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ABSTRACT

We prove the following result which was conjectured by Stichtenoth and Xing: let g
be the genus of a non-singular algebraic curve defined over the finite field Fq2 and whose
number of Fg2-rational points attains the Hasse-Weil bound; then either 4g < (g — I)2 or

2<? = (q - 1)9-
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1. Throughout this note by a curve we mean a projective, irreducible non-singular alge-

braic curve defined over a finite field lFr with r elements.

This note is concerned with the genus g of a curve X whose number of IFr-rational

points #X(lF r) attains the Hasse-Weil bound, that is,

#X(Wr) = r + l + 2g^. (1)

These curves are very useful for applications to coding theory (see e.g. [Tsf-Vla]). In

this case we have that r must be a square. Here we prove the following result which was

conjectured by Stichtenoth and Xing in [St-X].2

Theorem. Let X be a curve of genus g defined over Wq2 satisfying (1). Then

o r

We prove this theorem by using results in [St-X], Lemma 1 in Riick-Stichtenoth's paper

[R-S] and by using a particular case of the theory of Probenius orders sequence associated

to linear system of curves which was developed by Stohr and Voloch [S-V] as a way of

improving the Hasse-Weil bound.

2. Let X be a curve as in the Theorem. The starting point of the proof is the fact that

there exists a IF^-rational point Po € X such that both q and q + 1 are non-gaps at

Po [St-X, Prop.l]. We denote by £((q + 1)PO) the dimension of the following IF^-vector

space

{/ € Fq2(X) : f regular in X \ {Po},vPo(f) > -{q + 1)},

and then consider two cases:

Case 1: £((q + 1)PO) > 4.

With [St-X, Prop. 3] this gives g < ^ ^ .

Case 2: £{(q + 1)PO) = 3.

This case allows us to define a complete, Fg2-rational, base-point-free linear system

Q = \(q + l)Po| and hence a morphism

n : X - IP2

which is uniquely determinated up to projective equivalence by {l,x,y} C Fq2(X) where

z) = qP0 (2)

2At the time of writing this note, Prof. Stichtenoth communicated to me that this
result was also proved by R. Fuhrmann.



and

() ( (3)

Claim 1. Let Q 6 X(TFgi) and let 0 = j 0 < jx = j^Q) < j2 = J2(Q) be the hermitian

Q-invariants of Q (or JT) (see [S-V, §1]). Then

Proof. If Q = Po, the proof follows from (3). Let Q ^ Po. From [R-S, Lemma 1]

there exists u e Fqz(X) such that div(u) = (q + l)(Q~ Po). This implies Claim 1. •

Let fio = 0 and fix be the Frobenius order sequence of Q (see [S-V Prop. 2.1]).

Associated to Q there is a positive divisor S of degree

deg(S) = ^{2g - 2) + (q2 + 2){q + 1) (4)

whose support contains X(Wqi). Moreover if Q G X(Wq*), then ([S-V, Prop. 2.4])

vQ(S) > h(Q) + (J2{.Q) - fjn). (5)

Claim 2. Hi > 1.

Proof. Suppose that ji\ ~ 1. Then by Claim 1, (1), (4) and (5) we would have:

which gives g — 0, a contradiction. •

3. Proof of the Theorem. Whenever {xi > 1 we can compute the exact number of

rational points on X. More precisely we have [H-V, Thm. 1]

= (q + l)(q2 - 1) - (2g - 2). (6)

For the sake of completeness we repeat the proof of [loc.cit] for the special linear system

Q but, before that, we notice that equations (1) and (6) imply 2g = q(q — 1).

Proof of (6). Let R be the divisor on X supporting the tJ-Weierstrass points ([S-V,

p. 6]). Let e0 = 0 < d < €2 be the ^-orders. By (2) and [S-V, Prop. 2.1] we have

ti = 1 and 62 = /ii. (7)

Let Q be a point of X and let {1, z = x1)x2} be affine coordinates of IP2 such that z — z(P)

is a local parameter at P. Then by (7) we have

vp{S) =vP{z-zq2)+vp(R).



This implies

# X ( ] F » = degS - degfl

and since degR = (1 + €2)(2g - 2) + 3(<j + 1), we obtain (6). D

4. Remark. We close this note by proving that a curve satisfying (1) and whose genus

is q(q — l) /2 is the so called Hermitian curve (over IFg2) which is defined by the equation:

This remark is based on the example stated in [S-V, p. 16]. In fact, this remark was

noticed in [R-S]. Let Po, x and y be as before. Then by the Riemann-Roch theorem

e((q(q + 1)PO) = (q + l)(g + 2)/2. Since

1 ) < q(q + 1)} =

there exists a non-trivial IFg2-linear relation:

where aq+ito ^ 0 and ao,q ^ 0. In particular TT(X) is a non-singular plane curve and

hence X is isomorphic to this curve. As in the proof of Claim 2 we can see that fix > 2

provided q > 2. Since the case q = 2 is trivial from now on we assume q > 2. In

particular we have e2 = //i > 2. This means that (by choosing y as a separating variable

of Fq2(X) | IFga) Z>^:r = 0 where D^ stands for the second order Hasse derivative. Thus

by using elementary properties of D*2^ (see e.g. [H, §3j) we get

ctij = 0 for i + j > 2, j ^ 0 or j = 0, i < q — 1.

The non-singularity of n(X) implies ao,i i1 0 and after affine transformations we have

Vq + o-o,iy - xq+1 — 0- Finally using the fact that fix > 1 we get ao,i = 1 and we are done.
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