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COHERENCE AND CHAOS IN EXTENDED DYNAMICAL SYSTEMS 

A. R. Bishop 
Theoretical Division and Center for Nonlinear Studies 

Los Alamos National Laboratory 
Los Alamos, NM 87545 

ABSTRACT 

Coherence, chaos, and pattern formation are characteristic elements of the nonequi-

librium statistical mechanics controlling mesoscopic order and disorder in many-degree-

of-freedom nonlinear dynamical systems. Competing length scales and/or time scales are 

the underlying microscopic driving forces for many of these aspects of "complexity." We 

illustrate the basic concepts with some model examples of classical and quantum, ordered 

and disordered, nonlinear systems. 

DISCLAIMER 

This report was prepared as an account of work sponsored by an agency of the United States 
Government. Neither the United States Government nor any agency thereof, nor any of their 
employees, makes any warranty, express or implied, or assumes any legal liability or responsi
bility for the accuracy, completeness, or usefulness of any information, apparatus, product, or 
process disclosed, or represents that its use would not infringe privately owned rights. Refer
ence herein to any specific commercial product, process, or service by trade name, trademark, 
manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recom
mendation, or favoring by the United States Government or any agency thereof. The views 
and opinions of authors expressed herein do not necessarily state or reflect those of the 
United States Government or any agency thereof. 
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I. I N T R O D U C T I O N 

The last 15 years or so have marked the growth of a modern era of "nonlinear, 

nonequilibrium science" marked by the development of a number of paradigmatic concepts 

and techniques—including (i) the possibility of coherent space-time structures ("solitons" 

in a generalized sense) in strongly nonlinear classical and quantum systems; (ii) the 

possibility of deterministic chaos even in low-dimensional nonlinear dynamical systems; 

and (iii) the coexistence of (i) and (ii), leading to a variety of phenomena connoted by the 

term complexity [1]. 

Controlled experiments and materials synthesis can be of direct value to this 

nonlinear science, and reciprocally nonlinear techniques can advance our understanding of 

microscopic processes determining structure and dynamics in novel and complex materials. 

In particular, this strategy is a key element in establishing the mesoscopic "bridge" 

between microscopic and macroscopic modeling of materials—as well as fluids, plasmas, 

etc. Applications include both electronic (magnetic, optical, etc.) and structural aspects 

of materials. Some important lessons from nonlinear science include: 

1. The formation and dynamics of "collective" or "coherent" space-time structures 

is now appreciated to be a central issue in "extended dynamical systems." Coherent 

strut. . :es include such objects as dislocations, vortices, domain walls, twin boundaries, 

and so forth. These ideas are not conceptually new in materials science, where the idea 

of local structures such as dislocations, grain, and twin boundaries are well known to 

control the strength and response properties of real materials. However, nonlinear and 

nonequilibrium techniques to understand the microscopic origin of these textures and their 

collective behavior has advanced substantially. 

2. The developments in item 1 have clearly revealed the underlying role of competing 

length and frequency scales as the mechanism determining patterns in space and/or 

time. The length scales can result from the underlying lattice and the intrinsic particle-

particle interactions, as in charge- or mass-density waves. Competitions of length scales 
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or symmetries typically lead to patterns ("textures") in space which can be constant, 

periodic, quasiperiodic, or even totally irregular ("structural chaos"). Familiar examples 

include incommensurate structures observed in, e.g., low-dimensional electronic materials 

or surface epitaxial growth. 

3. The intimate relationship between space and time mentioned in 2 has only 

recently begun to be fully appreciated. It is becoming apparent that ground state spatial 

structures lead directly to the frequency scales observed as a system relaxes from a 

nonequilibrium configuration or as it responds to external forces. A number of model 

problems have been drawn from condensed matter (e.g., coupled acoustic oscillators, 

magnetic materials, Josephson transmission lines) and materials science (e.g., structurally 

transforming perovskites, twinned elastic materials, weakly-pinned charge-density-wave 

compounds), which demonstrate this coupling of space and time including the correlation 

of space and time in "1/f" noise, in intermittency, and in "glassy/hysteretic" dynamics. 

4. The importance of extrinsic "noise" and "disorder" has long been appreciated in 

condensed matter and materials science. These effects can lead, for example, to localized 

modes, Anderson localization, smearing of phase transitions, hysteresis, pinning, work-

hardening, etc. However, the research community has only recently understood enough 

about these effects and those driven by strong nonlinearity to face the reality that they 

must frequently be incorporated simultaneously, leading to qualitatively new phenomena 

in many situations. 

5. Computational capabilities have now reached a stage where they share a 

synergistic relationship with theory, modeling, and experiment, which is qualitatively 

affecting our understanding of processes in materials. We have developed high-performance 

codes and the capabilities to interface computing, analytical techniques, and physical 

phenomena in condensed matter and materials science: MC, QMC, MD, Langevin and 

other stochastic MD schemes, algorithms for nonlinear pde's, lattice gas, cellular automata, 

exact quantum diagonalization, nonlinear spectral analysis, etc. The ability to use parallel 
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processing and workstation networks (see lectures of P. S. Lomdahl) and imaginative real

time graphics have been especially notable in the last five years. 

My aim here is to illustrate some of those themes with three model examples which 

are reasonably accessible to a general background in mathematical and theoretical physics. 

However, I emphasize that these and many other examples which the experimental and 

theoretical community are collecting ultimately are seeking broad new paradigms in 

extended dynamical systems—new conceptual frameworks for nonlinear, nonequilibrium 

statistical mechanics, characterized by many length and time scales controlling the crucial 

links between microscopic (e.g., atomistic) descriptions, mesoscopic patterns of coherence 

and chaos, and macroscopic functionability. Understanding analytically and numerically 

how to handle this "micro-meso-macro" sequence of relationships is the great challenge to 

almost every discipline—from biology to materials science to plasmas and fluids to galaxies. 

II. INTRINSIC DISORDER: FRUSTRATED JOSEPHSON JUNCTION 

ARRAYS 

Modern microlithography has made Josephson-junction arrays (JJA) in the presence 

of a frustrating external magnetic field and/or extrinsic disorder an excellent laboratory-

scale [2] vehicle with which to study (a) flux-lattice structure and dynamics in weak-link 

arrays, thickness-modulated superconducting thin films, or even high-Tc materials (if self-

consistent magnetic fields are included) and (b) the poorly understood connections between 

space and time in complex dynamical systems—especially "glassy" or "1/f' regimes in time 

and space [3]. 

The computational advances described above have opened up completely new 

modeling possibilities in space and time for JJAs. We are now able to visualize qualitatively 

new scales of hierarchical, mesoscale structures and to follow long-time Langevin molecular 

dynamics (see also vthe lectures of P. S. Lomdahl). This permits the direct test of 

connections between scales in time and space. Here we report results of simulations. 

4 



using a Connection Machine 2 (CM-2), on square N x N arrays, with iV = 128. We have 

studied JJA with resistively shunted junction [3] (RSJ) dynamics, including perpendicular 

magnetic fields and various kinds of static disorder. Detailed results are described in 

Ref. [3]. Here, as an example, we briefly summarize relaxation from an initially random 

(i.e., high temperature) flux state. We exhibit the multiple length and time scales involved 

in this relaxation and the influence of thermal fluctuations. The noisy relaxation is 

controlled by the dynamics of various mesoscopic "defect" structures defined with respect 

to the underlying ground-state flux structure. The defects, their mesoscopic collective 

patterns, and their dynamics control a complex macroscopic response but are themselves 

microscopically controlled by the competitions producing the ground-state flux complexity 

(an excellent example of the micro-meso-macro interrelations). Such multiscale responses 

have been observed in other competing interaction systems [4], e.g., spin glasses, random 

field magnets, and weakly pinned charge-density waves, as well as noisy responses in high-

temperature superconductors. Various "creep" and "stretched-exponential" regimes have 

been proposed, as well as phenomenological scaling theories attempting to relate spatial 

domain sizes with temporal scales. 

The JJA Hamiltonian takes the form [3] 

U = -E0 Y^[cos (9ij - 9i-ij - At-ijtij) 
a (i) 

+ cos (fiij - dij-i - i4tf-i,y)] , 

where 0y is the phase of the superconducting island with the discrete coordinates (i.j) 

of the lattice, and Aijtki = (2e/hc) J{. A • dl is the integral of the vector potential from 

island (i,j) to a neighboring island (k,l). The critical current of a junction is given by 

Jo = {2e/Ji)Eo. The Aijtki summed around a plaquette obeys the following relation: 

Aij,i-ij + Ai-ij,i-ij-i + Ai-ij-i,ij-x + Aij-ijj = 27r/ , (2) 

where the frustration / = Ha2/$o is a constant giving the average number of flux quanta 

$ 0 = hc/2e of the external magnetic field H through the area a 2 of each plaquette of the 
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array. We also introduce the fractional charge <&_,-. obtained as the gauge-invariant sum 

around the ijth. plaquette: 

Qij = (l/2*)[(0y - &X3-1 - Aij-ijj) modTr + (0 y _! - Bi-ij-x - Aj-y . i .y . ! ) mod;r 
(3) 

+ (Qi-ij-i - 6i-ij - Ai-ij,i-ij-i) mod-K + (Qi-ij - Qij - Aijti-ij) mod7r] . 

The situation discussed in detail below is for / = \ uniformly. In this case q^ = ± | : the 

ground state is a "checkerboard" pattern, and thus it is sometimes convenient to introduce 

the staggered order parameter q^ = ( — l / t + J \ y . 

In all of the numerical experiments we model relaxation to a prescribed equilibrium 

temperature of an initially random flux configuration (i.e., quenching from very high 

temperature), with dynamics introduced in the RSJ model in the form [3] 

Qij = sin(#ij+i — Qij — Aijtij+i) + sin(0y_i — Q\j — Ay.y-i) 

+ sin (Qi+ij - Q^ - Aijti+ij) + sin (0 f_y - % - ^ . i - i j ) (4) 

— V [Qij+l + Qij-I + Qi+lj + Qi-lj ~ ^Qij) + ^ij(t) , 

where the thermal noise is introduced in a classical Langevin sense: (Ay(i)) = 0. 

(Xij(t)Xki(t)) = 2r)Gj}kl x T8(t — t'), with the temperature T normalized to H^As-

and ks the Boltzmann constant. Time is normalized to r = (Coh/2eIo)1 , Gijtki is 

the discrete Green's function for the square lattice, the normalized dissipation is given 

by 7] = (l/R)(h/2eCoIo)1/2 with R the normal resistance of a junction, and Co is 

the capacitance between a superconducting island and the ground plane. As explained 

in Ref. [3], this simple choice of capacitance is appropriate to model local capacitance 

coupling of each island. Throughout this paper we have used a large damping parameter 

of Tj = 1. Periodic boundary conditions are employed in currents and voltages, and 

the following global and gauge-invariant quantity C(t) is monitored in time: C(t) = 

(1/iV2) J2ij Qij (Qi+ij + Qi-ij + Qij+i + Qij-i)- Note that gauge invariance for observable 

quantities must be respected and carefully implemented. 

We consider now the case, / = \, uniformly. Figure 1 shows the global quantity C(t). 

The initial conditions in 0™ are random in all cases, and normalized times up to 104 are 
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included. The results are shown for various temperatures T. Here it is important to note 

that the transition temperature Tc for / = | is Tc ~ 0.45 [13]; for T > Tc long-range flux 

order and superconductivity are lost. C(t) is displayed for a selection of temperatures in 

Fig. 1 to illustrate the following time dependences that we have observed: 

(i) T <g.Tc and short times. Here, flux creep is observed with C(t) ~ In t albeit over a 

short time [see Fig. 1(a)]. We also observe from this figure that the "asymptotic'' value of C 

first decreases as T is increased from T <^TC and then increases again (T > Tc). This can 

be understood as trapping into a metastable (after the initial relaxation) flux configuration 

at very low T because of the uniform frustration; as T is increased, thermal tunneling over 

the frustration barriers is allowed and C approaches closer to its / = 5 ground-state 

value (C —*• —1); at higher T (> frustration pinning energy) thermal radomization occurs 

(C —>• 0 for T S> Tc). This interpretation is supported by the final states of the time 

evolutions of the actual flux structures shown in Fig. 2. At low T, we indeed observe a 

qij structure which is frozen after its initial relaxation [Fig. 2(a)], but continues to slowly 

evolve at intermediate T [Fig. 2(b)] and is nearly random at high T [Fig. 2(c)]. Note again 

that the T = 0 absolute ground state for / = \ is a pure checkerboard pattern in q^ and 

thus uniform in q^. 

(ii) Intermediate T(0.3TC ^ T < 0.7TC). Here, after the initial rapid relaxation, we 

observe [Fig. 1(b)] an excellent fit to a glassy, stretched-exponential type of relaxation 

[5]. Specifically, Fig. 1(b) shows the fit to C(i) ~ exp[—(t/r)13], for which we find 

0 cz 0.45(T = 0.2), in general agreement with studies of many other multiple time-scale 

systems. Strikingly, essentially the same @ value is found for the whole temperature range. 

Studies of actual flux structure evolution clearly illustrates the detailed domain growth 

mechanisms controlling this slow relaxation regime (Fig. 2). In particular, we note the 

interrelated roles of domain wall and vortex defects with respect to the / = ^ flux ground 

state. For example, as illustrated in the sequence of snapshots shown in Fig. 3, domains 

typically grow by vortex-antivortex pairs nucleating, attaching to domain walls, and then 
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Fig. 1. Relaxation time dependence of the global correlation function C(t) for / = 3 

and no extrinsic disorder, starting from a random flux configuration. Results for various 
temperatures are shown in (a)-(c). Note that T =* 0.45 is the melting temperature. 
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1 * M . ' -S iT 

Fig. 2. The g^ configurations (left) for a 128 x 128 lattice (qfy > 0, black) and the 
- 2 

spectral power g(k) (right) at t = 104 steps for (a) T = 0.01, (b) T = 0.25, (c) T = 0.45. 
The color code for the spectral power is: log|<?(fc)| > 10 - 3 , black; < 10~3, grey; < 10 - 5 . 
white. 

Fig. 3. Annihilation of a thermally nucleated (T = 0.25) vortex-antivortex pair on a 
domain boundary. 16 x 16 sections of the total 128 x 128 system are shown for 3 sequential 
times (a-c). Color coding is as in Fig. 2. 
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counter propagating around the domain. This same growth mechanism was observed in 

simpler current-driven responses reported in Ref. [3]. 

(iii) T ~ T c(~ 0.45). Here critical effects dominate. An "activated dynamic*' behavior 

of the form C(t) ~ exp(-[ln(i/r)]< 5 has been proposed. As can be found from Fig. 1(c). 

this is in fair agreement for T ~ TC ) with 6 ~ 0.9. 

(iv) T > Tc. Here the flux lattice melts, as illustrated in Fig. 1 and found in flux 

patterns (not shown here). 

It is of particular interest to understand the connections between many time scales 

and many length scales in glassy systems. Phenomenological theories based on "typical" 

clusters have been proposed, e.g., the Lifshitz-Slyozov law [5]. The present large-scale 

Langevin MD approach offers the opportunity to directly probe such phenomenologies. 

As a step in these directions, we have monitored the spatial Fourier transform g(k), 

k = (kz, ky). This function is sensitive to the distribution of domain sizes rather than the 

detailed structure of domain walls. We see in Fig. 2(c) that the disordered phase at T > Tc 

is indeed characterized by weight on many k scales, whereas the large domain structures 

for T = 0.25 in Fig. 2(b) a.' . uaracterized by a .iw dominant k scales. It v. "1 be impoi .-

in future studies to examine (a) whether scaling in \j - l\ or k is observed analogous to the 

temporal scaling described above and (b) whether characteristic correlation lengths scale 

with time as suggested by, e.g., domain phenomenologies [4,5]. 

III. EXTRINSIC DISORDER: CLASSICAL NONLINEAR SCHRODINGER 

SOLITONS AND PARAMETRIC PERTURBATIONS 

The mesoscopic regimes (as in Section II) between microscopic and macroscopic 

descriptions of extended dynamical systems is often sufficiently "disordered" that only 

statistical or coarse-grained representations are worthwhile pursuing—or indeed physically 

relevant. However, in many situations, the mesoscopic complexity contains a large 
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degree of "order" in the form of coherent structures—vortices, dislocations, grains, etc.— 

which motivate nonlinear mode-reduction schemes and describe effectively low-dimensional 

dynamical behavior in a many-degree-of-freedom system. While some progress in this 

direction is being made in higher dimensions (see, for example, the lectures of F. G. 

Mertens for certain 2-dimensional magnets), the greatest information is available for 1-

dimensional nonlinear pde's (and discrete lattice equivalents), particularly those for which 

analytical "soliton" or "solitary-wave" solutions are known. 

Here, we restrict ourselves to the classical (1 + l)-dimensional nonlinear Schrodinger 

(NLS) equation in a periodic (parametric) perturbing potential to illustrate some rather 

general issues: (i) regimes of validity for "collective coordinate" reduction schemes and 

(ii) a mechanism of "length-scale competition" which can explain how collective coordinate 

approximations can fail. Clearly, collective coordinate techniques are valuable only to 

the extent that coherent "particle-like" solutions remain appropriate—other degrees-of-

freedom may be excited and/or the particles may be destroyed. In the case described here, 

simple collective coordinates are effective if length scales are not in competition. The length 

scales in question are (i) the wavelength of the periodic perturbation and (ii) the w rh 

of the soliton solution TO the unperturbed NLS equation—if these lengths are comparable, 

the soliton is easily destroyed so ' t understanding single color (i.e., periodic) "disorder" 

is fundamental to the problem of soliton coherence is a truly random (colored) perturbing 

field. 

1. The Perturbed NLS Equation 

The (14- l)-dimensional NLS equation and the behavior of its solutions under various 

perturbations are well studied [6] and can be characterized by the type of perturbation 

added to the NLS equation: (i) driving, periodic in space and time, with or without 

inclusion of damping; (ii) isolated impurities; (iii) spatially periodic stationary potentials: 

(iv) spatially random stationary potentials. Also, the initial conditions chosen depend 

11 



on the application in question: One can look for modulation instability starting from 

a homogeneous initial state, investigate transmission properties using plane wave-like 

solutions entering the nonlinear disordered region from a linear region without disorder, 

start with soliton solutions of the unperturbed NLS equation and monitor their behavior 

under the perturbation, etc. 

We are interested here in the behavior of coherent excitations (solitons) under 

stationary, spatially periodic perturbations [7]. This is one of the simplest model of 

disorder in nonlinear materials but has a wide range of applications. Away from the 

perturbative regime, knowledge about exact solutions is very limited. Therefore, the usual 

strategy is to start with exact solutions of the unperturbed NLS equation and observe 

numerically how they adjust to the perturbation. After different scenarios are identified, 

perturbation expansions starting from nontrivial perturbed solutions can give insight into 

the mechanisms underlying the different scenarios. 

We investigate a perturbed NLS equation of the following form: 

iipt + ipxx + 2t = eip cos(kx) . (5) 

The lerturbation introduces a length scale A = 2itjk which breaks the length-scale 

invariance of the unperturbed (e = 0) NLS equation. Rescaling spatial and temporal 

coordinates and the amplitude of the field allows us to choose the wavelength of the 

potential as the unit of length. Therefore, only length-scale ratios involving the period 

of the potential will be relevant variables. 

For vanishing perturbation (e = 0), the traveling nonlinear wave solutions of Eq. (5) 

are proportional to the elliptic functions cnu or dnn with u = a(x — vt — xo). In addition 

to these extended wavelike solutions, localized soliton solutions are possible, 

e i<jx/2-i$ 

^ t ' = 2 i " c o s h ( 2 ^ - 9 ) ) - ( 6 ) 

with the soliton position q(t) = -4$t + qo and its phase #(£) = 4(£ 2 - r)2)t + $ 0 , where 

£ = it] is the complex pole of the analytically continued reflection coefficient corresponding 
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to a single soliton (see for example [8]). 

2. T h e "Effective Par t ic le" Limit 

If the width of the soliton is much smaller than the period of the perturbing potential 

(77 » k). then the soliton is only influenced by local properties of the potential, e.g.. 

its gradient, its curvature, and so on. If we take into account only the gradient of the 

perturbing potential V(x), then the resulting NLS equation is still completely integrable 

[12]: . 

i1>t + 1>xx + 2^/# | 2 = eip(V0 + Vxx) . (7) 

In particular (7) allows for soliton solutions of the form given in Eq. (6) with the position 

q and the phase $ fulfilling the following equations of motion: 
q = -2eVx, 
. 1 (8) 

$ = -q2 - 4T?2 + eV0 . 

If the potential is nonlinear, then we make a Taylor expansion around the instantaneous 

position of the soliton. We keep only terms linear in (x — q), as higher o r ^ r terms will 

be proportional to higher powers of the length-seal which we a.- ..ned to be •'• 

small quantity in this section. This leads to 
q = -2eV'(q) , 
. 1 (9) 
$ = ^q2-±T?+e{V{q)-qV\q)) . 

Obviously the position of the soliton does not depend on its phase. Therefore, we will drop 

* ( * ) • 

For a general perturbing potential, the NLS equation will no longer be completely 

integrable. Nevertheless, the dynamics still possesses two integrals of motion, namely the 

energy E and the "norm" N: 

/

+ 0 0 
\i>\2dx, 

(10) 
r+00 v 

E 
/

-t-00 

{M2-\il>\4 + e\iP\2V(x)) 
-00 
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We can refine our previous considerations, which led to an equation of motion for the soliton 

position q. by using the collective coordinate ansatz (6) for the solution and demanding 

constancy of energy and norm: 

,V = 4r7, 

where the effective potential is given by 

/

+oo 
sech2(2V(x-q))V(x). (12) 

-oo 

This leads directly to the following conditions: 

17 = 0 , 

•• i ^ n ( 1 3 ) 

Q = ^KM. 
In particular we find for V{x) — cos(A;x): 

V « f a ) = sinh(W4,) C ° S M ' ( U ) 

Prom (14) we derive tve equation of motion for the soliton position: 

? = o—• u,l a x sm{kq) . (15) 
277sinh(K7r/477) 

Comparing expression (15) with the equation of motion for q derived earlier [see Eq. (9)], we 

observe the influence of the length-scale ratio k/-q. If the soliton is very narrow compared to 

the wavelength of the potential {k/r} <C 1), then we recover the previous result. Numerical 

evidence shows that Eq. (15) is,still useful even for k/r] « 1/2, when the approximation (5) 

is no longer formally sufficient. Figure 4 gives an example for a soliton moving in a long-

wavelength cosine potential and compares its motion with the prediction of the effective 

particle dynamics. Note the excellent agreement. 

The opposite limit (k/rj » 1) is also clear. Although the soliton ansatz (6) is no 

longer justified, the effective potential Veft{q) given in (14) is exponentially small in the 
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Fig. 4; The particle limit. Parameters: e = 0.01, A = 256. Initial values: q = 0, 
V = 0.05. Integration time: T = 3000. (a) The behavior of the full NLS equation (1) 
(dashed line: perturbing cosine potential), (b) The position of the NLS soliton (full line) 
compared with the position of the effective particle dynamics, Eq. (14) (crosses). 

length-scale ratio. Indeed, as we will see in the next section, when the coherent excitation 

covers many periods of the perturbing potential, the influence of the potential on the 

center-of-mass motion of the excitation is exponentially small in the length-scale ratio. 

So far we have neglected changes of the soliton shape and radiative effects completely. 

Two cases are accessible to analytical treatment: when the soliton emits radiation without 

interacting with it or when the soliton traps the radiation in the form of a shape modulation 

of sufficiently simple form. We address the latter case in the next two sections. 

3. The Renormalized Particle Limit 

We turn here to the opposite limit (77 <C k) where the width of the soliton is much 

larger than the period or the characteristic length scale of the perturbing potential. Taking 

the soliton given in Eq. (6) as initial condition, we observe that the effective potential it 

experiences initially in the presence of a perturbation cos(fcr) is given by Eq. (14). This 

effective potential is exponentially'small for k/n » 1. The initial energy of the soliton 
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depends only weakly on the perturbing potential because the soliton "smoothes away" 

the short wavelength perturbation. Nevertheless, the potential will affect the coherent 

excitation locally and change its shape in the course of time. Numerical evidence shows 

that the soliton is influenced by the perturbation on two different time scales. An initial 

adjustment occurs nearly instantaneously leading to a burst of radiation emitted by the 

soliton. An immediate effect of this is that the soliton shape shows a modulation with the 

wavelength of the perturbation. Then, on a much longer time scale, the soliton continues 

to radiate but with much smaller power. 

As the two length scales involved are very different, the dynamical equations can be 

solved approximately using a separation of length scales. We separate the "dressed soliton" 

solution of Eq. (5) into two parts: 

ij>(x,t) = *(x,t)(l+x(kx)) . (16) 

The first ("slow") part, \&, turns out to be the unperturbed soliton (6) fulfilling the 

homogeneous NLS equation (e = 0). The second ("fast") part gives the effect of the 

perturbation e cos(A;a;) on che short length scale. 

If we put the ansatz (16) into Eq. (5) and average over the fast variables, we find for 

the slow part of the dynamics, up to 0(c), 

t¥ t + ¥ * s + 2 * | ¥ | 2 = 0 > (17) 

which is the unperturbed NLS equation with the soliton solution given in Eq. (6). The. 

fast part of the dynamics fulfills, up to 0(e), 

Xxx* + 2Xx#x + 2(x + X ) ^ | 2 = #cos(fcz) , (IS) 

where x denotes the complex conjugate of x- I*1 this equation we treat \&(rr, t) as an 

adiabatic perturbation in the spatial variable leading to x °f t n e form (upon neglecting 

terms of 0 (Ar 4 ) ) : 
cos(fcx) iosin(fcx) ,,,., 

v = - — - A — - i — - . (I'J) 
X k2-q2 k(k2 -q2) V 
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This gives (up ro 0(e)): 

• / .M 0 . •> i > / - , , \, / \ 2ecos(fcx)\ 
;r(x. 01 = -tn-sech" (2T?(X - q)) f 1 - fc2 J . 2 j . (20) 

The result (20) shows that for slow solitons {\q\ < k) the spatial modulations of \i.'\ 

are out of phase by TX with the perturbing cosine potential: local maxima of the shape 

modulations of the soliton fall into minima of the potential. This is certainly what one 

would expect for the case of a soliton at rest. Equation (20) predicts that a similar 

result holds for sufficiently slow solitons as well. Figure 5 gives examples for soliton-like 

excitations at rest or slowly moving in a cosine-potential, which are in agreement with our 

prediction. Note that |<jj < k is fulfilled in both cases. Below we will also address the large 

velocity case and the transition region between small and large velocity, giving rise to an 

additional length-scale competition which destablizes coherent excitations. 

Fig. 5. The renormalized particle limit. Parameters: e = —0.1, A = 8. Initial values: 
77 = 0.05. Integration time: T = 200. (a) Soliton at rest: q = 0. (b) Slowly moving soliton: 
q = -0 .2 . 

The shape modulation of the dressed solitons can be analyzed in terms of radiation 

with wavelength A = 2n/k being trapped on the soliton. To understand why this excitation 

is trapped, assume it would be able to propagate away. If the amplitude of the radiation 
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is small, then we can neglect the nonlinear term in the perturbed NLS equation. The 

radiation has a wavelength coinciding with the wavelength of the potential. In this case 

only standing wave solutions exist for the linear Schrodinger equation and free propagation 

is not possible. Excitations of this wavelength, which occur naturally as shape modes of 

solitons in spatially periodic potentials, are therefore trapped on the solitons and forced 

to move with them. 

4. The Phase-Length-Scale Competition 

Above, where we discussed the renormalized particle limit, we restricted the velocity 

of the soliton to sufficiently small values. Now we make more precise what "sufficiently 

small" means. Equation (19), giving the shape modulation of the soliton in the presence of 

a short wavelength perturbation, is valid not only for \q\ <C k but as long as \q2 — k21 ;» rj. 

Now we turn to the case \q\ > k and find from Eq. (20) that the spatial modulation of \v\ 

is in phase with the perturbing potential. 

Equations (19), (20) already indicated where the crossover to the large velocitv 

behavior occurs, namely at \q\ = k. Here the sign of the shape modulation changes. 

In addition, at this point the perturbative result exhibits a singularity which signals the 

breakdown of the perturbation expansion. The competition between the wavelength of 

the perturbation and the wavelength of the phase modulation leads to a resonance which 

breaks up coherent excitations even for very small amplitudes of the perturbation. This 

is illustrated in Fig. 6 together with the small and large velocity dressed soliton cases. 

Exactly at the resonance (\q\ = k) the soliton breaks up into a standing wave train with 

A = k which switches back and forth between being in phase and out of phase with the 

potential. Staying well away from this resonance, either above (\q\ > k) or below (\q\ < k). 

guarantees stable propagation of coherent excitation. These dressed solitons are quite 

robust and behave like bare solitons in many respects, for example upon collision. 
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Fig. 6. The phase resonance \q\ « k. Parameters: e = 0.1, A = 8 (or A; « 0.785), 
T) = 0.05. (a) q = -0 .2 , T = 500. (b) q = -0 .8 (or \q\ « A), T = 125. (c) g = -1.2, 
T = 100. (d) q = -1 .6 (or \q\ * 2A), T = 80. 

We collect our results in Fig. 7 for fixed k and variable soliton velocity v = q showing 

the norm N of the excitation after 10,000 time steps, and the exponential decay rate K 

of the norm (after damping away radiation and other excitations traveling with velocities 

19 



different from the soliton velocity), both giving information about the stability of the 

excitation. As can be seen from Fig. 7. the solitons are most unstable for \q\ % k and 

1̂1 « 2k\ but only in the former case is a resonance observed as described in Eq. (19). The 

difference between these two cases is also illustrated in Fig. 6. For \q\ ^ 2k the soliton 

decays by spreading very slowly without apparent resonant behavior. 
1.00-1 

Z 
P 

0.75-

0.50-

0.25-

0.00 
0.0 0.5 25 1.0 1.5 

v/k 
Fig. 7. Phase resonance and soliton stability. Parameters: e = —0.1, A = 8, rj = 0.05 

(dashed line and squares); e = —0.025, A = 16, rj = 0.025 (full line and triangles). 
Integration time T = 10,000. Norm ratio N(T)/N(0). 

5. The Amplitude-Length-Scale Competition 

If the width of the coherent excitation is comparable to the period of the perturbing 

potential (77 « k), then neither the particle picture nor the renormalized particle picture 

can describe the outcome adequately. That both approximation schemes fail has a deeper 

reason. The competition of length scales leads to complicated behavior in space and 

time which involves many degrees of freedom. There no longer exists a small number of 

collective degrees of freedom which can describe the essential features of the dynamics. 

As aE approximation techniques fail badly, we have to resort to numerical studies to 

determine the parameter range in which length-scale competition leads to breakup of 

coherent excitations. 
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In Fig. 8 we illustrate this length-scale competition for a soliton with initial velocity 

\q\ well below the resonance at k for potentials with widely different fc-values but fixed 

amplitudes. Upon varying the wavelength of the potential from A <C I//7 through A SB I//7 

to A » 1/r], we observe smoothing out of the potential, break-up of the soliton and 

its trapping in the potential, and particle-like motion in the long-wavelength potential, 

respectively. For the long-wavelength case, see Fig. 4 where the potential has the same 

amplitude as in Fig. 8. As our numerical studies indicate, for stronger perturbations the 

most robust excitation is the dressed soliton (A <C 1/77), whereas the effective particle 

soliton (A » I/77) very quickly begins to show dispersion induced by the curvature of the 

potential for the relatively large perturbation amplitude used in this case. 

We collect our numerical results for solitons with initial velocity \q\ well above the 

resonance at k in Fig. 9. This shows the effect of cosine-potentials with a wide range of 

wavelengths on a fast moving soliton for large times. As long as the initial condition is 

well separated from the parameter regime of competing length scales (77 « fc), the soliton 

can propagate in particle-like fashion for relatively large perturbations. 
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Fig. 8. The shape resonance of 77 « k. Parameters: e = 0.01, 77 = 0.05. q = -0.04. 
T = 2500. (a) A = 8. (b) A = 16. (c) A = 32. For A = 256 see Fig. 4. 
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Fig. 9. Shape resonance and soliton stability. Parameters: q = 1.2, 77 = 0.05. 
T = 10,000. e = 0.1 (dashed line and squares); e = 0.2 (full line and triangles). Norm 
ratio N(T)/N(0). 
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IV. E X T R I N S I C D I S O R D E R : Q U A N T U M P O L A R O N C O N F E R E N C E 

We turn now to a fully quantum problem, where nonlinearity again has the potential 

to drive coherent particle-like behavior but now in the form of "polarons." We consider 

specifically a small (3-site) cluster, so that rather than quantum mechanical band (Bloch) 

states, the polarons exhibit periodic tunneling. Extrinsic disorder can be expected to 

inhibit this tunneling and replace it with "localized" polaron "particles," but it also 

introduces the possibility of competition as in the classical problem of Section III—and 

again can lead to breakdown of the polaron's particle-like coherence, although now in a 

distinctly quantum-mechanical fashion. 

We study a Hamiltonian (for a physical motivation see [9]) that is naturally divided 

into three parts: 

H = Hei + Hph + Hei-Ph, . (21) 

First, the electronic part is given by "the extended Hubbard" model on a three-site (0-

Cu-0 [9]) cluster: 

Hei = ^ €a.na + ^2 t a b (Cl<rcba- + h.C.) + U ^ n o T n a i • ( 2 2 ) 
a ab,a a 

Here, ($aa creates a hole of spin a at site a, naa = c\a, caa, and na = ^Zanaa. Indices 

a = 1,3 denote the O sites and a = 2 is the Cu site. The hopping matrix element is tab = t 

between the 0 and Cu sites and tab — t' for the effective hopping matrix element between 

the O sites. In the absence of disorder, the site energies can be parameterized by a single 

parameter eo: ei,3 = eo and 62 = 0. 

Second, the cluster has two phonon modes corresponding to displacements in the 

cluster axis direction that do not change the center of mass. These bare modes are assumed 

to be harmonic. If the spring constants between both Cu-0 bonds and the two 0 masses 

are equal, parity is a good quantum number. Consequently, one mode is even and the 

other is odd under inversion, where the symmetric phonon mode is Raman active and the 

antisymmetric one is infrared active. These are described by boson operators CLR and a//? 
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with bare frequencies JJR and U[R. respectively. In terms of these operators, the phonon 

part of the Hamiltonian is 

Hph = hujIRa\RaIR + huRaRaR . (23) 

It is useful to express the site coordinates in terms of the above normal modes. Let 

the site coordinates, ra, be measured relative to their average positions r£ 0 ): ra = 

Ta + za- Then the normal modes, denned as UIR = yjU/2M\UiR{aiR + a\R) and 

uR - y/h/2MiujR(aR+aR), are given by uIR = (zi-2z2+z3)/y/S a.nduR = {zi-z3)/y/2. 

where we have taken the ratio of the effective copper to oxygen masses M2/M1 = 4. 

Third, we consider a linear molecular-crystal type interaction between electronic and 

phonon degrees of freedom. In accordance with inversion symmetry, this can be written as 

Hei-ph = ^m(aiR + O-IR) (^3 - ^1) 
(24) 

+ XR{(LR 4- aR) (m + n 3 - so) , 

where XIR and A# are the respective coupling constants. The parameters so will be chosen 

to avoid any artificial shrinkage of the cluster, thus allowing the use of reduced basis set. 

Several structural and spectroscopic consequences of this model have been investigated 

[9]; here we describe only effects of extrinsic disorder [10]. 

1. Disorder 

As we have already emphasized, strongly correlated electron-phonon systems con

stitute complex many degrees-of-freedom systems where nonlinearity and possible nona-

diabaticity characterize distinctive, particularly polaronic, aspects of collective behavior 

(essentially quantized "solitons" of NLS type—see also lectures of P. L. Christiansen). In 

many physically interesting systems, a further complication is caused by disorder that 

combines with nonlinearity, often in a competing fashion [6]. Thus, polarons represent a 

coherent particle-like motion of correlated electronic and lattice distortions, whereas dis

order tends to produce localized wave-functions on quite different spatial and temporal 

scales—either for polaronic or for single-electron states. 
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Below, we explain specific measures of polaron coherence to establish our main result: 

The effect of disorder (both diagonal and off-diagonal) on polarons can be understood in 

terms of two important energy scales, e-r and w. where er is the polaron tunneling energy 

(i.e., the polaron bandwidth in our small cluster) and w is the bare electron bandwidth 

for the lowest energy "band" (i.e.. in the absence of electron-phonon interactions). The 

tunneling energy specifies the typical energy scale of disorder at which the coherent motion 

of polarons is suppressed and they are trapped as composite particles. The bandwidth w. 

on the other hand, gives the energy scale at which the polaron ceases to be a composite 

particle of an electron and phonons; i.e., the dressing of the electron with phonons strongly 

decreases. 

To model disorder, we assume that the system has two electrons with opposite spins 

(Sz = 0) on the linear 3-site cluster, which is parameterized so that £13 = 0, £12 = t. 

£23 = t + 8, €1,3 = eo ± A/2, and €2 = 0. We also consider the parameter regime where 

0 < t <§£ eo, U — eo. Large, positive values of the on-site electron-electron interaction. 

U, and large positive average energies of sites 1 and 3, given by eo, inhibit bipolaron 

formation at low energies so that the low-energy physics is characterized by polarons. 

The symmetry-breaking fields A and 8 describe the disorder—diagonal and off-diagonal, 

respectively. These, as well as other parameters, are varied so that the salient disorder-

induced features can be studied transparently. Thus, we set XR to zero here because the 

symmetric Raman mode plays only a minor role in the polaron physics below. 

While the electronic part of the Hamiltonian, Eq. (21),'can be readily diagonalized 

numerically, it is already too complicated to be solved analytically for two electrons in 

the general case. However, an effective Hamiltonian can be derived easily when 0 < t, 

A, 8 <C eo, U — eo, allowing a straightforward physical interpretation. In this parameter 

regime, the hopping term is a small perturbation that can be eUminated by a unitary 
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transformation: H = e sHes. By elimination to second order in t/eo and t/(U - e 0). we 

arrive at the electronic part of the effective Hamiltonian: 

Hei = ] T #]4odaa + J^ r*(dL<*3<r + h^) > ( 25 ) 
a=1.3 <r=± 
a=± 

where the effective site energies and hopping matrix elements are defined as 

t2 TT+2 

^=ea-^-2(l + a)-p^, (26a) 
€a U t a 

^ „_1 i u e ° 

and a = 4 — a. The new fermion operators are da± = (ca^±cai)/y/2. The electronic part is 

thus reduced to a two-site problem with one "d-particle" in the Fock space of the effective 

Hamiltonian. Similarly, we can construct the effective electron-phonon interaction. For 

XR = 0, this becomes 

Hel-ph. = XlR [aiR + a\RJ 22 (4<r̂ 3(r ~ d^diaj . ( 27 ) 

It is now straightforward to understand how the polaron is affected by weak disorder 

(0 < A, 8 <IC eo) U — eo): (i) For diagonal disorder (8 = 0), the phonon coordinate U[R 

acquires a negative expectation value, meaning that the polaron begins to localize around 

site 3; (ii) for off-diagonal disorder (A = 0), the on-site interaction has a critical value Uc, 

which separates the behavior into two distinct regimes—if U < Uc, the polaron tends to 

localize around site 3; however, if U > Uc, the polaron localizes first around site 1 and 

then, for sufficiently large values of 8(> 8C), it locaUzes around site 3. The reason for this 

behavior for very large values of U and for 8 ̂  0 is that it is energetically more favorable 

for an electron to be at site 1 because of virtual hopping processes between the sites 2 

and 3, which are not affected by the strong electron-electron interaction. Equation (26a) 

allows us to evaluate Uc as Uc/eo =2 + y/%. 

The above analysis is sufficient to describe polaron localization in the presence of 

weak disorder. However, it cannot be used to explain how disorder affects the internal 
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stability (coherence) of the polaron. For this, we rely on numerical analysis, namely 

exact diagonalization of Hamiltonian, Eqs. (21)-(24). For these calculations, we choose 

representatively eo/t = 4, huiiR/t = 0.08, XR = 0, and vary the remainder of the 

parameters. For simplicity, we consider here only diagonal disorder that is conceptually 

easier to understand; a more complete study of diagonal and off-diagonal disorder is given 

in [10]. To monitor the stability and localization of the polaron, we consider two diagnostic 

quantities: 

(i) We measure the correlation between the electron and the phonon coordinates in 

the ground state. Defining deviations of the operators as 60 = O — (O) and denoting 

7H3 = rii — 713, we introduce the correlation factor 

K= (SnisSuiR) . ( 2 8 ) 

\A(<5n 1 3) 2) <(*«/JI) 2 > 

Although the expectation values may be taken relative to any state, we consider here 

only the ground-state expectation values that will describe the polaronic state. The 

closer 7£ is to unity, the more correlated are the electron and phonon dynamics, implying 

strong polaronic binding of the electron to its phonon cloud. In contrast, 1Z — 0 

signals nonpolaronic behavior, where the motions of electrons and phonons are completely 

decoupled. 

(ii) We consider the dressing of electrons by phonons in terms of the overlap factors 

between the ground states of the system in the absence and in the presence of the 

electron-phonon interaction. For the ground states, the polaronic dressing of electrons 

is conveniently defined by the overlap factor, 

Z = IOMA/H = 0 , A ) | # O ( A / * , A ) ) | 2 , (29) 

where \^O(XIR, A)) is the ground state of the system for the shown parameters. Z = 1 

signifies no phonon dressing, and decreasing Z implies increasing dressing. 

27 



Q̂  l t f 
c 

tio
 

10"1 

cd »—4 

u 10"2 

u o O IO" 3 

N 1.0 

a cfl 
^^ J * v 0.5 
> 

i , mi 
(a) I 

ltf ltf ltf 
Disorder A/t 

Fig. 10. (a) The correlation factor 11 and (b) the ground-state overlap factor Z 
as functions of the diagonal disorder parameter A for U/t = 16 and for the electron-
phonon coupling constant Xa/t = 0.10, 0.15, 0.18, and 0.20. In the absence of disorder, 
the corresponding tunneling energies er/t are 5.3 x 1 0 - 2 , 1.5 x 1 0 - 2 , and 1.1 x 1 0 - 4 . 
respectively. The double-headed arrow marks the energy w (see text). 

Our results for diagonal disorder are summarized in Fig. 10, which shows V, and Z as 

a function of the disorder strength A for U/t = 16 and for various values of the electron-

phonon coupling constant \JR. Both 1Z and Z exhibit a crossover behavior at a larger value 

of A and another one for a smaller value when A/# is large enough that the system is in the 

polaron tunneling regime. These results can be understood in terms of two characteristic 

energy scales: the polaron tunneling energy, er, and w, the energy-splitting of the lowest-

energy spin-singlet states (with opposite parity), which plays the role of the lowest-energy 

bare electron bandwidth in our finite cluster. For U/t = 16 and in the absence of disorder. 

w/t = 0.72. As the symmetry-breaking disorder field A is increased, the first crossover at 

A ~ er describes the localization of the polaron to essentially one site. As A is increased 

further so that A ~ w, 11 decreases sharply to a small value and Z approaches unity. 

This signals the breaking of the composite "particle" character of the polaron, so that the 
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electron is no longer coherently dressed by phonons. Diagonal disorder can be understood 

as tending to make the electron immobile (by increasing its effective mass)—it causes the 

electronic and phonon time scales to be so different that polaron formation in inhibited. 

We emphasize that the polaron study above is for a very small (but nontrivial) cluster. 

Clearly, if the polaron formation and localization scales involve more sites, a larger duster 

is needed to resolve the competitions between disorder and polaron dynamics. For an 

infinite system, the hierarchy (continuum) of energy and length scales may result in new 

forms of crossover, including "mobility edges" with both single-hole and polaron character. 

V. SUMMARY 

The simple examples discussed in this article are among many naturally occurring or 

model systems available today which are forcing science to search for new paradigms in 

"nonequilibrium nonlinear statistical mechanics." 

Almost every traditional discipline and field is now faced with evidence of "mesoscopic 

complexity" in many-degree-of-freedom systems. Phenomena such as emergent structures, 

pattern formation, self-assembly and self-organization, coexisting coherence and chaos, 

etc., forming the qualitative dictionary with which "complexity" is described in biology, 

condensed matter, materials, hydrodynamics, plasmas, astrophysics, etc., etc. 

Our ability to model, simulate, visualize, and experimentally measure such aspects of 

complexity is increasing at a remarkable rate. Our challenge now is to understand and 

quantify such complexity with practical analytical tools—nonlinear collective coordinates, 

nonlinear coarse-graining, statistical measures, and so on, require systematic investigation. 

Our ultimate goal must be to understand the microscopic (e.g., atomistic) driving forces for 

complex mesoscopic "textures" and to understand how such mesoscopic structure controls 

macroscopic functionality and response. The examples discussed here have illustrated 

some of the ingredients affecting these fundamental "micro-meso-macro" relationships— 

fascinating interplays between nonlinearity, nonadiabaticity, disorder, noise (thermal. 
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quantum, etc.). lattice discreteness, and dimensionality. 
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