomenological optical model 

A very simple model of the real part of the nucleon-nucleus potential is provided by the 
intuitively transparent folding model expression, 

U(r) = Jp(r')v(\r-r'\)dr', (1) 

where p{r') is the nuclear density and v{\r - r'|) is an effective nucleon-nucleon interaction. 
Since this effective interaction is short ranged, U{r) is approximately proportional to the 
density distribution whose radial variation may be represented conveniently by a function 
that is uniform in the nuclear volume and falls rapidly to zero in the surface region. There
fore, most phenomenological model analyses of nuclear elastic scattering data have used 
potentials of the form 

V(r) = Ve(r) + Uf(r) + iWg(r) + Vto(r), (2) 

where Vc(r) is the Coulomb electrostatic potential (usually taken to be that of a uniformly 
charged sphere), Uf(r) is the real part of the nuclear potential, Wg(r) the imaginary part 
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and VIa(») the spin-orbit part. The form factor, f(r), is chosen frequently to have Saxon-
Woods form, i.e. 

(3) 

with R = r0Al/:i, while that 01 the imaginary components, g(r), can be Saxon-Woods or its 
radial derivative. The form factor of the spin-orbit potential term is almost always taken 
to be the radial form r'l[df(r)/dr] (Hodgson 1963, 1989, 1994). 

The precise form of the potential can be changed by altering the values of its parameters 
(typically 4 to 12 in number), and this is done so as to optimise the fit to the experimental 
data. The process thereby can be deemed as a numerical inversion (Chadan and Sabatier, 
1989). For most data sets, this method will give excellent fits as measured by \ 2 / F . 

One of the major difficulties of an optical model analysis is that the potentials are not 
unique. Frequently several sets of parameters can be found to specify the potentials that 
give equally good fits to the data. Improvements in the quality of the data can substantially 
reduce these ambiguities but do not eliminate them entirely. The conventional optical model 
approach has, in addition to the discrete ambiguities described above, continuous ambiguities 
with the parameter sets. Continuous ambiguities exist as there are pairs of parameter 
values that can be varied continuously by prescription over a wide range of values without 
appreciably affecting the quality of fit to data. The variations of V with r 0 with Vr% kept 
constant and of W and a with Wa kept constant, are examples. 

The physical interaction may be energy dependent and this may be included easily in 
the optical model. The optical model enables the experimental data to be described over a 
range of energies, including both bound and scattering states (Hodgson 1963, 1989, 1994). 
The effects of coupling to nonelastic channels can be included by using dupersion relations. 
Such a calculation is equivalent, in a global way, to a full coupled-channels calculation that 
takes explicit account of these couplings. Thus the real potential can be expressed as a sum 
of two terms 

V r°° W(r E') 
U(r, E) = UHF(r, E) + £ f_^ ^fr^dE' , (4) 

wherein the first term is the Hartree-Fock potential that has a smooth, almost linear energy 
variation originating in the replacement of a nonlocal potential by the equivalent local one. 
The second term gives the effect of the coupling to the non-elastic channels that can be 
represented by a surface-peaked imaginary potential. The effect of the volume imaginary 
potential is absorbed by the Hartree-Fock term, which is also of volume form. By including 
the dispersion term in the analysis, data over a wide range of energies from bound to 
scattering states can be analysed in a unified way, giving the energy variations of both the 
real and imaginary parts of the potential. Thus one may also reduce some of the ambiguities 
attendant in the analyses of differential cross-section data at a single energy. 

The spin-orbit term in the nucleon -nucleus potential enables the polarisation of the elas-
tically scattered particles to be calculated, and also of the spin-orbit splitting of the single 
particle bound states that gives the observed magic numbers. This spin-orbit term is easily 
incorporated into the optical model and has the effect of splitting each radial wave equation 
into two equations corresponding to A = I ± 1/2. These are solved as before to give the Sf 
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matrix elements and hence both the elastic scattering cross sections and the polarisations. 

Inverse scattering theories 

Inverse scattering problems can be either over- or under- determined and small changes in 
input, data can lead to large changes in the output. In principle, global inverse methods 
(Chadan and Sabatier 1989) allow one to expose in a systematic way, any ambiguities as
sociated with such ill-posedness, as well as any that may be inherent in the problem. The 
problem may be made less ill-posed by taking into account a priori information (experimen
tal or theoretical) which one believes should constrain the solutions of the inversion. Such a 
process contributes towards regularisation of the problem. For example, the assumption of 
an analytic form for the S function regularises the inversion to some extent. As a general 
principle, regularisation will lead to a trade off between the quality of the fit to the data 
and the reliability of the solution. The a priori information must be of such quality that the 
fit to the data and the reliability of the solution are not incompatible. The two elements 
should be 'conducted as a musical duo', to quote from Sabatier (1990). In this context, 
inverse scattering theories then involve an exact mapping process from cross-section data 
to an 5 function and thence to a potential of interaction. Given the specific S function, an 
inversion process gives an unique potential. For brevity the process will be designated as 
inversion hereafter. Inversion studies usually are based upon either the angular momentum 
or the energy as the spectral parameter, with the other fixed. In such cases, inversion leads 
to local interactions (inversion potentials). If both are taken as variables, then the inversion 
potential will be nonlocal, but there have been few attempts in this vein. Fixed energy 
methods are appropriate in the present context of considering differential cross sections. 
Semiclassical WKB and fully quantal, Lipperheide-Fiedeldey (LF) methods (Lipperheide 
and Fiedeldey 1978, 1981) have been used with considerable success (Fiedeldey et al. 1984, 
Allen et al. 1992, 1993, Leeb et al. 1992, Dortmans Allen and Amos 1994) and will be the 
basis of points raised in the subsequent discussion. There are other schemes and the reader 
is referred to the extensive discussions and references given in Chadan and Sabatier (1989), 
especially as each has different conditions of applicability. 

Inverse scattering methods proceed by first parametrising the data in terms of the 5 
matrix elements. With scattering data taken at energies below the first threshold, unitarity 
of the S function and knowledge of the cross sections at all scattering angles permits defini
tion of the actual complex scattering amplitude, f(9). from which, by Legendre polynomial 
integrations, 'physical' values of the 5 function at the real discrete values of angular mo
mentum can be obtained. Usually though, the scattering is well above inelastic threshold 
and flux loss must be allowed. The attendant S functions are then no longer unitary, and 
the required S-matrix elements can only be expressed as analytical functions of the angular 
momentum and a number of adjustable parameters. Then, by adjusting these parameters, 
the data can be, and have been, fitted to obtain statistically significant fits. Recently a 
new method of determining the S function values at A = t + 1/2 from the differential cross 
sections was proposed (Masaki and Aoki (1992); Masaki et al. (1994)). Their results differ 
from those given by the optical model potentials, especially in the S[i + (1/2)) values for 
low C, although all of the elastic scattering data considered by them were well fitted. 

Inversion (of the WKB and LF types) then requires that interpolation and extrapolation 

5 



of the function be made to specify a form in the complex angular momentum plane that is 
suitable for use in the specific inversion method. One of the most utilitarian forms is that 
of a (Bargmann type) rational function, viz. 

N i\'2 - ri2) 
5(A) = S r e f(A) [J y . (5) 

„=1 ( A - Qn) 

where 5ref is a reference 5 function, frequently taken as 

Snf(X) = e 2 ' l n ( A ' + A ? ) • (6) 

Therein Ac is a cutoff Coulomb parameter and {/?„,<*„} is a set of N complex zeroes and 
poles. For scattering by a purely real potential those zeroes and poles form a complex 
conjugate set. A complex nature to the interaction moves those in the negative real angular 
momentum half plane upwards while those in the positive real half plane move downwards. 

As recent work has shown (Steward Allen Fiedeldey and Amos 1995, Dortmans Allen 
and Amos 1993), in some cases the expression for the S-matrix elements is not unique. 
Several parameter sets can be found that give essentially perfect fits to the data. These 
parameter sets, furthermore, give in many cases quite different potentials upon inversion. 
Thus we have again discrete ambiguities similar to those found in the phenomenological 
optical model studies. Given that the parameter values, {/?„,<*„} are defined by a direct fit 
to the differential cross-section data, it is a easy to incorporate the reaction cross-section 
value into the search process. As a further single entry in the data set, it might be necessary 
to emphasise its contribution by an appropriate weight in the summation to give the x2/F. 

The inverse scattering method gives potentials at each energy that show effects of channel 
coupling, although detailed studies are lacking. It is possible in principle to analyse the 
potentials obtained by the inverse scattering method at different energies into their Hartree-
Fock background and channel-coupling components, but this has not yet been done. It 
seems likely, however, that such an attempt would find difficulties due to the ambiguities in 
the inversion potentials found with fixed energy methods. To reveal the effects of channel-
coupling it is necessary, as in the optical model dispersion relations analysis, to fix the form 
factors of the components and then to determine their energy variation by comparison with 
experimental data. 

It is worth noting that inversion methods can also treat the spin-orbit interaction. 
For low energies, the modified Newton-Sabatier schemes solve that directly (Chadan and 
Sabatier 1989), but it is inherently a problem for the fixed energy LF type methods because 
the spin-orbit interaction is ^-dependent. An approximate way of proceeding has been 
developed recently however (Leeb Hiiber and Fiedeldey 1995). 

In both the phenomenological optical model and inversion theory methods, the extent of 
the ambiguities depends on the accuracy and structure in the experimental data; the higher 
the accuracy and the more the structure the fewer may be these ambiguities. But they may 
not necessarily be eliminated. As any data set can at most span the momentum transfer 
range from 0 to 2k, window ambiguities are always present. For example, one can always add 
a 'transparent' potential to any obtained, i.e. add any interaction that gives zero contribu
tion to cross section prediction within the measured range of momentum transfer. Likewise 
there are supersymmetric partners one can find for which the scattering phase shifts are 
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unaltered, but the number of bound states supported is different. Furthermore, even with 
extremely high quality data, alternative S function parameter sets have been found that 
gave statistically significant fits to that data (Dortmans Allen and Amos 1994). From those, 
quite diverse inversion potentials result and, unless other physical information is invoked, 
which of those the phenomenological approach should aim cannot be defined. 

Non-locality of the physical interaction 

Both the phenomenological >tical model potential, as it is usually set, and inverse scattering 
theories with one of the two possible spectral parameters fixed, specify the interaction to 
be local in form. Due to inherent nonlocalities in the basic two nucleon g matrices as well 
as a result of antisymmetrisation, folding model forms of the optical model potentials are 
nonlocal. 

Use of local potential forms in the phenomenological optical model approach is a matter 
of convenience. It is perfectly possible to postulate a nonlocal optical potential and to solve 
the corresponding integrodifferential Schrodinger equation (Perey and Buck 1962). This 
has the advantage that data over a range of energies can then be fitted with an energy-
independent potential. However it is easier to use an energy-dependent local potential than 
to solve integrodifferential equations, and in addition there is the difficulty of specifying the 
form of the nonlocality. This is usually taken to be of Frahn—Lemmer type in the form of a 
short-range Gaussian, and while that has been adequate to fit data, the true nonlocality is 
undoubtedly more complicated as indicated by the fundamental nuclear matter calculation 
of the potential. It should also be noted that the nonlocal wave function can be obtained 
from the energy dependence of the local potentials via a damping factor. 

The assumption of a particular analytical form for the optical model potential is indeed 
a limitation, but if the potential fits the data and is physically acceptable it is certainly 
adequate. When necessary, more flexibility can be introduced by additional terms. Such 
a term is indeed introduced by the dispersion relations, which give an energy-dependent 
surface-peaked addition to the real potential, and this gives an improved fit to the data over 
a range of energies. It is interesting to note that similar variations are frequently found in 
inversion potentials. 

Nonlocal potentials would result if both energy and angular momenta are taken as vari
able spectral parameters in an inverse scattering theory. But none such has been adapted 
to give numerical results as yet. Instead with inversion studies, the energy variation of 
extracted potentials might be considered as the local equivalent effect of nonlocality. Such 
an interpretation was feasible in a recent study of electrons scattering from water molecules 
(Lun Chen Allen and Amos 1994) but that could not be resolved from possible complex 
character of the interaction. However, the inverse scattering method can be used to find a 
phase-equivalent local potential to a nonlocal microscopic one, with that local potential be
ing either energy dependent and ^-independent or vice versa. Further, by allowing a search 
procedure, one may find a local potential which is approximately phase equivalent but has 
an improved fit to the data. 
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Conclusions 

Tin* optical model (numerical inversion methods) and the inversion methods based upon 
inverse scattering theories are rather similar in that they are subject, to ambiguities. In 
both cases potentials may be found that fit the data very well but are quite different from 
each other. Possibly, some of these can be rejected as non-physical by comparison with 
folding model potentials, but then one must have very good folding model results. If \2/F 
values be used as the measure, no such folding model calculations exist as yet. But one 
can still use the results of folding calculations as defining the class to which the inversion or 
phenomenological results should belong. Indeed without so doing, the ambiguities cannot 
be resolved. 

If such a constraint be the specifics of the folding model, it may be easier to incorporate 
them in optical model calculations than in the inverse scattering method. The optical model 
analysis starts with a potential in which the constraint can be applied directly upon its form. 
Nevertheless, the folding model also can be used to regularise the inversion approach. One 
could seek a fit to the data which is constrained by specifics of the folding model S function. 

But there are ambiguities in the process by which S functions are extracted from mea
sured data so that, by itself, that extraction process cannot define the 'physical' S function. 
Thereafter in the link between those S functions and the interactions there are further am
biguities. With the phenomenological model, diverse sets of parameters lead to equivalent 
quality fits to most data. With inversion methods of the type we have considered, each 
allowable S function has associated with it an unique potential but only after interpolation 
and extrapolation to give the S function in the entire complex angular momentum plane. 
Therefore it is essential that elastic scattering data analyses, whether by phenomenological 
optical model or by inversion calculations be regularised such as by the requirement that 
they are consistent with microscopic calculations of that potential. This implies restrictions 
on the S-matrix elements used to fit the selected experimental data given that the process 
by which such 5 function elements are deduced from the data are ambiguous. 
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