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Abstract 
A new simulation method has been developed to investigate the excitation and 

saturation processes of toroidal Alfven eigenmodes (TAE modes). The background 

plasma is described by a full-MHD fluid model, while the kinetic evolution of en

ergetic alpha particles is followed by the drift kinetic equation. The magnetic fluc

tuation of n = 2 mode develops and saturates at the level of 1.8 x 10 - 3 of the 

equilibrium field when the initial beta of alpha particles is 2% at the magnetic axis. 

After saturation, the TAE mode ampLlude shows an oscillatory behavior with a 

frequency corresponding to the bounce frequency of the alpha particles trapped by 

the TAE mode. The decrease of the power transfer rate from the alpha particles 

to the TAE mode, which is due to the trapped particle effect of a finite-amplitude 

wave, causes the saturation. From the linear growth rate the saturation level can 

be estimated. 

Keywords: toroidal Alfven eigenmode, alpha particles, MHD-Vlasov simulation, 

nonlinear Landau damping, particle trapping 
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1. Introduction 

The toroidal Alfven eigenmode (TAE mode)1 has recently become the focus of 

attention for fusion physicists, since it can be excited resonantly with alpha particles 

of 3.52 MeV which are produced from deuterium-tritium reactions. TAE modes are 

destabilized when the alpha particle distribution has a density gradient. Fu and 

Van Dam2 studied the linear stability of TAE mode with alpha particles in terms 

of a linearized drift kinetic equation, and found that there are two conditions for 

the TAE mode to be unstable. The first condition requires that the scale length 

of the alpha particle density gradient is sufficiently small. The second condition 

requires that the alpha particle destabilization effects overcome the electron Landau 

damping effect. 

One of the unresolved, but significant problems of the TAE mode is the saturation 

mechanism and the saturation level. Sigmar et a/.3 analyzed alpha particle losses 

using a Hamiltonian guiding center code for a given linear TAE mode, and found 

that for the amplitude of BT/B0 > 10 - 3 , a substantial fraction of alpha particles 

can be lost in one slowing down time. This indicates that a precise knowledge of the 

saturation level and the saturation mechanism is crucial for ignited tokamak plasmas. 

Breizman et a/.4 discussed the saturation level in the context of the nonlinear Landau 

damping which is studied by O'NeiP . Wu and White6 studied the saturation 

calculating the nonlinear alpha particle dynamics with a linear TAE mode which 

evolves with the linear dispersion relation obtained by the linear analysis based 

on the alpha particle distribution. They found that modification of the particle 

distribution leads to mode saturation. 

Computer simulation is a powerful tool to elucidate the saturation mechanism 
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of TAE mode. Spong et al.l,s carried out linear and nonlinear simulations in which 

the background plasma is described by a reduced MHD fluid model and the alpha 

particles by a gyrofluid model. They argue that the saturation occurs due to the 

nonlinearly enhanced continuum damping and the nonfinearly generated E x B flows. 

In their work, alpha pn.tides are represented only by two components, namelj-, the 

density and the parallel flow velocity. Therefore, their method could not analyze the 

kinetic effects of the finite-amplitude TAE mode on the alpha particles which are 

the energy source for the mode. Park et al.9 developed another simulation technique 

in which they make use of an MHD fluid model and super particles as the energetic 

particles. Their method seems to suffer numerical noises which unavoidably arise 

because of a limited number of super particles, though it contains kinetic characters 

of alpha particles. 

We have developed a new simulation method that enables us to investigate exci

tation and saturation of toroidal Alfven eigenmodes. In this method, the background 

plasma is described as a full-MHD fluid, while the kinetic evolution of the energetic 

alpha particles is followed by the drift kinetic equation. Both the MHD and drift 

kinetic equations are solved by a finite difference method. This new method can 

deal with the kinetic characters of alpha particles with nonlinear MHD waves free 

from numerical noises of particle discreteness. 

In the present paper, we study the excitation and saturation process of the TAE 

mode using the new simulation method mentioned above. We focus particularly on 

the n = 2 TAE mode and its nonlinear evolution including the generation of the 

n = 0 mode. The plasma model and the simulation method are presented in section 

2. In section 3 we present the simulation results, comparing with the linear theory, 

and discuss on the saturation mechanism. We analyze the power transfer rate and 
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show that the decrease of the rate causes the saturation of the instabihty. We show 

that the saturation is caused by the trapped particle effect of the finite-amplitude 

wave. Finally, a conclusion is given in section 4. 

2. Simulation model 

In our model, the background plasma is described by the ideal MHD equations 

and the electric field is given by the MHD description which is a reasonable approxi

mation under the condition that the alpha density is much less than the background 

plasma density: 

| = -V-fcv), (1) 

p 9 i V + p V ' V v = = - V P + ^ ( V x B ) x B > (2) 

1H= " V X E ' <3' 
| £ = - V . ( P v ) - ( 7 - l ) p V - v , (4) 

E = - v x B, (5) 

where ju0 is the vacuum magnetic permeabihty and 7 is the adiabatic constant, and 

all other quantities are conventional. 

The energetic alpha particles are described by the drift kinetic equation con

structed with the following equation of motion of an alpha particle under the guiding-

center approximation with the E x B, grad-B, and curvature drifts 

—x = V|| + Vjj + vd, (6) 

7te = e^ .E + ̂ B , (7) 
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e = -mavl + nB, (S) 

fj. = const., (9) 

E x B 

v £ = - p - , (10) 

where U|| is the velocity parallel to the magnetic field, /z is the magnetic moment 

which is the adiabatic invariant, and K is the magnetic curvature vector. From 

Eqs. (6)-(11) we can obtain the drift kinetic equation which describes the temporal 

evolution of the alpha distribution function in the phase space (x, V^,/J.): 

f) r) f) 
- / ( x ) V | | , ^ ) = - _ [ ( V | | + v £ + v d ) / ] - — ( a / ) , (12) 

a = (-l2-vd.-E-JLJ-B)b. (13) 
raQV|| mQ dX|| 

To complete the equation system in a self-contained way, we should take account 

of the effects of the alpha particles on the background plasma. For this purpose, we 

invoke the Maxwell equation for the perpendicular component of the electric field: 

d „ , „ „ c2 rf_ V p x B 1 . . , , . 

«"* - < 2 v * B - ^ — 5 F ~ ? - (14) 

| E j . = ( | + v £ . V ) E x , (15) 

where, in Eq. (14), the second and third terms are the polarization current and 

the diamagnetic current of the background plasma, respectively, and the fourth 

term is the current of alpha particles. The polarization current of alpha particles is 

negligible since the alpha density is much less than the background plasma density. 

Neglecting the displacement current and multiplying Eq. (14) by B, we obtain the 

following equation: 

/ 4 E X X - ^ = ( - V x B - j J x B - V p . (16) 
at B* yu0 
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We finally arrive at the magnetohydrodynamic momentum equation by approximat

ing the left-hand-side of Eq. (16) by p-f^E-, since pB± x j^(B/B2) is the second 

order term in the ordering of E/VA -C B and 5B -C B, 

/ J 5 i v + / 3 V ' V v = ( i V x B - J « ) x B - v P ' (17) 

where vE is rewritten as v. This relation is nothing but the MHD momentum 

equation in which the contribution of the alpha particle current is extracted from 

the total current. This relation is essentially the same as the model of Park et al9 

except for — earcQE in their force term, though their derivation is different from ours. 

We consider the alpha particle current as the sum of the parallel current, the 

magnetic drift current, and the diamagnetic current: 

J a J|| * id ' Jdiamag 

= J mbfd3v + f vdfd
? •; >- V x M, (18) 

M = f fibfd\. (19) 

We can easily show that the total energy is conserved in our model. The temporal 

evolutions of energy for MHD part and alpha particles are, respectively, given by 

^ - - E W D = - V • FMHD + v • ( - j Q x B) 

= -V-FMHD-Jd-E + E - V x M , (20) 

^Ea = - V . F a + j d - E + M - ^ B , (21) 

FMHD = ( i p v 2 - f ^ ^ - ) v + l E x B , (22) 
L 7 — 1 fj,0 

FQ = ^ ( V I I + V B + V ^ C P V . (23) 

We sum these equations using the Maxwell equation Jj-B = —V x E and a vector 

identity, and obtain the temporal evolution of the total energy in the following 
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conservative form: 

= - V • ( F M H D + F a 4- E X M ) . (24) 

In the remainder of the paper, we set the magnetic moments of alpha particles 

to zero. We solve these equations using a finite difference method of second-order 

accuracy both in time and in space. 

The aspect ratio of the system is 3 and the poloidal cross section is rectangular. 

The cylindrical coordinate system (R, p, z) is used. The simulation region is 2a < 

R < 4a, ~a < z < a where a is the minor radius. The simulation region in the ip 

direction is 0 < <p < w, since we focus on the n = 2 TAE mode and i ts nonlinear 

evolution. We make use of (65, 20, 65, 60) grid points for (R, <p, z,v\\) coordinates, 

respectively. The simulation region in the v\\ direction is — 3 ^ < v\\ < SvA with the 

grid size of O.li/^. 

The initial condition is an MHD equilibrium where both the background plasma 

beta and the plasma beta of alpha particles are 2% at the magnetic axis. We 

obtain the initial condition using an iterative method. As an initial guess for the 

iteration, we numerically solved the Grad-Shafranov equation neglecting the alpha 

particle current, and set the parallel pressure distribution of alpha particles to be 

proportional to the MHD pressure with a Maxwellian distribution whose thermal 

velocity va = {Ta/mayl2 is equal to the Alfven velocity at the magnetic axis. 

We obtain an exact equilibrium by the iteration both for the MHD force balance 

a,nd the distribution function of the alpha particles. The magnetic axis locates at 

R = R0 = 3.16a, 2 = 0. 

We show, in Fig. 1, the initial q-profile and the continuous spectrum of two-
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mode-coupling model1'2 of (ri = 2, m — 2)- and (n — 2, m = 3)- modes as functions 

of the minor radius. The q-value is an average, since the magnetic surface is not a 

concentric circle. The continuous spectrum is obtained assuming concentric circular 

magnetic flux surfaces, expanding the toroidicity effect to first order in the inverse 

aspect ratio a/R. The q = (2m -1- l)/2n = 5/4 surface is located at r = 0.35a 

on average. The scale length of the alpha particle pressure gradient at the q = 

(2m + l)/2n surface, which is denoted as L, is 0.42a . The parallel Larmor radius 

of alpha particles, which is denoted as pa, is set to a J16, which leads to the drift 

frequency of alpha particles at the q = (2m + l)/2n surface, 

_ nqpavQ 

= 1.67^, (25) 

where u>A = VA/RQ and vA is hereafter the Alfven velocity at the magnetic axis. 

3. TAE instability 

A. Linear growth 

We continued a simulation run up to i = 1294w^1. The TAE mode which 

consists mainly of (n = 2, m = 2)- and (n = 2, m = 3)- modes appeared. Shown 

in Fig. 2 are the toroidal electric field and the alpha particle distribution function 

at V)] = —1.05V.A, I.QSVA, and 2.05^ on a poloidal cross section at t — 423u/^x 

from which the initial one is subtracted. According to the linear theory of TAE, 

the q-value for coupling of (n = 2, m = 2)- and (n = 2, m ~ 3)- modes is q = 5/4. 

It is to be noted that its amplitude is peaked near the q = 5/4 surface. For the 

distribution function, the m = 3 component is dominant for v\\ — — 1.05i^ whereas 
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the m = 2 component is conspicuous for V|| = 1.05^. At the q = 5/4 surface the 

phase velocities of the m = 2 and m = 3 modes have the same absolute value (= vA) 

with an opposite sign to each other. Thus when m = 3 mode has a phase velocity 

of — VAI m = 2 mode has that of VA, and they interact with alpha particles at each 

phase velocity. 

In Fig. 3, we plot the temporal evolution of (n = 2, m = 3)-mode at r = 0.35a 

where the mode structure is peaked. It is seen that the instability saturates at 

t = 640a;J1. The real frequency is 0.32a;^ and the linear growth rate is 8.8 x 10 - 3 a^ . 

After saturation the mode executes an amplitude oscillation. 

Let us compare the simulation results with the analytical formula for the linear 

growth rate based on a localized analysis which is given by Fu and Van Dam2 

^ ~ h Q ( ' ^ - h x ( l + 2x2 + 2xi)e-*2, (26) 

where x = VA/V^VC and U>Q is the real frequency of the TAE mode. 

This formula is applicable for alpha particles which have an isotropic Maxwellian 

distribution. For the distribution with only the parallel velocity component as con

sidered here, the formula is reduced to 

^ ~ ya(?ZL-l)2x*e-*. (27) 

w0 4 w0 2 

This formula yields the growth rate of 1.10 x 10~2w^ for x = l / v ^ j <^*,a = 1.67UJA, 

and Pa — 1.5% at the q = 5/4 surface which coincides within a factor of 1.25, with 

the rate obtained from our simulation results. 

B . S a t u r a t i o n level a n d m e c h a n i s m 

When the instability growth stops at t = 640W21, the maximum value of the 

fluctuating magnetic field becomes 1.8 x 10 - 3 of the equilibrium field. This value is 
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significantly large and thus a significant loss of alpha particles may be anticipated3. 

Let us now consider the saturation mechanism. There are two possibilities for 

saturation mechanisms: (a) mode coupling effects in the MHD component which 

include generation of E x B flows and enhanced continuum damping8 ; and (b) 

effects of finite-amplitude waves on the alpha particles4 . In order to identify the 

saturation mechanism we analyze the temporal evolution of the power transfer rate 

from alpha particles to the MITD component, namely, < —j Q • E > (< > means 

volume integration). We show the temporal evolution of the TAE mode energy in 

Fig. 4a and the ratio of the power transfer rate to the TAE mode energy (divided by 

a factor of 2 to relate directly to the growth rate) in Fig. 4b . The ratio fluctuates at 

the early stage of the simulation since the initial perturbation is not an eigenfunction 

but an arbitrary one, and it gradually converges to a constant value during the linear 

growth stage. At t = 470u^1 the ratio begins to decrease, thus leading to saturation 

of the instability. It is evident that the decrease of the power transfer rate is the 

cause of the saturation. 

After saturation both the TAE mode energy and the power transfer rate show 

oscillatory behaviors. Specifically, when the ratio becomes above zero at t — IOIOWJ 1 

the mode energy begins to increase and when the ratio becomes negative at t = 

llSOu/^1 the mode energy begins to decrease. We have confirmed that the oscillation 

of the power transfer rate is caused by the evolution of the phase between j a and E. 

It is well known that resonant particles in the nonlinear phase of Landau damping 

are trapped by the potential well and execute a bounce motion in it5 . The bounce 

frequency for the electrostatic Landau damping is given by 

ujb = {eEk/mY'2. (28) 

For the TAE mode, the acceleration of a particle by the electric field is different 
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from the case of the electrostatic Landau damping and is given by the first term of 

the right-hand-side of Eq. (13). Therefore, the bounce frequency for the alpha-TAE 

interaction is 

~ {Ek[nlRQBfl\ (29) 

where uj is approximated by mav?,/eaRoB. 

At saturation, the maximum value of the electric field becomes as large as 1.3 x 

10~3VAB. This gives the bounce frequency as uh — 2.2 x 10_2Wyi at the q = 5/4 

surface with v\\ = vA. The frequency of the oscillation of the TAE mode energy and 

the power transfer rate in Fig. 4, u>os, is 1.9 x l O - 2 ^ . It should be remarked here 

that Ub and uos coincide with each other. This remarkable coincidence indicates that 

the oscillation observed is caused by the bounce motion of the particles trapped by 

the TAE mode. Furthermore, the growth rate j L = 8.8 x l O - 3 ^ also coincides 

fairly well with u>b and UJOS . This coincidence among uib, UJOS, and 7/, suggests that 

the instability saturates in the manner of the nonlinear Landau damping of a finite-

amplitude wave which is as suggested by O'Neil5 . 

Furthermore, we can estimate the saturation level by the linear growth rate 7/, 

using the condition a^ at saturation equals to X'fi where X is a factor of ~ 0(1) and 

for the present results A = 2.5 . Making use of Eq. (29) we obtain the saturation 

level, 

SB ~ E/vA = \*(2±y*?l±±B. (30) 

u>j\ n 

C. D i s t r i bu t ion funct ion a t t h e final s t age 

In Fig. 5 plotted are the same quantities as Fig. 2 but for t = 1294w^1. Compar-
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ing it with Fig. 2, the distribution function shows a very different structure, while 

the toroidal electric field is still similar. The (n = 0, m = 0) quasi-linear modes are 

generated through the nonlinear coupling of the n — 2 TAE mode and the n = 2 

modes of the distribution function, and they have become dominant at t = 1294U/J1. 

The quasi-linear modes are the manifestations of the transport of alpha particles by 

the TAE modes which smoothes the spatial gradient of alpha particle distribution. 

Though the amplitude of the quasi-linear mode at t = 12940/J1 is a few percent of 

the initial distribution at v\\ = 0 at the magnetic axis, it affects the spatial gradient 

significantly. Fig. 6 shows distributions of alpha particles at v\\ = — 1.05VA and z = 0 

as a function of R which are averaged in the ^-direction at t — 0 and t = 1294a/^, 

respectively. The spatial gradient of the distribution function is reduced to half near 

R = 2.8a and 3.3a. 

The resonance between the TAE mode and the alpha particles is complicated 

since the resonance velocity is different for each magnetic surface and the orbit of an 

alpha particle deviates from a magnetic surface. Though it is difficult to know the 

details of the resonance, we show in Fig. 7 the distribution function integrated over 

the volume subtracting the initial one. We can see in Fig. 7 that the number of alpha 

particles of — \.7vA < v\\ < — vA, 1.6^ < v\\ < 2.6vA decreased, and the number 

for the other parts increased. The absolute value of the change of the distribution 

function is at most 5.5 x 10 - 4 of the initial distribution at v\\ = 0 integrated over 

the volume. 

4. Conclusion 

A new simulation method has been developed to investigate the excitation and 

saturation processes of the TAE modes. In this method, the background plasma 
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is described by the full-MHD model, while the kinetic evolution of energetic alpha 

particles is represented by the drift kinetic equation. It is demonstrated that the 

n = 2 TAE mode is excited, the linear growth rate of which is in good agreement 

with the linear theory of Fu and Van Dam.2 After saturation the mode amplitude 

shows an oscillatory behavior with the bounce frequency of alpha particles trapped 

by the TAE mode. Moreover, the bounce frequency is in agreement with the linear 

growth rate. The saturation is caused by the decrease of the power transfer rate from 

alpha particles to the TAE mode. Thus, we conclude that the growth of the unstable 

mode is suppressed by the trapped particle effect of a finite-amplitude wave. 

The saturation of the magnetic field fluctuation can reach to a significant level, 

e.g. 1.8 x 10~3 of the equilibrium field intensity when the initial beta of alpha 

particles is 2% at the magnetic axis, which is supposed to lead to a non-negligible 

alpha particle Ic^s in one slowing time.3 We can estimate the saturation level by the 

linear growth rate fi using the saturation condition u;;, = XJL where A is a factor of 

~ 0(1) and for the present results A = 2.5, 

5B ~ E/vA = X\^f^±±B. 
LUA n 

The (n = 0, m = 0) quasi-linear mode of the alpha particle distribution is gener

ated through the nonlinear coupling of the n = 2 TAE mode and the n = 2 mode of 

alpha particle distribution. This quasi-linear mode spatially flattens the distribution 

function, reducing the free energy source of the instability. 

This new simulation technique will be useful to study other fast particle physics 

such as the fishbone and sawtooth oscillations. 
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F i g u r e C a p t i o n s 

FIG. 1. The q-p:ofile and the toroidal shear Alfven continuous spectrum of the two-

mode-coupling model1 '2 for (n = 2, m = 2)- and (n = 2, m = 3)-modes as functions 

of the minor radius. The q-value is an average, since the magnetic surface is not a 

concentric circle. The continuous spectrum is obtained assuming concentric circular 

magnetic flux surfaces, expanding the toroidicity effect to first order in the inverse 

inspect ratio a/R. 

FIG. 2. a) Contours of Ev\ contours of the alpha particle distribution function 

subtracting the initial one b) at z/|| = —1.05^, c) at v\\ = 1.05VA, and d) at v\\ = 

2.05v^ on a poloidal cross section (2a < R < 4a, —a < z < a) at t = A'lZw^ which 

are normalized by the initial one at v\\ = 0 at the magnetic axis. Solid curves are 

for positive values and dashed curves are for negative values. For the TAE mode, 

the m — 2 mode has a large amplitude in the inner part, whereas the m = 3 mode 

is dominant in the outer part. 

FIG. 3. Temporal evolution of the (n = 2, m = 3)-mode on the r = 0.35a magnetic 

surface. The real part is plotted in a), and the amplitude is in b). 

FIG. 4. Temporal evolutions of a) the TAE mode energy, and b) the ratio of the 

power transfer rate < — j a • E > to the TAE mode energy, which is divided by a 

factor of 2 to relate directly to the growth rate. The decrease of this ratio leads to 

the saturation of the TAE instability. 
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FIG. 5. a) Contours of Ev; contours of the alpha particle distribution function 

subtracting the initial one b) at Z/JJ = —1.05^, c) at v\\ = 1 .05^, and d) at v\\ = 

2.05VA on a poloidal cross section (2a < R < 4a, — a < z < a) at t = 1294a;J1 which 

are normalized by the initial one at v\\ = 0 at the magnetic axis. Solid curves are 

for positive values and dashed curves are for negative values. The TAE mode has 

the same structure as the linear growth stage in Fig. 2, while the alpha particle 

distribution function is dominated by the (n — 0, m = 0)- quasi-linear modes. 

FIG. 6. The alpha particle distribution functions f(R) at i>|| = —1.05^ and 2 = 0 

which are averaged in the ^-direction and normalized by f(v\\ = 0,t = 0) at the 

magnetic axis. 

FIG. 7. The alpha particle distribution function f(v\\) at t = 1294o;^:l integrated in 

the volume subtracting f(v\\,t = 0), which is normalized by < f(v\\ = 0, t = 0) > . 
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