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Abstract. 
The basic QCD expectations concerning the deep inelastic scattering at low x where 

x is the Bjorken scaling variable are reviewed. This includes discussion of the BFKL 
equation which sums the leading powers of ln(l/a;) and the shadowing effects. Phe-
nomenological implications of the theoretical expectations for the deep inelastic lepton-
hadron scattering in the small x region which has become accessible at the HERA ep 
collider are described. We give predictions for structure functions F2 which are based 
on the BFKL equation and the high energy кт factorisation theorem. These predictions 
are compared with the results of structure function analysis based on Altarelli-Parisi 
evolution equations and confronted with the recent data from HERA. We discuss jet 
production and transverse energy flow in deep inelastic lepton scattering as the mea¬ 
surements which may be particularly suitable for revealing the QCD dynamics at small 
x. 

* Talk presented at the XXIX Rencontre de Moriond, "QCD and High Energy Interac¬ 
tions", 
March 19-26, 1994, Meribel, France 



The aim of this talk is to summarise the QCD expectations concerning the small x 
behaviour of deep inelastic scattering and to discuss their phenomenological implications 
for HERA. Besides discussing the structure function Fo(.c,Q2) we shall also consider 
specific measurements like deep inelastic scattering accompanied by the energetic jet and 
transverse energy flow which should test the QCD dynamics at small x more directly 
and unambiguosly. 

The dominant role at small x is played by the gluons and so at first we consider 
the small x limit of gluon distributions. The gluons are not, of course, directly probed 
in deep inelastic lepton scattering yet they contribute indirectly to this process through 
the gg --> qq transitions. 

The relevant framework for calculating the parton distributions at small x in per-
turbative QCD is the leading log(l/i') (LLl/i) approximation. It corresponds to the 
sum of those terms which contain the maximal power of ln(l/x) at each order of the 
perturbative expansion. The basic quantity in this approximation is the unintegrated 
gluon distribution f(x,k2) which is related in the following way to the conventional 
(scale dependent) gluon distribution g(x,Q~): 

' dk2 

In the LLl/x approximation the unintegrated gluon distribution satisfies the following 

equation [1-5]: 

df(x,k2) 3aAJĆ) 2 f 
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which is called in the literature the Baliizkij-Fadin-Kuraev-Lipatov (BFKL) equation. It 
corresponds to the sum of ladder diagrams but unlike the leading logQ2 approximation 
which gives the Altarelli-Parisi evolution equations [6] the transverse momenta of the 
gluons are not ordered along the chain. The kernel A/, of the eq. (2) contains both the 
real gluon emission term as well as the virtual corrections. The former corresponds to 
the term proportional to f(x,k'2) while the latter correspond to terms proportional to 
f(x,k2) in the rhs. of the eq. (2). The virtual corrections correspond to the "gluon 
reggeisation"[l,4] (or to the "non-Sudakov" form factor [2,3]). The variable(s) к2(к12) 
denote the transverse momenta of the gluons along the ladder. The parameter k% is 
the infrared cut-off which is necessary if the running coupling constant effects are taken 
into account. More general treatment of the infrared region in the BFKL equation than 
simply imposing the lower limit cut-off k% has been discussed in [7-9]. 

When the running coupling effects are neglected (i.e. when one sets a,(k2) = a,) 
and when k\ = 0 then the equation (2) can be solved analytically and the leading small 



x behaviour of its solution is found to be given by the following formula: 

with 
»=^«. (4) 

A" = ^ 2 8 C ( 3 ) (5) 
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where the Riemann zeta function £(3) ~ 1.202. The parameter к is of nonperturbative 
origin and is fixed by the boundary condition for f(x, k2) at x = x0 [8]. 

The following properties of the solution of the BFKL equation summarised in the 
formula (3) should be noted: 
(i) It exhibits x~x type increase with decreasing x and the quantity 1 + A which is 

equal to the intercept of the BFKL Pomeron can have potentially large magnitude 
(~ 1.5). This should be contrasted with the intercept aaoft — 1.08 of the (effective) 
"soft" Pomeron which has been determined from the phenomenological analysis of 
the high energy behaviour of hadronic and photoproduction total cross-sections 
[10]. 

(ii) It exhibits the (к2)1/2 growth with increasing k2 modulated by the Gaussian dis¬ 
tribution in ln(k2) with its width increasing as Iv}l2(ljx) with decreasing x. The 
Gaussian factor reflects the diffusion pattern of the BFKL equation [1,8,11]. The 
increase of the function f(x,k2) as (к2)1'2 is due to the fact that the anomalous 
dimension which controlls the k2 dependence of the moment of f(x,k2) is equal 
to 1/2 at the BFKL singularity [12]. This shift of the anomalous dimension is 
the result of the (infinite) LL(l/x) resummation and should be contrasted with 
the anomalous dimension calculated perturbatively retaining only finite number of 
terms [12]. 
If the running coupling effects are taken into account then the exponent A has to 

be calculated numerically and turns-out to be dependent upon the infrared cut-off k% 
[7,9,13,14]. More recent discussion of the BFKL equation is given in refs. [15,16]. 

The validity of the BFKL equation is, in principle, restricted to the region where 
a,ln(l/x) ~ 0(1) and a,ln(Q2/Q\) << 1 where Ql is some moderately large scale 
(Qo >> Л2 ). Possible extension of the BFKL equation beyond this region is provided by 
the Marchesini equation [3] which treats both (large) logarithms ln(l/x) and ln(Q2/Q2,) 
on equal footing. In the region of large values of x this equation becomes equivalent to 
the Altarelli-Parisi evolution equations. 

For xg(x,Q2) growing as x~x the transverse area §(x,Q2) occupied by the gluons 

S(x,Q2) = const xgfx.Q2) "\Z ' (6) 
Q2 



can, for sufficiently small value of x and for fixed Q2 become comparable to the trans¬ 
verse area of a hadron SH = ЖЩ{ where RH is the hadronic radius. When this happens 
(and in fact before this happens), the gluons can no longer be treated as free partons. 
and their interaction leads to screening (or shadowing) effects [4,5,17,18]. The main 
effect of shadowing is to tame the indefinite increase of parton distributions. One finds 
instead that at the sufficiently small values of x and/or Q2 the gluon distributions 
approach the so-called saturation limit xgsat(x,Q2) [4,5] 

In some models [19] the saturation limit contains some remnant weak x dependence. 
The most dramatic effect is the linear scaling violation exhibited by xg,ai(x,Q2), 

If one assumes that the gluons are not distributed uniformly within a hadron but 
are concentrated around the "hot-spots" [20,21] having their radius Rh.3. much smaller 
than the hadronic radius RH then the shadowing effects are expected to be stronger. 
The saturation limit xgsat(x, Q2) is then controlled by the radius Rh.s. and not by Rji. 

The shadowing effects modify the BFKL equation by the nonlinear terms [4,5,13,22] 

dk'2 f(x,k'2)-f(x,k2) f(x,k2) 
1 [4к« * f 
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The equation (8) is called in the literature the Gribov, Levin, Ryskin (GLR) equation. 

The second term in the right hand side of the eq. (8) which is quadratic in the gluon 
distribution describes the shadowing effects. They correspond to the QCD diagrams 
where two gluonic ladders merge into one. The parameter R describes the size of the 
region within which the gluons are concentrated. 

The GLR equation has been derived assuming that the gluons within a hadron 
are uncorelated and that the interaction between the gluonic ladders can be neglected. 
These assumptions have recently been shown to be unjustified [23]. The interaction 
between gluonic ladders can be approximmately accounted for by introducing the ap¬ 
propriate enhancement factor in the nonlinear term in the eq. (8) [24]. 

It turns out that in the region of x and Q2 which may be relevant for HERA the 
shadowing effects are still relatively weak at least for R ~ bGeV1 [13]. 

We shall now discuss quantitative predictions for the behaviour of the structure 
functions F2(x,Q2) and Fi(x,Q2) at small x which will be directly based on the BFKL 
equation [8,25,26]. (For the first attempt to determine the structure function F2(x,Q2) 
from the solution of the BFKL equation see the ref. [27]). The relevant diagrams are 
shown in Fig.l and the contribution to the (transverse and longitudinal) deep inelastic 



structure functions can be written in the following factorizable form: 

FTM*,Q2) = f Ц-
jx x 

where x/x' is the longitudinal momentum fraction carried by the gluon which couples 
to the qq pair. The functions Fj, L denote the quark box contribution to the photon-
gluon subprocess shown in the upper part of the diagrams shown in Fig. 1. The 
function f(x/x' ,kT) is the unintegrated gluon density corresponding to the sum of 
ladder diagrams in the lower part of the diagrams shown in Fig. 1. In the leading 
log(a;'/x) approximation the unintegrated gluon distribution f is given as the solution of 
the BFKL equation (2). The (х/ж')~л behaviour of the unintegrated gluon distribution 
f(x/x',k2) generates the singular ж~л behaviour of the structure function FT(X,Q2) and 
FL{X,Q2). We may also study the effects of shadowing in the structure functions by 
using the function f which is the solution of the GLR equation (8). The Q2 dependence 
of the structure functions should reflect the k2 dependence of the function f(x,k2). 

The formula (9) is an example of the кт factorisation theorem which is the basic 
tool for calculating the observable quantities (i.e. in this case the structure functions) at 
small x [28]. In Fig. 2 we summarise the predictions for the structure function F^{x, Q2) 
[8,25,26] which are based on the BFKL equation and the кт factorisation formula (9) 
(the curves marked as AKMS) and confront them with the recent data from HERA 
[32]. (To be precise those predictions contain besides the BFKL contribution also the 
phenomenologically determined background). We also compare these predictions with 
structure functions which were obtained within the Altarelli-Parisi formalism. Let us 
recall that in the latter case the small x behaviour depends upon the phenomenological 
input distributions at the reference scale and is therefore not constrained by a theory. 
One can mimick the BFKL behaviour at small x by assuming the x~x type extrapo¬ 
lation of the input parton distributions as it has been done in the refs. [29,30] (the 
curves marked as MRS(H) and MRS(D'_)). We also plot the results obtained from 
the dynamical model in which the parton distributions are generated radiatively from 
the valence-like input at the very low reference scale Qjj — 0.25GeV2 [31]. The strong 
increase of F 2 ( E , Q 2 ) with decreasing x at the HERA range (i.e. for Q2 ~ lQGeV2) 
comes from the relatively large evolution length £(Q2,Qo) 

JQ] 
( 1 0 ) 

since in this case F2(x,Q2) behaves at small x as below: 

F2(x,Q2) ~ exp (2^aQ2,Q2)ln(l/x)^ (11) 



We notice that all approaches give similar behaviour of F2(x,Q2) in the region of x and 
Q2 which is relevant, for HERA measurements. The inclusive quantity like F2 is not 
therefore the best discriminator for revealing the details of the QCD dynamics at small 
x. 

One may however hope that these details can be better revealed by studying the 
structure of the final states at small x. It is expected that absence of transverse momen¬ 
tum ordering which is the characteristic feature of the BFKL dynamics should reflect 
ilsdf in the less inclusive quantities than the structure function F2(x,Q2). 

There are several dedicated measurements of the small x physics which are aimed 
at revealing the QCD dynamics at small x. The deep inelastic lepton-hadron scattering 
containing a measured jet is one of the ideal processes for this purpose [14,33,34]. 

The idea is to study deep inelastic (x,Q2) events which contain an identified jet 
(xj,ky,) where x << Xj and Q2 ~ Щ.. The process is illustrated in Fig.3. Since we 
choose events with Q2 ~ Щ, the QCD evolution (from k2^ to Q2) is neutralised and 
attention is focussed on the small x , or rather small X/XJ behaviour. The small X/XJ 
behaviour of the jet production is generated by the gluon radiation as shown in the 
diagram of Fig.3 . Choosing the configuration Q2 ~ k2

T we eliminate by definition 
the gluon emission which corresponds to strongly ordered transverse momenta i.e. that 
emission which is responsible for the QCD evolution. The measurement of jet production 
in this configuration may therefore test more directly the (X/XJ)~* behaviour which is 
generated by BFKL equation where the transerse momenta are not ordered. 

Fig.4 shows the predicted x dependence of the deep inelastic+jet cross-section rele¬ 
vant for HERA [14,34]. (The cross-section shown in Fig.4 has been calculated assuming 
the following constraints: xj > 0.05 and 0j > 5°, \Q2 < k2? < 2Q2 where 0j denotes 
the emission angle of the jet). The continuous curves give the values of the cross-section 
ivhen the BFKL effects are included. These are to to be contrasted with the dashed 
curves which show the values when the BFKL effects are neglected. The steep rise of 
the continuous curves with decreasing x (i.e. decreasing z = X/XJ) reflects the z~x 

MFKL effect generated by the gluon radiation. 
Another measurement which should be sensitive to the QCD dynamics at small x is 

the measurement of the transverse energy flow in deep inelastic lepton scattering [35,36]. 
In the centra] rapidity region away from the current jet and the proton remnants the 
BFKL dynamics does predict substantial ammount of transverse energy which grows 
with decreasing x [36]. For fixed QCD coupling a, one gets the x"e increase of transverse 
energy with decreasing x with e = (За3/тг)2/п2 . It is interesting to notice that the 
H ]. collaboration has seen the excess of transverse energy in the forward region [37] in 
comparison to the expectations based on the standard Monte Carlo models incorporating 
conventional QCD cascades. 

To sum up we have recalled in this talk the basic QCD expectations concerning 



the small x physics and discussed their possible implications for deep inelastic lepton 
scattering. 

We have shown that the parton distributions and so the deep inelastic structure 
functions should grow rapidly with decreasing x. This rapid x~x type of increase with 
A ~ 1/2 or so is the reflection of the BFKL Pomeron which originates from the gluon 
radiation. 

This indefinite growth of parton distributions cannot go on forever and has to be 
eventually stopped by parton screening which leads to the parton saturation. Most 
probably however the saturation limit is still irrelevant for the small x region which is 
now being probed at HERA. 

We have also pointed out that the traditional framework based on the Altarelli-
Parisi equations and conventional factorisation formalism may not longer be applicable 
at small x and one has to use the more general k? factorisation theorem [28]. The 
observed increase of F2(x,Q2) is in agreement with the predictions based on the BFKL 
equation [8.25,26]. The explanations of this effect within the Altarelli-Parisi evolution 
equations are also possible. 

Finally we have emphasised the role of studying the final states in deep inelastic 
scatteringfor revealing the QCD dynamics at small x and have discussed jet production 
and transverse energy flow in deep inelastic lepton scattering. 
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Figure captions 

Fig.l Diagrammatic representation of a gluon ladder contribution to the deep inelastic 
structure functions of the proton and of the factorisation formula of eq. (9). q, к, k 
and p denote the particle 4-momenta. 

Fig.2 The measurements of F2(x,Q2) at Q2 = 15 and 30 GeV2 by the HI and ZEUS 
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collaborations [32], with the statistical and systematic errors added in quadrature. 
The open circles denote the ZEUS measurements while the open and black triangles 
correspond to the HI points obtained with two different methods of measuring x 
and Q2. The continuous, dashed-dotted and dashed curves respectively correspond 
to the values of F2 obtained from MRS(H,D_'), MRS(IV) [29,30] and GRV [31] 
partons. The curves that are shown as a sequence of small squares (triangles) 
correspond to the unshadowed (strong "hot-spot" shadowing) AKMS predictions 
[8] based on the BPKL equation and the kx factorisation formula of eq. (9). 

Fig.3 Diagrammatic representation of a deep-inelastic event which contains an identified 
jet with longitudinal and transverse momentum Xjp and кт, respectively. Parton 
a can be either a quark or a gluon. 

Fig.4 The cross section < a >, in pb, for deep inelastic + jet events shown as the 
function of x for three different bins of Q2 [14,34]. The continuous curves show 
< cr > calculated with the inclusion of the BFKL soft gluon summation. The 
corresponding < a > values which were calculated neglecting the BFKL effects are 
shown as the dashed curves and, for clarity, each is joined with its associated solid 
curve by a vertical line. 
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