
V/\n -/^ -<=^<^ //2- 7 

ftUtPHf^f 

Principles for Structure Analysis of Carbon Nanotubes 
by HRTEM 

bv 

FAN XuDong and L.A. BURSILL 

School of Physics, The University of Melbourne 
Parkville, ;{0")2, Vic, Australia 

Abs t rac t 

An ellicient algorit Inn is dervied for generating all possible seamless car
bon nanotube struct lire models. This makes use of mult i jugate helical lattices, 
a concept, borrowed from some biological structures. Principles for helicity 
and structure analysis of carbon nanotubes using high-resolution ("lection mi
croscopy and image processing techniques are then developed. Applicability is 
tested on experimentally obtained images. The limitations of this approach are 
examined. Provided the tubules contain less than three to five layers the indi
vidual component layer helicitics and the order of assembly may be obtained 
from the high-resolution many-beam bright- and dark-field image reconstruc
tions. Hence the structures may be deduced, in principle. 
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1. Introduction 

Carbon nanotubes have been investigated by transmission electron mi
croscopy ((Iijima, 1991; Ugarte, 1992a,b; Iijima and Ichihashi, 1992; Jaeger, 
Maslen and Mathieson, 1992; Dravid, Lin, Wang, Wang, Yee, Ketterson and 
Chang, 1993; Harris, Green and Tsang, 1993; Zhang, Zhang,Van Tendeloo, 
Amelinckx and Van Landuyt, 1993; Zhou, Fleming, Murphy, Chen, Haddon, 
Ramirez and Glarum, 1994 and Liu and Cowley, 1994)) following their dis
covery by Iijima (1991) who pointed out that there are many possible ways 
of cutting and joining a curved graphite sheet to make a nanotube and the 
number of possible structures increases further as successive sheets are added 
to make a tubule. 

For the majority of studies longitudinal projections have been obtained 
from tubes lying in the plane of the specimen support grid, i.e. the tube axis 
was perpendicular to the incident electron beam. High-resolution transmission 
electron microscopy and electron diffraction analyses for that geometry lead 
to the conclusion (Zhang et al, 1993; Liu and Cowley, 1994) that both helical 
and non-helical tubes occur. There are two types of non-helical tubes. In 
the first case (A) the needle axis is along [10-10] and one row of edge-sharing 
hexagons is perpendicular to the tube axis. In the second type (B) one row of 
edge-sharing hexagons is parallel to the tube axis, which is along [11-20], the 
remaining two edge-shared rows form helices enclosing angles of +60° or -60° 
with the needle axis. In between the two cases A and B helical tubes may be 
found where the smallest angle <f> enclosed by the needle axis and the row of 
hexagons is a measure of the helicity of the tube. 

Physical properties of graphitic nanotubes have been studied from various 
theoretical points of view. The mechanical strength of carbon fibres has long 
been of interest (Bacon, 1960). More recently the electronic conductivity has 
aroused much theoretical interest; thus Hamada, Sawada and Oshiyama (1992) 
have provided perhaps the most general theoetical framework for the relation
ship between tubule structure and electronic conductivity. These authors have 
predicted that carbon nanotubes may exhibit sharp variation from metallic 
to semiconducting character with narrow or moderate band gaps, depending 
on the tube diameters and helicities. They discussed the physical origin of 
such remarkable changes by reference to specific periodic boundary conditions 
imposed by the tubes having different helicities. All oi the theoretical work 
and most of the experimental work to date has assumed cylindrical seamless 
tubes. 
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The question of the relative alignment of successive tubes was first ad
dressed by Iijima (1991), who obtained electron diffraction patterns which 
were interpreted as indicating that the carbon atom hexagons are arranged in 
a helical fashion about the tubule axis; it was claimed that the helical pitch 
varies from tube to tube within a single tubule and from tubule to tubule. 
Thus the hexagonal component of the electron diffraction patterns, which is 
due to those parts of the graphite sheets V.'ing normal to the incident beam, i.e. 
above and below the empty core, yields the helicity by direct measurement of 
the reciprocal lattice orientation with respect to the tubule axis. Helicities of 3, 
6, 12 and 24° were claimed; for different sheets within a single tubule. Again, 
Iijima and Ichihashi (1993) measured the helicity of a single layer tube to be 
6°. Jaeger, Maslen and Mathieson (1992) used the same arguments and elec
tron diffraction patterns from tubules; they concluded that the stacking of the 
graphite sheets was turbostratic, i.e. there were approximately as many orien
tations as there were graphite sheets in the tubule, and these were distributed 
more or less randomly over a 30° range. Dravid et al also measured electron 
diffraction patterns, claiming they found a 13-shell tubule containing only two 
helicities, as well as a 5 shell tubule containing only one hclicity. Zhang et 
al (1994) applied both electron diffraction and HRTEM imaging methods to 
the problem, claiming that both helical and non-helical varieties occur, even 
within the same tubule; they also suggested that individual tube layers may 
even contain both helical and non-helical portions. Growth mechanisms have 
been discussed by Iijima (1991), Dravid et al (1993) and most recently by 
Zhang et al (1993). 

In the following we develop principles for structure analysis of carbon nan-
otubule structures, using image processing of digitized HRTEM images for lon
gitudinal sections of the tubes. In addition we have obtained cross-sectional 
images which help clarify the real structures (Bursill, Peng and Fan, in press, 
1994). The principles for structure analysis are developed in sections 2 and 3 
and the methods of analysis applied in section 4. Discussion and conclusions 
finish the paper (section 5). 
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4. Prinriples for Generating Structures of Carbon Nanotubules 

(a) Ideal models for tubule structures 

Hamada et al introduced an elegant representation in order to describe all 
possible structures. Thus each structure may be identified by its diameter 
and by the helicity of the carbon hexagons. Consider a single graphitic sheet; 
choose an origin (0) and a lattice point in the sheet (Fig.la). Next, roll the 
sheet so that the chosen lattice point is superimposed on the origin. The lattice 
points A(ri,r 2) each represent and describe uniquely a different tube structure. 
In order to maintain a one-to-one correspondance between the structure and 
the indices it is necessary to restrict the parameter space to ri >2r 2 >0. Again, 
it is necessary to note that there are two ways of "-oiling the graphitic sheets, 
i.e. from the front to the back or vice versa; these operations may result in 
tubes which are chiral (mirror symmetric to each other). Further detailed 
discussion of the helical and rotational symmetries of carbon nanotubes has 
been published by White, Robertson and Mintmire (1993). 

It remains to develop practical algorithms for the generation of atomic 
coordinates for specific models of tube and tubule structures. In this work we 
applied methods based upon cylindrical lattice concepts and the close-packing 
of spheres on cylindrical surfaces as follows. 

(b) Cylindrical lattice by conformal transformation. 

The tubular structure of carbon can be modelled as follows: assume a two 
dimensional graphene sheet with lattice points (x„,yn); select (or cut) a por
tion of the sheet denned by two lattice vectors (xt,yt) and (xg,yg); roll the 
sheet about the lattice vector (xt,yt) and join the vertical edges to construct 
a cylindrical lattice. Lattice points (x 0,yo) and {xg,yg) define the waist of the 
cylinder; all the lattice points beyond the dashed lines are eliminated (trun
cated). The new formed structure has lattice points which may be expressed 
using cylindrical coordinates (R,0, z), where the conformal transformation re
lating the planar and cylindrical lattices may be expressed as 
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R — vW - x 0 ) 2 + (ya • - y o ) 2 

IX — 2T 

0„ = vW - x 0 ) 2 + (y„ - y o ) 2 (1) 

zn = yj(*n - xo) 2 + (yn - yo) : sin(<£„ - ^ s ) 

The above transformation is reversible. 
Note that for an invariant conformal transformation from a two dimensional 

sheet to a cylindrical tube the bonds joining the carbon atoms must bend 
according to the curvature of the cylinder. This preserves all the bond angles 
but shortens the direct bond distance between any pair of atoms which do not 
lie parallel to the tube axis. 

With no evidence to prove that the above invariant conformal transfor
mation model is exact, one may search for a modified version of the above 
transformation which will yield equal straight bond lengths. In fact, this prob
lem was solved by a number of authors, see e.g. Erikson (1973). 

A cylindrical lattice usually shows a number of visible spirals (helices) 
which rotate alternately clockwise and counterclockwise (see e.g. Fig.lb). Such 
visible spirals are refered to as parastichies in the literature on phyllotaxis 
(Jean, 1984). Each lattice point may be considered as sitting on a generating 
spiral (helix in the present context) which may be expressed using cylindrical 
coordinates as 

r = R 
6n = 2nna (2) 
zn = nh 

where R is the radius of the cylinder, n is a positive integer, h is the dis
placement along the tube axis per unit step of n and a is referred to as the 
divergence angle. For certain combinations of R, a and h, the above equation 
generates a cylindrical spiral lattice described in terms of pairs of parastichy 
numbers (p,q). Thus for a close-packed lattice on a cylinder, there is always a 
third visible spiral with parastichy number -(p+q) (see e.g. Fig.lb). 

The distance between any two lattice points a0 and a, on the cylinder may 
be written 

Wi - \]R2{cosOi - cos0 o ) 2 + R2{s'm0i - s in0 o ) 2 + (*• - *o)2 (3) 

Let the cell parameter be ao', then in order for the cylindrical lattice to remain 
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close-packed we require the following three equations to be satisfied simulta
neously 

(a 0 ) 2 = 2 t f ( l - c o s 0 f l ) 2 + (2„)2 

• (a 0 ) 2 = 2 t f ( l - c o s 0 r a ) 2 + (zm)2 (4) 
(a 0 ) 2 = 2R2(l - c o s 0 m + n ) 2 + (zm+n)2 

where z0 and 0o are set to be zero without losing generality. The cylindrical 
lattice parameters R, a and h may be then found as a numerical solution of 
the above for pairs of parastichy numbers (p,q). 

It remains to define the selection of the atomic positions (xi,yj) within a 
conventional crystallographic unit cell of the graphene sheet and define ex
actly how these may be transformed onto the cylindrical lattice. Note that 
the coordinates obtained by the above method (Eqs.2,3) differ slightly from 
those obtained using the conformal transformation (Eq.l); for the former the 
bond lengths are all equal whereas for the latter there are slight differences in 
bond length, depending on the curvature and helicity. Conversely, the bond 
angles are conserved for the conformal transformation whereas there may be 
small differences in bond angles for the close-packing model, with magnitudes 
depending on the curvature and helicities involved. 

In order to introduce the individual atomic positions, i.e. to decorate the 
cylindrical lattices with the atomic motif of graphite, we may repeat the con
formal transformation Eq.(2) for each atom of the motif, taking care to shift 
the origin appropriately for each atom of the motif; this procedure has been 
described by White et al (1993). As mentioned above, this procedure may in
troduce small differences between the C-C bond lengths. In the case of graphite 
it is found that in order to maintain all bond lengths equal to those in graphite 
sheets, it is convenient to make use of the concept of fc-jugate spiral lattices. 
The word jugacy was introduced by Turing, 1959. Some mathematical proper
ties of k-jugate helices in relation to the crystallography of carbon nanotubes 
are now derived. 

For each pair of parastichy numbers (kp, kq) possessing a commmon factor 
k, Eq.(2 may be replaced by a general formula for the lattice positions as 
follows: 

r = R 

. 0n= 2 , ( o I n t ( n , J t ) + ^ ^ ) (5) 

, zn = Int(n, k)h 
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whe-e the Int(n, k) takes the integer part of n/k and Mod(n,fc) takes the 
residual of n/k. For example, let n = uk + v, where both u, v are integers and 
0 < v < k — 1, then Int(n, k) - u and Mod(n, k) = v. 

The divergence angle can be written 

Q = 
7. +*« 

where 6a is a small number which may be related to the helicity o and in 
general 7 = (q — p)/q where p and q are the primary (basis) parastichies 
for the triangular cylindrical lattice. For example if the parastichy numbers 
(fcp, kq) are chosen so that p and q are the Fibonacci numbers p = F, and 
q= F i + 1 then 7 i = 1/3,2/5,3/8, . . . ,F ,_ , /F , + , , . . . . 

The angle 0 can be written in terms of the indices u and v as 

0n = 2TT (au + ^j 

For two succesive points rx\ and n2 along a particalar parastichy kq, the angular 
difference 0n2 — 0ni is given by 

0nj - 0nt = 2x I au2 + — -QUI-—J 

[ k q k 
(6) 

which may be expanded as 

On, — 0n, = 2?r 
(q - p ) ( « 2 - « i ) + g(t>2-t;1) 

kq 
+ 2TT 

6Q(U2 — « l ) 
(7) 

It may be shown that the second term in this last equation is a small angle 
which is the required net angle difference. The first term is required to be an 
integer times 2ir; i.e. 

u2-ui = q 
{q - p) + (v2 - t>i) =mk (8) 

where m is an integer. It follows that u2 = q + «i = q + lnt(ni,&) and 
v2 = mk + v\ - (q - p). Now 0 < v2 < k — 1; hence v2 = Mod[(mfc + v\ - {q -
p)), k] = Mod[(vi - (q - p)], k). Note that we used Mod[mk,k]=0 so that the 
integer m is redundant. 
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Finally, the index n 2 following n t , on the parastichy kq, may be obtained 
from the recursive equation 

n2 = u2k + v2 , q , 
= [(z + IntK.^l i t - l -ModaModK.JbJ-^-p) ] ,* : ) ^ 

Thus, all the index numbers (n) on the same parastichy can be determined 
recursively. 

Included implicitly in Eq.(9) are graphene tube structures based on trian
gular lattices (kp,kq) which have singular (e.g 4,7), bijugate (e.g. 8,14), as 
well as higher order k-jugate parastichy numbers; where p and q also satisfy 
the condition that both k(2p + q) and Jfc(p+2g) are an integer times 3. Figs.2a 
and 3a are examples of indexed triangular lattices for a singular case (4,7) 
and (9,15) an example of the trijugate type. Note the sequences of indices (n) 
along the parastichies, as given by Eq.(9). 

In order to then generate a graphene cylindrical structure, we may start 
with a close-packed triangular cylindrical lattice (e.g. Fig.2a or Fig.3a). The 
nearest neighbour sites form the parastichies (Arp, kq, — k(p + q)). Then the 
second nearest neighbours form the parastichy pairs (M, N) where M = fc(2p+ 
q),N = k(p + 2q). A graphene tube structure is then constructed by leaving 
vacant all the sites on every third parastichy (M,N), as shown in Figs.2b and 
3b. This imposes some restriction on (Af, N), which must each be an integer 
times 3, as noted above. All the trijugate(fc = 3) spiral lattices satisfy this 
condition. 

If one would like to describe the carbon tube using the notation of Hamada 
et al (ri,r2), the procedure is take M = 3ri and N = 3r2. Then since M = 
2pl + q' and N = pi-f 2q', we can solve for p* and q'. If pf and q' have a common 
factor, it is preferable to use the multi-jugate form kp and kq where k is the 
largest common factor. Then Eq.(9) will determine the next index n2 lying on 
the three parastichies kp,k(p + q) and q, i.e the nearest neighbour to r»i; of 
course ni=0 for convenience. Then all the terms of 0 and z can be obtained 
from Eq.(5). Solving Eq.(4) simultaneously yields the possible solutions of R, a 
and h. Note that the indices in Eq.(4) should be those corresponding to n2 for 
each parastichy p, q and p + q. All of the atomic coordinates on a triangluar 
lattice are determined by Eq.(5). Finally, finish building the graphene tube 
by deleting empty sites as required. A practical procedure is to start at any 
point ni, generate the primary triangular lattice and then delete all the atoms 
on every third parastichy for both M and N. Alternatively, starting from nj, 
d A°Xe every third atom on both parastichies p and q using Eq.(9). 

In this paper we will continue to use the notation of Hamada et al to 
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describe individual tube structures. 
Note that the above procedure ensures that all C-C bond lengths are equal. 

This procedure may also be more efficient computationally than is the approach 
of White et al, in the case of graphene tubes. 

There are two special cases which generate non-helical carbon tubes: i.e 
for p = 0 or q = 0 and for p = q; then it is convenient to calculate the atomic 
coordinates more directly using cylindrical space groups, due to the higher 
symmetries involved. 

3. Principles for Structure Determination by Image Analysis 

(a) Ima^e-processing method 

We proceed in this section, using the projected-charge-density approxima
tion as a guide, to show how the helicities of individual tubes may be re
trieved from the IIRTEM image of a three-walled tubule; furthermore, it will 
be shown that the order of stacking of the individual tubes may also be deter
mined, within a limited range of tube numbers and helicities contributing to 
the structures. 

Usually, HRTEM images of multilayer carbon nanotubes will not give di
rectly structural information corresponding to each layer since the atoms do 
not coincide along the projection axis. In addition, there may be insufficient 
structural resolution to allow the images of the different layers to be separated. 
In fact, even the top and bottom halves of a single tube will have different pro
jected potentials, which further complicates the problem to separate the images 
of the different tubes constituting the multi-walled tubule. For the kinematical 
approximation, the image intensity recorded at the focal plane of the objective 
lens is a representation of the sum of the projected charge densities, and hence 
the intensities of all the layers: 

/(x) = £;/,(x) (io) 

where n is the total number of concentric cylinders and 7,(i) is the intensity 
contribution to the image from each layer. Since each cylinder has two lay
ers (i.e. a top and a bottom), the total number of layers is 2n. Note that 
the dynamical scattering effects have not been taken into account in Eq.(10). 
For relatively few carbon tube layers, the image simulations show very little 
difference between those expected for kincmatical images and the the accu
rate multislice dynamical calculations. Therefore Eq.(10) is considered to be 
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a reasonable approximation. 
Generally, Ii(x) is not directly separable from I(x). Notice that each cylin

der is considered as an approximation to a graphite sheet. Thus the diffraction 
patterns of each layer will reveal their hexagonal features. If the layers have 
different helicities with respect to the tube axis, 'hen we will obtain a set of 
more or less well-separated hexagonal patterns in reciprocal space. The Fourier 
transform of the image intensity 

JF(0= JF{/(x)} 
= ^ { E . ' . ( * ) } (11) 
= E ^ { / < ( * ) } 

which may be expanded as 

F(0= Gtf 'HE. / / , (£>) (12) 

where //,(£o) represents the complex amplitudes of the hexagonal patterns. £o 
is approximately the reciprocal length of the unit cell parameter a0 of graphite. 
G(i') occupies the whole Fourier space except where £ = &>; it contains (over
lapping) contributions from all the layers. For a tubule consisting of n con
centric cylinders there are n pairs of hexagonal patterns Hi(£o). Each pair 
consists of contributions to the (two-dimensional) diffraction pattern from top 
and bottom hemi-cylinders; which should be related by a mirror line of sym
metry about the tube axis. To reconstruct the image of each layer and also 
to separate the top and bottom layers, we need to separate off each hexagonal 
pattern and make an inverse Fourier transform, i.e. 

Si(z) = F~*{Hi(So)) (13) 

This yields the so called many-beam "dark-field" complex amplitude; from 
which we may obtain the many-beam dark-field image intersity J m given by 

Im(z) = 5T(x){5i(x)} (14) 

If the central beam is included we obtain the "bright-field" complex amplitude 

Ti(x) = ?-i{GU'))+F-1{Hi(lo)} (15) 

from which we may obtain the "bright-field" intensity 

7o(«) = 77(*){i;(*)} (16) 

However, since the central beam contains contributions from all layers, the 
structure information of the 2n layers, other than the lattice spacings are 
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mixed in /o(x). Some of the structure information may be lost in this type 
of process. However, both the many-beam bright-field and dark-field images 
were found useful, as described in the analysis to be described below. 

Practically, we proceed as follows; an image is first obtained, either from the 
experiment or by computer simulation; this is digitized, typically containing 
512x512 pixels. Next, a fast Fourier transform (FT) is obtained, followed by the 
power spectrum (PS). Usually the helical symmetries of the tubules are more 
visible for the power spectra than for the complex Fourier transforms. Using 
the power spectrum as a guide, a binary filter is made according to the position 
of the diffraction spots. Each spot is masked with a circle which includes all 
of the relevant diffuse scattering. The filter is made by setting a value equal 
to 1 within the circles and 0 outside the circles of the mask. For a bright field 
image, an extra circle is made around the central beam. The complex Fourier 
transform is masked with the filter by a simple multiplication. The inverse 
Fourier transform is then obtained; after which the processed image intensity 
may be calculated. 

4. Results 

(a) Application to computer-simulated images 

A single wall tube having Hamada indices (15,24) is shown as Figs.4a. 
The top and bottom sections are also shown in Figs.4b,c. Fig.5 demonstrates 
the procedure for retrieving the structure image and helicity for this tube. 
Thus Fig.5a shows an accurate multislice simulation for this single walled car
bon tube at a structural resolution of 1.7A, i.e. the value obtainable with 
our HRTEM instrument. Note that the black spot positions reproduced very 
well the positions of the carbon atoms of the corresponding structural draw
ing (Fig.4a). The corresponding power spectrum (Fig.5b) shows two sets of 
hexagonal diffraction patterns with a small anglular displacement (actually 
twice the helicity <f>). The real and imaginary parts of the Fourier transform 
of Fig.5a are shown as Figs.5c,d respectively. The background level was set to 
grey here to accommodate negative values occurring in the Fourier transform. 

A filter was made according to the position of the diffraction spots in the 
power spectrum. According to the kinematical theory of diffraction, each of 
the hexagonal sets of spots represents the contribution from each a single layer. 
Therefore, the image contribution for each layer can be retrieved by allowing 
only one of the hexagonal patterns to remain in the Fourier transform. Figs.5e,f 
show the corresponding Fourier transforms obtained after masking with such 
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filters. The inverse Fourier transform made after masking gave the retrieved 
image shown as Fig.5h; this clearly shows the structure corresponding to the 
top half of the carbon tube (c.f. Fig.4b). Fig.5g is the power spectrum of this 
retrieved image; it is also equivalent to the result obtained by masking with 
the same filter on the power spectrum shown as Fig.5b. 

As pointed out above, two types of filter can be made; the bright field filter, 
which includes the central beam and the dark field filter, which allows past 
only one set of diffracted beams without the central beam. Figs.6a,c are two 
images retrieved using the method illustrated in Fig.5. The two bright-field 
filters which contain the diffraction spots of the top and bottom layers of the 
single tube are shown masked onto the original power spectrum in Figs.6b,d 
respectively. They are identical to the power spectra of Figs.6a,c. The two 
many-beam dark-field images are shown as Figs.6e,g and the respective power 
spectra are shown as Figs.6f,h. 

A similar procedure can be applied for the multilayer tubes. Figs.7a.b.c 
show perspective views of the longitudinal projections of three tubes having 
Hamada indices (72,72), (45,54) and (60,57) respectively. The corresponding 
projected structure for a composite three-walled tubule is shown as Fig.4d; note 
that three different helicities were chosen and that successive tubes are spaced 
by 0.34nm, the normal spacing of crystalline graphite. The corresponding flat 
projections are sh' wn as Figs.7e,f,g,h. 

We now proceed, using the projected-charge-density approximation as a 
guide, to show how the helicities of these three tubes may be retrieved from 
the many-beam HRTEM image; furthermore, it will be shown that the order 
of assembly of the individual tubes may also be determined, within a limited 
range of tube numbers and helicities contributing to the structures. 

Thus Fig.8a shows a simulation of the 3-layer tubule; with the power spec
trum inset at tlv top-left corner. Five sets of hexagonal diffraction patterns 
can be seen in this powv - spectrum. One results from the top and bottom lay
ers of the inner tube which has zero hclicity. The remaining four are two pairs 
symmetrical about the tubule axis, which represent the top and bottom layers 
of the two helical tubules. The corresponding bright-field images are shown 
in Figs.8b,c,d,e,f together with their corresponding power spectra. Due to the 
relatively strong scattering contributed by the edges of the tubules, the full 
width of each individual layer is not quite recognizable for these many-beam 
bright-field images. However, the many-beam dark-field images are much more 
efficient in this respect, as shown in Fig.9. Each of the layers shows its correct 
relative width; this is important because it reveals the position of each layer 
within this three-layer tube. For example, Fig.% shows the non-helical tube in 
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the center of the triple tubule of Fig.9a. Note that the apparent width of the 
dark-field image of each layer is less than the actual diameter of the original 
image; an effect due to the bending of the sheets near the edge of the tubule 
(c.f. the structural drawings in Fig.7). Nevertheless both the helicities and 
the order of assembly may be obtained from these retrieved images. 

(b) Application to exper imenta l images 

Plasma-deposited sooty carbon specimens were provided by Dr. Louis Pang 
of the CSIRO Division of Coal and Energy Technology, Sydney, Australia. De
tails of the electron microscope techniques and examples of HRTEM images, 
including both longitudinal and cross-sectional images have been published by 
Bursill, Peng and Fan (1994). Specimens were examined at the University of 
Melbourne using a JEOL-4000EX electron microscope operating at 400Kev. 
The ultra-high resolution pole-pieces had Cs=0.94mm and the theoretical in-
terpretable resolution limit at the Scherzer defocus condition is 0.17nm. 

Examples of both longitudinal and cross-sectional HRTEM images have 
been published already by Bursill, Peng and Fan (this journal, 1995). Other 
examples may be found in the papers by Znang et al (1993) and Liu and Cowley 
(1994). Two portions of a longitudinal section image are shown as Figs.lOa,e. 
The respective power spectra (inset) indicate that the same underlying helical 
symmetries hold for these two different parts of the tubule. Thus, one set of 
hexagonal diffraction spots correspond to a near zero-helicity tube whereas the 
other two sets indicate a top/bottom helical pair having heliclty approx. 6deg. 
Figs.lOb,c,d show the retrieved many-beam bright-field images corresponding 
to Fig.lOa. The order of assembly is not available in this case. The set (f) 
to (h) repeats this procedure for the second portion of this same many walled 
tubule, again indicating that the helicities are essentially conserved along this 
tubule. 

A similar procedure has been followed in Fig.ll for the corresponding many-
beam dark-field image reconstructions, using the appropriate dark-field filters. 
Note that inhomogeneities appear for each tubule section examined; neverthe
less three distinct tube helicities are recovered, zero for (b) and 6deg for the top 
and bottom sections of a second tube (c) and (d). Defective tube structures 
are indicated by the inhomogeneous distribution of the lattice images. There 
is some width distinction between the non-helical tube (b) and the top and 
bottom sections of the helical tube (c) and (d). Inhomogeneities also imply lo
cal changes in diffraction conditions, due to local changes in structure/helicity, 
or other imperfections in the seamless tubule structures; quite simply,there 
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may be changes in orientation due to elastic bending of the tubules. This re
sult is quite consistent with our interpretation (Bursill et al, 1995) that there 
are many terminating graphite sheets in our tubules and that perfect, circular 
seamless tubules were not observed for our specimens. 

5. Discussion 

The experimental images are, of course, more difficult to process than the 
simulated ones. The difficulties initially arise due to experimental limitations. 
If the spatial resolution of an original HRTEM image, or the angular resolu
tion of the hexagonal diffraction spot patterns is not high enough to contain 
the structural imformation desired, it will be impossible to retrieve the de
sired structure images. Secondly, although tubules containing fewer layers 
are preferred for image processing, usually the latter have smaller diameters 
and consequently the reduced scattering may make it difficult to record high 
contrast images. Larger tubes may produce sharper hexagonal diffraction pat
terns, increasing the angular resolution; but usually the power spectra finally 
becomes too complex for successfull analyses. Another limitation arises lor 
larger tubules concerning digitization; thus, for the same resolution (typi
cally 512x512 pixels), details of the lattice fringes are more easily lost for 
larger tubules. It seems necessary to work with selected, magnified portions 
of tubules containing less than about 5 layers, whereby the resolution of the 
digitized information may be optimized and useful analyses may nevertheless 
be obtained. 

For two tubes whose helicity difference is small or for two tubes with the 
same helicity but with a translational offset, the above method is only limited 
by the experimental and digitization resolution. Two tubes with the same he
licity may not be resolved since the maximum atomic shifts are approximately 
half of the carbon-carbon bond distance which would require 0.7A resolu
tion. The distinguishability of two tubules with a small helicity difference will 
depend on the diameter of these tubes. The larger tubes will have sharper 
diffraction patterns which will be more readily separable; smaller tubules will 
present more diffuse diffraction spots which means the helicity information is 
more readily scrambled. Thus, for certain tube sizes and helicities, peculiar
ities of the specific degree of overlap occurring for the diffraction spots will 
produce specific limitations on the amount of local structural information that 
is available. 

As a conclusion, it is clear that better results will be obtained if tubules 
contain fewer layers, say 3-5, if larger tube diameters are used and if sufficiently 
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high imaging and digitizing resolutions are available. The above example does 
establish that the technique is a practical one; both the magnitude and spatial 
distribution of helicities were obtained. The major remaining problem is to 
obtain significant numbers of tubules containing 3-5 layers, so that systematic 
studies of the occurrence of different helicities may be made. 
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Figure Captions 

Figure 1 

(a) Irreducible wedge of the graphite lattice showing Hamada indices (ri,r 2); 
primitive lattice vectors Ri ,R 2 are defined; there are two carbon atoms per unit 
cell, (b) Helical structure based on a close-packed array of spheres; parastichy 
numbers p, q and -(p+q) are defined, these correspond to the close-packed 
directions. 

Figure 2 

(a) Indexed close-packed layer and (b) the corresponding graphene structure 
for the monojugate case having Hamada indices (4,7). 

Figure 3 

(a) Indexed close-packed layer and (b) the corresponding graphene structure 
for the trijugate case having Hamada indices (9,15). 

Figure 4 

(a) Flat projection of a single carbon nanotube having Hamada indices (15,24); 
(b) and (c) show the corresponding top and bottom sections of (a). 

Figure 5 

(a) Accurate multislice image simulation of the (15,24) nanotube (c.f. Fig.4a). 
(b) is the corresponding power spectrum; note two hexagonal spot patterns. 
(c) and (d) are the real and imaginary parts of the Fourier transform of (a), 
(e) and (f) show the masked versions of (c) and (d) used to retrieve the image 
(h) of the top section of the tube (c.f. Fig.4b); (g) is the power spectum of the 
top section of the tube, obtained from (e,f). 

Figure 6 

(a,c) Many-beam bright-field images of the top and bottom sections of the 
(15,24) tube, together with the corresponding power spectra (b,d)s; c.f. Figs.4b,c. 
(e,g) show the corresponding many-beam dark-field images and their power 
spectra. 
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Figure 7 

(a-c) show perspective views of three nanotubes having Hamada indices (72,72), 
(45,54) and (60,57) respectively; (d) is a perspective view of a three layer tubule 
constructed from (a-c). The corresponding flat projections are shown as (e-h) 
respectively. Note that only the inner tube has zero helicity; the tube spacings 
are approx. that of crystalline graphite, i.e. 0.34nm. 

Figure 8 

(a) Multislice simulation of the three-layer tubule with power spectrum inset. 
Note five hexagonal sets of spots.(b) to (f) show the retrieved many-beam 
bright-field images corresponding to the five sets of spots (inset). 

Figure 9 

(a) Multislice simulation of the three-layer tubule with power spectrum inset. 
(b) to (f) show the many-beam dark-field images corresponding to the five 
distinct sets of spots (inset). Note that both the helicity and the order of the 
three layers are recovered. 

Figure 10 

(a) Digitized portion of a longitudinal section HRTEM image; the power spec
trum is inset, (b) to (d) show three retrieved many-beam bright-field images 
with their (masked) power spectra inset. Note that one layer (b) has helicity 
zero, the other two are approx. 6deg. The order of assembly is not available 
in this case. The set (e) to (h) repeats this procedure for a different portion 
of the same many walled tubule, indicating the helicities are conserved along 
his tubule. 

Figure 11 
(a) Digitized portion of a longitudinal section HRTEM image; the power spec
trum is inset, (b) to (d) show three retrieved many-beam dark-field images 
with their (masked) power specta inset. Defective tube structures are indi
cated by the inhomogeneous distribution of the lattice images. There is some 
width distinction between the non-helical tube (b) and the top and bottom 
sections of the helical tube (c) and (d). The procedure is repeated inn (e) to 
(h) for a different portion of the tubule, with similar inhomogeneous results. 
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