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ABSTRACT

The exclusion principle of fractional statistics proposed by Haldane is applied to sys-

tems with internal degrees of freedom. The symmetry of these systems is included in

the statistical interaction matrix which contains the Cartan matrix of Lie algebras. The

solutions of the equations for the statistical weights, which coincide with the thermo-

dynamic Bethe ansatz equations are determined in the high temperature limit by the

squares of ^-deformed dimensions of irreducible representations. The entropy and other

thermodynamic properties of anyon systems in this limit are completely characterized by

the algebraic structure of symmetry in the universal form.
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1. Introduction

Haldane's formulation [1] of the generalized exclusion principle initiated the appearance

of recent papers [2-12]. A considerable advance in studying statistic and thermodynamic

properties of anyon systems by using Haldane's approach was made by Y.-S. Wu [2], C.

Nayak and F. Wilczek [3], and by A.K. Pajagopal [4], The new approach was used in

Refs. [2, 3] to study the distribution function in systems with fractional statistics. In the

mentioned papers, as well as in papers [5, 6, 7, 8, 9, 10] on related topics the main attention

was given to the study of the consequences of Haldane's statistic interaction in the scalar

case by neglecting internal degrees of freedom. In particular, M. Wadati [10] studied

phase relations for the scattering matrix of Bose, Fermi and any-particles for the scalar

parameter of statistic interaction. An important exception was the paper T. Fukui and

N. Kawakami [11] where Haldane's approach was applied to systems with internal degrees

of freedom [12]. One of the results of this work was the conclusion that in 2 4- ID anyon

systems where the Fractional Quantum Hall Effect is realized, the statistic interaction

matrix is closely connected with the topological order matrix in the Chern-Simons model.

The problem of distribution function for excitations in low-dimensional systems where

quantum states are classified according to irreducible representations of the braid group

has attracted attention for a long time [13, 14, 15, 16, 17, 18]. However, in spite of

considerable efforts spent, it has not been solved completely. The matter is that the

results obtained are different, because there exist various points of treating anyons as

observable particles. A more conservative way to treat them would be to consider anyons

to be hidden components of real strongly correlated Fermi excitations. In this case anyon

states could be considered as intermediate states out of the mass shell. Gauge degrees

of freedom of the statistic interaction induced by braid group representations are similar

to color degrees of freedom of QCD [19], and the electron states are a trace with respect

to gauge degrees of freedom of fractional statistic. Therefore, the problem would be

restricted to the study of the contribution of anyon statistic weights to the distribution

function of physical Bose and Fermi particles [20].



The use of thermodynamic Bethe ansatz (TBA) makes it possible to avoid the above

uncertainty with choosing the basis for observed particles. Unlike in the standard Bethe

ansatz, in the TBA framework we deal not with fictitious particles like roots or strings,

but with physical Fermi and Bose excitations [20]. That is why this paper will use TBA

to study the contribution of Haldane's statistic interaction to the distribution function of

Fermi excitations in the high temperature limit where it is possible to solve the obtained

algebraic transcendental equations. In the case of scalar statistic interaction the analogy

between the equations [2, 11] of Haldane's approach and TBA equations was already

mentioned in Ref. [5].

The possible answer to the question about the contribution of intermediate states to

the distribution function for Fermi particles may be written as

1

(1)

(2)

i.e., as a linear (in terms of temperature T) contribution to the chemical potential \i

from the statistic weight G of the states with hidden degrees of freedom (cf. Ref. [21]).

It is this form that the distribution function has [22] if the contribution by the SU(N)

Chern-Simons action is calculated directly [23], when the contribution to entropy, S, is:

G~l exp{(efc — no)/T}

1

The analogous expression for entropy in the SU(N) <g> SU(k)-model can be found in

the Tsvelik's paper [24] which contains the additional contribution by strings. Here [x] —

{qx^—q~x^)j{q—q~1)- For spin ,s = 1/2 and deformation parameter q = exp(2ni/(N+k))

with N = 2s + 1 = 2 and k = 2 we have the semion value of the deformation parameter

q = exp(in/2) and the value of entropy S = (1/2) log 2. The form of distribution function

(1) and the value of entropy noted earlier for the linking index k = 2, of world lines do not



contradict the Fermi-like commutation relations [25] for 2 + ID anyons and the principle

of state exclusion that follows from them.

Some analogy of the problem under consideration to the semiconductor statistic may

be seen, when one compares Eq. (1) with the distribution function of electron excitations

from impurity centers (with the energy in the gap) regardless of possible values of electron

spin s orientation. In this case entropy equals log(2s + 1) = log 2, and the distribution

function coincides with Eq. fl) [26]. Such a situation corresponds to the limit k —> oo in

Eq. (1) (q — exp(2ni/(k + 2)) —>• 1) (split-off of gauge degrees of freedom from fermions)

and to transition from irreducible representation of the Uq(sl2) algebra to the 5(7(2)

fundamental representation.

The distribution function (1) differs significantly from the form of the distribution

function found in Ref. [2] for scalar parameter g = 1/2 of statistic interaction. One of the

goals of this paper is to remove the above inconsistency and show that in the case of matrix

statistic interaction and in the limit of high temperature we obtain a generalization of

Eq. (3). At the same time the universal sense of the parameter of statistical interaction

introduced by Haldane in systems with internal degrees of freedom becomes clear. It

turns out that the data of the scattering theory that determine the matrix of statistical

interaction in systems with given symmetry of internal degrees of freedom prove to be

closely connected with Cartan's matrix of the corresponding Lie algebra.

2. Statistic weights

Let us consider a system of N particles with sorts oti, i = 1,2, . . . ,JV. Let indices a

= 1,2, ...,M and i correspond to internal degrees of freedom and particle momentum,

respectively. The iV-particle wave function may be expanded in terms of the i-th. one-

particle wave function retaining the fixed character of coordinates of other particles. Let

Dai be dimension of such a basis. Having assumed that Dai may vary when particles are

added with no change in boundary and size of the system, Haldane introduced [1] the

riMfr.nw* « n 4m< Mi 1 -*; i .rc ' M I . M - *.



matrix gaipj of statistic interaction

^ = -« r (4)

considering it to be independent of the set of numbers {Npj}- We will follow formulation

of Haldane's exclusion principle in terms of Ref. [11]. Then, the solution of Eq. (4)

connects the number of particles added to the system iV/jj, number of holes Dai, and the

initial value of the number of holes D°ai. This expression should be used in the expression

for the total number of states

(Dai + JVai - 1)!
f NJ.(Dai-l)\

 [b)

in order to find the entropy S = log W and other thermodynamic functions. Thermody-

namic functions may be found following the method described in Refs. [2, 5] using Yang

and Yang idea [27]. The equilibrium distribution function that is of interest for us should

be found by minimizing the thermodynamic potential U = E — TS — J2a HaN^. The free

energy in the equilibrium state

W a / ) (7)

is determined by solutions of the algebraic transcendental equation

= e^i~^T (8)
03

Here variables wai are connected with the so-called pseudoenergies eai = T\og(Dai/Nai)

by means of TBA parametrization

Woa = ee"l/T ; (9)

/j,a and e°a are chemical potential and bare energy of quasi-particles of the a type.

Let us consider the solution of Eq. (8) in the region of high temperatures T ^> s°ai — fia

having assumed formally that T —> oo. Then Eq. (8) will have the following form

Wa = 11(1 + ^ )' ab , (10)
b

4



(11)

Here the collective index a = (a, i) contains index i to denote particle momentum and

index a to denote internal degrees of freedom.

Note that Eq. (10) has the typical form for the TBA approach [28, 20]. Statistic

matrix gab in Eq. (11) is connected with dynamic matrix A^ in Eq. (10) determined

for specific interaction through asymptotic values of phase shifts <f>ab — Hog Sab(9) of S-

matrix. Here 8 is the relative rapidity of two particles. It is well known [20, 29, 30] that

matrix N^ may be expressed through incidence Gab of the Lie algebra using the following

remarkable identity

N = G{2-Gy1. (12)

The matrix 2 — G in this expression is a Cartan matrix of the Ak+i/Z^ graph [30] (cf.

Refs. [31, 32, 33]).

Applying Eq. (12) and substitution wa = d2
a — 1, Eq. (10) may be represented in the

following form that is solved more conveniently

[ft/2] f 1 + d2, a = 1,
dl=l+i[ df-* = 1 + dB-ida+i, a = 2,..., [k/2] - 1, (13)

I
Indeed, identifying Eq. (13) with fermion representation [34] of recurrent relations for

Chebyshev polynomials Um{d) = sin[(m + l)$]/sin?9 of the second kind

{ V

with specialization [35, 36] d = ir/{k + 2) for the A^+i algebra, it is easily seen that

_sin[7r(a +!)/(*; +2)]
a~ i

Since we are interested only in the distribution of internal degrees of freedom, we see,

after identification of a = 2s and N = 2, that Eq. (15) corresponds to statistic weight G

in Eq. (3), i.e. to g-deformed dimension of representation. Thus, at least in the region of

high temperatures the universal character of the searched for answer is provided. Really,



having substituted wa = dl~l with expression for da from Eq. (15) to Eq. (7) we obtain

free energy, entropy, distribution function

of the pseudoenergies ea, central charge [35, 36], and other values in the universal form

that depends only on the algebraic structure of symmetry. Earlier we presented the

solution of Eq. (10) for the Ak+\ case. The complete list of solutions for arbitrary algebra

is given in Refs. [20, 35, 36].

3. Discussion

We pay our attention to the fact that the considered equations (10), (13) and their solution

(15) are valid in the local limit, when rapidities 6 tend to infinity. The universality of

the behavior remains also at the finite values of rapidities. The yielded functional Bethe

ansatz equations, their properties and solutions were studied in papers [30, 35, 36]. The

universal form of Bethe ansatz equations [30] which is the reason of the existence of the

classification of solutions according to their belonging to a certain algebra is based on the

formula by Al. B. Zamolodchikov [29, 30], which relates in the nonlocal case the dynamic

matrix Nab with the incidence Cartan matrix Go6. Since Nab matrix is the integral kernel

for dressed matrix Zaf3 (the latter defines the critical exponents of the correlation function

), the critical exponents from this point of view are distributed according to the algebraic

structure of symmetry. The mentioned universality of solutions, expressed through the q-

deformed dimension of irreducible representations manifests itself [37] also in the boundary

problems, for example, in the Kondo problem. The general reason of this phenomenon is

that there exist massless chiral edge 1 + ID states of the boundary conformal field theory

[38, 39].

Although Eq. (15) was obtained as the solution of the Eq. (10) valid in the limit

of high temperatures, the universality of the solutions remains also at low temperatures.

This property is based on the dual symmetry, connecting the high-temperature and low-

temperature regions. A vivid example confirming this statement is the exact Tsvelik

6



solution [24] for the fermion-like distribution function (1) valid in the region of low tem-

peratures. The dual symmetry and the periodicity [30, 36] of the function (9) in the

nonlocal case can be used to find the temperature dependence of distribution function

at the low temperature in universal scaling form. The solution of this problem is now in

progress.

In conclusion, we have applied the exclusion principle of fractional statistics, proposed

by Haldane to the systems with the internal degrees of freedom. It was shown that the

equations for the exponents of the pseudoenergies coincide in this case with the matrix

form of Bethe ansatz equations in the region of high temperatures. The solutions of these

equations have a universal form and are classified with the aid of Cartan matrix of Lie

algebra. Thermodynamic functions in this limit, in particular, the distribution function

of excitations in fractional statistic systems are defined by the g-deformed dimension of

irreducible representations.

Acknowledgments

I am grateful to Yu Lu for the valuable discussions. This work was supported in part

by the Russian Fundamental Research Foundation, Grant No. 95-02-05620, by the High

School Committee, Grant No. 94-31.4-20, and by the International Science Foundation,

Grant No. R8K300. The author would like to thank Professor Abdus Salam, the Inter-

national Atomic Energy Agency and UNESCO for hospitality at the International Centre

for Theoretical Physics, Trieste.

References

[1] F.D.M. Haldane, Phys. Rev. Lett. 67, 937 (1991).

[2] Y.-S. Wu, Phys. Rev. Lett. 73, 922 (1994).

[3] C. Nayak and F. Wilczek, Rev. Lett. 73 , 2740 (1994).

[4] A.K. Pajagopal, Rev. Lett. 74, 1048 (1995).



[5] D. Bernard and Y.-S. Wu, preprint SPhT-94-043, UU-HEP/94-03.

[6] M.V.N. Murthy and R. Shankar, preprint IMSc-94/24.

[7] Wei Chen and Y. Jack Ng, preprint IFT-498-UNC.

[8] A. Dasnieres de Veigy and S. Ouvry, preprint IPNO/TH 94-75.

[9] S. Ouvry, preprint IPNO/TH 94-76.

[10] M. Wadati, preprint, University of Tokyo, 1995.

[11] T. Fukui and N. Kawakami, preprint YITP/K- 1077, August 1994.

[12] K. Byczuk and J. Spalek, preprint cond-mat/9406095.

[13] G. Gentile, Nuovo Cim. 17, 493 (1940).

[14] Chinong Chou, Mod. Phys. Lett. A 7, 2685 (1992).

[15] P. Angelopoulou, S. Baskautas, L. De Falco, A. Jannussis, R. Mignani, and A.

Sotiropoulou, J. Phys. A 27, L605 (1994).

[16] M. Chaichian, R. Gonzalez Felipe, and C. Montonen, J. Phys. A 26, 4017 (1993).

[17] P. Mitra, preprint SISSA-191/94/EP, hep-th/9411236.

[18] Lian-ao Wu, Zhao-yan Wu, and Jing Sun, Phys. Lett. A 170, 280 (1992).

[19] E. Guadagnini, M. Martellini, and M. Mintchev, Nucl. Phys. B336, 581 (1990).

[20] T. Klassen and E. Melzer, Nucl. Phys. B338, 485 (1990).

[21] J. Spalek and W. Wojcik, Phys. Rev. B 37, 1532 (1988).

[22] A.P. Protogenov, Physica B 194, 1285 (1994).

[23] E. Wittcn, Comm. Math. Phys. 121, 351 (1989).

[24] A.M. Tsvelik, Sov. Phys. JETP 66, 754 (1987).



[25] A. Lerda and S. Sciuto, preprint DFTT 73/92, ITP-SB-92-73.

[26] J.S. Blakemore, Semiconductor Statistics, Pergamon Press, Oxford - London - New-

York - Paris, 1962.

[27] C.N. Yang and C.P. Yang, J. Math. Phys. 10, 1115 (1965).

[28] ALB. Zamolodchikov, Nucl. Phys. B342, 695 (1990).

[29] ALB. Zamolodchikov, Phys. Lett. B253, 391 (1991).

[30] F. Ravanini, A. Valleriani, and R. Tateo, Int. J. Mod. Phys. A 8, 1707 (1993).

[31] P. Kedem, T.R. Klassen, B.M. McCoy, and E. Melzer, Phys. Lett. B307, 68 (1993).

[32] S. Dasmahapatra, P. Kedem, T.R. Klass- l, B.M. McCoy, and E. Melzer, Int. J. Mod.

Phys. B 7, 3617 (1993).

[33] W. Nahm, A. Recknagel, and M. Terhoeven, Mod. Phys. Lett. A 8, 1835 (1993).

[34] A. Bercovich, Nucl. Phys. D431, 315 (1994).

[35] A. Kuniba, Nucl Phys. B389, 209 (1993).

[36] A. Kuniba, T. Nakanishi, and J. Suzuki, Int. J. Mod. Phys. A 9, 5215 (1994); 5267

(1994).

[37] P. Fendley and H. Saleur, J. Phys. A 27, L789 (1994).

[38] J. Cardy, Nucl. Phys. B324, 581 (1989).

[39] I. Affleck and A. Ludwig, Phys Rev. Lett. 67, 161 (1991).


