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Abstract 

A generalized gyrokinetic Poisson solver has been developed, which em
ploys local operations in the configuration space to compute the polarization 
density response. The new technique is based on the actual physical process 
of gyrophase-averaging. It is useful for nonlocal simulations using general ge
ometry equilibrium. Since it utilizes local operations rather than the global 
ones such as FFT, the new method is most amenable to massively parallel 
algorithms. 
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I. INTRODUCTION 

In this paper, a generalized gyrokinetic Poisson solver suitable for arbi
trary geometry is presented. This is an extension of the commonly used spec
tral methods for solving the gyrokinetic Poisson equation. Since the original 
equation is an integral equation in the configuration space, the spectral re
sults, strictly speaking, are only valid as local solutions. The new technique 
is based on the actual physical process of gyrophase-averaging and employs 
local operations in the configuration space to compute the polarization den
sity response in the equation. Therefore, it can take into account the spatial 
dependence in the equation aid is useful for nonlocal simulations as well 
as those associated with general geometry equilibrium. It is also most suit
able for massively parallel computing, since the new scheme favors local 
operations by minimizing global communications. 

For simplicity, let us study the gyrokinetic Vlasov-Poisson system in 
slab geometry which takes the form (neglect nonlinear polarization term 
and terms of order of ti[k±p)*) of 

dF ^ t dF q d$ t 6F q fa tdF n / n , 
W+V»b-8R-rtidRXb-dR-mm-%]

=0' ( 1 ) 

and 
1 J - ( * - * ) = 4 5 r e ( n < - n ( ! ) . (2) 

Here, F(R,p,v\\,t) is the gyrocenter distribution function, which is inde
pendent of gyrophase, R = x - p, p = -i>x x b/il, 0 s qB/mc, b = B / S , 
B is the external magnetic field, /i = v\/2, V|| = v\\h, q is the signed charge, 
Xo = y/Te/4nnoe* is the Debye length, r = Te/Ti, subscripts e and i denote 
species, $(x, t) is the electrostatic potential, $ represents gyrophase aver
aged potential, and $ is denned as the second gyrophase-averaged potential. 
Specifically, 

* ( R ) = h I *(x)5(x _ R - p)dxda' (3) 

where a is the gyrophase angle and R is held fixed in the integration, and 

*(*) = 2^ /*(R)F M j (eR,p. , vn)6(R - x + p)dRdpdvnda (4) 

with x now held fixed in the integration. In Eq. 4, FM, is assumed to be 
Maxwellian in vj_ and is spatially slow varying, i.e., f C l . The gyrophase 
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averaged ion number density is defined as 

ni(x) = jFi(R.)S(R - x + p)dEldndv\\dcc, 

and ne is the electron number density based on Fe in the limit of p —• 0. 
The background number density no comes from Fm assuming ex « eR. 

In this system, the gyrophase-averaged distribution function is a func
tion of gyrocenter variables; e.g. F = F{R,/J,,v^,t), while the electrostatic 
potential is defined in particle or laboratory coordinates, $ = $(x,t) . Thus, 
to solve the gyrokinetic Vlasov-Poisson system, one has to develop numer
ical algorithm to expedite the transformation. In the Fourier space, the 
coordinate transformation can simply be carried out by using 

«(x) = 52*»e** 

and applying it to Eq. 3 to obtain 

*(R) = £ $ f c J 0 ( ^ ) 6 * n , (5) 

where Jo is the ordinary Bessel function, and 

r 
JO 

,2* 
I exp(±»k • p)da/2ir = Jo(k±v±/Q) 

Jo 

is utilized in this transformation. Likewise, $ in Eq. 4 can be calculated in 
the Fourier space by assuming a spatially independent Maxwellian equilib
rium and it becomes 

$(x) = 5>r 0(b)e*-*, (6) 
k 

where r 0(6) = I0{b)e~h;b = (k±pi)2, Pi = -/Ti/mj/fij, andio is the modified 
Bessel function. The term To comes from 

r0(i>) = J Jfo—^^mMdv, (7) 

which is the result of two gyrophase averaging processes with respect to a 
Maxwellian background. Since the Debye shielding term in the gyrokinetic 
Poisson equation is usually neglected in the gyrokinetic particle simulations 
of low-frequency physics, the resulting equation is an integral equation and, 
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for simple geometry, it can be transformed in Fourier k-space and solved by 
the FFT method. 

However, the use of Fourier transform is not always practical, because 
it involves the convolution between the configuration space and the velocity 
space through the Jo term. For example, a better and more practical way 
is to carry out the transformation of Eq. 3 in the configuration space by 
an averaging process for $(x) assuming that each particle is represented 
by a uniformly charged ring with a radius of p — t/x/fi. Thus, integrating 
along the ring with sufficient accuracy, one recovers Eq. 3. As shown in 
Ref. 1, it is usually sufficient to use four points along the ring to achieve 
the desired accuracy for k±pi < 2. As for solving Eq. 2, because the term 
involving To in Eq. 7 can be expressed as analytic functions in the k-space, 
the spectral approach is more practical. However, this approach is not ap
plicable in general geometry, i.e., realistic tokamak equilibrium. Even in the 
simple case of circular cross section toroidal geometry, the FFT approach 
hits difficulties in implementing appropriate boundary condition and eval
uating the mode spectrum. Furthermore, the k-space gyrokinetic Poisson 
equation is derived based on the two-spatial-scale assumption and one ne
glects the spatial dependence of the equilibrium profile. In reality To is a 
function of spatial coordinates when a perpendicular temperature gradient 
exists. Therefore, it is of interest in a realistic simulation to include the 
variation of temperature across the global simulation box. Various schemes 
have thus been developed to address these two problems. LeBrun et ol? 
employed a Pade approximation for the To in Eq. 7 and solve the resulting 
gyrokinetic Poisson equation as a second order differential equation. Li et 
al.3 used the spectral approach in two directions, i.e., poloidal and toroidal 
[&, 4>), and made the Bessel function expansion in the minor radius direction 
for plasmas with a circular cross section. However, these approaches are not 
satisfactory with respect to the proper treatment of non-local effect and the 
extension to general equilibrium geometry. 

In this paper, we present a new method which enables us to carry out 
the transformation of $ in the configuration space in the same spirit as the 
calculation of $. We adapt a local operation to calculate $ using the 4-point 
averaging procedure in configuration space. Good agreement with the FFT 
method is obtained in a simple test case of rji instability nonlinear simula
tion using this new technique in a shearless slab where the FFT method is 
valid. In toroidal geometry, the electrostatic potential resulting from a given 
charge density is calculated both analytically and numerically. The results 
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using the new solver is much closer to the exact analytic solution than that 
of the PFT method when the same number of grid points is used. The im
portance of profile variation is also demonstrated in this calculation. The 
computational cost depends on the complexity of the geometry. The timing 
of the new solver is better than that of the FFT method in a shearless slab 
with adiabatic electrons, and is comparable to that of particle pushing in a 
realistic tokamak equilibrium where the FFT method is not valid. 

The remainder of this paper is organized as follows. Section II describe 
the non-FFT approach to gyrokinetic Poisson equation. Numerical algo
rithm and benchmark results for both slab and cylindrical geometries are 
presented in Section III. Section IV summarizes the main findings of this 
paper. 

II. GENERALIZED GYROKINETIC POISSON SOLVER 

The key idea of the present approach is to calculate $(x 7 ) from a given 
$(x 5 ) , where xg represents the coordinates of the grid points in the simu
lation, and cast Eq. 2 in a matrix form to be solved by a iteration scheme 
or a direct matrix inversion method. In this way, the gyrokinetic Poisson 
equation is solved in the configuration space directly without transforming 
to the k-space. 

Our starting point of analysis is Eq. 4, which relates $(x) on any point in 
configuration space to the guiding center potential $(R) through a uniformly 
distributed background Fjm. We can replace the Maxwellian distribution 
function by a sum of infinite series of delta functions which are equally 
spaced in the perpendicular velocity space (v±) and weighted by an envelop 
of normalized Gaussian function. To calculate $(Xy) on the grid point x3, we 
interpret each delta function inside the integration of Eq. 4 as a uniform ring 
with a radius of r = piV±/vthi and centered at Xj (solid circle in Fig. 1). Then 
$(x 9 ) is simply the average of the gyro-averaged guiding center potential 
<I(R. = x 9 — p) on this ring. On the other hand, $ (x 9 — p) of each point 
on this ring is first evaluated by averaging the potential $(x) over another 
uniform ring centered at this point with the same radius (dashed circle 
in Fig. 1). These averaging processes can be done by the 4-point average 
procedure which is exact up to k±pi = 2. 

With regard to the physical interpretation of this approach, let us ex
amine how we arrive at Eq. 4. Originally, $(x) — $(x) is defined as the 
difference between the potentials perceived by the particle and the guiding 
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center.4 For a known *(x), we can calculate *(R) for each guiding center 
by averaging the $(x) on its uniformly charged ring. This averaged poten
tial is then deposited back onto this ring, and it represents this particle's 
contribution to $(x) on every point of this ring. Summing up the contribu
tion from all particles, we obtained $(x). To facilitate the computation, we 
first note that we only need to calculate $(x) at each grid point x 9 instead 
of every point in the configuration space, then we re-write the original gy-
rokinetic Poisson equation to the form as in Eq. 4 with a simplification in 
which the background distribution function is replaced by a spatially uni
form Maxwellian in v±. The summation process now involves an infinite 
number of particles with the Maxwellian distribution at every point in the 
configuration space. However, not all particles can contribute to $(x 9 ) at 
a grid point. Those particles with a particular gyroradius po that can con
tribute to $(x 9 ) only come from a uniform ring which centers at xg with 
a radius po- As a result, we can change the sequence of the summation 
process. Rather than summing over each particle contribution to $(x) on 
its uniform charge ring, we can focus on $(x 3 ) at one grid point, first sum 
over all particles with a particular gyroradius that can make contribution to 
$(x 9 ) , and then add up the contribution from all possible gyroradius. Thus 
we recover the procedure outlined in the last paragraph. 

It is computationally prohibited to sample the whole Maxwellian distri
bution function by an infinite number of delta functions. Fortunately, we 
need only a few delta functions to mimic the Maxwellian distribution func
tion since it decays exponentially for higher velocities. To verify this claim, 
we replace the Maxwellian by a sum of finite series of delta functions in 
Eq. 7, i.e., 

r0(fcip?) sf / J o 2 ( ^ T ) £ CjSb - H)dfi = £ q 4 i ^ ± P i ) . (8) 

where Cj represents the Gaussian envelope and v±j is the perpendicular 
velocity of the representative ring and v^u = y/Ti/mi is the ion thermal 
velocity. This set of c/s and v±j's is approaching the exact Maxwellian 
distribution function when infinite number of delta functions is used. Prac
tically, Eq. 8 is realized by choosing a finite number of c ; 's and V±?B such 
that the following function is minimized, 

«(cj,«xi)= / m"[^o(x2)-Y,c)Jo(xv±i/vthi)]2dx, 
JO . 
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where x = k±pi and xmax corresponds to the maximum wave number of 
interest. To reduce the computational cost, it is, therefore, desirable to fit 
Eq. 8 for arbitrary k±'s by as few rings as possible. Fortunately, k± only 
varies in the range of 0 < kj_pi < irpi/Ax, where Ax is the grid spacing, 
and the mode amplitude IB usually small for the k±p, > 1 modes. Thus, 
only a few rings are needed in Eq. 8. Practically, three rings work quite 
well over the range of 0 < k^pi < 2. In Fig, 2, the approximate To (dashed 
line), using c = (0.486,0.248,0.266) and v±/vthi = (y/2/2,V2,iV5/2), is 
compared to the exact To (solid line). 

The number of free parameters of CJ'S and «j.j's can be reduced by 2 
when we minimize the e to be zero in the long wave length limit. We match 
the first two terms for the small x expansion for the Bessel function, i.e., 
Jo{xvxj/vthi) ~ 1 — (xvj.j/vtHif/t H , and the Pade approximation of 
Fa(x2) ~ 1/(1 + x2) ~ 1 — i 2 H , and arrive at the following constraints, 

3 

and 

3 
These constraint conditions are most useful for long wavelength modes. 

III. NUMERICAL IMPLEMENTATION A N D TEST CASE 
RESULTS 

A. Slab Geometry 

To illustrate the numerical procedure, we use only one ring (one delta 
function) with c\ — 1 and v\ = y/2vthi to calculate $(x) in the slab geome
try. The 4-point averaging process is shown in Fig. 1 where the grid spacing 
is equal to the ion gyroradius. Here $i,}- at a grid point i,j is the average 
of $(R) on a ring (solid) which is centered at this point with a radius of 
p = y/2pi. Thus, $(,,• is simply the 4-point average of < $(R) >(i±ij±i)-
The value of $(R) at each of these points (i ± 1, j ± 1), in turn, is calcu
lated by averaging $(x) on another ring (dashed) centered at that point 
with the same radius. This second averaging process is also done by the 
4-point average. The whole process gives, 

* i j = ^ ( 4 « . j + 2*i±2j + 2 * i j ± 2 + *,-±2,j±2). 
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where $,,/ is the potential at grid point i,j. 
We now put this expression of $ back in Eq. 2. The resulting gyrokinetic 

Poisson equation is in a matrix form. It can then be solved either by an 
iteration scheme or by a direct matrix inversion operation. Since To is 
always smaller than 1 and only varies in a limited range, the convergence 
for the iteration is guaranteed and is actually quite fast. When the electron 
is adiabatic and r = 1, we have found that only 3 ~ 4 iterations are needed. 

To calculate $ near the boundary, the grid array is extended beyond the 
simulation boundary, and the $'s outside the boundary are set by the appro
priate $'s inside depending on whether it is periodic or reflective boundary 
condition. Only those $'s inside or on the boundary needed to be calcu
lated. Thus, the boundary condition is automatically implemented in this 
process of calculating $. 

In the usual FFT approach, numerical filter of the form of fa = exp[— (a • 
k) 2] is usually applied in the k-space, /k*k -* $ki to cutoff the high k mode 
fluctuations in order to reduce the simulation noise. Here a represents the 
lower bound of the wavelength of interest. Similar filtering can be con
structed by numerical smoothing in the configuration space. To simplify the 
analysis, let us consider the one-dimension geometry with a uniform grid 
spacing of Ax. We can cut off short wavelength modes by replacing the 
potential at each grid point with a weighted average at several adjacent grid 
points. Let us assume, 

* ( e ) = 5 3 a"8{&' — x ± r»Ax)<&'(x') = ]JP «„*'(* ± nAa), 
n n 

where a is the weighted factor, and $(x) and $'(x'} are the potential after 
and before the numerical smoothing, respectively. Then, from the convolu
tion theorem, this configuration space smoothing is equivalent to applying 
the following form factor in k-space, 

fk = ^2ancos(knAx), 
n 

where a„'s are set by choosing a desired form factor of filtering. For example, 
simple smoothing with $,- j = \ (2*J j+$'i±xj) gives the filtering of the form 
fk = cos2(feAx/2), which is similar to that of fk = e-*2** with a = Ax/2 . 

To test the new Poisson solver, nonlinear simulation for a simple system 
of T)i instability has been carried out in a shearless blab. The mode history of 
electrostatic potential using both the FFT and the iteration scheme of the 
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present solver with 4 iterations is plotted in Fig. 3 and Fig. 4, respectively. 
It is shown that the present scheme gives the results in excellent agreement 
with those of FFT method which is exact for slab geometry. 

B. Toroidal Geometry 

In this subsection, we compare the results of the present scheme with the 
exact solution of Li et al. 3 in toroidal geometry. The potential in this case 
can be expressed as Bessel-Fourier series in term of the toroidal coordinates 

*(x) s * ( r , M ) = £ *JmnJm(« m | r)e' ("' 9 + n ,« 1 

ltmtn 

where r,6,<f> are in the minor radius, poloidal and toroidal direction, respec
tively, ttj is the Z-th zero of J m , and the minor radius is normalized to 1. 
This set of trial functions satisfies the regularity condition at r = 0 and the 
boundary condition $(r = 1) = 0. 

Assuming a pure toroidal magnetic field and a circular cross section, one 
can carry out the gyrophase averaging procedure to obtain, 

*(R) = S(ro,0o,£> = £ *JmBJo(ami«Vm(« njro)e i<m 9 o + n*>, 
/,m,n 

where ro, #o and <j> are the guiding center positions in the toroidal coordinate. 
Again assuming a Maxwellian equilibrium, the second gyrophase averaged 
potential f> can be expressed as, 

* ( * ) = £ r 0 («4,rf)« h l .Jm(o 1 B | f)e '<-* t **'. 
J,m,n 

Utilizing this relation, the gyrokinetic Poisson equation can be expressed in 
the Bessel-Fourier space as a matrix equation, 

j j - £ *Jmn[l - r 0 (aSaP?) ]J m (a n J r )e i ( " r f + n « = - * « ( * - n e ) . (9) 
& t,m,n 

This equation is coupled in the 0 and r directions due to the dependence of 
pi on 9 and r. 

We now can compare the relative accuracy of the new Poisson solver 
with the FFT-approach in toroidal geometry. For this purpose we assume 
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a uniform magnetic field and temperature profile. Thus, pi is independent 
of r, 0 and <j>, and the the gyrokinetic Poisson equation is decoupled for 
different l,m,n modes. Given charge density as the sum of a finite series 
of Bessel-Fourier trial functions, the potential can be obtained analytically 
using Eq. 9. This result can then be compared with those calculated from 
the same charge density by the generalized Poisson solver and the FFT 
method. 

For the new Poisson solver, the r-9 plane is divided into equal area cells 
(uniform grid spacing in r 2-0). The breakdown of the number of grid points 
in r and 6 direction is arranged in such a way that each direction has the 
same resolution near the half minor radius where most interesting physics 
usually takes place. The FFT method uses the usual x-y coordinate, and 
the same number of grid points is used for both approaches. 

Fig. 5 depicts the potential as a function of r calculated by analytical 
solution (solid line), the generalized Poisson solver (dotted line) and FFT 
method (dashed line), respectively. It is shown that the new Poisson solver 
is more accurate than the FFT method although the same number of grid 
points is used. The different is especially obvious near the edge (r = a). 
In this comparison, a single toroidal mode (uniform) is used, and the corre
sponding perpendicular spectral of the potential, as shown in Figs. 6 and 7, 
are similar to those of nonlinear rfc instability toroidal simulations. In the 
calculation, the grids spacing for FFT is 8x = p,, and he cvrea element for 
the new Poisson solver is 6r*&8 = p 2 . When more grid points are used, the 
results for both methods approach the exact solution. 

Next we look at the modification to the potential due to the background 
profile variation. Assuming a temperature profile as shown in Fig. 8, the 
potential calculated by the generalized Poisson solver taking into account the 
profile effect is shown as dotted line in Fig. 9. The solid line in the same figure 
represents the analytical potential calculated without the background profile 
effect. The same charge density that produces the potential in Fig. 5 is used 
for the calculation. Although the different is modest, it can accumulate each 
time step in the simulation and may affect the steady state results. 

The new Poisson solver has been implemented on both the vector ma
chine (Cray-C90) and the massively parallel machine (CM-S and T3D). The 
computational cost depends on the complexity of the geometry. In term of 
the CPU time, this solver is faster than that the FFT method in a shearless 
slab. In the realistic tokamak equilibrium, it roughly takes 2Jp?/8r2S9)iS 
per grid point per iteration. This is comparable to the computational cost 
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of the particle pushing part of the code assuming one particle per cell in the 
simulation. 

IV. CONCLUSION 

A non-FFT gyrokinetic Poisson solver has been developed for general 
geometry gyrokinetic particle simulation. The new technique can also take 
into account the spatial dependence of equilibrium profile in the gyrokinetic 
Poisson equation. This approach employs local operations, and therefore, 
it is useful for global gyrokinetic simulation in general geometry using mas
sively parallel computers. 
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FIGURE CAPTIONS 

FIG. 1. The schematic procedure for the calculation of 0 using one delta 
function. 

FIG. 2. Approximate To calculated using three delta functions (dotted line) 
is compared with the exact To (solid line). 

FIG. 3. The mode history of the electrostatic potential using the FFT 
method. 

FIG. 4. The mode history of the electrostatic potential using the generalized 
Poisson solver. 

FIG. 5. Electrostatic potential at 6 = 0 vs. minor radius based on a given 
charge density calculated by the analytic method (solid), the FFT method 
(dashed) and the generalized Poisson solver (dotted). 

FIG. 6. kr spectrum calculated from model charge density. 

FIG. 7. kg spectrum calculated from model charge density. 

FIG. 8. A model for the radius temperature profile. 

FIG. 9. Electrostatic potential at 6 = 0 vs. minor radius using the model 
temperature profile of Fig. 9. 
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