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Abstract 

Kinetic effects on the propagation of the Alfven wave are studied for the first time in a 

toroidal plasma relevant for experiments. This requires the resolution of a set of coupled 

partial differential equations whose coefficients depend locally on the plasma parameters. 

For this purpose, a numerical wave propagation code called PENN has been devel

oped using either a bilinear or a bicubic Hermite finite element discretization. It solves 

Maxwell's equations in toroidal geometry, with a dielectric tensor operator that takes 

into account the linear response of the plasma. Two different models have been im

plemented and can be used comparatively to describe the same physical case: the first 

treats the plasma as resistive fluids and gives results which are in good agreement with 

toroidal fluid codes. The second is a kinetic model and takes into account the finite size 

of the Larmor radii; it has successfully been tested against a kinetic plasma model in 

cylindrical geometry. 

New results have been obtained when studying kinetic effects in toroidal geome

try. Two different wave conversion mechanisms to the kinetic Alfven wave have been 

described: one occurs at toroidally coupled resonant surfaces and is the kinetic counter

part of the fluid models' resonance absorption. The other has no such correspondence 

and results directly from the toroidal coupling between the kinetic Alfven wave and the 

global wavefield. An analysis of a heating scenario suggests that it might be difficult 

to heat a plasma with Alfven waves up to temperatures that are relevant for a toka-

mak reactor. Kinetic effects are studied for three types of global Alfven modes (GAE, 

TAE, BAE) and a new class of kinetic eigenmodes is described which appear inside the 

fluid gap: it could be related to recent observations in the JET (Joint European Torus) 

tokamak. 
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Résumé 

Les effets cinétiques de la propagation de l'onde d'Alfvén sont étudiés pour la première 

fois dans la géométrie toroidale d'un tokamak. Ceci nécessite la résolution d'un en

semble d'équations différentielles couplées dont les coefficients dépendent localement des 

paramètres du plasma. 

Un code numérique de propagation d'onde appelé PENN a été développé dans ce 

but en utilisant une discrétisation avec des éléments finis, soit bilinéaires soit bicubiques 

d'Hermite. Les équations de Maxwell sont résolues en représentant la réponse linéaire 

du plasma à l'aide d'un tenseur/opérateur diélectrique. Deux modèles différents ont été 

implémentés, et peuvent être comparés pour la description d'un même cas physique: le 

premier traite le plasma comme un fluide résistif et donne des résultats qui sont en bon 

accord avec d'autres codes fluides. Le deuxième est un modèle cinétique et tient compte 

de la gyration de Larmor des particules chargées plongées dans un champ magnétique; 

il a été validé avec un modèle cinétique en géométrie cylindrique. 

De nouveaux résultats ont été obtenus en étudiant les effets cinétiques en géométrie 

torique. Deux méchanismes de conversion à l'onde cinétique d'Alfvén sont possibles: un 

premier s'opère à proximité des surfaces résonantes toroidalement couplées et correspond 

à l'absorption résonante des modèles fluides. L'autre n'a pas d'analogue fluide et résulte 

directement du couplage torique entre l'onde cinétique d'Alfvén et le champ d'onde 

global. Les résultats montrent qu'il pourrait être difficile de chauffer un plasma jusqu'aux 

températures typiques d'un réacteur au moyen d'ondes d'Alfvén. Les effets cinétiques ont 

été étudiés pour trois types de modes globaux (GAE, TAE, BAE) et une nouvelle classe 

de modes propres est décrite, qui pourrait expliquer de récents résultats expérimentaux 

obtenus sur le tokamak JET (Joint European Torus). 

iii 



Acknowledgments 

First I would like to thank sincerely Dr K.Appert my Thesis Advisor. He introduced 

me to the different aspects of numerical simulation, to the radio-frequency heating theory 

and offered me as well the help, which was necessary to undertake this work, as the 

freedom to develop my own experience. His rigor, enthusiasm and sincerity are all 

exemplar to me. 

I am particularly indebted to Dr J.Vaclavik, whose profound knowledge of the plasma 

science are of irreplaceable value. I very much appreciated the generosity with which he 

was always ready to discuss and his encouragements during the development. 

I would like to express my gratitude to Prof L. Villard who introduced me to the field 

of the TAE modes, and with whom I had the pleasure to collaborate closely during the 

last year. 

I have also benefited from very valuable discussions with Dr A.Fasoli (JET,UK), Prof 

W.W.Heidbrink (Irvine,USA) and Dr J.Lister. 

I would like to thank Prof T.Hellsten, Prof A.Benz and Prof K.Kern for having 

accepted to be members of the Jury for the final examination, and the Director of CRPP 

Prof F.Troyon, who has given me the opportunity to work in the extremely stimulating 

environment of his research unit. 

Finally, I would like to thank all my friends and relatives who have supported me 

during these years; a particular regard goes to Nouchine and my parents. 

This work was supported in part by the Swiss National Science Foundation. 

iv 



Contents 
I Introduction 1 

1 Context 1 
2 State of the research 2 
3 Outline 3 

II Model 5 
1 Equilibrium and geometry 5 

1.1 Plasma 6 
1.2 Vacuum 8 
1.3 Wall 10 
1.4 Implementation in PENN 11 

2 Wave equations 12 
2.1 Variational problem 12 
2.2 Unicity, boundary and gauge conditions 14 
2.3 Antenna 17 
2.4 Pollution free discretisation with finite elements 18 
2.5 Implementation in PENN 24 

3 Linear response of the plasma 30 
3.1 Resistive LION model 31 
3.2 Kinetic model 35 
3.3 Fields, powers and other diagnostics 39 
3.4 Implementation in PENN 41 

III Results 45 
1 Cylindrical waveguide 46 
2 Uniformly magnetized cylindrical plasma column 54 

2.1 Fast wave 54 
2.2 Alfven wave 58 

3 Tokamak 65 
3.1 Alfven wave resonance heating 65 
3.2 GAE modes 75 
3.3 TAE and KTAE modes 81 
3.4 Modeling of k\\ for the kinetic plasma model . . 96 

IV Comparisons with experimental results 101 
1 KTAE modes in JET ? 101 

2 TAE and BAE modes in DIII-D 103 

V Conclusion 113 

VI Appendix 115 
1 Force-free equilibrium in the large aspect ratio limit 115 

v 



List of Figures 

1 Toroidal coordinate system (s, 0, tp) 7 

2 Equilibrium mesh (plasma, vacuum and wall) 10 

3 1-D linear or cubic Hermite FEM basis functions in the interval [0;1] . . 19 

4 Discrete dispersion relation using linear FEM 21 

5 Discrete dispersion relation using cubic Hermite FEM 23 

6 Matrix condition of the linear problem for a cylindrical vacuum waveguide 24 

7 Schematic illustration ofthe propagation of the KAW 38 

8 Dispersion functions Zsk and Y computed along the real axis 43 

9 Response of a cylindrical cavity 48 

10 Comparison between the analytical and LFEM eigenfrequency spectrum . 48 

11 3ic(Aj.) for an eigenmode TEn in a vector plot 50 

12 3te(A±) for an eigenmode TEu in a line level plot 50 

13 6G = a|V- A |/ | A | measuring the precision of the gauge 51 

14 Eigenfrequency convergence study 53 

15 Coulomb gauge convergence study 53 

16 Fast wave mode spectrum compared with ISMENE 56 

17 Electric field for the fast wave mode Fj=i,OT=i 56 

18 Local power and consistency check for a fast wave mode F/=i>m=i . . . . 58 

19 Electric field for an Alfven wave scenario 59 

20 dte(Eb) at different temperatures and compared to ISMENE 60 

21 KAW wavelength compared with the local dispersion relation 61 

22 Local power and consistency check for an Alfven wavefield 62 

23 Convergence study of the plasma and antenna power diagnostics 64 

24 Convergence study of the powers using the resistive and the kinetic models 64 

25 Resonance positions for a Solovev equilibrium compared with LION . . . 66 

26 Electric field in an Alfvin wave heating scenario for TCA 68 

27 Local power and consistency check using the resistive plasma model . . . 69 

28 Electric field in the same TCA heating scenario at different temperatures 71 

29 Aspect ratio study ofHte{Eb) for the Alfven wave heating scenario . . . . 73 

30 GAE mode response using the resistive plasma model 76 

31 Electric field for a GAE mode with the resistive plasma model 76 

32 GAE mode response at different temperatures 77 

vi 



33 Electric field for the GAE mode at different temperatures 78 

34 Approximate shear Alfven resonance condition in the gap region 82 

35 Internal and external TAE mode response with the resistive plasma model 83 

36 Internal and external TAE modes wavefields obtained with PENN . . . . 84 

37 Internal and external TAE modes wavefield obtained with LION 85 

38 Local power and self-consistency check for the external TAE 86 

39 Cross-section plot of the normalized Larmor radius 88 

40 Cross-section plot ofu;/(\k^\vtk) 88 

41 "Internal" KTAE modes response at low pressure 89 

42 "Internal" KTAE mode wavefield at low pressure 89 

43 Different "internal" KTAE modes at low pressure 92 

44 Different "internal" KTAE modes at moderate pressure 92 

45 Modification of the "internal" KTAE spectrum with the pressure 93 

46 "External" KTAE mode at very low pressure 95 

47 "External" KTAE mode at high pressure 95 

48 &|| iterations for an Alfven wave heating scenario 98 

49 Jfej| iterations for a GAE mode 98 

50 &|| iterations for wavefields in the KTAE range of frequencies 100 

51 Kinetic plasma response for the DIII-D shot #71524 at 1.875 s 105 

52 TAE mode wavefield in DIII-D using the resistive model 106 

53 KTAE mode wavefield in DIII-D using the kinetic model 107 

54 "Stable" BAE mode wavefield in DIII-D 109 

55 "Unstable" BAE mode wavefield in DIII-D 109 

56 u/{\kn\vih,i) for the 2-3-4 beam phases in DIII-D U 2 

vii 



I Introduction 

1 Context 
Energy production is one of the great challenges which has to be taken up by every 

modern society. The solutions chosen by each country to make it available to everybody 

does not only affect its economic development and with it the quality of life of the people: 

it can also have a yeat impact on the neighbors, for instance if polluted air is transported 

by the wind across the borders. This first section suggests why it is today in the interest 

of rich countiies to develop new sources of energy for the poor, and why fusion is one of 

the most attractive solutions [1]. 

During the past decade, the relative abundance of fossil, hydro-electric and nuclear 

powers in developed countries has been rising, leading to an actual decrease of the energy 

cost. Environmental aspects of the energy production have on the other hand become 

more and more important: fumes resulting from the combustion of oil and coal are 

now for example often post-processed with sophisticated niters and catalysers to avoid 

acid rains and smog. The main product -namely carbon dioxide C02- can however 

not be removed, and some scientists fear now that the emission rate of C02 is today 

already sufficient to rise considerably the overall world temperature in the coming century 

according to green house effect. The promising nuclear power of the 1950's has become 

very unpopular because of the long lifetime of the radioactive waste and the danger of 

an accident in the power plants. Most of the hydro-electric capacity has already been 

used, and other "clean" sources of energy such as solar, geothermal, wind and biological, 

while Lighly desirable to cover a part of the needs, are far from providing an answer to 

the grand total of the energy consumption in the developed part of the world which is 

approximately lO'OOO kg coal equivalents per head and per year. 

Developing countries such as India and China have quickly growing populations and 

also a legitimate claim to increase the standard of living of the people by rising the 

actual average consumption of 500 kg coal equivalents per head and per year. They can 

however hardly afford to bother about environmental aspects and use more and more 

of their own cheapest fossil resources (mainly coal) to satisfy the strongly increasing 

demand. Taking into account the growth of the population and assuming an energy 

consumption per capita corresponding to the modest world average value of 2000 kg 

coal equivalents per year, a massive increase in the use of fossil fuels is going to take 
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place in these two countries (typically by a factor 5). This represents an extra 10% 

of the total world production today, increasing therefore considerably the threat for a 

global rise of the world temperature. Rich countries begin now to be concerned with 

energy production in the developing world; among the useful things they can do, is to 

help the poor in developing new solutions to produce clean energy, starting with a strong 

commitment to research. 

Magnetic confinement fusion is a promising way to produce energy in large quantities, 

compatible with the environmental constraints, and could be used by every country since 

its fuel is available in virtually unlimited quantities in common water. It is based on the 

idea of fusing two light elements (deuterium and tritium) into a heavier one (helium); this 

reaction releases a considerable amount of energy. Despite the tremendous difficulties 

associated with the realization of such a reactor, the basic requirements are simple: 

confine a plasma at a high temperature during a time interval which is sufficient for the 

reaction to occur. To satisfy this criterion, a plasma has to be kept in equilibrium inside 

a magnetic field; it is therefore important to know the stable configurations and the type 

of instabilities which might destroy them. To reach sufficiently high temperatures, the 

plasma also needs to be heated, for example by injection of waves which transfer their 

energy to the particles. 

2 State of the research 

The three key questions -equilibrium, stability and heating- have already been the sub

ject of detailed numerical studies, assimilating the plasma with a fluid immersed in a 

static magnetic field. This magneto-hydrodynamic (MHD) model is well suited to de

scribe global modes of the plasma at very low frequencies where the wavelengths are 

large. Because of the relative simplicity of the wave-plasma interaction it allows for an 

analysis of the stability in complex geometries [2],[3],[4], The MHD model has also been 

used to study the Alfven wave heating in toroidal geometry [5], but comparisons with 

experiments showed the important limitations of this model resulting from the finite 
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frequency and the finite Larmor radii (FLR) effects. Two different orientations of the 

research have been distinguished. The first resulted in the development of the analytical 

theory of low frequency waves in an inhomogeneous kinetic plasma [6],[7],[8],[9] which 

has been implemented into one-dimensional codes [10], [11].[12],[13], [14]. The second 

examined the heating by low frequency waves in a toroidal plasma, neglecting the FLR 

effects [15]. Simplified models taking into account some kinetic effects have been devel

oped in toroidal geometry [16],[17],[18], [19] but have been restricted to the ion cyclotron 

range of frequencies (ICRH) where the plasma response is much simpler than for low 

frequency waves. 

What remains therefore to be done and is the object of this thesis, is the complete 

implementation of the kinetic theory in toroidal geometry [20] (however still limited to 

small Larmor radii). 

3 Outline 

The present document is divided into three main parts, dealing with the implementation 

of the theoretical model (chapter II), the validations and results obtained for various 

plasma conditions (chapter III) and finally some comparisons with recent results from 

the JET and DIII-D tokamaks (chapter IV). 

In the part concerning the model, section II. 1 shows first how the equilibrium state of 

the plasma is described inside a toroidal vacuum vessel of an arbitrary cross-section. The 

perturbation of the plasma is later examined in sect.II.2, using a variational formulation 

of the wave equations which are discretized in two dimensions in terms of standard finite 

elements. Sect.II.3 deals with the implementation of a resistive and sect.II.4 of a kinetic 

plasma model. Both can be used within the same code for a more or less accurate 

description of the interaction of the plasma with the electromagnetic field. 

The results start with sect.III.1 and 2 concerning the validations made for a large 

aspect ratio torus which can be assimilated to a straight cylinder. Eigenmodes are 

first computed inside a vacuum waveguide, and the numerical results checked with the 
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analytical theory. In the presence of plasma, the resistive and kinetic models are both 

compared with the results obtained from the cylindrical ISMENE code, in the cases of 

fast wave eigenmodes and Alfven wavefields. Sect.III.3 introduces the toroidal effects: 

they are studied for an Alfven wave heating scenario, and for the excitation of global 

(GAE, TAE) modes. The results obtained using the resistive model are compared with 

the toroidal LION code and those obtained with the kinetic model are new. 

In the last part, comparisons are made with experimental results. Sect.IV.l shortly 

relates recent observations from the JET tokamak to the new types of kinetic eigenmodes 

found numerically in the TAE range of frequencies. Sect.IV.2 shows a more detailed 

comparison of the resistive and kinetic models with experimental results from the DIII-

D tokamak in a discharge revealing low frequency TAE and BAE eigenmodes. 
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II Model 

To be able to model the propagation, reflection and absorption of waves in the toroidal 

geometry of a tokamak and to include a resistive or kinetic treatment of the plasma 

response, the full problem is decomposed into two major steps. 

A stationary state is first calculated and yields the magnetic topology in a plasma 

equilibrium. Under certain assumptions depending on the model, the equilibrium state 

reduces to a solution of the Grad-Shafranov equation of MHD (magneto-hydrodynamics), 

so that it is possible to use existing analytical or numerical tools to perform this first 

step. 

The fields may be obtained in a second step from the Maxwell equations, using a 

linear, local dielectric description for the plasma response. According to the degree of 

sophistication considered for the wave-plasma interaction, two different versions for the 

dielectric tensor yield two different problems. A general formulation including both, a 

resistive and a kinetic model can be used to compare the results in different regions of 

the parameter space where both are applicable and get some insight into the limits where 

one or the other may be used. 

The procedure of examining a perturbation of an equilibrium is valid to describe the 

propagation, damping or growing of waves which have a sufficiently small amplitude not 

to be affected by non-linear effects. It can be used for example to calculate the power 

absorption in a radio-frequency wave heated tokamak or to determine the stability of 

an equilibrium with respect to perturbations compatible with the limits of the plasma 

model. 

1 Equilibrium and geometry 

The assumed underlying axisymmetry of fusion devices such as tokamaks can be used to 

simplify considerably the modeling of the physical processes taking place in the plasma. 

The equilibrium state is a function only of two spatial dimensions and can be described 

exactly by the superposition of a strong, externally imposed, toroidal magnetic field 

(along the minor axis of the torus) and a weaker poloidal field (perpendicular to the 

toroidal field) induced by the current carried by the plasma itself. The resulting magnetic 

field lines twist helically around a magnetic axis located inside the plasma. 

The present chapter deals with all the questions related to the representation of an 
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axisymmetric toroidal configuration including a tokamak plasma, the low density plasma 

around and a metallic wall. Sect.1.1 first introduces the equilibrium state of the plasma 

and defines all the quantities which are needed to calculate vectors and operators in well 

adapted coordinates. To model the low density plasma, a finite region assimilated to a 

vacuum is defined in sect.1.2 extending in a continuous manner the geometry engendered 

by the equilibrium up to the wall defined in sect. 1.3. Some technicalities concerning the 

actual implementation in the numerical wave propagation code PENN are finally given 

in sect.1.4 and are intended for possible future users of the code. 

1.1 Plasma 

In the frame of magneto-hydrodynamics (MHD), the confining magnetic field B of an 

axisymmetric equilibrium is entirely determined by the pressure p, the toroidal magnetic 

field Bv and the current in the external coils. The toroidal direction (p being ignorable, 

the magnetic field can be written in terms of the poloidal and toroidal flux functions 

B= V^ x V<f + TV<p (1) 

Introducing the right handed cylindrical coordinates (R,tp,Z) illustrated in fig.l, 

an equilibrium may be calculated from the well known Grad-Shafranov equation [21] 

_ 1 _ . , dp T dT iwL .„. 
V Vib = -47T— = — — (2) 

relating the poloidal flux iff to the toroidal equilibrium current j v \ c refers to the velocity 

of light in the vacuum and appears here with the choice of Gaussian physical units. 

The equation describes flux surfaces nested between a magnetic axis where tl> = 0 and 

the plasma edge. Since the shape of the outermost plasma flux surface depends on the 

distribution of external currents, it is usual to rather prescribe this shape assuming that 

it can technically be reproduced with a finite number of external coils. 

A general solution for the non-linear equilibrium equation with arbitrary pressure 

and toroidal magnetic field can only be obtained numerically; the interface developed 

with the equilibrium code CHEASE [3] is briefly described in the appendix. A simple 

expression can however be derived analytically for a class of Solovev equilibria [22] with 

a constant toroidal magnetic flux T = To and a linear pressure profile p = po(il>t — ^)/^$-

«**>-&(¥•**-*) (3) 
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z 
fluxsuface y=const 

magnetic field lines 

magnetic 
axis 

Figure 1: Cylindrical (R,<p,Z) and toroidal coordinates (s,0,<p); the orientation of 
the local unit vectors (e^e^ey) reflects the direction of the equilibrium current j v . 

The solution given in terms of the poloidal flux rf> describes concentric toroidal surfaces 

enveloping a magnetic axis at (R = ifo; Z = 0) and with an aspect ratio a/Ro at the 

edge of the plasma. Near the axis, the surfaces are elliptic with an elongation E. The 

poloidal flux at the edge rj>, reflects the total amount of toroidal current and can be 

related to the safety factor on the axis by the relation go = Toa2E/(±J>tRo). 

Whether derived analytically or obtained with c numerical code, the equilibrium is 

finally expressed in terms of flux surface quantities p{ij>), T(if>) and the metric engendered 

by the magnetic topology. Introducing the toroidal coordinates 

-J£ 
(4) 6 = arctan ( - ^ ) 

V 

where s is the radial variable, 6 the poloidal (or azimuthal) angle and ip the toroidal angle 

used already in the cylindrical coordinates (Rjif^Z), all the metric quantities necessary 

in this thesis can be obtained from the coefficients 

d2s d2s d2e d2e e2e ds_ ds_ m_ m_ d2s 
•"» ' or»> a>7> on> a/y» (5) dR' dZ' dR' dZ' dff' dRdZ' dZ'' dR?' dRdZ' dZ2 

The elementary volume dV = \J\dsd9d<p and surface dS = \JVs\dddtp elements for 

example are given in terms of the Jacobian 

J « ( V « . V f l x V y ) - 1 - 3 i ; i i * 4 t M 
$Z dR dRT2 

(6) 
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Using the definition of the operator V in curvilinear geometry 

the inverse equilibrium derivatives are obtained as 

(7) 

§5 = J{V9 x V<p) • VR 

§ = J( Vtp x Vs) • VR 

f £ = J(V0 x VV) • V f 

a=j(v* x vV) • vf 

§f = j(ye x Vy>) • v z 
§§ = J ( V 9 x Vs) • VZ 

0 = J(V0 x VV) • Vff 

^ = J (V^xVv ? ) -Vf f 

0 = J(V,p x V.) - V f 

(8) 

In order to separate the direction along the magnetic field from the one across, it is 

convenient to introduce the local magnetic unit vectors 

eh=t\\ x en 

e7i= -i-11 \B\ 

(9) 

The local components of the differential operator V are then obtained as 

( V = IVsl-2- + ZzZ££ 

T7 _ fttp d , bt d 
vll - T O 5 5 + 7fS5 

(10) 

were bt =e^ • efj and bp = y/l — Of denote the toroidal and poloidal fractions of the 

magnetic field. Nine coefficients related to the Christoffel symbols are defined as 

0tj =£} -(Vx 5) », j€{n,6, | |} (11) 

More details about the calculation of the equilibrium quantities are given in sect.1.4 

describing the actual implementation in the code PENN, and in the appendix where 

some are derived explicitly for the large aspect ratio limit. 

1.2 Vacuum 

Usually, a tokamak plasma does not extend up to the vacuum vessel. Between the 

last closed flux surface and the metallic wall, a tenuous plasma strongly affects the 
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low frequency wavefields in the whole cavity. To model this situation, the geometry 

resulting from the plasma equilibrium has to be extended smoothly from the plasma-

vacuum interface (PVI) labeled s = 1 through the vacuum to the wall labeled s**" > 1. 

Continuity is achieved at the PVI for all the second order equilibrium derivatives, using 

a cubic polynomial interpolation for the radial variable 5, and a Fourier decomposition 

for the poloidal variable 9: 

R(s,9) = Rrp0(s)+% 

Z(M) = Z'PoOO + f 

P2(s) + RwP9(a) 

'p2(s) + ZwP3(s) 

X = s-0 

Ax = s» - s" 

P0(*) = - ( x - l ) ( z 2 + x + l) 
Pi(x) = -x(x - l)(x + l)Ax 
P2\x) = -±x2(x - l)Ax2 

P3(x) = x3 

M 

Rk(9) = 2»e J2 Rm exp(im9) + Ro 
m=0 

M 
Zk(9) = 2»e 2 Zk

m exp(im9) k € {P, W) 

(12) 

m=0 

P 
All the Fourier coefficients Xp, %\r , 0 | ,XW with X € {R,Z} are calculated 

according to the transformation 

Xm = ^- r X{9)exp(-im9)d9 m e {0,1,...M) 
2TT JO 

(13) 

Those defining the PVI and indexed here by P are computed directly from the equilib

rium; the others indexed by W for wall are arbitrary and can be chosen to reproduce 

one of the shapes introduced in the forthcoming sect. 1.3. 

To guarantee the continuity at the PVI of the magnetic field Bo and the related 

symbols /?,•_,• (eq.ll), the toroidal flux function is extended to the vacuum as a linear 

function of the radial variable 

T(s) = (s - sp)T'F + T (14) 

This results in a fake vacuum magnetic field, but does not interfere with the propagation 

of the electromagnetic waves and does therefore not restrain the generality of the model. 

All the metric coefficients can be calculated up to second order using the extrapola

tion (eq.12,14) and the inverse equilibrium derivatives (eq.8). Adapting the outermost 

pseudo-flux surface to the wall, the local magnetic unit vectors (eq.9) achieve an ex

plicit separation between the directions normal and the tangential to the wall. This will 
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Figure 2: Equilibrium mesh using two different equilibria and the three shapes for 
the wall: (a) band with £ = 1.3, (b) scaling of the plasma surface with £ = 1.3, (c) 
polygon. 

considerably facilitate the implementation of the boundary conditions when solving the 

wave equations in sect.2. 

1.3 Wall 

As previously defined, the shape of the wall is arbitrary and entirely determined by 

2M < 2N$ Fourier coefficients, where N$ is the number of mesh points in the poloidal 

direction. Three generic cases are going to be used: 

• a band of constant width around the plasma, proportional to the plasma minor 

radius at the mid-plane /»»»" - pP* = C(/C„ + fc)/2, 

• a homogeneous scaling of the plasma surface pwa" = C/^S 

• a polygon with rounded edges, defined by the position of the vertices and a radius 

of curvature. 

Examples are given in fig.2 using different equilibria: for a fixed value of the toroidal 

angle y? = 0, the concentric lines represent the surfaces with constant poloidal flux 

(s = const) and the straight arcs constant values of the poloidal angle ($ = const). The 

outermost surface has been adapted to the wall. Note that the mesh density can be 
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chosen so as to accumulate the grid points where strong variations of the solution are 

expected. 

1.4 Implementation in PENN 

All the geometrical quantities used in sect.2 for the toroidal representation of the wave 

equations have now been defined. Let us here briefly give some technical details con

cerning their implementation in the PENN code. 

To solve Maxwell's equations numerically, the electromagnetic field has to be dis-

cretized on a mesh (fig.2). Since this involver numerical quadratures, the geometrical 

coefficients and the magnetic field are not only needed on every mesh point where the 

fields are computed, but also on all the Gaussian quadrature points in between. For 

linear FEM where a 2-point quadrature is sufficient to achieve good convergence, all 

the equilibrium data has to be computed on (2 + l )2 = 9 points inside every mesh cell. 

Cubic Hermite FEM have a faster convergence rate but require a 4-point quadrature 

with (1 + 4)2 = 25 points per mesh cell. 

Each mesh/quadrature point is characterized by the surface quantities T, T',p,j/, q, q' 

and the geometrical coefficients up to second order (5). To avoid large memory consump

tion and enhance the computing speed, only one series of points is read step by step along 

a single flux surface and for a fixed quadrature index: N$ points are then accessed in a 

row from the global memory and the equilibrium data is calculated for each into local 

(-cache) variables defining 

• the Jacobian (eq.6) and its derivatives in (s, 9) 

• the 1st and 2nd order reciprocal equilibrium derivatives (eq.8) 

• the magnetic field B (eq-1) and its derivatives in (s, 6) 

• the unit vectors (e^,e6,c[|) (eq.9) and their curl in cylindrical coordinates 

• the symbols fa (eq.ll). 

This way of coding guarantees good performance on a great variety of modern com

puter architectures, since it accesses the data sequentially (allowing for vectorization, 

avoiding memory-bank conflicts) and takes advantage of the fast memory cache for most 

of the arithmetic. The memory consumption is reduced by accessing only a part of the 

data for every step of the calculation, and results in a coding which is easy to parallelize. 
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2 Wave equations 

Having defined the stationary state of a tokamak plasma, which consists of an MHD 

equilibrium surrounded by a vacuum region and a wall, it is now possible to go on 

with the formulation of a global wave propagation problem. Maxwell's equations are 

first written in sect.2.1 in terms of the scalar and vector potentials and formulated as 

a variational principle best suited for an implementation using a finite element (FEM) 

discretisation. A great attention is given in sect.2.2 to the treatment of the simulation 

boundaries: physical conditions have to be imposed to obtain a regular solution, which 

is uniquely defined on the plasma axis where the discretisation mesh in polar coordinates 

is degenerated, and fulfills the boundary conditions on the surface of the metallic wall. 

The excitation of the plasma occurs via an antenna, which is modeled in the vacuum 

by an oscillating current strap and is briefly described in sect.2.3. Some properties 

related to the FEM discretisation are examined in sect.2.4. Sect.2.5 is again intended 

for possible future users of the code PENN, and is not necessary for the comprehension 

of the subsequent work. 

2.1 Variational problem 

To describe small amplitude (time independent) perturbations of the electromagnetic 

(EM) field in an axisymmetric system, it is convenient to introduce first a Fourier trans

formation with respect to time and a Fourier series decomposition for the toroidal angle 

V-

/(<) = ̂  /_+J° / H «p(-«urf)«fci (15) 

/(¥>) = £/nexp(m«,) (16) 
—oo 

Assuming a perfect dielectric medium characterized by the dielectric tensor £ and the 

permeability ft = 1, the Maxwell equations can then be written in terms of (E,B) the 

electric and magnetic fields induced by the excitation of external sources of current and 

charge (jext,pext)'-

VxE =ik0B V x S = -i*o « • E + £ 7«« (17\ 
V . ( e - i ) =4*Pext V-B =0 

where fc0 = &/c is the vacuum wave vector and u the oscillation frequency. Using (eq.17), 

Faraday's law can be combined with Ampere's law to obtain a wave equation in terms 
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of the electric field only: 

V x V x I - i o 2 £ . i = iko— i ^ (18) 
c 

As will be shown in sect.2.4, this equation cannot be discretized using standard FEM 

without introducing unphysical solutions [23]. This phenomenon, which has sometimes 

been called numerical pollution, can have disastrous effects in the cases which are con

sidered in this thesis. 

One of the applicable remedies called the penalty method [24] failed when it was trans

lated to 2-D polar coordinates. Non-conforming linear hybrid elements [25] are another 

way of avoiding pollution; for a hot plasma wave code, their convergence properties have 

however been thought to be insufficient. 

An interesting approach has been proposed in [19] using a formulation of Maxwell's 

equations in terms of the vector and scalar potentials (A, <f>)- Using the definitions 

B = V x A E=-V<t> + ikoA (19) 

which result directly from the condition V- B= 0 and from Faraday's law, the authors 

showed that it is possible to rewrite Ampere's law and Poisson's equation as 

V x B = V x V x y l =fe j^-ikofe i-V<f> + iko A)) 
1 / - \ 

V- (e-E)= 4*Pext = V-{7 -(-Vi + ikoA)) 

(20) 

Further introducing the Coulomb gauge 

V- A= 0 (21) 

and combining the operators with the identity 

V2 V= - V x Vx V +V(V- V) (22) 

two coupled wave equations can be obtained in the form 

' V2 A +*0
2 e • A -riko 7 -V<t> = - £ 1 „ t 

(23) 

. V • (£ -V4>) - i&oV • {7 • A) = -4x/>„«. 

Taking the divergence of the first equation and combining it with the second leads to the 

Laplace equation V2(V- A) = 0. This shows that (eq.23) guarantee that the Coulomb 

gauge is satisfied everywhere once it is imposed along the domain boundaries. 

13 



To solve the differential problem with a standard finite elements (FEM) discretisation 

[26], (eq.23) are formulated as a Galerkin variational principle. After the multiplication 

with an arbitrary -1 vector (F*, G*) choren in the same functional subspace F as (A, 4), 

the equations are integrated over the volume fi extending all over the plasma to the 

wall. Using again the vector identity (eq.22) and integrating all the apparent second 

order operators, the (weak) variational form is tailored to the final expression 

jf dV [-(Vx / " ) • (Vx A ) - (V- F')(V- A) + k2
Q JT •(£ • A) + «*b F* .(e -V^)] + 

+ / dS-\F-xVxA+F'(V-A)] = - — [dVF'.Jat 
Jdti l J C Jtl 

j dV \v& • (e -V^) - ik0VG' • (e • A)] + ] dS • \ikoG' e -A-G"7 -V<f> = 

= -4TT / dVG'p, "ext 

(24) 

It will be shown in sect.2.4 that this approach is indeed pollution free and that it 

results in a well conditioned linear problem. Of course, an extra variable has been 

introduced, increasing the oize of the computation. The new problem might however 

now be solved using iterative methods which need much less computer memory and 

could be faster than standard Gaussian elimination. They are also easily parallelizable. 

In the end, (eq.23) might even be faster to solve than (eq.18) which cannot be treated 

iteratively. 

Another benefit of the formulation is a straightforward implementation of a vacuum 

region around the plasma: once the geometry is known, the transition from the plasma 

to the vacuum simply occurs with the change in the dielectric tensor. When dealing with 

(eq.18), different numerical discretisation schemes have to be used in the plasma and in 

the vacuum to avoid pollution. 

2.2 Unicity, boundary and gauge conditions 

The propagation of EM perturbations is physically limited to the toroidal cavity sur

rounded by the metallic wall. With the 2D-(s, 9) polar representation introduced in 

sect.l, the simulation domain boundaries dfl are the magnetic axis situated at 5 = 0 

and the outermost flux surface which has been adapted to the wall at s = swali. 

In order to form a well posed problem, the wave equations (eq.24) have now to be 
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supplemented with appropriate boundary conditions. A subset of them, called natural 

boundary conditions, is imposed directly to the variational form (eq.24) via the surface 

contributions. All the others are essential boundary conditions and have to be imposed 

explicitly on the solution space. 

Regularity has to be imposed on the magnetic axis; in analogy with Bessel's equa

tion which has two types of solutions (regular and singular near the origin), the varia

tional form (eq.24) admits solutions which may be regular or singular in the center of 

the polar coordinate system. For physical reasons and down to a constant for the scalar 

potential {A,4>) have to remain finite as well as (F'JG
m) which have been chosen from 

the same functional sub-space. The surface integrands in (eq.24) are therefore all finite, 

so that all the surface terms on the axis vanish with | dS | —• 0. Using this necessary 

condition (unfortunately it is non-sufficient), some regularity may be enforced on the 

numerical solution by cancellation of all the contributions l im/^ sf(B)d0 from the axis. 

This prevents the solution from getting a dependence of the form / ~ s~a,a > 1, but 

still allows for weaker singularities such as / ~ ln(s). As will be seen in chap.III, the 

rigidity provided by a representation with piecewise linear or cubic Hermite functions 

seems however to be in general sufficient to prevent from such a singular behavior. 

As mentioned in the previous section, V- A= 0 has to be imposed on the domain 

boundaries to ensure that the Coulomb gauge is satisfied everywhere in the simulation 

domain. While the condition can easily be imposed on the outer boundary at s = s""11 

by cancellation of the surface contribution / a n dS • F* (V- A), it can again not be 

imposed on the axis using this natural condition, since the surface term vanishes there 

with | dS | —• 0 even for finite values of V- A- Numerical results in chap.III will show 

that the gauge nonetheless globally converges to V- A= 0 for an increasing numerical 

resolution, suggesting that V* A on the axis is directly minimized by the variational 

principle (eq.24). 

The boundary conditions on the metallic wall require vanishing tangential compo

nent of A and V<j!>. This is imposed explicitly to the solution space using the essential 

conditions 

Ab = 0 v4|| = 0 ^ = 0 (25) 

^ = 0 # . 0 g - 0 (26) 

which have here been written for an outermost pseudo-flux surface coinciding with the 

position of the wall, so as to achieve an explicit separation between the normal e"„ and the 
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tangential components ej, efj. The regularity of the numerical approximation determines 

whether only the first, or both sets of conditions have to be imposed. 

The unicity of A and 4> has to be imposed in the center of the polar coordinate 

system at s = 0. While it is trivial to ensure this for the scalar quantity <f>, the unicity 

condition has to be calculated for the vector A by development of the magnetic compo

nents (An, A^ J4||) in terms of the cylindrical components [AR, AV, AZ). Introducing a 

rotation matrix ft, this can be written as 

( 

AR \ / An(9) \ 

K = n\ M9) 
Az J \ H9) J 

<t> = 4>(9) W 

(27) 

where ft is a function of the polar angle 0 and an angle r due to the twist of the magnetic 

field lines in the presence of an equilibrium current: 

en- eR e* • en ejj - eR 

K(0,T)= I e ^ c ; e j - c ; ejj-c; |=f t (^) f t (T) 
eZ • tz et ez «ii - ez 

(28) 

To achieve the unicity also in the electric and magnetic fields (E, B), extra conditions 

have to be imposed on the potential derivatives. Using again a development in cylindrical 

coordinates and regularizing all the terms of the form limjj using l'Hopital's rule, the 

conditions for the potential derivatives are obtained as 
$-*ov 

lim < 
j - » 0 H#(j;H(l 

i - K l - 1 

didS 

- salMf+tetfrT'a} (29) 

& 
iL 
at 
a± 
ae 

0 = lim < 
*—o 

, = (<> 

= 0 

+ ft 

ye 
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where x stands for either cylindrical coordinate R or Z. 

Unfortunately, the data provided by the equilibrium code worsen towards the mag-

netic axis. As a consequence, the quantities needed to compute the rotation matrix TZ 

and the derivatives ^ , | j j | are not directly available on the axis. Under the assumption 

of a force-free behavior around the origin p'(V') = 0, it is however possible to solve the 

equilibrium equation (eq.2) analytically in the large aspect ratio limit. The flux surfaces 

are then found to be concentric ellipses, and all the metric coefficients (5) can be ex

pressed in terms of the elongation E, the inverse aspect ratio a/Ro and the safety factor 

9o- Details concerning the calculation of the rotation matrix 72. in this limit can be found 

in the appendix. 

2.3 Antenna 

The variational problem (eq.24) has been formulated so as to calculate the plasma's 

response induced by the excitation of external sources of current and charge (j exuPvct)-

In analogy with real antennae built for low frequency tokamak experiments, the antenna 

is modeled here numerically in the vacuum region by a series of oscillating currents straps. 

Supposing the electrostatic coupling negligible, it is convenient to write the imposed 

antenna current in terms of two functions (D, C) which are the potentials related to the 

antenna position and current 

7«n«= S(D)VD x VC (30) 

S defining the width of the current distribution. It is straight forward to verify that 

under this assumption V- jant= pext = 0. 

The shape D(R, Z) is arbitrary; the antenna design is however not of primary interest 

in this thesis, so that it is advantageous here to rather minimize the numerical resolution 

needed to discretize the vacuum region, spreading out a Gaussian current loop of finite 

width A along a pseudo-flux surface in the vacuum labeled san* € \\;s'mal1) 

D(s) =s- sant (31) 

{S - Sant)7 

y/ir(S - Sant) 
(32) 

A3 

The antenna current is determined by the potential C and has to be decomposed in 

contributions from different toroidal harmonics: 

C = »e ^exp(irup - iu)t)Cn(Q) (33) 
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Cu(*) = £ [W cos(mU)6) + t J « sin(m(j)0)] (34) 

This choice allows for a great variety of different configurations. A helical excitation of 

the antenna current with m=3 for example, is obtained with the parameters Is = Ia = 

1, M — l ,m(l) = 3. Setting 0 = Is = const results in a purely poloidal excitation; it is 

on the contrary purely toroidal with ft = Ia = const. Note that these definitions coincide 

with those used in the code LION [15]. 

2.4 Pollution free discretisation with finite elements 

Without going into the details of a Galerkin representation with FEM (which can be 

found in textbook such as [26]), let us briefly describe the discretisation of the wave 

equations (24) and analyze some of its effects. 

Fig.2 suggests how the plasma cross-section Q is first divided into Nt x N$ mesh cells, 

where Nt = (Nfla + N?ac) is the number of radial mesh points in the plasma and vacuum 

regions and N$ the number of mesh points discretizing the poloidal angle. The mesh 

density is here arbitrary and can be chosen so as to increase the numerical resolution 

where strong variations of the solution are expected. 

Three sets of standard FEM basis functions TJ, 9 , $ can be defined on a 1-D mesh as 

T)-(X) = X 7l+(x) = 1 - 1 1Ji(x) 

V-(x) - s2(3 - 2i) ¥+(x) = (x - l)2(2a; + 1) Vi{x) 

#-(x) = x2(x - 1) *+(x) = x(x - l)2 Sj(x) 

X- = T J S 1 AX" = X{ - X,_! J- = [*,-_i ,*,'J ,*(., 
*+ = '-%&• A*+ = *••+! - *i 1+ = l*» *w) ^ ' 

and are illustrated in fig.3. Replacing now the exact fields (A, 4") by an expansion in 

terms of 2-D FEM functions, yields a continuous bilinear approximation for each 4-vector 

component V of the form 

VW) = i:i:V%(s)nM (37) 
« = 1 ; = 1 

_ J r(*r) 
~ 1 v+(*t) 
_ f t-(*r) 
- \ t+(«+) 

/ Ax-$-(x; 
- j Ax+*+(x; 

x 6 / ~ 
I 6 / + 

z si
ze i+ 

D « € / -
T) * € /+ 

(35) 
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Figure 3: 1-D linear or cubic Hermite FEM basis functions in the interval [0;lj; S-D 
FEM are obtained by simple tensorial product between two 1-D functions, one for 
each independent coordinate. 

and a bicubic Hermite approximation 

(38) 

which guarantees also the continuity of the derivatives $£, $£, | ^ . 

The expansion coefficients V'^Vj^V^V}}, in (eq.37, 38) can be identified by con

struction with the value V of a field component and its derivatives §7'§!r>^55 o n t n e 

mesh point (i,j). 

To construct a linear problem M • X—Y comprising as many equations as unknowns, 

the condition V(F*, G*) in (eq.24) is discretized by running with each component of the 

test vector (F*,G') over all the finite elements defined on the mesh: for bilinear FEM 

this yields a set of test functions 

{ m{s)r,m } V(i,j) € {(1,1), ...(N„ AT,)} (39) 

and for bicubic Hermite FEM 

{ «l(*)«i(«),»,(«)«i(tf)1»l(*)»i(«),«,(«)»JW } V(t,j) € {(1,1),...(JV„AT,)} 

(40) 
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Let us now examine the boundary conditions introduced in sect.2.2. The natural 

conditions can be imposed on the variational fjrm (eq.24) even before performing the 

discretisation. The essential conditions need however to be formulated in a discrete 

manner, depending on the order of the approximation. 

For bilinear FEM, the 3 conditions on the metallic wall (eq.25) evaluated on every Ng 

discrete poloidal position of the mesh yield ZN$ discretized equations which are directly 

substituted in the linear problem. In the center of the polar coordinate system, N$ mesh 

points degenerate into one; using the unicity conditions (eq.27) to relate each of the 

polar component of (A, <j>) to a unique representation in cylindrical coordinates, the 4Ng 

discretized equations constructed with (eq.24) are replaced by 4 equations, coupling the 

4 cylindrical unknowns in the center to the ANg polar unknowns nearby. 

For a cubic Hermite FEM representation, which does not only approximate the value 

of the unknowns but also their derivatives, additional conditions have to be imposed on 

the wall as well as in the center of the polar mesh. To prevent the solution from oscillating 

poloidally between the mesh points along the wall, ZN$ discrete conditions involving the 

field derivatives (eq.26) are further substituted to the linear problem. The unicity has 

also to be imposed on the derivatives of (A, <f>). Using (eq.29), the 12Ng degenerated 

polar derivatives are replaced by 12 unique derivatives in cylindrical coordinates; 12 

equations then couple the 12 cylindrical derivatives from the center to the 12N$ polar 

derivatives nearby. 

In order to obtain some insight into how the numerical approximations affect the pre

cision of the solutions, it is interesting to compare the discrete dispersion resulting from 

a numerical approximation [27], [12] with the exact dispersion of a particular problem. 

Choosing to study the propagation of EM waves in an infinite vacuum slab, the exact 

dispersion relation is easily obtained for a given oscillation frequency w in terms of the 

wave vector k e^ +kx £ defining the direction of propagation: 

^ = *2 + k] (41) 

The discrete dispersion relations can then be calculated using two different formulations 

for the wave equations, either with (eq.24) in terms of the potentials or in terms of the 

electric field E with a variational form based on (eq.18). Using for both a 1-D linear or 

cubic Hermite FEM approximation on a homogeneous mesh Xj = jh. j € {1, ..N}, the 
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discretized wave equation is first cast into a matrix form 

M • X= 0 (42) 

where X = (Xi,X2»-" XN) is the complete discretized solution vector obtained by 

regrouping in Xi all the unknowns from a single mesh point i. For linear elements, Xi 

stands either for the 4 values (A (xi), ^(x,)) or for the 3 values E (xi). When cubic 

elements are used, Xi contains either 16 values (A, 4> with their derivatives d„ de,d*$) or 

12 values (E and its derivatives). Assuming a discrete plane wave of the form 

Xi=Xo exp{ikxi) (43) 

the dispersion relation can be written symbolically as 

exp(ifcx.) ( £ l W (A)+ Mi,i (h)+ Mi,i+i (A)) Xo= 0, Vi € {1, ...N} (44) 

A non trivial solution of (eq.44) satisfies the condition det(Mi,i-i + Mi,i + Mi,i+i)(h) = 

0 and can be calculated and solved analytically with symbolic manipulation software 

such as MAPLE [28]. Setting the arbitrary numerical parameters to h = 1, kx = 3, the 

dispersion given here in terms of the parallel refractive index(^)2 , is finally obtained as 

a function of the numerical accuracy kh. 

Fig.4 shows the result for a linear FEM discretisation. Three roots (d,d,e) exist if 

the problem is discretized in terms of the potentials (eq.24). The first two are degen

erate approximations of the exact dispersion relation (eq.41) labeled (c): the better the 

numerical resolution is (i.e. the smaller kh), the better (d) approaches (c). For the 

lowest precisions of 2 mesh points per wavelength (kh = n), (d) deviates significantly 

from the analytical result (c), but remains monotonic. The root (e) which exists for high 

frequencies and short wavelengths does not satisfy V- A= 0, and can not be excited if 

the Coulomb gauge is properly imposed. 

If the problem is discretized in terms of the electric field, three different roots (a,b,d) 

are found (same fig.4), with non-physical (numerically produced) solutions present in 

two of them: a first root (a) appears below the cutoff frequency and is characterized as 

a short wavelength oscillation, comparable to the size of the mesh. The second appears 

in (b) for poor numerical resolution and comes ic with the non-monotonic character 

of (b). Two oscillations coexist for a frequency chosen just above the cutoff: one is a 

long wavelength physical approximation of (c), and a second is again a short wavelength 
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0 

Figure 4: 1-D discrete dispersion relation F — (jr-)2 as a function ofkh using linear 
FEM. While (c) reproduces the analytical solution, a discretisation in terms of the 
potentials leads to one double solution (d,d,e), and in terms of the electric field to 
three solutions (a,b,d). 

oscillation comparable to the mesh size. The presence of these non-physical solutions 

produced by the discretisation has leen a subject of great interest for different scientific 

communities such as microwave [29], fluid dynamics [30] and plasma theory [23]. It has 

sometimes been referred to as numerical pollution. 

The same analysis is repeated in fig.5 using a discretisation with cubic FEM. Here 

again the scheme in terms of the potentials is pollution free once the gauge has been 

imposed to eliminate the solution (e), while the discretisation in terms of the electric 

field allows for additional, unphysical oscillations. This time however, a polluting mode 

(b) appears already for long wavelengths just below the cutoff. It may therefore easily 

interfere with a physical solution in the same range of frequency, even for high numerical 

accuracy ! 

To summarize, the local analysis performed for the general case in a 1-D vacuum 

slab shows that the formulation in terms of the potentials (eq.24) is compatible with an 

implementation using standard linear and cubic Hermite FEM. Once the gauge V- A= 0 

has properly been : nposed, all the solutions of the discrete dispersion relations are well 

behaved approximations of the exact dispersion relation for electromagnetic waves in the 

vacuum. None of them gives rise to additional short wavelength oscillations for poorly 

resolved cases. 
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Figure 5: 1-D discrete dispersion relation F = (j^)2 as a function ofkh using cubic 
Hermite FEM. While (c) reproduces the analytical solution, a discretisation in terms 
of the potentials leads to one double solution (c,c,c,e,e), and in terms of the electric 
field to (a = 0,b,b,c,d,e). 

Before concluding this section concerning the numerical discretisation, it is instructive 

to analyze the structure of the linear problem M • X=Y obtained when discretizing 

(eq.24) in 2-D. Due to the finite precision of all the arithmetic operations performed on 

digital computers, it is important to ensure that the truncation errors are not cumulated 

during the resolution process. Another issue is the resolution method, which may be more 

or less calculation intensive. Textbooks such as [31] show that if the matrix M has large 

diagonal elements of comparable size which dominate the rest, it is well conditioned and 

avoids the propagation of numerical errors when solving the linear problem. Iterative 

methods may then be applicable to compute the solution, using much less computer 

memory than the standard Gaussian elimination. 

Fig.6 shows the condition of the matrix for a coarse discretisation (N, = Ng = 4) 

in a cylindrical vacuum waveguide, using the variational form in terms of the potentials 

(eq.24), having imposed all the boundary conditions and performed a diagonal precon

ditioning 

MX=Y 

M=T MT 

X=TX 

Y=T Y 

T= 

(y/MTi 0 
0 y/MTi 

\ o 0 

0 
0 

y/MNN ) 

(45) 
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Figure 6: Condition of the matrix M for a cylindrical vacuum waveguide discretized 
on a mesh Ns = Ng = 4. Using linear FEM (left), each matrix element can be 
compared with the diagonal normalized to 1 using the key: circles > 2/3 > crosses 
> 0.1, dots ^ 0. For cubic Hermite FEM (right), only those terms are shown which 
are bigger than 2/3. 

to normalize all the diagonal elements to unity. 

Every off-diagonal element is smaller than 2/3 except for the first block where some 

elements are comparable to the diagonal due to the unicity conditions. This relatively 

good matrix condition guarantees that the numerical precision is not lost due to nu

merical truncations during the resolution process and justifies some optimism for rapid 

convergence using an iterative solver. 
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2.5 Implementation in PENN 

The numerical resolution of the wave equations with the formalism presented in sect.2 

can be divided into five major steps: 

for a given antenna and equilibrium 

j" ^ 
construct a linear problem M - X=Y associated with the vari
ational form (eq.24), incorporating all the natural boundary condi
tions. Every unknown value of the discretized potentials (A, 4) is 
related to its nearest neighbors via Maxwell's equations 

T 
impose the essential boundary conditions (eq.25,26,27,29) in 
the center of the polar mesh and on the wall 

T 
if rank(M) is small enough to hold in the dynamic memory of 
the computer, perform a diagonal preconditioning according to 
(eq.45) 

solve the linear problem with a standard Gaussian elimination, 
using a frontal implementation if rank(M) is large 

) 

recompose the FEM solution (A, 4>) using (eq.37,38), compute lo
cally the diagnostics such as the electric and magnetic fields 
{E,B), and globally the EM power and flux using a numerical 
quadrature 

To illustrate the construction of the linear problem, let us take as example one 

term from from the variational form (eq.24) showing how it finally contributes to the 

matrix M' 

I dVF' -(e -V )̂ = 
JQ 

jf dV \F:(ennVn<f> + £ n i V ^ + e„||V„0)+ (46) 

F;(£6nVn^ + £bbVb<f> + £6||V|,^)+ 

Ffi (£||„Vn^+£||6V^ + £||||V,|^) 

The vector expression is first developed in terms of the magnetic unit vectors (eq.9) so 

that it is possible to separate locally the response of the medium along the magnetic 

field form the one across. Keeping for the sake of simplicity only one term which is 
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underbraced, the operator is written in terms of the toroidal coordinates (eq.4) which 

are compatible with a good representation of the equilibrium: 

inn* 

H[*r+£ 

V*1*— + V<2>— n 8s B 80 

dF,; 

* = 

1000 , ~ " II ,.0100 , p*o0010 ° , E<»-0001 " £|i» +~dt£nn irib »" 80' 
(47) 

afirioioa . r5Li°° i !L +££1^01101.. 9Fi^m ~ 
as fc||n ds T ^ s

 c||n ^ T at C||n 3 j -T ^ 6 | j n dg 

.0101 d 

The dielectric tensor £ has here been split up into terms with various differential struc

tures, all finite for the hot plasma model. The upper indices of the coefficient e*-""* 

define the order of the differentiation in s (indices fc,m) and in 0 (/,n), performed either 

on the test function (indices k,l) or the solution (m,n). The geometrical coefficients 

(VJ1*, VJ2*) with i € {n,b, \\} are obtained from (eq.10), replacing (8V —• in) in a Fourier 

series representation of the form (eq.16): 

V£> = |V*| 

v 6 ~ J|V«| 

v[2> = (48) 
V<2> = + z ^ 

Keeping for simplicity again only the term in (47) which is underbraced, the expression 

is discretized using the cubic Hermite FEM expansion (eq.38): 

dFS: 

N. K, N? N» 

EEEECx 
i = l j = l g=l hsl 

dFTu PFS. 

with 

cj?11 = I JkBTO 
(49) 

the summations running over all the 2-D mesh cells and the Gaussian quadrature points 

defined therein. The upper indices of C*^*nagain refer to the derivatives in s (k, m) and 
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0 (/,n) operating on the test (k,l) and basis functions [m,n). The lower indices a,/? 

label the components of the test (F*t F6*, Ffi, G')T and solution vectors (An, A^ A\\, <f>)T. 

To be able to cast all the contributions from (eq.49) to a matrix M, it is necessary 

to choose a numbering for the equations and the unknowns; if the same sequence is used 

for the test and the solution vectors, the matrix takes the form of a band. Splitting the 

solution vector X up step by step, the numbering is chosen so as to obtain a series of 

• Ns groups of unknowns < X (si) \ , i = 1, —N, related to the discrete radial flux 

surfaces, each of them consisting of 

• Ng groups of unknowns IX (si, Oj) > , J = 1, ...N$ related to the discrete poloidal 

angles, each of them consisting of 

• 4 groups of unknowns < Xi, —,Xk, — X* \ for each components of (An, J4J, A§, <f>). 

Every group Xk finally consists of 

• a single number Xk using bilinear FEM (eq.37), or 4 numbers (Xk, ̂ k , ^fjf, jj§g) 

using a bicubic Hermite FEM approximation (eq.38). 

The abbreviation Xk has been used here to simplify the notation for the fc'th component 

of the vector (xt ( s„^) ,^ 2 (s,,0j),X3 {si,$j),X4 (s„0;)). 

Having completed the calculation of all the matrix elements corresponding to (eq.24) 

and summed them up to form a linear problem M- X=Y, the discretized essential 

boundary conditions (eq.25-29) can then be imposed directly on the discrete un

knowns. They consist of expressions relating different poloidal positions to each other 

and can be reassembled in a rectangular matrix equation of the form 

X'= 

1 * ' ( * i ) 

X> („) 
/r(*i) o o 

o 
o 
o 

o 
o 

o 
o 

I 0 

0 T(SN.)) 

1 X(«) 
X(s2) 

Xiss-J 
{ X{»N.) J 

= TX 

(50) 

affecting only the first r (si) and the last r (s^,) groups of unknowns situated in the 

center of the polar mesh or on the wall. 
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The unicity conditions (eq.27,29) are first written as a rectangular matrix consisting 

of N$ square blocks 

[?(*i)] =(r{s1,6l),...T(s1,ej),„.T(si,9s.)) (51) 

and an inverse is formally calculated according to 

[r-1 (5,)] = (T'1 (5„fl1),...r
1 (*i,«i),...r"1 (si,eN,)) (52) 

The boundary conditions (eq.25,26) lead to a square identity matrix T (SNS) =T (SN*) = J. 

Changing variables X—*X' and multiplying the linear problem from the left by 

(— i \ r . * • — — 

r 1 , the initial linear problem M • X—Y is rewritten as 

(f~y M ( F 1 ) * ' = ( r _ 1 ) T Y (53) 

where X' (si) now consists of the unknowns evaluated on the axis in cylindrical coor

dinates (AR, AZ, Ap, 4) and X' (SNM) the unknowns all along the wall. At this stage, 

the homogeneous boundary conditions are explicitly imposed to the right hand side of 

(eq.53) and the first block M (•»i,^i) is finally completed with the identity to keep the 

size of the matrix unchanged. The result of this procedure appears clearly in the upper 

right and lower left corner of the matrices in fig.6. 

The diagonal preconditioning is performed using (eq.45), only when the entire 

matrix can be stored in the dynamic memory of the computer. Since the disparity in 

size of the diagonal elements is rather small, it has only little influence on the precision 

of the solution and has therefore not been further developed for the frontal method of 

Gaussian elimination presented below. 

The linear problem is solved using the robust standard Gaussian elimination, with 

decomposition of the matrix in lower L and upper U triangular parts. The promising 

iterative schemes have not been tried out because of lack of time. As the dimensions 

are big (28224 complex unknowns for a discretisation N, = Ne = 42 with cubic FEM), 

it is important to take advantage of the band structure of the matrix. Even then, the 

amount of memory needed to store the band is huge by today's standards (150 million 

floating point numbers for the previous example). Using a frontal implementation [26], 

it is however possible to keep only a small part in the computer's dynamic memory and 

store the rest on disk. 
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The calculation of the linear problem M • X=Y then consists of a repetition of the 

steps i = l..Ns — 1 

construct the contribution to the matrix M from a radial 
interval [s,-, s,+i] incorporating the boundary conditions 

y 
«-» ** «-* 

decompose the matrix block Mi=Li • Ui and perform 
•"» 4-» - ^ 

the forward substitution Li • Ti=Y% 

store (/,- and T% onto disk using fast vectorized I/O 

followed in reversed order by the steps i = Nt..l 

read the quantities Ui and 7~> from the disk r 
perform the backward substitution [/,- • Xi=Ti 

till the solution vector X is complete. 

Using the FEM coefficients obtained as a solution on all the mesh points, the poten

tials (A, <j>) and their derivatives are reconstructed in a FEM consistent manner on every 

quadrature point using (eq.37,38). Local diagnostics such as the electric, magnetic 

fields (E, B) and the Poynting vector S, can directly be constructed from the potentials; 

global diagnostics such as the EM powers and fluxes are calculated using quadratures 

and will be defined in sect.3.3. 
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3 Linear response of the plasma 

The previous sections showed how the steady state Maxwell equations can be solved in 

a tokamak equilibrium, describing the response of the plasma in terms of a dielectric 

tensor operator. Two models have been developed in [9] and [20] and can be used in 

this context to examine the propagation, reflection and absorption of global waves with 

a more or less accurate description of the interaction between the electromagnetic field 

and the medium. 

The first model presented in sect.3.1 is rather simple; it has been derived in the frame 

of resistive MHD, taking into account Hall's term in Ohm's law. In absence of resistivity, 

it reduces to the model used in the toroidal code LION [15] and will therefore be called 

resistive LION model It will here mainly be used to validate the new PENN code; some 

comparisons between the LION model and the more sophisticated kinetic approach will 

also give a certain idea of the practical limits where each approximation is applicable. 

The kinetic model discussed in sect.3.2 takes into account the finite temperature of 

the species. Based on a second order finite Larmor radius (FLR) expansion, it assumes 

that the Larmor radius of the species is smaller both, than the transverse wavelength of 

the perturbation, and the minor radius of the tokamak. It allows for the propagation 

of new types of perturbations such as the kinetic Alfven and the ion Bernstein waves, 

which are generated in the vicinity of a resonance if the temperature is sufficient. 

The diagnostics introduced in sect.3.3 can be used for the LION and the kinetic 

plasma model; it will be interesting to check how far they coincide in the range of 

parameters where both are applicable. It will be seen how some of them are also useful 

self-consistency checks of the numerical discretisation. 

The last sect.3.4 is again intended for possible future users of the PENN code and 

gives some technical precisions concerning the implementation of each model. 

This thesis is the extension of many years of plasma modeling, which have lead to 

numerous interesting concepts; it is not the aim to repeat them here, so that some 

definitions will only be given to make a clear nomenclature. For a complete review of 

the domain, the reader is encouraged to consult [9] which can be taken as a basis for 

this work. 
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3.1 Resistive LION model 

The model considered in this section treats the species of the plasma as distinct con

ducting fluids that are coupled to each other through momentum transfer collisions and 

long range electromagnetic interactions. This approximation remains valid as long as the 

detailed information concerning the distribution of the particles in the velocity space can 

be summarized by a simple description in terms of average quantities such as the species 

density nffl and momentum m0 t£. In the collisionless regime, where the characteristic 

time scale of a perturbation is much smaller than the one of the collisions between the 

particles (u » i/e), this is the case if 

| u i - m . | > ^ * /6{0 ,±1 ,±2 , .„} 

n. > ̂ . (54) 

where L\\ and £ x &re characteristic lengths over which the dynamical variables of the 

plasma change in the directions parallel and perpendicular to the magnetic field. In 

words, this is equivalent to require that the thermal speed of the particles vth,a is small 

enough to forbid all the resonant interactions with waves which propagate at a much 

higher phase velocity. In addition, the thermal speed of the species has also to be small 

enough that the radial excursion of the particles due to their finite Larmor gyration 

around a magnetic field line may be neglected. 

By taking the lowest order moments of the Vlasov equation for the species, each fluid 

a can be described in terms of macroscopic variables with the continuity equations 

^ + V . ( n o £ ) = 0 
Id - X - / - 1 - -A „ S 05) 

nama I —+ va VI va= naqa I £ +~ va x B\ - Vpn+ i ^ 

where na, v*a, pa refer to the average density, velocity and pressure of a species with mass 

ma and charge qa. If the collisions of the electrons on the ions dominate over all the 

others and affect only the parallel momentum of the species, the contribution of the 

collision operator can be modeled simply by a resistive friction force of the form 

Re= - Ri= -nemev\\<ei/ei ejj (56) 

Assuming isobaric plasma perturbations, the closure takes the form 

— = canst 7 -»0 (57) 
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and the equations (55,56,57) may be combined to establish a linear relation between the 

induced current density and the electric field. The resulting dielectric tensor operator, 

which has partly been obtained in [9], defines the resistive LION modeh 

+ 4TC 
I o -v4(io,6)-io.6V6 o \ 

-JQJkPnW+jojFb -V„(jo^) - J0JkPi\\ ° I 
V o o o / 

(58) 

«,, = ̂  £2(Q = ̂  £3. = { f & * <c /cr f™5) 

- 10 (tons) 

The first term can be identified as the dielectric response of the species, defined only by 

their plasma ua and cyclotron frequencies Cla, and including a finite parallel resistivity 

7j = ^*y. The second and the third terms are of toroidal nature and appear with the 

presence of an equilibrium current and pressure gradient. 

This model can further be simplified by assuming U < C B , leading to 

iu2 

e3* = =*- (59) 

in (eq.58). As a consequence, the resistivity will only cause dissipation and no dispersion, 

so that no additional short wavelength modes are introduced. In the small resistivity 

limit where E\\ —* 0, this model is then equivalent to the one used in the LION code [15]. 

Three types of waves can be described with the dielectric tensor (58) and have been 

carefully analyzed in [9]. The fast, magnetosonic wave (also called compressional Alfven 

wave) is very robust and can here be obtained for all frequencies. While it propagates 

in present-day tokaxnaks and may build up global modes in the ion-cyclotron range 

of frequencies (ICRF) when u> ~ Hi, it appears rather as an evanescent field for the 

frequencies below. For low frequencies, it has a simple isotropic dispersion relation like 

the common electromagnetic waves in the vacuum 

u2
k = <?Ak2 u ; « Sit (60) 

where CA = B/y/4ir £a n„mft is the Alfven speed. 
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The second type of perturbation exists only for low frequencies (w < Qi) and is called 

slow, (shear) Alfven wave; it propagates along the magnetic field lines with a dispersion 

relation 

«2 = 4*i (6i) 
Using the LION model, the Alfven wave forms singular fields on every spatial loca

tion where the resonance condition (eq.61) is satisfied; they are called Alfven reso

nances. A small but finite resistivity smoothes out this singular behavior, and leads 

to strong peaks around the resonances with an ordering for the electric field compo

nents \En\ » |£*| > |£|||. If a resonance is present somewhere in the plasma, a small 

change in the excitation frequency shifts the position according to (eq.61), but leaves the 

qualitative picture essentially unchanged; any frequency interval for which a resonance 

condition can be continuously satisfied is referred to as a continuum. Continuum wave-

fields calculated using (eq.58) do not reflect the mode conversion expected with a more 

detailed description of the plasma, so that the LION model has to be used with care in 

this case. Provided that the converted wave is absorbed before it forms standing waves 

or interacts with an other resonance, it can however be used to obtain a quantitative 

result for the resonantly absorbed power; this is usually the case if the resonances are 

spatially well separated and situated far from the plasma center. 

In a tokamak, the equilibrium current and the magnetic field curvature may open 

gaps in the continua and create global modes of the Alfven wave. According to their ori

gin, these modes are called either toroidicity induced-(TAE), ellipticity induced-(EAE), 

or global-(GAE) Alfven eigenmodes. Pure gap modes have a well defined frequency 

and wavefield structure (independent of the singular behavior mentioned above for the 

continuum wavefields), and can be obtained with the LION model (eq.58) in the small 

resistivity limit. Global modes may however also appear inside a continuum: one speaks 

then usually about qv.asi~mod.es [32] since it is only possible to define their frequency 

and eigenmode structure if the global mode character dominates over the one of the 

continuum. 

When the excitation frequency approaches the ion cyclotron frequency from below 

(u> ~ ft,-), the second type of perturbation found in the LION model (Alfven wave) is 

renamed ion cyclotron wave and takes the dispersion relation 

•*. 4-(§)•(. 4) (62) 
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It shows that the frequency of the Alfven wave is bounded from above by ftj in a single 

ion species plasma. 

The third solution of the resistive LION model disappears in the limit me/mi —• 0 

using (eq.59): it is a finite me modification of the Alfven wave and has a dispersion 

relation 

w* " , , (*-**).* (63) 

Since it has the property that B\\ = 0 and propagates outward from the Alfven resonance 

to the plasma edge, it is called quasi-electrostatic surface wave (SQEW). 

For all these waves, it is important to realize that in toroidal geometry, the parallel 

wave vector fy is not only a function of the position, but is a differential operator given 

by the expression 

*'*ll = V„ = i B -V (64) 

The dispersion relations defined above are therefore not a priori useful. Starting from the 

computed wavefields to calculate fc|| a posteriori, it will however be shown in sect.III.3.4 

that it is sometimes possible to approximate k\\ by a function of the local plasma param

eters. 

The local resistive power dissipation may be defined using (eq.58) and depends only 

on the parallel component of the electric field and the resistivity: 

Ploe = £-2m [ F • 7 • E] ~ >/|£|||2 (65) 

This has to be kept in mind when using the model in the limit where it compares with 

the LION code: a very small E\\ is subject to round-off errors due to the finite precision of 

the computers, but still entirely determines the power absorbed in the plasma. Another 

technical but important question concerns the resistive skin layer, which appears for 

physical reasons when the plasma is surrounded by a vacuum region. To keep the power 

diagnostic based on (eq.65) relevant for the wavefield inside the plasma, the resistive skin 

depth has to be thin enough so that the total power dissipated near the edge remains 

negligible. Using a dense mesh together with an artificially high resistivity in the vicinity 

of the plasma-vacuum interface, it is possible to resolve numerically the sharp variation 

of £j| without affecting the total power absorbed inside. 

The resistivity of a fusion plasma is extremely small compared with other damping 

mechanisms such as the Landau damping which will be introduced in the coming section, 
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so that it does not usually cause any observable damping of a global mode. In our model, 

the resistivities are larger than the real values, but serve to compute correctly continuum 

damping and global mode eigenfrequencies. They will be used in sect.3.3 to check the 

numerical consistency of the FEM solutions. 

3.2 Kinetic model 

If the thermal velocity of the plasma particles is high enough so that their Larmor 

gyration radii become sizable in terms of the transverse wavelength of the perturbations, 

the resistive LION model breaks down. New types of waves such as the kinetic Alfven 

and the Bernstein waves appear and change the qualitative picture of the physics. 

The kinetic model presented in this section takes into account the finite Larmor radii 

PL of the particles, assuming that they are still smaller than the characteristic scale 

length of the perpendicular perturbation L±. At the same time, it describes correctly all 

the resonant interactions which occur when the thermal speed of the particles becomes 

comparable to the phase velocity of the waves, allowing for a consistent description of 

the Landau and cyclotron dampings. The first limit introduced in (eq.54) for the cold 

plasma model can therefore completely be removed for cyclotron harmonics up to / = ±2, 

the second being relaxed to 

na < Sjjs. (66) 

Starting from the Vlasov equation which provides a kinetic description of the plasma, a 

dielectric tensor has been derived in [20] for species in a local equilibrium. The model 

uses an expansion up to the orders eeep and e* in the small parameters comparing the 

size of the Larmor radii first to a characteristic scale length of the equilibrium ee = PL/L, 

and second to the scale length of the electromagnetic perturbation perpendicular to the 

toroidal direction tp = PL/L±. The kinetic pressure of the species can be chosen in a 

way which is compatible with the Grad-Shafranov equation for the equilibrium 

pMHD = J2n°T° + Po (67) 
a 

where po is an integration constant which does not contribute to the right hand side 

of (eq.2). Taking into account the effects related to the force-free current carrier by 

the untrapped electrons, it is possible to model the finite pressure of a tokamak in a 
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consistent way using an equilibrium current of the form 

j 0 = - e n e t i e j | - c # f | e ^ 

u = _cB_ar 
(68) 

In good agreement with the neoclassical theory of transport, the trapped particles do 

not here contribute to the plasma current; all the resonant effects due to the trapping 

have however been neglected assuming w >• wj. 

The final expression for the dielectric tensor operator (which is much too complicated 

to be repeated here) is written in terms of functions and operators involving the local 

plasma parameters and can be summarized symbolically as 

e = 1 + £ 7Q (V2,V, Z*(z,),Y(VA7z,)) (69) 
a 

Z'h{z) = 4 = r°° -t—e-*2dx $mz > 0 (70) 
•v/X J-oo Z — X 

yw-jT 

+oo 1 

+°° sgn(x) _j? 

oo Z — X 
dx Smz > 0 (71) 

Bm(rl>) is the maximum static field amplitude on the magnetic flux surface labeled 0 = 

const. The dispersion and damping due to the wave-particle interactions appear through 

the dispersion functions (Zth, Y) and have been calculated for species with a Maxwellian 

distribution in velocity space. It is important to mention that the analytical expression 

for the kinetic tensor has slightly been modified as compared with [20], substituting 

fcjl —» kv, which is a generalization which may be performed to allow for an iterative 

calculation of the operator k\\. 

All the waves already described in the resistive LION model are found again using the 

kinetic model, so that we now refer to sect .3.1 and stress here only some modifications 

brought in with the more detailed description of the plasma. A complete analysis may be 

found in [9]. The fast magnetosonic wave is essentially unaltered by the thermal motion of 

the particles, provided that vth,i •C CA- The kinetic description however now guarantees 

a physically consistent damping rate which can be estimated for low frequencies as 

Ik = —. ! , . , •" "k u<Ui (73) 
4 miCA fcfc)| 
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The second (slow) type of solution consists of two different forms of the Alfven wave: 

the kinetic Alfven wave (KAW) which propagate in regions where the ratio u;/(|fc|||t;tfcte) 

is smaller than unity, and the quasi-electrostatic surface wave (SQEW) for which the 

ratio has to be bigger than unity. The KAW is dramatically different from the shear 

Alfven wave obtained with the LION model since it also propagates across the magnetic 

field. This appears clearly in the dispersion relation 

«*« 4*1 [1 + f * 1 - * * ( ! +5?)] 
(74) 

f¥ /m7 lk = v ? v t 
T /m7(*2-*M, . 

^r— \h\<* 

where cs = J%- is the ion sound speed. Note that one can obtain a crude approximation 

for both the KAW and the SQEW from the fluid equations, provided the electron pressure 

(for KAW) and inertia (for SQEW) are retained to create the necessary perpendicular 

dispersion for the two waves. Assuming Ti —• 0, it is therefore possible to model the 

propagation of the KAW using [20] already in the zero order Larmor limit. 

The singular wavefields obtained with the LION model on the Alfven resonances are 

replaced in the kinetic theory by a mode conversion from the fast (long wavelength) 

magnetosonic wave into a slow (short wavelength) KAW or SQEW. Since the KAW 

is born at a resonance and propagates inwards [9], (see fig.7,left), it may build up a 

standing wave and form eigenmodes of the kinetic Alfven wave (KAWE). In the limit 

where it is damped before it reaches the center or another resonant layer, the KAW forms 

an analogue of the former continuum obtained with the LION model. The propagation 

of the KAW in toroidal geometry is in fact not known; some effects will be studied in 

this thesis in sect.III.3.3. Combining facts from cylindrical and toroidal theory, one can 

however try to predict qualitatively the spectrum and the waveforms, fig.7 (right). 

Another wave which is important in this thesis is the ion-acoustic wave (IACW). It 

is usually strongly damped unless Te > Ti and propagates with a dispersion relation and 

damping given by 

r ( . , / ' . \ (75) 
7 f c " 2 \\h\y<J[i + ik2-$*^ 

It can be identified with the sound wave obtained with the MHD models assuming an 
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Figure 7: Propagation of the KAW and build up of eigenmodes: schematic illustra
tion of eigenfrequency spectrum and wavefields for different excitation frequencies 
and a given radial profile of the Alfven frequency UJA- (left) Alfven wave heating 
scenarios (right) a possible behavior in the gap region 

isothermal closure of the form p/n = const, keeping however in mind that fluid models 

cannot determine the wave damping, and are therefore insufficient to determine whether 

it propagates or not. Recent simulations using such MHD models in toroidal geometry, 

showed [33] that a coupling between sound and shear Alfven waves can result in a spectral 

gap at frequencies lower than that induced by the toroidicity alone. Global modes have 

been found and were given the name /3—induced Alfven eigenmodes (BAE), since their 

presence is related to the finite value of 0 = ^MHP^ ^ ( ^ ) 2 which measures the ratio 

between the plasma and the magnetic pressure. As the MHD models cannot predict the 

damping of possible BAE modes and are, from a formal point of view inapplicable to 

the sound wave, there is a large interest in kinetic modeling based on (eq.69), specially 

since there has been a clear experimental evidence for the presence of eigenmodes below 

the TAE range of frequencies [34]. 

It is in general possible to define the local power absorption using the kinetic theory: 

some related work has even been performed for the slab geometry in the frame of this 

thesis [8],[13], but will not be repeated here. The local power absorption can however not 

be obtained from the kinetic tensor [20] since higher order contributions are mandatory 

to guarantee analytical consistency. 

An estimation of the power deposition due to Landau and cyclotron damping may 

38 



however be calculated form the kinetic tensor taken at lowest order: 

P? = £*m [ ? - 7(0) • 1] (76) 

Another ad-hoc but more complete expression including other damping mechanisms such 

as magnetic pumping and curvature damping, has been derived using the drift kinetic 

approximation for the low frequency limit [35]. 

3.3 Fields, powers and other diagnostics 

Experimentalists need diagnostics to detect and quantify physical observations; compu

tational scientists need them moreover to reduce the amount of data produced by the 

computers and monitor both the numerical and physical consistency of the models. In 

a global wave calculation using the Maxwell equations (24) with one of the models for 

the plasma (eq.58 or 69), the equilibrium and antenna excitation parameters completely 

define the plasma response in terms only of (A,<f>)- Any other quantity has to be derived 

from the potentials and has to be considered as a diagnostic. 

The electric and magnetic fields (E,B) for instance have to be calculated using 

(eq.19). Apart from the obvious physical interest in them, these diagnostics already 

provide for an excellent numerical self-consistency check: since the parallel component 

of the electric field has to be small when compared with the other components in the 

Alfven range of frequencies and using the resistive LION model, a non-trivial cancel

lation has to occur between the two contributing terms in E^ = — V||^ + ik0A\\. The 

relative size of £j| compared with the two other components can therefore be used as an 

estimation for the minimal precision achieved by the numerical solution when i/et- —* 0. 

Given the position and the orientation of magnetic probes near the wall, the magnetic 

field perturbation computed in the vacuum can be used to define signals which reflect 

the spatial structure of eigenmodes inside the plasma. This diagnostic application will 

be used for comparisons with experimental data in sect.IV.2. 

Various definitions for the powers can be used to define the response of the plasma 

and provide for another self-consistency check of the solution. Starting from the wave 

equations in the plasma and the vacuum 

f V x V x £ - ( ^ ) 2 £ - £ = 0 

Y -* (77) 

[ VxVx £„-(*) Ev=*tJant 
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it is easy to establish power balance relations by multiplying each equation by the con-

jugated electric field E and integrating over the volume occupied by the plasma, the 

vacuum and the antenna. Using Faraday's law (eq.17) and the Poynting vector 

- » / • —»« _ • 

S= ^(E * B) (78) 

the power balance relations take the form 

(79) 

The property V- j ant= 0 can be used to simplify further the expression for the power 

delivered by the antenna, obtaining two explicit power balance relations 

nvac I pant _ ppl<*(\\ 

P+{s) = iSn{s) *€[0;1J 

(80) 

(81) 

(82) 

Pvac=~f dV(\B\2-\E\2) 
o7T Jvac 

?»»' = £-/ dvJant.Z 
2C J ant 

Sn(s) = -j I**dd\JVs\(E *B)n 

/*•(*) = J± Fdd f'ds\J\(\ B \2-EM • e • E) 
v 4 JO JO 

The first (eq.80) checks if the total plasma power equals the power generated in the 

vacuum region by the oscillating antenna currents. The second (eq.81) can be used 

throughout the plasma 5 € [0; 1], checking if the total power absorbed between the 

magnetic axis and the flux surface labeled s equals to the inward power flux through this 

surface. 

An important diagnostic is finally the measure of the local parallel wave vector 

w = |v„>ui2 + |V||>M* 
\Any + M»|2 

+ IV^I* + |v„̂ p 
+ Mill3 + W 

(83) 

which will be used in an iterative way with the hot plasma model to determine the 

operator Vn in a self-consistent manner. 
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3.4 Implementation in PENN 

The dielectric tensor coefficients efjmn previously defined in sect.2.5 (eq.46-49) can now 

be used in the frame of the kinetic or the resistive LION model, to implement the species 

response into the same wave equations (24). 

While the equilibrium geometry and magnetic field are determined by the Grad-

Shafranov equation (2), the species density na and temperature Ta need still to be 

specified. Choosing both of them as flux functions f(s), different types of radial profiles 

have been implemented to model an inhomogeneous plasma: 

/00 = /oX>«" (84) 
>=o 

-63 r 
j 

(85) /(s) = /0exp 

/(s) = / 0 ( l - a s 2 )> (86) 

/o refers to the quantity in the center and a, b, Ci to shape constants. 

The resistive electron temperature T™* is used in the resistive LION model to calcu

late the collision frequency according to 

uei = 2.9 x 10-6neA(r;")-3/Vo A = 24 - In ( ^ ) (87) 

where the parameter va is used for numerical reasons to increase artificially the resistivity 

?/ = : ^ $ i . This factor usually taken constant all over the plasma radius (ua « 30 for 

a plasma with n0>e * 5 x 1013cm~3, T0,e « IkeV) except at the edge, where a thin 

Gaussian peak is used to resolve the skin depth {y%VI « 3000). In the kinetic model, the 

temperature of each species a is assumed to be isotropic Ta = T±t0l = T\\t0, and defined 

so as to obtain the Larmor radius and the thermal velocity as 

VikA .2 27; 
Pi* ~ 2fi7 *<>,* ~ -^ (88) 

To be compatible with the MHD equilibrium pressure, the temperature profiles can be 

chosen so as to satisfy (eq.67); the arbitrary constant p0 may then be used to set a 

finite temperature at the plasma-vacuum interface, but has to remain small to avoid the 

creation of currents on the plasma surface. 

Some terms in the hot tensor have to be integrated by parts, either because they are 

second order operators or because they produce third order derivatives of the equilibrium 
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which are not available. This is carried out using the general vector identities 

fdV(Vng)f=f dS • rn gf + / dVg(Vif) (89) 
Ja Jan Ja 

jf dV(V,g)f = JaQdS- Zv gf + jf dVg{Vj/) (90) 

\ve\ where ep= ,^,„. and 

(91) 
Vn = - V B - V- £ = -Vn + (% - ft,,) 

vt = ~vp - v- e> - v„ + (&„ - %) 

The normal V„ and poloidal operators Vp = V£°)gg, V£°) = j&-r are both purely real, 

which is not the case for the binormal operator defined in (eq.48). All the explicit adjoint 

operators (Vn, Vj) are carried out on the test function V*, whereas the others (VB, Vp) 

act on the basis function W. 

As an example, the treatment of the first term in the second-order component e*n of 

the dielectric tensor (eq.55 in the notation of the original paper [20]) consists of 

/ dVV{Vn + ft,, - fa)AnnVnW = - / dVV'V{AnnVnW 
Ja Ja ( 9 2 ) 

= _ / dV{VnV)-Ann(VnW) 

This leads with (eq.48) directly to the coefficients entering into the weak form (eq.24): 

(93) 
-ono _ A vWyd) eoioi _ 4 v<2)V<2) 

The different ways to integrate by parts B„6 VP(V„ + /?*||) and (V„ - /?||>)VpBnt, which 

appear in e*b and e& all lead to the same result. 

Third order derivatives of the equilibrium flux function ^ are not available from the 

equilibrium code CHEASE; all the terms involving Vn0q\ and Vp0b\\ have therefore to 

be integrated by parts. This results for example in an implementation of the third term 

of e*M as 

Ja dVV'(Vn^)CrW = Ja dV0bl]Vt (V'CrW) = 

J dVfa [ -V(V- en)C?nW - (VnV)C?nW - V'(S7nC?n)W - VmC?n{VnW)} 

(94) 
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Figure 8: Dispersion functions Z'h (left) andY (right) computed along the real axis. 
Continuous lines represent the real and broken lines the imaginary part. 

and leads with (eq.48) to the contributions 

e S » - - A | C r v S ? ) - e j r i 

«E" = -AflCT VW = e[ 0001 
nn (95) 

.0000 

The tensor for the hot plasma model has been written in terms of the dispersion 

functions Z'h and Y, best suited for the description of the wave-particle interactions 

assuming a Maxwellian distribution of the species. These functions have further to be 

expressed in terms of the complex error w(z) and the exponential integral functions 

zexp(z)Ei(z) 

Z*h{z) = -zZNRL(z) = -iyfHzw{z) 3m(z) > 0 (96) 

Y(z) = -exp(-z2)E!(-z2) 9 m ( z ) > 0 (97) 

so that they can be calculated using efficient methods described in Ref.[36] and [37]. 

Fig.8 shows them along the real axis, assuming a small positive imaginary part in the 

argument. 

As mentioned already in sect.3.2, fr|| is an operator in toroidal geometry and is not 

a priori known. Since it is here needed as an input quantity to define the hot dielectric 

tensor operator, an approximation has to be taken as an initial guess. Assuming that 
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the equilibrium current effects are small, one may for instance keep only the dominant 

term in (eq.10) and define 

*||M) = £ (98) 
For TAE mode computations, the approximate dispersion relation yields 

w-dpe (99) 

Inside an Alfven continuum, where the field is dominated by the propagation of a kinetic 

Alfven wave, the dispersion relation can be tailored to the form 

*iiM) = f (ioo) 

Once the potentials (A, 4>) have been computed, it is possible to use the a diagnostic 

method such as (eq.83) to measure the value of fy directly from the fields and reinsert 

it into the problem. This defines an iterative scheme to calculate V|| in a self-consistent 

manner, provided that the whole procedure converges; more details can be found in 

sect.III.3.4. 
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I l l Results 

The rather complicated formulation exposed in the first part of this thesis has been 

translated into the new PENN code. Before it can be used to study kinetic effects 

on the propagation of electro-magnetic waves in a tokamak, it has to be thoroughly 

checked in various, more or less simple, limits. Since the modeling of electro-magnetic 

waves requires the numerical resolution of Maxwell's equations, a first check is performed 

in a cylindrical vacuum waveguide where the solution can be tested against analytical 

results. A magnetized plasma column is then introduced into the cavity in order to 

validate the resistive and the kinetic model in the simplest limit possible. This requires 

however already the resolution of a partial differential equation that cannot be solved 

analytically: comparisons are made for both models with the 1-D cylindrical cold/kinetic 

plasma code ISMENE [10]. Bending the cylinder into a torus, the resistive plasma model 

can finally be used to check the toroidal implementation of Maxwell's equations against 

the 2-D toroidal cold plasma code LION [15]. 

With two models available in the same code and used as a cross-check for the consis

tency of the toroidal results, the linear wave propagation is finally studied in the Alfven 

range of frequencies for realistic tokamak geometries. An Alfven wave heating scenario 

is examined for the TCA tokamak and suggest that the finite temperature of the plasma 

might be very important in toroidal geometry. A systematic study of the kinetic effects 

on excitation of global waves is further carried out on GAE and K/TAE modes, showing 

how the toroidal coupling between the long wavelength eigenmode and the short wave

length KAW change dramatically the qualitative picture of the results obtained with the 

resistive model. 
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1 Cylindrical waveguide 

This section consists of a first check of the rather complicated numerical model developed 

to solve Maxwell's equations in a toroidal plasma. Using the complete formulation in 

the simplest limit possible, global electromagnetic (EM) modes are studied in a large 

aspect ratio, circular cross-section vacuum cavity equivalent to a cylindrical waveguide. 

Classical electrodynamics [38] show that the EM eigenmode spectrum consists of two 

types of solutions, the transverse electric (TEirm) and the transverse magnetic (TA/(,m) 

polarizations with frequencies depending on / the radial and m the azimuthal mode 

numbers. Reproducing these results numerically, the aim is twofold: in the forthcoming 

sections, a vacuum region will be defined around the plasma and it is important to verify 

that the wave equations (24) can be solved there using standard FEM discretizations 

without introducing spurious modes of numerical origin. The second aim is to validate 

the bilinear (LFEM) and bicubic-Hermite (CFEM) finite element discretizations in a 

simple test case, checking that the numerical solutions converge to the analytical values 

with rates expected from the order of the approximations. 

To model a cylindrical waveguide in 2-D, a circular large aspect ratio Solovev equi

librium (eq.3) is defined with a minor radius a chosen for convenience so as to obtain 

the analytical eigenmode frequencies in [GHz] exactly equal to the roots of the Bessel 

function (table 1). As the Solovev equilibrium here merely produces the geometry and 

the mesh, the safety factor qo does not affect the eigenfrequency spectrum; using a large 

qo, it is possible to everywhere align efj with the axis of the cylinder and separate the 

TE from the TM wavefields in a representation using the local unit vectors (e^,cj, C|[). 

minor radius 
aspect ratio 
elongation 
safety factor on axis 
frequency 
toroidal wave number 
antenna It{m) = Ia(m)/10* 

dielectric tensor 
damping 
homogeneous mesh 

a[cm] 
Ho/a 
E 
?o 
fo[Hz] 
n 
m 
•>* 
e 
So 

4.771345159 
10000 
1 
103 

103...2 x 1010 

0 
€{1,...4} 

J 
io-2...io-8 

4...48 

Table 1: Cylindrical waveguide 
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The toroidal wave equations (24) are discretized in the entire vacuum cavity, relying on 

numerical cancellations to recover the cylindrical limit. The regularity and the gauge are 

imposed via natural conditions. On the metallic wall, the essential boundary conditions 

are defined by (eq.25) and the additional (eq.26) if CFEM are used. The unicity of the 

potentials (A,4>) has to be imposed on the cylinder axis using (eq.27); although this 

is sufficient to achieve the unicity of the electric field E (since |V^| ~ 0 calculated in 

the vacuum), CFEM require the additional (eq.29) to obtain a unique magnetic field 

perturbation B in the center of the polar mesh. 

To compute the eigenmode spectrum, an oscillating helical source current (eq.30) is 

distributed arbitrarily inside the cavity, choosing the excitation frequency with a small 

imaginary part u = (u/r;u/,) = 2x(l + iSQ)f. A response function Ppta(ijr;ui) is defined 

in terms of the solution of the wave equations, using the power definitions (eq.82).It 

is meaningless here to relate Pp<a(u;r,<t't) to an EM power since no physical dissipation 

mechanism has been introduced to absorb the power delivered by the antenna. Ppla may 

however simply be regarded as a complex function with poles (u>T; 0) distributed along th. 

real axis corresponding to the numerical approximations of the physical eigenfrequencies. 

The numerical spectrum can therefore be calculated by scanning in the complex plane 

(wr,u>,) with an increment AuT = 2xA/ and a constant W* > 0 chosen so as to resolve 

the response peaks in l3m(Pvia), which signal the presence of an eigenmode each time 

uv approaches a pole. Although the wavefield excited in the cavity is in general the 

superposition of various eigenmodes and the field directly induced by the antenna, the 

structure of an eigenmode may be obtained in the limit wf- -C uv when the cavity is 

resonantly excited at the maximum of a response peak: the eigenmode then becomes 

dominant and the other contributions vanish with u»; —• 0. 
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Figure 9: Response $fm(Ppla) for an azimuthal excitation for TE modes (top) and 
an excitation parallel to the cylinder axis for TM modes (bottom) using LFEM 
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Figure 10: Analytical (circles) and LFEM (x-marks) eigenfrequency spectrum 
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Using this procedure to verify that the eigenfrequency spectrum of the cylindrical 

waveguide is complete and does not contain any spurious "polluting" mode, two broad 

scans are performed from 10 kHz up to 20 GHz with a high resolution in frequency 

( A / / / < 0.025,60 = 0.05) and a low spatial resolution (N, = Ng = 8 for LFEM, 

TV, = Ng = 4 for CFEM). All the Fourier modes m £ {0, ...Ng/2} representable by the 

numerical discretization are driven with an azimuthal current 70(m) for TE modes, and 

a weaker axial current -^(fn) = 10-4 x Ia(m) for TM modes. 

Fig.9 shows only the upper part of the study in the case of LFEM: for both excitations, 

the response mo. otonically increases until a peak signals an eigenmode at 2.06 GHz: from 

the wavefield, it is identified as the TEQI cutoff mode. The reason why it also appears 

in the scan for TM modes is that the big but nonetheless finite value of <7o used to define 

the Solovev equilibrium is sufficient to create a slight misalignment between ejj and the 

cylinder axis, resulting in a small coupling between the perpendicular and the parallel 

wavefields and the related diagnostics. Pursuing this procedure, the complete eigenmode 

spectrum is calculated and compared with the analytical theory. 

Fig. 10 summarizes the result obtained with LFEM for frequencies below 10 GHz. 

Every mode found numerically could be identified in a one to one correspondence with 

the analytical result. Most of the eigenmodes are degenerate for both signs of m = 

±1 , ±2, ±3...; the numerical discretization removes this degeneracy, but the difference in 

frequency between each twin mode is small when compared to the difference between the 

numerical and the analytical result, so that it is damped out by the rather strong value 

of 60 used in fig.9. As expected, the modes which have low quantum numbers (l,m) are 

obtained with a better precision; pushing the resolution to the limit of 2 mesh points 

per wavelength (m = 4 ) , the deviations become important, but the spectrum remains 

unpolluted (remember fig.4, root b). 

The same analysis has been repeated with CFEM; once more, only physically relevant 

modes were present in the numerical spectrum, this time however with such a high 

precision that the difference between the numerical and the analytical result would not 

even appear in a graph such as fig.10. To illustrate a result obtained with CFEM, an 

eigenmode TE\t\ has been calculated on a coarse homogeneous mesh (TV, = Ng = 6). 

The eigenfrequency obtained numerically fnum = 5.3323 GHz is in excellent agreement 

with the analytical result fth=5.ZZU GHz. 
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Figure 11: Ste(AjJ for an eigenmode TE\\ calculated urith CFEM 

Figure 12: same solution in level line plots for ffte(An) (left) and 9te(Ab) (right) 
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Figure 13: 6G = ? ' ^ - ' measuring the precision of the gauge 

Fig. 11 shows the structure of the eigenmode field E±~A±.= An Tn +A), ej in a vector 

plot and fig. 12 the same result in a contour plots for each component, so that it is possible 

to compare both representations. 

Two questions remained unanswered when the boundary conditions were defined in 

sect.11.2.2. They concerned the natural conditions which are formally not sufficient first 

to forbid a weak singular behavior of the field such as f(s) ~ ln(s), ?nd second to impose 

that V* A= 0 in the center of the polar mesh. Fig.ll and 12 show that the field is regular 

all over the cylinder radius, suggesting that the singular behavior is in fact not strong 

enough to show up. The only way we found to observe it was to strongly accumulate the 

mesh points towards the center (for example by dividing 5 times the radial mesh interval 

closest to the axis by two which, which leads to radial mesh spacings As ~ 1,2,4,8,16...). 

To answer the second question, it is useful to compute SG = a|V- A | / | A | which 

locally measures the precision of the gauge. Fig. 13 shows SG for the modes TEn and 

TEOJ which have fields either finite or zero on the axis. In both cases, SG remains small 

all over the cross-section and does not grow towards the axis (for the mode TEw on 

the right side of fig.13, SG has a maximum at s a 0.06 reflecting that | A \ —* 0 when 
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5 —* 0, but finally decreases over two mesh points towards the axis, showing that | V- A \ 

converges more quickly to zero than | A |). This suggests that V- A is directly minimized 

by the variational form (eq.24), and that the center of a polar mesh does not need to be 

considered as a domain boundary as originally feared. 

Having verified that the solutions computed from the wave equations (eq.24) behave 

in a satisfactory manner, the quality of the LFEM and CFEM discretizations can finally 

best be judged in a convergence study monitoring the precision of the frequency and 

the gauge as a function of the spatial resolution. Fig.14 shows the convergence of A / = 

(/n«m _ phyph f o r t h e eigenmodes TE02, TEQ1, TEU and TMW, where fnvm refers 

to the frequency obtained numerically and fth to the analytical result. While LFEM 

eigenfrequencies converge as N~2 to the analytical values, the convergence rate nearly 

reaches N~s using CFEM, with an excellent initial precision better than 1% already 

with two mesh points per wavelength. Convergence is also achieved for the gauge: fig.6 

shows that the volume averaged gauge precision (8G) = (2I_i4l \ converges to zero as 
\ Ml / 

JV-2 using LFEM, and iV"4 using CFEM. 

To summarize this section, the calculations performed with the toroidal PENN code 

used here in the simplest limit possible show that Maxwell's equations (24) can be solved 

in a 2D cylindrical vacuum for the complete physical spectrum, without introducing 

numerically produced "polluting" modes. Both, the LFEM and the CFEM discretization 

schemes yield solutions which are numerically sane and converge to the analytical result 

with rates expected from the order of the interpolations. Although the CFEM are much 

heavier to implement as far as the programming is concerned, the computer time required 

to achieve a precision of 1% in the eigenfrequency is already 2-4 times smaller with CFEM 

than with LFEM. This advantage is even more marked for higher precisions, as CFEM 

have a higher convergence rate. 
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Figure 14: Convergence to the analytical result: relative frequency deviation A / 
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2 Uniformly magnetized cylindrical plasma column 

By immersing a plasma column into the the previous section's waveguide, the TE and TM 

wavefields become coupled and new types of perturbations propagate inside the plasma, 

which considerably change the cavity response: among the new types are the fast and 

the Alfven waves, which will be studied numerically in sect.2.1 and 2.2. The physical 

results for this simple test case have been known for a long time [9]; a part of them is 

reproduced here in 2-D to validate the new PENN code, comparing the solutions with 

the 1-D kinetic code ISMENE [10]. Having already checked the Maxwell operator (eq.24) 

in the vacuum, the emphasis is put here on testing both the resistive and the kinetic 

plasma models; as a by-product, the validation will however also test the implementation 

of the surrounding vacuum region and the solution diagnostics. 

2.1 Fast wave 

In the low frequency range of plasma perturbations u; < fi,-, the fast wave generally 

coexists with the Alfven wave and both contribute to the wavefield induced inside a 

plasma by an external current and therefore to the cavity response. The fast wave may 

however also be excited alone at frequencies higher than the ion cyclotron frequency J),-, 

since the Alfven wave (eq.62) does not propagate for w > fij. Using this property for a 

simple test case, global modes of the fast wave are here calculated for an inhomogeneous 

plasma at frequencies slightly higher than Q;. 

A circular, large aspect ratio Solovev equilibrium is first defined in the same manner as 

in the previous section, choosing a minor radius a corresponding to the TCA tokamak [39] 

(see table 2). The geometry of the plasma is extended from the PVI to the surrounding 

vacuum region (eq.12) and bounded at a radial position (a by a metallic wall. An 

oscillating helical antenna current (eq.30) is driven at a frequency u> = 27r/0 half-way 

between the vessel and the plasma with a rather broad Gaussian distribution A($) to 

minimize the numerical resolution required in the vacuum. The toroidal wave number n 

is chosen so as to keep the wave vector along the cylinder axis kv = n/Rc relevant in the 

large aspect ratio limit. The homogeneous magnetic field Bo is aligned with the cylinder 

axis and the density of the deuterium plasma adjusted so as to excite the fundamental 

eigenmodes of the fast wave above the ion-cyclotron frequency feo — (ID/2T = 11.4 

MHz. 

A constant resistivity r\ is obtained for the resistive model with a flat electron tem-
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minor plasma radius 
vessel radius 
aspect ratio 
safety factor on axis 
linear frequency 
toroidal wave number 
helical antenna currents / s ( m ) = ^o(m) 

Gaussian distr. around (swail - l)/2 of width A 
magnetic field 
density ne =np = n0(l - 0.99s2) 
damping factor va = canst 

TT
t" = const 

temperatures Te = 2TD = T0(l - 0.95s2)2 

a [cm] 
a£ [cm] 
Bo/a 
9o 
/o [MHz] 
n 
m 
A 
Bo [Gauss] 
n0\cm-z} 
va (eq.87) 
27" [eV] 
To [eV] 

18.0 
21.0 
1000 
103 

21...150 
2000 
6 {-2, ...7} 
0.25 
1.5 x 104 

5.2 x 1012 

300 
10 
1000 

Table 2: Fast wave modes in a cylindrical plasma 

perature T£" in (eq.87); although this choice is arbitrary, it facilitates the resolution 

of the numerical problem by spreading out the power deposition over the entire plasma 

radius. The kinetic model has to be modified as compared with [20] by removing all the 

neoclassical terms which can be recognized by the common weighting factor 6"1: they 

are indeed only relevant for the tokamak geometry but diverge in the limit of zero cur

rent. The species temperatures are chosen in a realistic way for the kinetic calculation 

which also treats them consistently. As the differential wave equations obtained with the 

resistive model in the limit of vanishing equilibrium current are of 2nd order (see eqs.24 

and 58 with vanishing 2nd and 3 rd terms in T), they are discretized using LFEM, here 

with a mesh (N?a = 24, iV^ac = 6,Ne = 24) which has slightly been densified at the 

PVI. The kinetic wave equation involves 4th order operators even in this simple limit, 

so that CFEM are mandatory to discretize the problem (eq.24, 69), using here a mesh 

(Nfla = 16, Nfae = 4, N$ — 16) with a strong packing to resolve the sharp variations of 

the fields in the vicinity of the PVI. 

The eigenmode spectrum of the fast mode is again computed with a scan in the exci

tation frequency / , monitoring the response with the power relations (eq.82). Contrarily 

to the vacuum waveguide of the previous section, the frequency can here be chosen as 

purely real since the finite resistivity r\ provides for the necessary damping to dissipate 

the power emitted by the antenna, shifting the poles associated with the eigenmodes 

accordingly from the real axis to the stable side of the complex plane (uv;u>j), u>< > 0. 
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Figure 16: Fast wave mode spectrum obtained with PENN using the resistive/LFEM 
(x-marks) and the kinetic/CFEM models (circles, capital labels), compared with the 
kinetic results of ISMENE (circles) 
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Figure 17: Electric field components for the mode Fi-.\im-\ at 53.8 MHz using the 
resistive/LFEM (top) and the kinetic/CFEM models (bottom) 
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Fig. 16 shows the spectrum for different poloidal mode numbers m, in a comparison 

between the kinetic ISMENE code and both models available in PENN (the 2-D study 

has however here been limited to the 7 modes labeled with capital letters when using 

the kinetic model, avoiding unnecessary but expensive calculations using CFEM). 

The codes are in good agreement with each other, for the resistive as well as for 

the kinetic results. In particular, the eigenfrequencies reflect an asymmetry in the sign 

of m, a degeneracy which has been removed due the difference between left and right 

circularly polarized waves interacting with ions which all gyrate in the same direction. 

As expected from the dispersion relation, the kinetic effects do not significantly change 

the fast mode spectrum. The wavefield structures, illustrated for the mode f|=i,m-i 

in fig. 17, are similar except for the strong localization of the field in the vicinity of 

the PVI, which is due to the much smaller physical damping imposed by the kinetic 

effects than the arbitrarily chosen resistive damping in the resistive model. It is easy 

to distinguish the vacuum from the plasma since charges and currents induced near the 

plasma surface result in abrupt changes of 3te(En). The extrema of the eigenmode field 

components show that \En\ » \Eb\ > \E\\\ inside the plasma, while \En\ ~ |JE7b{ > |£|| | 

in the vacuum. The difference in 5te(E\\) comes from the damping, which is small in the 

kinetic calculation, expelling the field entirely out of the plasma, while it is sufficient in 

the resistive case to let the field penetrate so that the structure also becomes apparent 

inside the plasma. The eigenmode field in the vacuum is then reduced to a level at which 

it no longer dominates the field driven by the antenna, so that the contour plots show a 

superposition of both. 

With the resistive model, it is possible to check the consistency of the numerical 

solution all over the plasma cross-section using the power balance equation (81). Taking 

into account the coarse numerical resolution with LFEM, fig. 18 shows a good agreement 

between the integrated absorption Ppla and the normal Poynting flux Sn, this for the 

reactive {9fce(Pp'°),-3m(Sn)} as well as for the resistive powers {3m(/>J''0),3?e(5n)}. 

Note that the much smaller resistive powers have here been amplified by a factor 50 to 

be able to represent them on the same plot as their reactive counterparts. This ratio 

will considerably change for the Alfven wave scenario presented in the coming section. 
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Figure 18: Local power balance between the plasma power Ppla(s) (continuous) and 
the normal flux 5n(s) (broken line) using the resistive/LFEM model with a mesh 
(N*la = 24, JV^ =6,Ne = 24) for an eigenmode F/=1,m=i 

2.2 Alfven wave 

Using the same plasma as in the previous section with a low frequency antenna excitation 

a; < Qi, an Alfven wave may be generated at the spatial location where the resonance 

condition (eq.61) is satisfied. The fast wave, which becomes weakly evanescent, carries 

the wave energy from the antenna to the Alfven resonance where, according to the degree 

of sophistication of the plasma model, it is either absorbed in a process called resonance 

absorption or first converted into a kinetic Alfven wave (KAW) which is subsequently 

damped by the plasma. 

To validate the PENN code in the Alfven range of frequencies, the same parameters 

previously defined in table 2 are used here with an excellent numerical resolution provided 

by a CFEM discretization on an inhomogeneous mesh (N, = 48,Nfae = 16, N$ = 32) for 

the resistive and {Ns = 48, Nv,ae = 12, Nt = 36) for the kinetic model. A helical antenna 

current m = — 1 is excited at a frequency / = 2.3 MHz well below the ion-cyclotron 

frequency feD = $ID/2T = 11.4 MHz. The resistive damping is adapted to the arbitrary 

choice determined by T?$ = 800(1 - 0.84s2)2 [eV] and ua = 30. 

Fig. 19 shows a comparison between the resistive and the kinetic wavefields for rela-
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Figure 19: EJlectric field components in an Alfven wave scenario using CFEM for 
the resistive (top) and the kinetic calculations with high temperatures Te>0/To,o = 
1000/500 eV (bottom) 

tively high temperature. In the first case, the wavefield is strongly localized around the 

radial position s=0.75, recalling the singular resonance behavior which has been regu

larized in the presence of resistive dissipation. In the second, the FLR effects operate a 

mode conversion into a KAW, subsequently propagating inwards so that it just manages 

to reach the center before it is damped out. As the wavefield is rather global in this case, 

it forms a strongly damped kinetic Alfven wave eigenmode (KAWE). A posteriori, it is 

important to verify that the 2nd order FLR expansion assuming small Larmor radii is 

satisfied by the solution: with k±pi ~ 0.4 in the center of the plasma, 3rd order non-local 

corrections should contribute by less than approximately 6% to the total power, which 

is thought to be small enough. 
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Figure 20: $le(Eb) in the same scenario with different temperatures Te/To given as 
labels: comparison between ISMENE (left) and PENN (right) 
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Figure 21: KAW wavelength measured on the wavefields for Tejo — 800eV (x sym
bols), Tefi = 400eV (o symbols) and Te>0 = 200eV (+ symbols) as compared with the 
local dispersion relation (lines) 

To check the terms in the kinetic tensor which are important for dispersion and 

damping, the KAW calculation above is repeated for different temperatures, comparing 

the wavefields with the 1-D kinetic ISMENE code using an azimuthal Fourier mode 

m = - 1 and 100 radial mesh points. Fig.20 shows an excellent agreement for the 

binormal component of the electric field Ue(Eb). The same level line density has been 

chosen to display both results in 2-D without the surrounding vacuum region, so that it is 

easy to compare the relative size and the structure of the electric field everywhere inside 

the plasma by counting the number of lines separating different positions. Although 

a visual comparison of the fields certainly provides the most accurate check for the 

dispersion and the damping, an additional measure of the wavelength of the KAW is 

carried out directly on all three components of the electric field, comparing the result with 

the local dispersion relation (eq.74) evaluated in the center of the radial extension of the 

measure (1 wavelength). Fig.21 shows the wavelengths obtained for three temperatures 

Teio = 270,0 = 800,400,200 eV, with typical error bars which represent 0.4 mm when 

measured on the plots in fig.20. Because of the Airy swelling of the field at the resonance 

and because the wavelength calculated using the dispersion relation varies significantly 

over the radial extension of the measure, the comparison is very imprecise near the 
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Figure 22: The almost undistinguishable integrated plasma power Ppla(s) (contin
uous) and normal flux Sn(s) (dash-dotted line) together with the local power depo
sition profile (broken line) using the resistive/CFEM model with a mesh ( N, = 
48,JV;oc =12,JV« = 32) 

resonance. 

It is interesting to see how the wavefield obtained with the resistive model compares 

with the kinetic result with decreasing temperatures. As the wavelength of the KAW 

decreases, it becomes strongly damped and the global structure of a KAWE obtained for 

high temperatures disappears in favor of a strong peeking of the field around the con

version layer, which coincides with the position of the Alfven resonance. It is important 

to iealize that this is however not the low temperature limit ! If the temperatures are 

further reduced to Te,o = 2TDfl) = 50 eV, conversion occurs directly to the SQEW wave, 

which cannot be found at all with the resistive model in the approximation (eq.59) valid 

when u> < */„-. 

The self-consistency of the numerical solution can again be checked for the resistive 

model using the power diagnostics (eq.82), this time for a computation with an excel

lent numerical resolution. It is probably impossible to distinguish the integrated power 

Pr>la(s) from the normal Poynting flux Sn(s) in fig.22 showing the local power balance 

(eq.81) all over the plasma cross-section: the agreement between the reactive and re

sistive powers is better everywhere than 0,1%, A convergence study of the discrepancy 
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between the antenna load 5sm(Pant) and the total power absorbed inside the plasma 

§m(.Pp/a(l) (eq.80), shows in fig.23 that both diagnostics converge to the same value 

$sm(P) = 1.825 with a rate proportional to the square of the number of mesh cells using 

LFEM, and the fourth power of the number of mesh cells using CFEM. 

The power absorptions computed using the resistive and the kinetic models are in 

general different; it is however possible to check that both models give the same re

sult in the limit where the KAW is strongly damped in the vicinity of the conversion 

layer. With the lowest temperature TCto = 2TD,O = 200 eV, the resistive Poynting flux 

9?e(S„)|pv' calculated using the kinetic model with a mesh (JV, = 4n, N™e = n,Ng = 3n) 

is compared in in fig.24 in a convergence study with the resistive model using a dis

cretization (Ns = 4n,N?ae = n,Ne = 4n) for LFEM and (Ns = Zn,N™c =n,Ne = 2n) 

for CFEM. While the results using LFEM have apparently not reached convergence even 

with the highest resolution, the resistive and kinetic results computed with CFEM both 

converge quadratically with the number of mesh cells to the same value 3?e(5n) = 1.825 

with a precision better than 1%. This should be considered as a good result, since two 

"local" quantities are compared in the frame of completely different models. 

To conclude this section concerning PENN's validation for the propagation of the 

Alfven wave in cylindrical geometry, let us mention that an equilibrium current induced 

inside a cylindrical plasma column changes the orientation of the magnetic field and 

therefore modifies the resonance condition (eq.61). The wavefields obtained are then of 

course different and new global modes of the Alfven wave (GAE) appear outside the 

continuum [40], [41]. Instead of reproducing these results here in the large aspect ratio 

limit, we now step directly to the tokamak geometry, where all these effects can be 

checked against the toroidal code LION in the frame of the cold plasma model, except 

for one term in the kinetic tensor (2nd term in 7nb, eq.84 in [20]) which will be validated 

by reproducing a GAE... directly in toroidal geometry. 
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Figure 23: Convergence of the relative power discrepancy aw^M* using the 
resistive model with a mesh (Ns = 4n,iV"oc = n,N$ = 4n) for LFEM and ( Na = 
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Figure 24: Convergence of the resistive power flux ^>m(Sn) through the PVI vsing 
the resistive and the kinetic models with a low species temperatures 
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3 Tokamak 

Conceptually, a tokamak plasma can be thought of as a cylindrical column which has been 

bent into a torus by joining both ends together to increase the confinement time of the 

particles. A current is induced inside the plasma to prevent the species with opposite 

charge from drifting apart. Moreover, it has been found that it is advantageous to 

shape the plasma to optimize important parameters such as the relative kinetic pressure 

and the confinement time of the particles. All these modifications naturally affect the 

propagation of the waves: while the qualitative description of the fast wave alone remains 

essentially unaltered, the wavefield can profoundly be modified by the toroidicity when 

interactions occurs with the Alfven or the Bernstein waves. Using both models available 

in PENN, we concentrate in this thesis on the study of the Alfven wave, comparing always 

first the resistive results with the LION code, showing in a second step how kinetic effects 

modify these results. In sect.3.1, we begin with an analysis of an Alfven wave heating 

scenario typical of the TCA tokamak [39] and examine in sect.3.2 the excitation of a GAE 

mode which is created by the equilibrium current. In an equilibrium typical of JET, we 

then show in sect.3.3 how two different types of toroidicity induced TAE modes, split 

up into Kinetic-TAE modes if the temperature is sufficiently high. 

3.1 Alfven wave resonance heating 

The current induced inside the tokamak plasma locally modifies the orientation of the 

magnetic field by adding a small poloidal component to the externally imposed toroidal 

magnetic field £o= Bpoi tp +Bt0r £p- This naturally changes the projection of the 

wave vector along the magnetic field k^ and the resonance condition for the Alfven 

wave (eq.61). At the same time, the curvature resulting from the toroidal nature of the 

tokamak couples different poloidal Fourier harmonics to each other, and also shifts the 

position of the Alfven resonances. 

To check both of these effects which are linked with the representation of Maxwell's 

operator in the tokamak geometry, Alfven resonance wavefields are now first excited in 

an inhomogeneous, current carrying, toroidal Solovev equilibrium (eq.3) with parameters 

defined in table 3. 
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major radius 
elongation 
aspect ratio 
safety factor on axis 
linear frequency 
toroidal wave number 
magnetic field 
density rip = ne = n0(l — 0.97s2) 
damping factor va = const 

T;" = const (eq.87) 
CFEM discretization 

RQ [cm] 
E 
Ro/a 
9o 
/o [kHz] 
n 
Bo [Gauss] 
n0[cm"3] 

TT
e" [eV] 

(Ns + N™c) x Ng 

310 
1.0 
3 
1.1 
[100,800] 
1 
3 x l 0 4 

3.5 x 1013 

1 
10 
(44 + 8) x 24 

Table 3: Alfven resonance wavefields in a Solovev equilibrium 
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Figure 25: Position of different Alfven resonances in a Solovev equilibrium, computed 
with the LION code (x-marks), the resistive model in PENN (o-marks) and the 
cylindrical dispersion relation (lines) 
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The wave equations (24) obtained with the resistive plasma model (eq.58) are dis-

cretized using CFEM, solved in terms of the EM potentials (A, <f>) and the positions 

of the resonances finally identified with the spatial locations where the solution forms 

strong peaks. As they follow surfaces of constant poloidal flux (V> = const), it is possible 

to monitor the position of the resonant surfaces in terms of the radial variable s and 

study how they sweep through the plasma cross-section when the excitation frequency 

is changed. 

Fig.25 shows a comparison between the positions calculated with the LION code, 

the resistive model available in PENN and the approximate cylindrical dispersion rela

tion obtained using the cylindrical expressions CA,cyi(s) = Bo/y/4rnim~i and %c3//(s) = 

(n + m/q)/Ro. Excellent agreement is achieved between the toroidal codes, from the 

center of the plasma where the aspect ratio is large (and the position of the resonances 

coincide well with the cylindrical approximation) to the plasma boundary where the 

toroidal corrections become important (as the strong deviations from the cylindrical 

approximation show). 

major radius 
aspect ratio 
vessel scaled from PVI with 
safety factor (axis, PVI) 
linear excitation frequency 
toroidal wave number 
helical antenna currents I,(m) = J0(m) 

Gaussian distr. around (swalt - l)/2 of width A 
magnetic field 
density ne = no = rco(l — 0.6s2) 
temperatures TT

t" = Te= 27b = Tb(l - 0.84s2)2 

damping factor va = vaJ0 + i/flie(f3eexp[-(s/0.002)2] (eq.87) 
model for k\\ 
CFEM discretization 

Ro [cm] 
Ro/a 

C 
Uo, qa) 
/o [MHz] 
n 
m 
A 
Bo [Gauss] 
n0[cm~3] 
To [eV] 
("aft, Va,edge) 
n/R 
(N, + JV*«) x N9 

61 
3.39 
1.16667 
(1.05,2.66) 
2.45 
- 2 
- 1 
0.25 
1.5 x 104 

5.2 x 1013 

1000 
(30,1000) 

(46 + 6) x 46 

Table 4: Alfven wave heating scenario in the TCA tokamak 

Having performed this first check, let us now continue with a detailed analysis of the 

Alfven wave propagation in a more realistic geometry. A force-free, circular cross-section 

MHD equilibrium reminding those of the TCA experiment [39] is first computed from 

the Grad-Shafranov equation (2) using the CHEASE equilibrium code; the wave equa

tions (24) are then solved with PENN using the resistive and kinetic plasma models. 
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Figure 26: 3te(En) (left),$te(Eb) (center) and %tt{Ev) (right), in an Alfven wave 
heating scenario for TCA, using the resistive (top) and the kinetic model with high 
species temperatures Te,a = 2T,-,o=i keV (bottom) 

Relatively flat density and safety factor profiles limit the number of resonances simul

taneously present inside the plasma: with the parameters summarized in table 4, four 

are found at radial positions s = 0.33,0.59,0.79 and 0.91. The temperatures are denned 

independently of the MHD equilibrium pressure. 

Using the resistive plasma model, the inner- and the outermost resonances clearly 

dominate as can be seen in the contour plots in fig-26 (top), where the components of the 

electric field are henceforth given in the plasma region only (s < 1). A Fourier analysis of 

the electric field shows that the inner one has a dominant m = — 1 component as expected 

from the cylindrical limit; the outer one however, is a toroidally coupled surface which, 

in a cylinder would be the m = 0, but appears here with a broad m spectrum comprising 

the components m = +1 , -1 ,+2 ,+3 and 0, which is in good agreement with the LION 

code [43], 

Solving the same problem with the kinetic plasma model, each resonant surface 
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Figure 27: Local power absorption and resistive power balance between the integrated 
plasma power §rn(Ppla) and the normal Poynting flux Re(Sn) using the resistive 
plasma model 

allows for the conversion into KAW or SQEW waves depending on the local value of 

w/(\k\\\vth,e)', with the rather high electron temperature Te,o = 1 keV, this ratio increases 

radially from 0.25 in the center to unity at s ~ 0.9. Conversion is therefore expected 

to occur everywhere to the KAW except at the outermost resonance, where the kinetic 

waves hardly propagate since u/(\k^\vthie) ^ 1 . As can be judged from fig.26 (bottom), 

the wavefield obtained with the kinetic model is very different from the resistive result: 

strong mode conversion occurs already at the surface s = 0.79, the KAW propagating 

then inwards, interacting with two conversion layers at s = 0.59 and 0.33 before it reaches 

the center. The innermost three resonances are drowned in a global kinetic wavefield, 

and the strong coupling makes it impossible to distinguish the effects of each resonance 

separately. A Fourier analysis of the electric field at s = 0.79 shows broad spectrum 

m = +1, — 1, +2 and m = 0 which are numbers much closer to the m = — 1 structure of 

the antenna than to the label associated with the resonance when it is calculated with 

the cylindrical approximation (m = +7). As expected, the resonance near the plasma 

edge at s = 0.91 does not appear on the wavefield; an SQEW wave is instead directly 

excited at the PVI but also hardly propagates. 

Using the power diagnostics (eq.82), it is possible to check the consistency of the 
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numerical solution obtained using the resistive plasma model: checking the power bal

ance (eq.81), fig.27 shows that the agreement between the integrated power absorption 

$jm{Ppla) and the normal resistive Poynting flux 3Re(Sn) is better than 5% all over the 

plasma radius. At the PVI, the discrepancy between the integrated power absorption 

Sm(?p'<') and the normal resistive Poynting flux 3fte(S„) is as small as 0.85% for the 

resistive model and a little higher, 18% for the kinetic model, because of the strong vari

ation of the field due to a reminiscence of the SQEW wave directly excited at the plasma 

boundary. Using fig.27, it is tempting to calculate the fraction of the power which is 

absorbed at each resonance: as much as 77% of the power seems to be absorbed here 

at s = 0.33 in the vicinity of the inner resonance, 10% at the outer resonance 5 = 0.91, 

and 13% at the plasma edge where the resistivity has artificially been increased. This 

partition is independent of a global scaling of the damping: varying va over an order of 

magnitude [3,30] changes neither the total power absorbed in the plasma, nor the frac

tion going into each resonance, both remaining the same with a precision better than 

1%. It depends however on the resistivity profile which has been arbitrarily chosen, so 

that such fractions are in fact meaningless in the frame of the resistive plasma model. 

Using the local drift kinetic power absorption formula [35], it is in principle possible to 

calculate the power absorption in a consistent manner. The corresponding diagnostic 

has not yet been implemented in the PENN code, so that we can only speculate that 

for wavefields as global as in fig.26 (bottom), the radial power deposition is sufficiently 

broad that a separation between resonances is not anymore possible. Moreover, it is now 

highly probable that the deposition profiles obtained in the original MHD computations 

for Alfven wave heating in tokamaks [5] are very misleading. 

Having analyzed and compared the resistive and kinetic wavefields for high temper

atures, it is interesting to examine now how this same Alfven wave heating scenario 

changes if the temperatures are reduced step by step, again checking how the kinetic 

model reproduces the resistive result. 

Fig.28 illustrates the modifications for the sequence of temperatures Te<o = 2TD,O = 

800,600,400,200 eV corresponding to a layer in the plasma where u//(|i|||i;tfcie) = 1 

moving inwards to the radial positions s ~ 0.88,0.85,0.80,0.65 respectively. 
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Figure 28: %te{En) (left), $e{Eb) (center) and Re(E\\) (right) in the same TCA 
Alfven wave heating scenario with different temperatures 
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At Teja — 800 eV, the wavefield is very similar to the one previously calculated for 

1 keV in fig.26 (bottom), except that the SQEW starts to propagate inwards from the 

plasma edge where uj[(\k^\vtk,e) > 2; however, it is still not able to reach the resonance 

at s = 0.91 where u/(\k\\\vth,e) — 1-2. Reducing the temperature further to Xe>o = 

600 eV, this ratio increases up to 1.4, so that conversion becomes possible, forming 

global SQEW eigenmodes between the outermost resonance at s = 0.92 and the the 

plasma surface. With Tt,o = 400 eV, the region where u}/(\k^\vtk,e) = 1 approaches 

the resonance at s = 0.79, and a striking modification of the wavefield takes place: 

the externally located conversion disappears in favour a more central one, building up 

a KAW eigenmode between the resonance at s = 0.33 and the plasma center. At 

the lowest temperature Te>0 = 200 eV, the Landau damping becomes sufficient in the 

plasma core where u/(\k\\\vth,e) — 0.55 that the KAW is barely able to propagate. In 

the center, the wavefield becomes then similar to the one obtained using the resistive 

model. In the outer part of the plasma at s = 0.79, the high ratio u/(\k\\\vth,e) — 1-5 

allows however for a conversion to an SQEW wave, which here appears surprisingly with 

a short wavelength comparable with the size of the mesh so that it is only marginally 

resolved by the CFEM discretization. This observation is not sufficient yet to draw a firm 

conclusion. It is nonetheless worth mentioning that if the SQEW conversion in toroidal 

geometry privileges wavelengths as short as the observed k± ca 6cm~l (corresponding 

to ck±/we ~ 0.6), or even shorter ones, it could be that k\\ has been poorly estimated 

by using the value \n\/R ~ 0.016cm_I. Indeed, inserting k±, = 6cm -1 into the local 

dispersion relation (eq.63), produces a value for Â  which is 15% higher; if w/(|fc|||ut/i>e) 

is reduced accordingly, the SQEW is not generated at all. It is therefore permitted to 

speculate how toroidal effects could impede the excitation of eigenmodes of the SQEW. 

This is important because in the TCA experiment there has never been any clear sign for 

their existence. To summarize this study, the sequence of wavefields obtained above for 

different temperatures shows that kinetic effects in toroidal geometry play an important 

role for an Alfven wave heating scenario such as the one which has been considered here 

for the TCA tokamak: they determine the resonance where the conversion occurs, govern 

the propagation of the KAW and certainly also strongly affect the power deposition 

profile. 

Finally, to show that these toroidal effects and the wavefield computed with PENN 

reduce in the large aspect ratio limit to the result expected from cylindrical models, 
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Figure 29: %te(Eb) in an aspect ratio study Ro/a = 6.78 (left), 13.56 (center) and 
21.12 (left) for the Alfven wave heating scenario xtrith Te,o = 2TDfi=800 eV 

an aspect ratio study is performed in fig-29, multiplying the major radius Ro and the 

toroidal wave number n by 2, 4 and 8, dividing the safety factor profile q(s) consistently 

by the same quantity. While the shift in the position of the conversion layer is difficult to 

perceive in the kinetic wavefields, it appears clearly that the decoupling of the resonance 

strongly reduces the conversion taking place at s = 0.79. Higher poloidal mode numbers 

which where present in the tokamak geometry disappear in favor of the m = — 1 driven by 

the antenna, and in the large aspect ratio limit the wavefield only reflects the conversion 

taking place at the inner resonance at s = 0.33 and the direct excitation of a strongly 

damped SQEW in the vicinity of the plasma edge (not evident from the plot). 
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Global modes of the Alfven wave 

As shown in the previous section, the equilibrium current and the magnetic field 

curvature considerably change the position of the Alfven resonance condition (eq.61). 

More important even, is that both effects also allow for new types of global modes, for 

which the Alfven wave propagates without actually satisfying the condition anywhere 

inside the plasma. These modes are weakly or not at all damped by the resonance 

absorption or mode conversion process, and it is possible to observe them in experiments 

and quantitatively compare the results with predictions from theoretical models [11], [45], 

[34]. The revived interest in global modes of the Alfven wave is however strongly linked 

with the discovery [46] that the helium particles produced in the thermonuclear fusion 

process can destabilize low frequency modes if the particle birth velocity exceeds the 

phase velocity of the Alfven wave. The reorganization occurring as the unstable modes 

enter into their non-linear saturation phase may be accompanied with a partial loss of 

fast ions confinement in the plasma core; it is therefore highly disputed how disastrous 

such instabilities can be in a tokamak reactor. 

In the forthcoming sections, different types of global modes will be studied using 

the resistive and kinetic models available in PENN. The first type, which was the first 

to be discovered [47], is commonly called by the generic name "global eigenmode of the 

Alfven wave" (GAE). It exists up to relatively high frequencies and can be obtained with 

cylindrical models [9] when taking into account the presence of the equilibrium current 

and/or the finite u>/fi0. It will be reproduced here for the TCA tokamak, showing 

that toroidal effects considerably change the qualitative picture known from cylindrical 

models. 

The second type of mode is the toroidicity induced Alfven eigenmode (TAE) [48], 

which exists in tokamaks at lower frequencies by at least an order of magnitude. As their 

name indicates they may only be obtained with toroidal models, and will be calculated 

in an equilibrium typical of JET, showing how kinetic effects split up a single TAE into 

a multitude of kinetic TAE eigenmodes (KTAE). 

A third type called ^-induced Alfven eigenmode (BAE) appears in toroidal geometry 

with the plasma pressure [49]. It requires a full kinetic toroidal model for a consistent 

description, and will be analyzed later in sect.IV.2. 
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3.2 GAE modes 

Let us begin with the simulation of a GAE mode in a discharge reminding TCA. The 

same parameters are used as in the previous section (table 4), except that the safety 

factor at the edge is changed to the higher value qa = 4.55 and the density profile 

to (1 — 0.98s2)0-7, resulting in an increase of the number of Alfven resonances. Flat 

temperature profiles (1 — 0.84s2) are here used to avoid the conversion to SQEW wave. 

A generator frequency scan is first carried out using the resistive plasma model with a 

relatively small resistive damping va = 10. As in the experiment, a strong peak appears 

in the antenna loading (fig.30) signalling the presence of a GAE at 2.38 MHz. The 

wavefield (fig.31) shows a strong global m = — 1 structure in the plasma center, which 

is characteristic for this mode. 

The m = — 1 resonance remains absent from the plasma until the frequency is in

creased to 2.41 MHz: the antenna loading responds then with another smaller peak when 

it appears in the center, but drops again as the resonance moves outward. Note that 

with an excitation of 2.45 MHz, the scenario is then close to the Alfven wave heating 

scheme analyzed for the same frequency in fig.26 (top). 

A closer analysis of the GAE wavefield (fig.31) shows that, apart from the global m = 

—1 structure which is similar to the cylindrical model prediction [41], several Alfven reso

nances are simultaneously present at radial positions s = 0.79,0.88,0.93,0.96,0.97,0.985, 

the outermost being only marginally resolved by the numerical approximation. They 

are toroidally coupled surfaces with a broad poloidal mode spectrum m £ {—2, ...8}. 

In the frame of the resistive plasma model, resonant absorption occurs at each of these 

resonances, and is at the origin of the finite "continuum" damping rate which can be 

calculated in the limit i/a —+ 0. From the width of the peak in fig.30, we obtain here 

\llw\damp = 0.75%, which is in reasonable agreement with l l / u ^ ^ = 1% calculated 

with the LION code. The difference can be explained by the lack of resolution using 

PENN and the resistive model: the outer resonances have here been resolved with one 

or two mesh points only, which is not really sufficient even with a CFEM discretization. 

A comparison between fig.31 and the fig.4 in ref.[43] shows that both codes are in good 

agreement also for the wavefield. 
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Figure 30: The GAE mode appears with the resistive plasma model as a peak in 
%m(Ppla) at a frequency of 2.38 MHz; the secondary per it 2.41 MHz signals the 
beginning of the m=-l continuum 
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Figure 31: Wavefield components $le(En) (left), Ue(Ei) (center) and&e(E\{) (right) 
for the GAE mode obtained with the resistive plasma model 
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Figure 32: The GAE mode which is found at 2.33 MHz using the kinetic model 
with a low temperature Te,o = 2TDA = 400 eV, is more and more damped at higher 
frequencies until it disappears completely at 1 keV 

The same study can now be repeated using the kinetic plasma model, increasing 

the temperatures Te,o = 2TD,o from 400, 600, 800 eV to 1 keV. Fig.32 shows the cor

responding frequency traces, illustrating how the GAE mode is first clearly found at 

2.32 MHz when the temperature is as low as Te<o = 400 eV, becoming up-shifted to 2.33 

MHz and 2.37 MHz as the mode damping increases with the temperature and finally 

disappears for the highest temperature of 1 keV. Although it is difficult to measure the 

damping rate precisely, approximate values calculated for the three lowest temperatures 

give If/vldamp — 1%, 1-5% and 2.6% which are in the same range as those which have 

been observed experimentally [39], an order of magnitude higher than those predicted 

by cylindrical FLR models [42]. 

Combined with a Fourier analysis, the wavefields illustrated in fig.33 suggest how 

toroidal FLR effects damp the GAB mode via two different mode conversion processes; 

that associated with the former continuum damping in toroidal geometry and a new one 

due to the toroidal coupling with the KAW. At Te,o = 400 eV, an inner global wavefield 

clearly dominates, v/ith poloidal Fourier components m = - 1 increasing and m — 0,+l 

decreasing radially from the surface s = 0.55 to the center. 
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Figure 33: CM£ morfe wavefield 8e(£n) (7e#J, »e(£6) fccnfcrj, $e(£||) (W^J a* 
2.32, 2.33, 2.37 and 2.37 MHz with different temperatures 
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The radial extension of the wavefield agrees remarkably well with the resistive result 

of fig.31; despite that no resonance is present in the plasma up to the surface 3 = 0.79, 

short wavelength oscillations strongly remind the propagation of a KAW. Using the 

cylindrical dispersion relation with the plasma parameters at the axis, a local estimation 

of the radial wave vector yields fcj^0) ~ 11cm"1 and fc0"=+1) ~ 4.2cm"1. The resolution 

of the mesh is barely sufficient to resolve the first, but the second is indeed comparable 

with the wavelength measured in Re(E^): k™" ~ 3.6 ± 0.5cm-1. Reasoning in terms of 

poloidal Fourier harmonics, the KAW has here been generated through toroidal coupling 

between the m = — 1 long wavelength mode characteristic of the GAE (the one which 

can be obtained already with the resistive model) and the m = +1 shorter wavelength 

KAW. This "non-perturbative interaction" (in the sense that it cannot be obtained 

perturbatively from a fluid toroidal or kinetic cylindrical model since the toroidal and 

kinetic effects are both of the same order) is strongest at s = 0.55 where the aspect ratio 

~ 6 is not yet very large; it generates a KAW which is damped by Landau damping as it 

propagates towards the center. This whole process has been called "radiative damping" 

in ref.[44]. The magnitude of the interaction is here rather strong, since the amplitude of 

the KAW is of the same order as the amplitude of the long wavelength mode structure 

of the GAE. 

Increasing the temperature from Tet0 = 400 to 600 eV, brings the ratio u}/(\k^\vth,e) 

from approximately 0.5 at s = 0.9 down to 0.37, so that the conversion begins to be 

possible at the outer resonances: the outer KAW does however not really propagate far 

yet, and the total mode damping is probably still dominated by the conversion due to 

toroidal coupling. At Te,o = 800 eV and 1 keV, this ratio is further reduced to 0.32 and 

0.29, and the mode conversion taking place at the resonances (which cannot here be 

distinguished from one another) becomes strong enough that it finally drowns the GAE 

mode character in the center, damping out the peak in the plasma response. 

The electron temperature profile chosen in this study was rather flat, and the tem

peratures at the resonance positions have been over-estimated as compared with TCA: 

according to our mochl, this should be the reason why GAE modes have been observed 

experimentally for temperatures up to Te,0 ~ IkeV. It is interesting that the experimen

tal GAE damping rate remained within a factor ~ 2 constant during all the years of the 

exploitation of TCA, with |7/w|eip cs 1%: while the conditions to form a GAE mode 

in the center of the plasma had to remain similar, the parameters at the plasma edge 
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varied certainly a lot. This observation speak? clearly in favor of a damping process 

which takes place in the plasma core, such as the non-perturbative mode conversion 

to the KAW which depends on the aspect ratio and the temperature. More system

atic numerical and experimental comparisons are however again necessary to draw firm 

conclusions. 

To summarize the results from this section, a GAE mode has been studied using the 

resistive and kinetic models: both yield approximately the same eigenmode frequency 

and damping and are also in good agreement with the experiment. An analysis of 

the more sophisticated kinetic results shows however that this is pure chance, since 

the interaction between the GAE mode and the KAW (which is not available in the 

resistive model) seems more important than the mode conversion occurring at the plasma 

edge. The results from the kinetic model moreover show that if a resonance is present 

somewhere in the plasma where the ratio u/(\k\\\vth,e) < 0.3, the GAE mode is strongly 

damped by the more externally located mode conversion to the KAW; on the other 

hand, all those resonances which appear in regions where u;f(\k\\\vth,e) > 0.6 only weakly 

participate in the mode damping and can, in a first approximation, be neglected when 

determining the damping of the GAE mode. 
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3.3 TAE and KTAE modes 

To compare the TAE mode calculations with the LION code, we use the same up-down 

asymmetric "single-null" plasma extensively analyzed in ref.[50],[51]. Table 5 defines the 

parameters for a whole class of equilibria obtained by scaling the ballooning optimized 

p'(rp) profile, keeping the same cross-section shape, value of qo and magnetic-surface 

averaged toroidal current J*. The frequency us = MRO/CA,O is normalized to the major 

radius and the Alfven velocity in the center of the plasma, so that the calculations are 

applicable to JET as well as to DIII-D which have a similar aspect ratio. 

Let us start with a comparison between PENN and LION in a force-free equilibrium 

p'{il>) = 0. TAE modes being extremely sensitive to the aspect ratio, plasma shape and 

equilibrium current, this validation is a strong check of the toroidal representation of 

Maxwell's equations, testing ellipticity, triangularity and higher order poloidal harmon

ics. 

To show that both TAE modes will be studied in this section are pure gap modes, 

it would of course be nice to know exactly the position of the Alfven resonances in the 

neighborhood of the gap. It is in principle possible to proceed in the same way as for 

fig.25, which is however a cumbersome and very expensive method to solve in 2-D what 

other codes such as CONT [52] achieve in 1-D. Combining the cylindrical approximation 

with a toroidal calculation to determine the gap edges, an approximate solution can 

be obtained quite easily and is sufficient here. Fig.34 shows that the cylindrical shear 

Alfven resonance condition for the poloidal Fourier harmonics m = 1,2 and m = 2,3 

degenerate at positions where q = 1.5 and 2.5. An effect of the toroidicity is to couple 

neighboring harmonics and gaps appear where the crossings are avoided (a,b). Using 

PENN, the edges of the gap are located at u^ = 0.254 and u>}j = 0.481, suggesting the 

approximate gap structure illustrated in fig.34. 

To find global modes inside this gap, a frequency scan is first performed with a 

relatively strong resistive damping, sufficient to resolve all the peaks in the response 

(fig.35); having found two, the damping is reduced to 5% and both TAE modes resolved 

with a better precision. 
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major radius 
aspect ratio 
elongation 
vessel (vacuum band of constant width) 
safety factor on axis 
toroidal wave number 
helical antenna currents Is(m) = Ia(m) 

Gaussian distr. around (swal1 - l)/2 of width A 
magnetic field 
density ne = nD = n0(l - 0.9s2)0-5 

damping factor va = i/a>0 + fa,ed3e exp[—(s/0.005)2] 
Tl" = T0

r"(l - 0.9s2) 
temperatures Te = TD = pMHD/(2nekB) + Tedge 

model for fy 
CFEM discretization 

ilo[cm] 
Ro/a 
K 

C = R£L/RGL 
90 
n 
m 
A 
i?o[Gauss] 
n0 [cm-3] 
fO,0, Vajedge ( eq .87) 

Tr [eV] 
Tedge [eV] 
n/R 
(Nt + Nf") x Ne 

179.8 
2.777 
1.63 
1.3 
1.1 
- 1 
+2 
0.25 
0.742 x 104 

4.1 x 1013 

30,3000 
1000 
50 

(32 + 5) x 32 

Table 5: TAE modes in an up-down asymmetric single-null equilibrium, here with DIII-D 
parameters 

0.2 0.4 0.6 
radial variable - s 

0.8 

Figure 34: Approximate normalized Alfven frequency uts = UR0/CA,O and gap struc
ture (continuous line) obtained from the cylindrical dispersion relation (dotted line) 
and a toroidal calculation to determine the edges of the gap 
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Figure 35: An internal (A) and an external (B) TAE mode appear with the resistive 
plasma model as two distinct peaks in the plasma response §m(Ppla) 

Fig.36 illustrates the wavefield obtained for an "internal" mode at u;jy' = 0.263 

with a field strongly localized in the region where q ~ 1.5, and for an "external" mode 

at u>pf' = 0.447 having a global structure from the center out to the plasma edge. 

A Fourier analysis shows that the internal mode has dominant components m = 1,2 

reflecting the coupling of two neighboring harmonics at q = 1.5, and the external one 

has a broad poloidal spectrum m € {1,2,3,4,5,6,7}. This illustrates that higher order 

couplings such as for example m to m+2 are not only essential for the ellipticity induced 

eigenmodes (EAE), but play an important role already for TAE modes when the plasma 

shape is far from circular. 

The results obtained with the resistive model in PENN are in good agreement with 

the LION code: the eigenfrequencies coincide with a precision better than 2.5% and the 

mode structures illustrated in fig.36 and fig-37 are very similar. As the damping used 

in PENN (5%) is stronger than the one used in LION (2%), the wavefields suffer from 

a slight smearing out particularly near the edge; better agreement can be achieved if 

the damping is reduced to 2%, but the self-consistency check performed with the power 

diagnostics at the PVI shows that the numerical resolution is then not anymore sufficient 

to resolve the skin depth at the plasma edge. 
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min:-0.271 max: 0.264 min:-0.042 max: 0.029 min:-4E-4 m8x:6E-4 

min:-1.17 max: 1.16 min:-0.148 max: 0.100 min:-0.001 max: 0.001 

Figure 36: Wavefields of the internal (top) and external (bottom) TAE modes ob
tained with PENN using the resistive model 
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Figure 37: ^te(Et) for the internal (left) and external (right) TAE modes obtained 
with LION 

Note that it is much easier from the numerical point of view to calculate the internal 

TAE modes: codes based on a poloidal Fourier decomposition converge rapidly since the 

spectrum is relatively narrow, and it is sufficient to use a fixed boundary representation 

(where the vacuum region has been neglected, setting the vessel right on the plasma edge) 

to obtain relatively good results. This is not the case for external modes which have 

extremely broad poloidal mode spectra and fields on the PVI that are sufficient to induce 

image currents inside the vacuum vessel that modify eigenmode structure and frequency. 

The 2-D FEM representations in the LION and PENN codes handle strong toroidally 

coupled problems well and take both the finite distance between the plasma edge and 

the vessel into account. The scale-length introduced with the resistivity results in an 

additional constraint on the numerical approximation in PENN, making the resistive 

model cumbersome to use in the limit where it can be compared with LION: the skin 

depth has to be resolved to achieve numerical consistency (eq.81) between the integrated 

plasma power 5m(/>,>'0) and the Poynting flux Re(Sn). At the same time, the resistivity 

has to remain small throughout the plasma, or at least where the field is significant. 

Both conditions can easily be fulfilled for internal modes; for external ones which have 

strong fields near the plasma edge, they become however contradictory and difficult to 

satisfy simultaneously in the vicinity of the PVI. Fig.38 (right) shows that the resistive 
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Figure 38: Self-consistency check showing (a) the local resistive dissipation, (b) the 
power integrated from the center Im(Ppla) and (c) the normal Poynting flux Re{Sn) 
plotted versus the radial variable s (right) and the radial mesh index (left) 

power of the external mode is confined to a very narrow band near the surface s=0.993; 

this is already quite close to the plasma edge, but has still to be "far" from the region 

where the resistive skin effects are important to be able to compare the result with the 

LION code. Fig.38 (left) shows that consistency has here been achieved owing to a very 

strong packing of the radial mesh and an increase of the edge damping factor va: the 

discrepancy between the powers in the self-consistency check (eq.81) is finally smaller 

than 1.6% throughout the plasma cross-section. 

Having achieved good agreement between the PENN and LION codes in the limit 

where both models can be compared, it is worthwhile to mention the extreme sensitivity 

of external TAE modes to a small resistivity at the plasma edge. This can be related to 

the fact that external TAE modes strongly depend on the spatial structure of the gaps 
*\ _ 

induced at q = 2.5, 3.5 where the shear $ = -•*-, p = \/(R— Ro)2 + Z2 is strong. 
qdp v 

As the radial extension of a gap decreases quickly as the shear increases towards the 

edge, it easily becomes comparable with the resistive skin depth: if this happens, the 

resistivity may strongly modify the result obtained in the ideal MHD limit, so much 

that external TAE modes are shifted out of the gap. This is important, since external 

TAE modes appear, on the other hand, to be much easier to excite with an antenna 
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[50]. Instead of studying this phenomenon further here, let us now rather switch to the 

kinetic model, and analyze later in this section how external TAE modes are affected by 

the more important FLR effects. 

The same plasma parameters as those in table 5 are kept for the kinetic calculations. 

The temperatures of the species Te = TD are defined in a manner which is consistent 

with the equilibrium pressure, obtained from the Grad-Shafranov equation (2) by scaling 

the ballooning optimized jf(tp) profile by the factor T. A small pedestal prevents the 

excitation of SQEW waves on the plasma edge. The Larmor radius of the deuterium 

ions is normalized to the minor radius of the plasma ps = PL,D/&', it increases towards 

the low field side (LFS) as suggests the plot across the mid-plane in fig.39. This is also 

the case for the ratios w/(|fc|||vth,e) and w/(|fe|||v,h(i) illustrated in fig.40 because of the 

assumption fc|| = n/R. 

Using a relatively modest pressure r = 1/6 resulting in a Larmor radius on the axis of 

PN.O = 0.0054, a first scan in performed in the frequency range of the former internal TAE 

mode. Fig.41 shows that the response calculated for a kinetic plasma is very different 

from that which has previously been obtained using the resistive model (fig.35): four 

groups of peaks are found, and the first three are almost equally spaced in frequency. A 

better resolution of the second reveals a multitude of sharp, densely packed peaks which 

correspond all to very weakly damped eigenmodes |7/u/| < 0.1%. 

Fig.42 shows that the mode structure for the response maximum at uw = 0.2589 is 

very different from the internal TAE mode calculated with the resistive model (fig.36,top): 

instead of a peeking of the electric field at the gap position where q = 1.5, a short ra

dial wavelength oscillation propagates between the gap and the surface s ~ 0.2 with 

dominant Fourier components m G {—1,0,1,2}. The resistive analysis certifies that no 

resonance is ^resent inside the plasma, leading to the conclusion that these oscillations 

must be induced by the toroidal coupling between the long wavelength TAE mode and 

the shorter wavelength KAW. Because they are kinetic gap modes in the TAE range of 

frequencies and despite the difference with the modes found analytically above the fluid 

gap in ref.[44] by toroidal coupling of two poloidal harmonics, we call the eigenmodes 

associated with the peaks in fig.41 kinetic-TAE (KTAE) modes. 
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radial variable - s 

Figure 39: Larmor radius of deuterium ions prj = ptx>la normalized to the minor 
radius of the plasma in a plot across the mid~plane; different profiles are obtained 
from the Grad-Shafranov equation by scaling the ballooning optimized p^ip) profile 
by the factor r serving as labels 

radial variable • s 

Figure 40: Same mid-plane cross-section plot showing the ratio u}/(\k\\\vth) for elec
trons and deuterium ions at a frequency of up} — 0.26 with a temperature defined by 
r e {1/12,1/6,1/4,1/3,1/2,2/3} 
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Figure 41: KTAE modes response obtained for a moderate pressure r = 1/6. The 
resistive model situates the edge of the continuum at us = 0.254 and predicts an 
internal TAE mode at us = 0.263 

min:-16.3 max: 12.78 min:-0.239 max: 0.313 min: -0.010 max: 0.008 

Re(En) Re(Eb) R«(Ep) 

Figure 42: Contour plots of the wavefield components 9le(En) (left), ffte(Eb) (center), 
%te(E\\) (right) for the KTAE mode (/ = 2, |m| > 14) for the absolute maximum of 
the response at us — 0.2589 
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As the coupling is strongest in the region of the gap, one could expect the KAW to 

be dominant there; a careful analysis of fig.40 shows however that the ratio u/(l&||lvt&,<) 

increases from 1.9 on the high field side (HFS) of the gap to 2.6 in the center of the 

plasma, leading to an ion Landau damping which decreases towards the center. This 

should be the reason why the KAW grows in amplitude towards the center and illustrates 

on an example that the radiative damping of a KTAE mode can occur at a radial position 

which is situated far from the gap. 

Having analyzed the peak which dominates the response in fig.41, it is worthwhile 

to examine also the rest of the spectrum. To begin, it is important to realize how weak 

the physical damping of these kinetic gap modes is. As a consequence, the line width is 

very small and minute effects can lead to observable fine structures in the response. This 

explains how a complicated response such as the one shown in fig.41 is at all possible. 

The peak at wjv = 0.2591, which is the nearest neighbor of the KTAE mode analyzed 

previously, has a wavefield (not illustrated) very similar to the one in fig.42 except that 

the whole structure has been turned by an angle 7r/2. This suggests that the elongation 

of the plasma is at the origin of the finest spectral split of Aw/w ~ 0.1% and separates 

the modes in two distinct classes. 

All the eigenmodes in the group around wjv = 0.26, have electric field components 

(En, E),, i/'u) which are similar to those described above; for reasons which have to do 

with the sensitivity of the diagnostics, Bn exhibits however different, short wavelength 

poloidal structures; this suggests that the KTAE spectrum consists of modes with dif

ferent poloidal numbers m. For the small pressure under consideration, the split in 

frequency seems to be very small Aw/w < 0.4% and the poloidal structure of the modes 

which respond to the antenna excitation have a short poloidal wavelength at the limit 

of the numerical resolution of the mesh. The splitting due to the poloidal mode struc

ture will however be confirmed later in this text at a higher pressure where the poloidal 

wavelength of the modes which have a good coupling to the antenna is also longer. Note 

that from the mathematical point of view, an infinity of eigenmodes might exist, with 

eigenfrequencies that are accumulating at |ra| = oo. When the separation between two 

neighbors becomes as small as the spectral width of the damping, they may however 

not anymore be distinguished from each other in the response: as a consequence, the 

physical spectrum may consists of only a finite number of discrete modes, of which the 

poloidal discretization is able to resolve at most JVg/2 = 16. 
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The largest split in frequency illustrated in fig.41, separates the first three groups by 

AW/CJ ~ 4.4%. The "[0.1,1] contour plots" a in fig.43 show that each group at &e(uN) = 

0.272,0.260,0.248 has wavefields with different radial wavenumbers / = 1,2,3. To be 

able to resolve the variations of the response with an affordable number of frequencies, 

the damping has artificially been increased to a minimum of 0.5%, this simply by adding 

a small imaginary part to the excitation frequency u;j\r(l+0.005t). This smoothes out the 

response, affecting neither the frequency nor the radial wavefield structure of each group 

of eigenmodes in a significant way. Note that the modes with / > 3 are inside the ideal 

continuum and are increasingly damped by direct mode conversion which is stronger 

than the radiative damping. Except in the case where a standing KAW wave resonates 

between the conversion layer and the plasma edge, the response below u»# ~ 0.24 is not 

anymore significant. 

One can summarize the results obtained with this first frequency trace at a relatively 

low pressure as follows. The KTAE frequency spectrum consists of eigenmodes with 

different radial and poloidal mode structures which can be labelled with two integers / 

and |m|; consecutive eigenfrequencies are separated by Aw/w ~ 4.4% and 0.4%. The 

smallest split of Aw/u> ~ 0.1% leaves the eigenmode structures similar, but changes the 

orientation by an angle 7r/2. 

From the frequency spacing which does not really match with the preceding series 

and the radial structure which cannot be / = 0 one concludes that the eigenmode found 

at UN = 0.2817 is not part of the same sequence of KTAE modes. To understand its 

origin, it is necessary to analyze first how the TAE/KTAE mode spectrum is modified 

by the temperature, and later to take into account the presence of the external TAE 

mode. 

*We call "[a,b] contour plot" the plot obtained by drawing lines of equal field only for values in the 
interval [a x M, b x M] where M is the absolute maximum of the field. It is a useful technique to extract 
the essential part of a complicated field structure in 2-D without having to use color plots 
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min:-0.021 max: 0.022 min:-0.063 max: 0.061 min:-0.041 max: 0.050 

Figure 43: f0.1,1] contour plots of $te(En) for three KTAE modes at us = 
0.2722,0.2589,0.2468 with radial structures / = 1,2,3. A low pressure r = 1/6 
has been used, resulting in an ion Larmor radius on the axis of psjo = 0.0055 

min.-218 max: 205 min:-23.6 max: 20.8 min: -131 max: 90.7 

Figure 44: [0.1,1] contour plots of dte(Bn) for the three KTAE modes at UN = 
0.2706,0.2639,0.2533 with a poloidal structure \m = 14|. A medium pressure T = 
1/2 has been used, resulting in an ion Larmor radius on the axis of psja = 0.0091 
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Figure 45: Modification of the KTAE eigenmode spectrum by the temperature. The 
eigtnfrtquencies UN = WRQ/CAQ normalized to the Alfven frequency on the axis are 
plotted versus the Larmor radius on the axis pN = PD,O/O normalized to the minor 
radius of the plasma 

A series of scans is performed in the range of the former internal TAE mode with 

a resolution in frequency Aw/w sufficient to distinguish modes with different radial 

numbers /. A small imaginary part is again added to the excitation frequency and 

provides for the artificial damping of 0.5% necessary to resolve the groups of peaks 

which are associated with different radial mode number; this damps out short poloidal 

wavelength structures which appear for every radial mode as a single peak in the plasma 

response. Using error bars as long as the steps in frequency, the normalized KTAE 

mode eigenfrequencies uw(/) are plotted in fig.45 versus the normalized Larmor radius 

on the axis pM,o- Comparing the wavefields, it is possible to follow the eigenmodes 

/ € {1,2,3} for increasing pressures (and temperatures) until PN — 0.008. At this 

stage, the wavefields take up a complicated poloidal structure which is interpreted as the 

result from the splitting of KTAE modes of different mode numbers m which exceeds 

the artificial damping of 0.5%. Assuming a pressure of r = 0.5 with Larmor radius 

on the axis of PN,Q = 0.0091, fig.44 illustrates the three KTAE modes found at U>N = 

0.2706,0.2639,0.2533. Although it is difficult to determine the radial mode numbers, 

the poloidal structure \m\ = 14 is clearly visible. 
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It is interesting to note that despite the relatively coarse resolution used in the fre

quency scan, the KTAE modes which have different radial structures are all found again 

exactly with the same poloidal mode number. This could be explained as well with the 

damping of the mode as with the toroidal coupling between the TAE and the KAW: 

in the first case, the damping would simply be too strong for the modes \m\ > 14 to 

appear as peaks in the plasma response or the peaks too narrow for the modes \m\ < 14 

so that they would have been missed. This explanation is however unlikely because 

the damping of neighboring modes m ± 1 should not be so dramatically different. The 

second possibility is that the split between different poloidal KTAE modes is so large 

at this temperature that only one of the KAW structures couples efficiently to the long 

wavelength TAE mode excited by the antenna. More work is necessary to answer this 

question. When the pressure is increased above r = 0.5, the ion Landau damping be

comes important on the HFS of the plasma as suggested by the ratio w/(|Aj||t;rtf,) ~ 1 

in fig.40. The wavefield is then considerably reduced on the HFS and the eigenmodes 

strongly damped. 

An analysis of the kinetic modifications affecting the external TAE mode is performed 

at the same time as this dissertation is being written, so that the comprehension of the 

spectrum is still only partial. What can however already be claimed, is that for low 

pressure and temperature, KTAE modes are indeed found in the frequency range of 

the resistive prediction wjy * = 0.447. The spectrum seems however to be very strongly 

influenced by the temperature, so much that KTAE modes which are associated with the 

external TAE mode are very quickly dispersed over the entire TAE frequency gap. This 

suggests that the modes along the broken lines in fig.45 could in fact be of the family 

of the external modes. An explanation for this might be related to the localization 

of the eigenmode: when the pressure is increased starting at r = 1/24, the eigenmode 

wavefields are first confined in the region around the external gap at q = 2.5 as illustrated 

in fig.46. Soon, for a pressure between T = 1/12 and 1/6, the wavefield however extends 

inwards to the internal gap at q = 1.5. At high pressure such as r — 2/3, the wavefield 

illustrated in fig.47 is very global like the external TAE mode obtained with the resistive 

model (fig.36) and the gap positions cannot anymore be recognized by the wavefields. 
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min:-0.424 rax: 0.333 min:-0.017 max: 0427 minc-OJMB max:0.002 

Figure 46: [0.1.1] contour plots of the wavefield components in the case of an external 
KTAE mode at UIN = 0.4442 obtained for a very low pressure r = 1/24 resulting in 
an ion Larmor radius on the axis of psjo = 0.0034 

min:-0.071 max: 0.120 min:-0.009 max: 0.008 

Figure47: [0.1,1 J contour plots of the wavefield components in the case of an external 
KTAE mode at U>N = 0.3544 obtained for a high pressure r = 2/3 resulting in an 
ion Larmor radius on the axis o/pjv,o — 0.0104 

min: -257 max: 2.02 
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3.4 Modeling of ib)| for the kinetic plasma model 

The main difference between the resistive and the kinetic models implemented in the 

PENN code is that in the kinetic model, the velocity distribution of the particles has 

been taken into account. As a consequence, particles moving at the same speed as the 

wave phase velocity undergo strong Ttsonant interactions by exchanging a part of the 

momentum and energy with the wave; all the others are on the contrary non-resonant and 

interact only weakly with the wave. This section first briefly describes the approximation 

used to model the resonant wave-particle interaction in toroidal geometry. It shows then 

for the three cases which have been examined previously in this chapter, that it is 

possible with an iterative procedure to go beyond this approximation and calculate an 

exact toroidal kinetic plasma response. 

Assuming that the particles move along their magnetic field line with a velocity v\\ 

and perform a Larmor gyration at the cyclotron frequency ila, the trajectories of the 

particles are helical and the resonance condition is given by 

u - Jb||Vn - lQa = 0 (101) 

where u> and k^ are the frequency and wave vector parallel to the magnetic held. The 

simplicity of (eq.101) should not be underestimated, because Jb|| and v\\ depend both on 

the magnetic topology. 

Of course, they are both constants in a slab plasma so that (eq.101) can be solved 

directly to determine everywhere which particles are resonant. In a cylindrical plasma 

column of circular cross-section, £j| takes however already a functional dependence of the 

radius r if the modification of the magnetic field due to the plasma current parallel to 

the cylinder axis e~z is taken into account: 

%m = 6p™ + 6t*, (102) 

By bending the cylindrical plasma column into a torus, the different poloidal harmonics 

m get coupled and the operator character of fy (eq.64) has explicitly to be taken into 

account. Moreover, VJJ is then not any more constant along the particle trajectories, so 

that a single particle can interact resonantly with the wave only at specific positions 

along its trajectory. A correct evaluation of the overall wave-particle interaction in

volves solving an integral equation on magnetic surfaces and integrating over the whole 

particle distribution. This is nowadays beyond tie reach of the computers, so that an 

approximation has to be made. 
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A possibility would be to decompose the wavefield, in the same manner as for a 

cylinder, in a Fourier series of the poloidal coordinate 9 and treat each Fourier mode 

separately with a parallel wave vector given by 

Id 1 
r 

m 
—+n 
.9 

Unless one takes the coupling between each of the different harmonics explicitly into 

account, this approximation neglects the toroidal effects in the plasma response: for 

wavefields which have such broad poloidal spectra as those of the KTAE modes calculated 

in sect .3.3, it is easy to imagine how tedious this can be. 

The approximation used for the kinetic model implemented in PENN is different 

and allows for a self-consistent calculation of fc|| by solving the problem in an iterative 

manner. The global wave response is calculated using Maxwell's equations in full toroidal 

geometry, keeping the operator k\\ (apart from the standard FEM approximation used 

for the numerical computation) exact. To be able to cast the wave-particle interaction 

into a 2nd order diuerential operator [20] and avoid a complicated integral formulation, 

the kinetic plasma response has been expanded using an approximation for k\\ valid up 

to Ist order in the small parameter bp. Moreover, of the complicated particle trajectories, 

the only effect which is taken into account is that trapped particle do not contribute to 

the equilibrium current inside the plasma. 

Starting from an "initial guess" ArJ.0' defined by either of (eq.98,99,100) the wavefield 

can be computed for an approximate kinetic plasma response, and true toroidal geometry. 

With the potentials obtained as a solution, a new value**0' can then be computed locally 

inside the plasma using the diagnostics method (eq.83). Using this result to define the 

parallel wave vector according to 

JtJn+1> = (1 - A)JfcJn) + A * * * , A = 1/3 (104) 

the plasma response can be computed with an iterative relaxation procedure provided 

that the series {fcy',fcy',...} converges. 
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Figure 48: Successive values obtained in the plasma mid-plane during 5 iterations 
on k\\ for the Alfven wave heating scenario. The initial guess kfp = n/R and the 

converged value Jt.y' are shown with a continuous line 
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Figure 49: Successive values obtained in the plasma mid-plane during 5 iterations on 
k\\ for the excitation of a GAE mode. Continuous lines correspond to fc|j ' = n/R, 

kiB)=u/cA) Jfc.f > = *50) = l/(2qR) and jfcf,5) to the converged value. 
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Having checked that this procedure converges in the large aspect ratio limit to the 

cylindrical value of k^, the Alfven wave heating scenario of sect.3.1 is used for a first 

iterative calculation. Parameters are those of table 4 with species temperatures of Ttja — 

27i,o = 800 eV. Starting from the initial guess fcy' = n/R, fig.48 shows in a plot across 

the plasma mid-plane how five iterations are sufficient to reach a converged value which 

is approximately 15% higher than the initial guess due to the poloidal structure of the 

wavefield. As the solution obtained after having achieved convergence is not significantly 

different from the one illustrated in fig.28, the 1st order approximation of Jb|| is in fact 

already sufficient and the iteration is not necessary. However, using the same scenario at 

the lower temperatures Te,o = 2Ti>0 = 200 eV, an estimation based on a local dispersion 

relation showed that a rise of 15% in the overall value of &|| is already sufficient to impede 

the excitation of the SQEW wave; for short wavelengths, such as those obtained in fig.28, 

the rise in k\\ would even be more pronounced. Thus it is very likely that the SQEW 

wave would be absent from the wavefield. 

A self-consistent calculation of fc|| is now examined in the case of a GAE mode, using 

the plasma of sect.3.2 with the lower temperatures Te,o = 27i,o = 400 eV. Repeating the 

calculation when starting from each of the approximations (eq.98, 99, 100), it is possible 

to check the iterative procedure's sensitivity to the initial guess. Fig.49 shows that the 

successive iterations for k\\ in the mid-plane of the plasma converge to a dependency 

close to n/R even when starting from an initial guess fc(j0) = l/(2qR) which is smaller 

almost by an order of magnitude than the converged value ft.'. Here again, the field 

obtained after iteration is very similar to the one illustrated in fig.33, showing that the 

approximation used for k\\ was already good enough to obtain a consistent result even 

without an iteration. 

The third case for which the k\\ iteration has been examined is the internal KTAE 

mode 1 — 1 obtained in sect.3.3 for a normalized Larmor radius on the axis of />jv,o = 

PDfl/a = 0.00752. Contrarily to the GAE, the KTAE mode at the normalized fre

quency UN = U>RO/CA,O = 0.2627 is very weakly damped \y/w\ < 0.1%; since a slight 

change in fy changes the eigenmode frequency enough to lose the resonance with the 

antenna, a consistent calculation would require a choice of a smaller relaxation parame

ter A and following then the eigenmode in frequency during the whole iteration process. 

An attempt has been made in this direction by resolving iteratively a whole frequency 

interval, but failed as the resolution was not really sufficient to be able to identify the 
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Figure 50: Successive values obtained in the plasma mid-plane during 5 iterations 
on &|| for wavefields in the KTAE range of frequencies at uw = U>RQ/CA,O = 0.2627. 
The initial guess tfP = n/R and the final value fcf,5) are shown with a continuous 
line 

KTAE eigenmode structure at each step. We show therefore only the result obtained 

using an iteration for a fixed value of the frequency corresponding to the value obtained 

for the eigenmode using the initial guess Jrc0' = n/R. Consequently, the result for Aty is 

not the one of the KTAE mode, but reflects a non-converged value for wavefields in the 

same frequency range. The last value Ar.y' plotted in fig.50 is considerably higher than 

the initial guess, particularly in the region from the internal gap at s = 0.84 outward. 

Compared with the value k\\ — l/(2qR) obtained from the ideal MHD model by using 

an aspect ratio expansion with only two Fourier components, the result of fig.50 is at 

least an order of magnitude larger. Although it is clearly wrong to say that Aty obtained 

in fig.50 is representative of the KTAE mode, the result nevertheless indicates that k\\ 

for KTAE modes could be much larger than what was originally thought. More work is 

necessary and relatively important in the context of this particular kinetic model, since 

such an effect could have dramatic consequences on the stability of TAE modes, analyzed 

later in sect.IV.2. 
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IV Comparisons with experimental results 

The ultimate goal of the numerical modeling is to gain some insight into the physical 

processes that might take place in an experiment, but are for various reasons difficult 

to measure. In fusion research, the plasma is very hot and it is therefore only possible 

to acquire some information via indirect diagnostic methods. For the low frequency 

electromagnetic waves studied in this thesis, they are essentially magnetic probes which 

are distributed inside the vacuum vessel, measuring the magnetic fluctuations induced 

inside the plasma by spontaneous or external excitation. Disposing of two models that 

are applicable with a certain degree of validity to the excitation of global Alfven modes, 

comparisons are performed in this chapter in the TAE and BAE range of frequencies 

for which there is now a great interest in the fusion community. Sect.l relates the 

theory developed for KTAE modes in sect.III.3.3 to very recent observations in the JET 

tokamak. In sect.2, a more detailed comparison between experimental and theoretical 

results is carried out for the discharge #71524 in the DIII-D tokamak where BAE modes 

have been excited for the first time two years ago. 

1 KTAE modes in JET ? 

As mentioned above, very recent measurements made in the JET tokamak [54] could be 

interpreted as KTAE modes. The time was not sufficient to reconstruct specifically an 

equilibrium and perform a numerical study for kinetic eigenmodes in the frame of this 

thesis. What is however possible and currently performed in a collaboration between 

JET and CRPP [53] is a qualitative comparison, checking quantitatively only whether 

the numerical results are in the same range as the measurments. Since we are not allowed 

to show here any experimental result from JET before a delay of 6 months, we have to 

describe them qualitatively with a few words. 

Most of the plasma discharges important for this study are elongated, "single-null" 

plasmas, similar to those analyzed in sect.III.3.3. The pressure (measured in terms of the 

ratio of the kinetic to the magnetic energy) is in general smaller in the experiment and, 

with a typical ratio Te/Ti ~ 2, dominantly due to the electrons. Using the saddle coils 

on the bottom of the vessel as antennae to excite global Alfven modes inside the plasma, 

the generator frequency is swept over an interval around the nominal TAE frequency 

ITAE = ca/(iirqR) and the plasma response analyzed in terms of the perturbations of 
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the magnetic field measured with coils situated in the plasma edge region. 

The response curves which could be interpreted as KTAE modes have all been ob

tained in heated plasmas. They show 3-5 more r less equally spaced and narrow peaks 

corresponding to eigenmodes that are separated in frequency by Aw/w ~ 2.5% and are 

very weakly damped |7/u>| a 0.1%. The spacing in frequency and the dampings can be 

compared with those in fig.41. We find 4.5% for the spacing and an upper bound for the 

damping of 0.05%. This agreement is satisfactory in the view of the fact that, first, both 

the frequency and the dampings depend on the detailed structure of the gap, and second, 

the plasma pressure used for this figure is about 3 times higher than in the experiment. 

We also note that at lower temperatures, both the experiment and the theory show a 

single peak only. We conclude that there is reasonable agreement between the theory 

and the experiment for certain set of measurements. 

Other measurements, however, show series of up to 28 weakly damped and equally 

spaced peaks. These cannot be understood from the results in sect.III.3.3, in particular 

because they appear over a broad frequency range extending from the TAE up to the 

EAE gap. A detailed numerical analysis has been started to see if such eigenmodes can 

be explained with the toroidal kinetic mod^l. The results are however not available at 

the time of submission of this manuscript. 

Despite the strong similarity between the theoretical calculations and a part of the 

results, it is therefore not possible at this stage to conclude that KTAE modes have been 

observed in the JET tokamak, nor to exclude this possibility. 
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2 TAE and BAE modes in DIII-D 

Another exciting experimental result recently obtained in the Alfven range of frequencies, 

is the transition from TAE to BAE instabilities in the DIII-D tokamak discharge #71524 

[34]. We briefly summarize the experiment which will be important for the comparison 

with numerical results below. A deuterium plasma was heated with injection of ~ 75 keV 

deuterium neutrals, using 4 beams of ~ 2.5 MW each, switched on one after the other, 

so as to rise stepwise the pressure inside the plasma. During the two-beam phase, the 

pressure reaches a significant value of fa = < /? > /(4irI/aB0) ~ 2.8, and the magnetic 

probes inside the vacuum vessel indicate that several TAE modes are destabilized. 1.95 

after the beginning of the shot, a third beam is added, fa increases to 3.3 and the mode 

activity suddenly drops well below the nominal TAE frequency. Compijrisons with an 

MHD model suggest that BAE modes could be induced inside a gap created by the 

plasma pressure. After the fourth beam has been switched on, fa reaches the nominal 

value of 3.5 and the mode activity goes back up to the TAE range of frequencies. 

An equilibrium has been reconstructed [55] from the approximate experimental mea

surements at the time when the plasma was just about to make the first transition; 

the corresponding parameters are summarized in table 6. Little information is available 

on the current profile so that the uncertainties on the safety factor remain rather large 

(~ 20%). More important for the kinetic analysis, is that a significant fraction of the 

plasma pressure comes directly from the injected beam for which the species are not in 

local equilibrium, and can therefore not be represented with the kinetic model [20], In 

the forthcoming analysis, we will first ignore the beam and use a definition of the temper

atures which is consistent with the total equilibrium pressure assuming that Te/Ti = 0.8: 

the temperatures in the plasma core Te,o = 2.5 keV, 7<,o = 3.1 keV are therefore a little 

higher than those measured in the experiment T^f = 1.7 keV, Iffi = 2.7 keV. In a sec

ond step, we then use the experimental temperature profiles. Reproducing the plasma 

conditions at 1.875s with the resistive and kinetic models, we compare eigenmode fre

quencies and magnetic field perturbations at the positions of the magnetic probes with 

experimental measurements. This gives a certain idea of the possibilities and the limits 

of the resistive and kinetic models, and provides a qualitative description of the processes 

which might take place inside the plasma. 

Contrarily to the experiment where global Alfven modes become unstable because of 

their interaction with beam deuterons, the plasma in the numerical model is excited with 
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major radius 
aspect ratio 
elongation 
magnetic field 
safety factor (axis, edge) 
volume averaged pressure 

reconstructed polygonal vessel of DIII-D 
toroidal wave number 
helical antenna currents Is{m) = Ia{m) 

Gaussian distr. around ( s ^ " - l)/2 of width A 
ne=nD = n0(l - 0.25s2 - 1.06s4 - 1.77s6 - 1.14s8) 
damping factor ua — va,o + va<edgeexp[—(s/0.005)2] 

re
r" = Tje*(l - 0.9s2) 

Te = re,0(l + 0.25s - 3.56s2 + 2.33s3 + 0.05s4) 
TD = TDfi(l + 0.20s - 6.49s2 + 9.02s3 - 3.70s4) 
model for k\\ 
CFEM discretization 

Ro [cm] 
Ro/a 
K 

B0 [Gauss] 
(9o, <7«) 

Ppol 

n 
m 
A 
n0[cm-3] 
(va,0, Va,edge) ( eq .87) 

Tr [eV] 
Tefi [eV] 
TDfl [eV] 
n/R 
(N, + N™) x Ne 

179.8 
2.56 
1.6 
7.41 x 104 

(0.83,4.93) 
3.12% 
1.00 

1 
- 1 
0.25 
4.1 x 1013 

(30,3000) 
1000 
2363 
3813 

(48 + 6) x 32 

Table 6: Reconstructed DIII-D equilibrium for discharge #71524 at 1.875 s 

an external antenna current driven in the vacuum region. When the plasma response 

is on a maximum of a narrow peak (weak mode damping), the global wavefield induced 

inside the tokamak cavity is independent of the antenna, so that the mode structure can 

be compared with the experiment. 

A broad frequency scan [10, 70] kHz is performed with each model to localize global 

modes. A single TAE is first found with the resistive model at 56 kHz while the LION 

code finds two at 56 and 59 kHz. The reason for this difference is the edge resistivity 

which strongly affects external TAE modes. This is particularly the case here, since the 

high value qa = 4.93 leads to a strong shear region at the plasma edge (see sect.III.3.3 for 

a more details). Fig.51 illustrates the plasma response obtained with the kinetic model 

using temperature profiles that are consistent with the equilibrium pressure: three peaks 

are found at 12,19 and 22 kHz, and signal the presence of very low frequency modes. At 

least three others are also found in the TAE range at 52, 56 and 67 kHz. 

These results can be compared with the measurements documented in figure 1 of 

ref. [34], reporting magnetic activity at 1.875 s for the TAE frequencies 52,57,61,62,63±5 

kHz, and 0.3 s later the simultaneous observation of a BAE mode at 22±5 kHz and a TAE 

mode at 57 ± 5 kHz. Despite the uncertainty in the reconstruction of the equilibrium, 
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Figure 51: Kinetic plasma response for discharge #71524 a ' 1-875 s assuming tem
perature profiles that are consistent with the equilibrium pressure, Te/Ti = 0.8, ne
glecting the pressure and the response from the beam 

the large error bars in the experimental Doppler-shift-corrected eigenfrequencies and the 

insufficient numerical frequency resolution, striking agreement is achieved between the 

kinetic model and the experiment: two groups of eigenmodes are found well separated 

in frequency, and most of the measured instabilities coincide with a peak in fig.51. 

Importantly, the lower frequency modes are found only when using the kinetic model: 

this indicates that their presence could be related to the sound wave (which is not taken 

into account in the resistive model), leading to a formal distinction between BAE and 

TAE modes. In the TAE range of frequencies, extra peaks are found with the kinetic 

model that do not exist in the resistive case: this suggests that the TAE mode spectrum 

is also affected by FLR effects. 

Let us now analyze one eigenmode in the TAE range and compare the results from 

both models implemented in PENN. The electric and magnetic field components obtained 

using the resistive model are illustrated in fig.52; to be able to compare them later with 

the experiment, they have been plotted out to the vacuum region. 
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mm:-1.06 max: 1.33 min:-0.300 max: 0.300 min:-0.010 max: 0.012 

min:-47.5 max: 44.03 min:-60.2 max: 73.5 mm:-12.9 max: 13.6 

Figure 52: Electric (top) and magnetic field components (bottom) for the TAE mode 
found at 56kHz using the resistive model 

According to sect.II. 1.2 a pseudo-magnetic field determines the orientation of the unit 

vectors (e^, e&, ejj) in the vacuum region, so that it is necessary to specify that &JJ"n ~ 0.15 

on the high field side (HFS) and by** ~ 0.3 on the low field side (LFS) of the vacuum 

region. The eigenmode structure is similar to the exterral TAE mode in fig.36, except 

that the higher value of qa leads to a more complicated gap. tructure with strong toroidal 

couplings apparent in the wavefield where q = 1.5,2.5,3.5 and 4.5. While the electric 

field culminates on the HFS, the magnetic field is stronger on the LFS and increases 

towards the vessel even in the vacuum. 
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min:-7.01 max: 8.21 min:-0L52 mas: 0.58 mm: 4.053 max: 0.062 

Figure 53: KTAE mode at 51.2kHz obtained using the kinetic model. Top: contour 
plots of the electric field components. Bottom: [0.3,1] contour plots of the magnetic 
field components in the plasma region (with extrema above the figures), and the [-1,1] 
contour plots in the vacuum (with extrema below the figures) 

This is in good agreement with experimental observations (take for example fig.7 of 

ref.[56]) which show that magnetic field perturbations are much stronger on the LFS. 

However, the magnetic field in the vicinity of the vacuum vessel (where the magnetic 

field probes are situated) seems not to reflect the mode structure inside the plasma. 

As expected from sect.III.3.3, several KTAE modes are found for each peak in the 

response calculated with the kinetic model (fig-51). While the spatial and frequency 

resolutions were just about sufficient to distinguish one from another, it was not possible 

to identify each of them clearly; this is probably not astonishing since the coupling of 
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such a complicated gap with a rather short wavelength KAW may produce many KTAE 

modes interacting with each other. Fig.53 shows the wavefield for the mode at the 

lowest frequency of 51.2 kHz with a very small damping |-y/a;| < 0.1%: using [0.3,1] 

contour plots2 to display only a part of the magnetic field structure inside the plasma, 

the mode appears with a radial structure 1 = 2 characteristic of a KTAE. The magnetic 

field perturbation measured in the neighborhood of the wall again does not seem to 

be characteristic of the mode inside the plasma, and is in fact very similar to the one 

obtained using the resistive model. 

'see l"note concerning fig.43 
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Figure 54: "Stable" BAE mode wavefield found at l$.2kHz using the kinetic model 
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Figure 55: "Unstable " BAE mode wavefield found at IS.lkHz using the kinetic model 
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If it is resolved with a better precision, the response peak associated with the pre

sumed BAE mode at IS kHz reveals several peaks, signalling the presence of different 

kinetic eigenmodes: all of them have wavertelds that are similar to the structure illus

trated in fig.54. This result is very different from the one suggested in fig.7 of ref.[49], 

where only two BAE modes exist and for which the wavefield is dominant in the plasma 

center. This big difference can be directly related to the damping of the sound wave, 

which has not been taken into account in GATO's standard MHD model [57], but plays 

a dominant role in the kinetic approach: the ion Landau damping being proportional to 

the imaginary part of the dispersion function §m Z**(.. ^ .) (see fig-8), it is clear that 

the wavefield is strongly damped from the center of the plasma where u/{\k\\\vthj) = 0.4 

out to the surface s =? 0.92 where this ratio is unity. Only a narrow band around the 

plasma allows propagation of a KAW: mode conversion occurs through toroidal coupling 

between the long wavelength BAE mode which is small but still finite at the plasma 

edge and the shorter wavelength KAW. This induces kinetic Alfven wave edge modes at 

frequencies close to the BAE mode frequency (since the BAE has first to be excited to 

be able to couple the energy to the KAW), with a modulation which further depends on 

the gap structure near the plasma edge. 

The wavefield in fig.54 can be seen as a "stable" BAE mode for which the drive from 

the beam deuterons has been neglected and the damping of the acoustic wave taken into 

account. It is certainly very different from the one which is excited in the experiment 

where the drive overcomes the damping. Although the kinetic model does not take 

the drive into account, it is possible to obtain a structure similar to the destabilized 

wavefield by artificially reducing the damping: this is simply achieved by increasing the 

factor u/(\k\\\vtk,i) above unity when using the approximation Aty = v/c*. Fig.55 shows 

the wavefield for a kinetic eigenmode found almost at the same frequency: a KAW has 

again been induced in a non-perturbative manner and peaks near the surface where q = \ 

at s = 0.45. As the wavelength of the KAW is comparable to the radial extension of 

the BAE gap, it is clear that kinetic BAE (KBAE) modes may also be created in the 

same manner as the KTAE modes, provided that the drive is sufficient to overcome the 

damping and make the response peaks associated with different mode structures of the 

KAW independent. 

Having analyzed the TAE and BAE modes separately, let us finally address the 

question concerning the transition from one to the other. The frequencies measured in 
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the experiment at a certain time correspond to the most unstable mode which has grown 

enough to dominate over the rest; the frequency measurements therefore change as the 

drive (beam power) and the mode damping evolve. Using the kinetic model as it is now 

implemented in the PENN code, it is only possible to determine the latter; it would 

therefore only be possible to model such a transition if the evolution of the plasma 

parameters resulted in a dramatic variation of the TAE or the BAE mode damping. 

Using the experimental temperature profiles for ions and electrons, the TAE and BAE 

modes have been recomputed, and the results above have changed very little. Fig.56 

shows how the ratio u//(|it|||vtA,.-) evolves in a mid-plane cross-section plot for the TAE 

(51 kHz) and BAE (18 kHz) range of frequencies assuming Jt|| = n/R. For both cases, 

uj has been scaled in the same manner as the plasma density which rises proportionally 

to /3JV, going from 2.8, 3.3 to 3.5, while the temperatures remain essentially unchanged. 

Strong Landau damping occurs if 0.4 < u>/(|&|||vt&,i) < 1.2: it should not dramatically 

change due to this density rise. What could induce a big change in the TAE mode 

damping, is a variation in Aty which could have been underestimated by a factor of 2-4 

for the KTAE modes. An attempt to calculate fc|| iteratively has been made but failed 

because of lack of resolution: it is in fact very difficult to follow very sharp response 

peaks in frequency unless one uses a very small relaxation parameter, which then makes 

the calculation impractical. 

To summarize this section concerning a comparison with experimental results from 

the DIII-D tokamak, one may say that the kinetic model reproduces the eigenfrequency 

spectrum rather well: most of the eigenmodes found in the experiment are also present 

in the numerical calculation. The wavefields which have been computed on the various 

positions of the magnetic probes along the DIII-D vessel now have to be compared with 

the experiment. If good agreement is found, it is good news for the model and bad news 

for the diagnostic, since the wavefield near the vacuum vessel does not reflect much of the 

structure of the mode inside the plasma. An analysis of the computed wavefield showed 

that the TAE and BAE modes structures are quite different from those predicted by the 

resistive or MHD models. It also showed a limitation of the kinetic approach. More work 

is necessary to obtain an even more accurate description of the processes taking place 

inside the plasma, such as for example this marvelous TAE —• BAE —» TAE transition. 
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Figure 56: Mid-plane cross-section plot showing the factor w/{\k\\\vth,i) for the BAE 
and TAE frequencies, scaled as fis = 2.8,3.3 and 3.5 relevant for the 2-3-4 beam 
phases of the DIII-D discharge #71524 
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V Conclusion 

The new wave propagation code PENN has been developed to calculate the linear re

sponse of a tokamak plasma. 

The code solves the Maxwell equations in toroidal geometry using a standard bilinear 

or bicubic Hermite finite element representation in terms of the electromagnetic poten

tials. A local analysis of the discretized problem showed that the formulation is pollution 

free and guarantees that all the solutions obtained numerically are approximations of 

the physical problem. 

Two models for the plasma have been implemented in the form of dielectric tensor 

operators and can be used comparatively to describe the same physical case. The simpler 

one has been derived in the frame of fluid resistive MHD and can be used if the plasma 

temperature is low. It has been successfully checked against the fluid toroidal code 

LION for an Alfven wave heating scenario and for the excitation of global modes of 

the Alfven wave (GAE,TAE). The more sophisticated kinetic model takes into account 

the finite Larmor orbit width of untrapped particles and is therefore well suited to 

describe phenomena involving mode conversions. It has been validated in the large aspect 

ratio limit with the cylindrical code ISMENE, reproducing the fast wave spectrum, the 

conversion to the kinetic Alfven wave (KAW) and its subsequent dispersion and damping. 

New results have been obtained when studying the propagation of the KAW in 

toroidal geometry. Modeling an Alfven wave heating scenario in the TCA tokamak, 

the wavefields obtained for different plasma temperatures show that strong conversion 

to the KAW occurs in the vicinity of the most external fluid resonance for which the 

thermal speed of the electrons exceeds the phase velocity of the wave. This result is very 

different from the fluid model predictions and suggests that it might be difficult to heat 

a plasma to the high temperatures of a tokamak reactor. 

In the case of a GAE mode, two different conversion mechanisms have been described 

that determine the overall mode damping: at low temperatures, the non-perturbative 

toroidal coupling between the fluid GAE and the KAW is dominant, while the mode 

conversion at toroidally coupled surfaces becomes again very efficient once the thermal 

speed of the electrons exceeds the phase velocity of the wave. This suggests that GAE 

modes should be heavily damped by mode conversion in reactor type plasmas. 

In the TAE range of frequencies, kinetic effects result in a considerable change of 

the spectrum calculated with the resistive model. New types of weakly damped kinetic 
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toroidal Alfven eigenmodes (KTAE) appear inside the fluid gap. An iterative scheme 

used to calculate the wave-particle interaction in a self-consistent manner shows that the 

condition for hot particles to enter into resonance with such modes can be satisfied for 

velocities much lower than the Alfven velocity. 

Comparisons with results from the JET and DIII-D tokamaks show that the new 

PENN code is also a useful numerical tool to analyze experimental data. Collaborations 

with experimentalists from both tokamaks are under way and will yield interesting results 

in the near future. 
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VI Appendix 
1 Force-free equilibrium in the large aspect ratio limit 

Assuming a force-free MHD equilibrium //(VO = 0, some quantities defined in sect.II.1.1 

are here derived analytically in the large aspect ratio limit Re fa » 1. This serves as a 

simple illustration, and allows for the explicit calculation of the rotation matrix (eq.28) 

required for the unicity conditions in the center of the polar coordinates. 

Starting from the Grad-Shafranov equation (2), a large aspect ratio Solovev type of 

equilibrium can easily be obtained assuming j/(rp) = 0 and TT'(il>) = const: 

^=^k ̂  + (R~ ̂  = ̂ k ̂  e + £2 Sin2 ̂  ̂  ( 1 ° 5 ) 

r = r0-^( c
2 + i)̂  (106) 

It simply describes concentric ellipses of elongation E = e_1. 

Although a 2nd (leading) order expansion in p/Ro is sufficient to describe the general 

magnetic topology in the vicinity of the magnetic axis where the aspect ratio is always 

large, a force-free behavior supposes that the Shafranov shift is negligible which is not 

true in general; using this approximation only to complete the equilibrium data exactly 

on the magnetic axis, the error induced in the wavefield remains however negligible. 

With the formalism of sect.1.1, the equilibrium derivatives (5) are first calculated 

directly from (eq.105). Combining them, it is then easy to derive explicit expressions for 

the Jacobian J and |Va|, both necessary for the surface and volume elements 

J = f ,f'f. J . - (-*£_) , (107) 
\coB*6 + e*un39J \Vcos*e + e*sm26j v ; 

(108) 
cos2g + c4sin2fl 

cos20 + e2sin20 

The magnetic field is characterized by the quantities 

|v" • ikJ 

|VV| = \2jj±yJcQ#e + *va?0\ p (109) 

,31-^2 (no) 

_ 1 ivv>i2 n m 
h> - \ iv^F+F (111) 
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The safety factor on the the equilibrium axis is obtained directly from the definition 

.. 1 / „ T Ta*E 
q0 = Iim —- 4 dl - , _ ,, = — - -•• (112) 

by substitution of the line element dl = dOJ\V4>\/R and further integration using the 

formula 3.642.3 of Gradshteyn's table [58]. 

It is now possible to calculate explicitly the rotation matrix 72. (eq.II.28) and the 

derivatives f^>ff>f]g| characterizing the non-unique orientation of the unit vectors 

(cn> £6, e|i) in the center of the polar system in terms of the angles (a, r ) : 

cos 6 
(e„ • e«) = cos a = 

(e» • cz) = — sina = • 

tanr = 

Vcos20 + c<sinz0 

e2sin0 

Vcos2 0 + e* sin2 0 

|V*| 

Some trigonometric manipulations yield the polar derivatives 

is. - n 2a — t2 aaer _ Q 3o t2 

B6 ~ l+{i*-l)$in29 dsdS 

d*r _ 20j t 3 ( t»- l )» ingco»g 
8*5? — Ta3Ajf|V«| (cof» 0+e* tin3 «)* 

Introducing finally the poloidal unit vector e^= «|r and the elementary rotations 

(113) 

(114) 

(115) 

(116) 

H(a) = 

1l(r) = 

en • CR ep • tR 
en • ev ep • e^ 
en -tz ep • tz 

e„ • en ej • e„ 
en • ep eb • ep 

efj-^z 

ell * c* 
cll' €P 

cos a — sin a 0 
0 0 1 

— sin a - cos a 0 

1 0 0 
0 cos T sin T 

0 - sin T cos T 

(117) 

(118) 

the rotation matrix 11=11 (a) 7t (T) and the derivatives calculated for a force-free 

equilibrium near the axis are finally cast to the explicit form 

K=K (a) 

d1l dr ~ . » ~ ' , x 
- ^ = Ts 11 («) 71 (r) 

(119) 

which is entirely determined in terms of the elongation E = c"1, the aspect ratio Ro/a 

and the safety factor on the axis go-
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