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This is the abstracts of the Mini-Symposium on Stability and Bifurcation in Fluid 
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本抄録は、東海研究所並びに東海会館において[994年9月9-10日に開催した流体運動におけ

る安定性と分岐に関する研究会での講演内容をまとめたものである。研究会では、 16の鵬演が行わ

れ、流体方程式の解の安定性と分岐に関する問題が議論された。内容は多岐にわたるが、いずれも

線形安定性解折、弱非線形解折、分岐解和子、非綿形平衡解に対する数値解析等を含む、理論もしく

は数値解析結果である。

日本原子力研究所:〒319-11茨織県那珂郡東海村白方字白根2-4
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Preface 

This report involves abstracts of talks given at the Mini-Symposium on Stability and 
Bifurcation in Fluid Motions, which was held on September 9 and 10, 1994 in Tokai-mura, 
Ibaraki. The symposium was sponsored by the Advanced Science Research Center of the 
Japan Atomic Energy Research Institute. 

The original objective of the stability and bifurcation studies for fluid motions is to 
understand the initial stage of laminar-turbulent transition. Each process of the transition 
should be well described by the staLility and bifurcation of solutions of the Navier-Stokto 
equations. It seems to me that without difficulty, a researcher was able to attack subjects 
in different fields simultaneously in 1960 and 1970's, e.g., asymptotic analysis of shear flow 
instability and pattern formation in thermal convections. Recently, however, it seems to 
be quite difficult to follow the entire progress on stability and bifurcation works since so 
many different but sophisticated approaches have been introduced in analyses on subjects 
in different fileds. Such an example can be found in the vast sea of the methodology in¬ 
volved in the recent works, e.g., multi-deck analysis for viscous/nonlinear/unsteady critical 
layer, center manifold, normal forms, and group theoretic bifurcation analysis, continuation 
method in numerical analysis on bifurcation, the absolute/convective instability analysis, 
and so on. 

In the symposium, talks on stability and bifurcation of solutions of different classes 
of the Navier-Stokes equations were given. Target flows are Faraday resonance, shear 
flow through ducts with different geometry, rotating Couette flow, vortex motions, steady 
and unsteady Rayleigh-Benard convections, transitional shear flows with large Reynolds 
number, permanent water waves, the Kolmogorov flow, turbulent coherent, structure, and 
the solution of the nonlinear Schodinger equation. I believe that the symposium was a good 
opportunity for all the participants to get acquainted with many different approaches in 
these fields. 

I would like to thank Prof. Muneyuki Date and all the administrative staff of ASRC 
and Hsi-shang Li for their help in organizing the symposium. 

November, 1994 
Kaoru Fujimura 

VII 
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1. Hysteresis and interaction of standing waves 
with Faraday excitation 

A. D. D. Craik 

School of Mathematical and Computational Sciences, University of St. Andrews 
North Haugh, St. Andrews, Fife KY169SS Scotland, UK 

Complex interaction phenomena are known to arise among standing water waves in 
containers subjected to small periodic vertical (Faraday) oscillations. I review some ex¬ 
periments (including Craik Sc Armitage 1994, to appear in Fluid Dyn. Res.) and give 
theoretical analyses of several aspects of this situation. 

The near-resonant onset of wave motion as the forcing amplitude is gradually in¬ 
creased, with fixed frequency, is well described by linear theory (see e.g. Miles & Hender¬ 
son, Ann. Rev. Fluid Dyn. 22, 1990); but the shapes of hysteresis regions within which 
pre-existing wave motion can persist as the forcing amplitude is reduced are not well de¬ 
scribed by previous theoretical studies. Preliminary results of Craik & Armitage and very 
recent, more definitive, findings of Decent &; Craik (submitted) confirm that the shapes 
of hysteresis regions are influenced by cubic-order forcing and damping terms and quintic 
conservative nonlinearities. 

To gain a better understanding of the instability of a single wave mode and its interac¬ 
tion with a neighboring mode, an analytical and numerical tow-mode model is investigated. 
All the equilibrium states of our system and their local stability are determined analyt¬ 
ically, and computational results exemplify the variety of possible interaction behaviors. 
We also study a two-mode linear model with coupling terms characteristic of spatially non-
uniform Faraday excitation: this is found to exhibit a narrow band of oscillatory, rather 
than the usual exponential, instability. Finally, in a three-mode model, we examine the 
stability of a dominant standing wave to its two nearest neighbors: it is argued that, hi 
some experimental configurations, this three-mode sideband instability is likely to be more 
important that the instability of two-mode models. This work on mode interactions is 
described in a recently-submitted manuscript [Craik, 1994]. 

- 1 -
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2. Linear and nonlinear stability of the laminar flow 
through a rectangular duct 

Tomomasa Tatsumi 

International Institute for Advanced Studies 
Kyoto 619-02, Japan 

and 

Takahiro Yoshimura 

CA E Systems Department, Hitachi Ltd. 
Kasliimada 890, Saiwai-ku, Kawasaki 211, Japan 

Recent studies on the linear stability of the laminar flow through a rectangular duct by 
Tatsumi and Yoshhnura (1990) and their extension to the nonlinear stability by Tatsumi 
and Yoshimura (1991, 1993) are briefly surveyed. An attempt is made to find nonlinear 
neutral amplitudes of the disturbances by using a model equation for the amplitudes of 
three wavenumber components. 

1. Linear Stability 
The stability of the laminar flow through a rectangular duct against small distur¬ 

bances was investigated by Tatsumi and Yoshimura (1990) using the Legendre polynomial 
expansion of the disturbance velocity. 

1.1 Formulation of the stability 
Taking the x axis of the rectangular coordinate x = (.r, y, z) along the axis of the duct, 

the cross-section of the duct is expressed as y = ±1, z = ±A, where A(> 1) represents the 
aspect ratio of the rectangle and all lengths are made nondimensional with respect to the 
half length L of the shorter side of the rectangle. 

The velocity of the laminar flow is expressed as 

U(x) = (tf(y, z),0,0), tf(0,0) = l (1) 

where all velocities are made nondimensional with respect to the velocity UQ of the laminar 
flow on the axis of the duct, and the Reynolds number is defined by JR. = UoL/f, v being 
the kinematic viscosity of the flow. 

The disturbance velocity superimposed on the laminar flow is expanded into a Fourier 
series along the x axis, and its component of the wavenumber Q( > 0) is expressed as 

u(x, 0 = u(j/, Oexp[ia(a: - <*)] (2) 

where c denotes a complex c = cr + ?c,, cr representing the phase velocity and aci the 
logarithmic growth rate of the disturbance. The laminar flow is stable for c, < 0 and 

- 2 -
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unstable for c; > 0. For small disturbances, the governing equation can be linearized and 
expressed in an extended form of the Orr-Sommerfeld equation. Since the velocity profile 
U(y, z) is symmetric with respect to the y and z axes, the disturbance velocity u(t/, z) can 
be divided into four parity modes, I, II, III and IV as shown schematically in Fig.l. 

1.2 Neutral stability 
The linearized disturbance equation together with the boundary conditions provide 

us with a boundary value problem which determines eigenvalues of c for given values of R 
and a. The condition c,-(/J, a) = 0 gives a curve of neutral stability on the (iZ, a) plane 
and the minimum of R on the curve determines the critical Reynolds number Rc. 

It is found by numerical solution of the eigenvalue equation that the laminar flow (1) 
is unstable to the disturbances of the modes I and II provided that its aspect ratio A is 
larger than a critical value -4C while it is absolutely stable to the modes III and IV. 

The neutral curves on the (R, a) plane for a few values of A are obtained as shown in 
Fig.2. The flow is more unstable to the mode I than to the mode II, and J4C is about 3.2 
for the former and about 5 for the latter. 

In the limit of infinite aspect ratio A —» oo, the laminar flow becomes the plane 
Poiseuille flow, and the modes I, II and the modes III, IV tend in this limit to the symmetric 
and antisymmetric modes respectively of the latter. Actually, Rc and ac tend in this limit 
to Rc = 5772 and QC = 1.02 in complete agreement with Orszag's (1971) results for the 
plane Poiseuille flow. 

2. Nonlinear Stability 
2.1. Formulation of nonlinear stability 

The nonlinear stability of the laminar flow against disturbances of finite amplitude is 
investigated employing a curtailed Fourier expansion of the disturbance, 

u(x,t = ]Tun(y,2)exp[tna(z-ci)] (3) 
n 

where un must satisfy the reality condition u_n = u*, * denoting complex conjugate, and 
c is assumed to be common to all wavenumber components. 

For the neutral case c,- = 0, the mean value of u(x, t) in eq.(3) with respect to x or t 
is equivalent to the zero-wavenumber component, 

<u) = uo(y,s). (4) 

Thus, Uo represents stationary longitudinal vortices parallel to the a; axis associated with 
a mean longitudinal velocity, 

), (5) 

and a cross-sectional flow (VQ,U>O). 

- 3 -
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2.2. Turbulent secondary flow 
The evolution of the finite amplitude disturbance (3) was calculated numerically for 

the case A = 1 taking wavenumber components n = 0, ±1 (Tatsumi and Yoshimura, 1991, 
1993) and the zero wavenumber component uo(y, z) was obtained. In the parameter range 
a = 1.0, R = 1000, R = 2000, 3000 and initial amplitudes of O(10"2), the disturbance 
seems to attain a stationary state and gives various cross-sectional flows each correspond¬ 
ing to the mode of linear disturbances as shown in Fig.3. It is interesting to note close 
similarity between the flow pattern corresponding to the mode II and experimental result 
of the turbulent secondary flow made by Nikuradze (1926). At the moment, however, no 
experimental confirmation has been obtained for flow patterns of other modes. 

2.3. Neutral nonlinear stability 
In order to obtain a rough idea on the bifurcation of the nonlinear disturbance from a 

linear neutral state, we consider a model equation for the amplitudes of three wavenumber 
components, 

|u_2|, (6) 

as follows: 

dX/dt = aX + XY + YZ, dY/dt = X2 -Y2-Z2, dZ/dt = laZ + A"2 + YZ, (7) 

where a = ac denotes the amplification rate of the linear disturbance in the neighborhood 
of the neutral point (Rc,ac). Equation (7) is a simplified form of the equations governing 
the components of the wavenumber 0, ±a, ±2a. 

The stationary amplitudes (d/dt = 0) are given from eq.(7) as 

-Y = -a/y/2, Y = Z = -a/2, (8) 

which clearly shows that the bifurcation is subcritical <r < 0 and the amplitudes X, Y 
and Z increase with decreasing Reynolds number in proportion to a oc \R — Rc\ in the 
neighborhood of the neutral point. 

Numerical calculation of the full equations of the disturbances for obtaining their 
neutral amplitudes is now being carried out. 

References 

[1] Nikuradze, J. (1926) Forsch. Ver. deuitsch. Ing. 281, 13-14. 

[2] Orszag, S.A. (1971) J. Fluid Mech. 50, 689-703. 

[3] Prandtl,L. (1927) Verh. 2 intern. Kongr. tech. Mech. Zurich, 1926, 70-74. 

[4] Tatsumi, T. and Yoshimura, T. (1990) J. Fluid Mech. 212 437-449. 

[5] Tatsumi, T. and Yoshimura, T. (1991) Turbulence and Coherent Structures, Eds. 
O.Metais and M.Lesieur, Klewer Acad. Publ. 267-281. 

[6] Tatsumi, T. and Yoshimura, T. (1993) Unstable and Turbulent Motion of Fluid, Ed. 
S.Kida, World Scientific Publ. 10-18. 
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IV.V. 

Fig. 1 Velocity fields of the modes I, [I, [II and IV. 

1.5 r 

« m 
.1 0) 

1MM 2HH 

Fig. 2 Neutral curves near the critical points. 

I. IV II III 

Fig. 3 Cross-sectional flows of nonlinear disturbances due to 

the nodes I, II, III and IV of initial disturbances. 
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3. Bifurcations in Rotating Plane Couette Flow 

Masato Nagata 

School of Mathematics and Statistics, The University of Birmingham, 
Edgbaston, Birmmghavi, B15 2TT U.K. 

Plane Couette flows, which are linearly stable for all wavenumbers at any Reynolds 
number R, can become unstable when the rotation Q with the rotation axis in the spanwise 
direction is introduced. The resulting streamwise vortex flows are the analogue of the 
Taylor vortex flows in the circular Couette S3'stem. The secondary vortex flows occur 
when the Taylor number T(= fi(i? — il)) = 1708 at the spanwise wavenumber 0 = 3.117. 
By analysing the stability of the secondary flows, Nagata1 has obtained tertiary solutions 
which bifurcate from the streamwise vortex flows. The tertiary flows have a steady three-
dimensional form with an additional wavenumber a in the streamwise direction. 

We consider an incompressible fluid motion between two parallel plates at z = ±^. 
The bottom plate moves along in its own plane with a constant speed ^R in the x—direction 
whereas the top plate moves in the negative r-direct ion with -^R. Due to the viscosity 
of the fluid a shear motion with a linear velocity profile is induced across the fluid layer. 
The uniform rotation vector with the modulus Q acts in the y-direction. 

The basic equations are given1 by 

V4A2<6 = QdyA2f + VdrV
2A2<j> - d\:VdrA24> + fc • V x V x [u • VO] + dtV

2A24> (1) 

V2A2«/> = -Q.dy<\24> + VdrA2il' - dzVdyA24> - k • V x [Q • Vu] + dtA2$ (2) 

d,V - &:A- = d:A2<j>{d2
x,4> + dy4<) (3) 

where F(#,c) = -R~ + V{t,~) and A2 = d2
XI + d2

y. The scalar functions, <f> and »/>, 
represent the poloidal and toroidal parts of the solenoidal vector field of the fluctuation 
velocity u and V is the modification to the mean velocity. 

No-slip conditions are prescribed on the boundaries. 

4> = d:<t> = i" = V - 0 at z = ±-. (4) 

Three-dimensional solutions are known to take a steady form1. Therefore, anticipating an 
equilibrium state we expand (f>, t[\ V by using a set of orthogonal functions in each direction. 

oo oo oo 

< A = y ^ y ^ y * «<> e^max+nsy^f((z) (5) 
(=1 m=—oon=—co 

E E 
(=1 m=—oon=—oo 

- 6 -
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(7) 

fi(z) and gc(z) satisfy the boundary conditions (4). For numerical purposes, the infinite 
set for expansion coefficients atmn, &<•„,„ and ct are truncated so that only those satisfying 

£+ | m | + | n |< NT and k < N'T (8) 

are taken into account. The Galerkin method combined with the Newton- Raphson method 
is employed. It is found that calculations with NT = 14 and N'T — 12 give sufficient 
accuracy. 

In order to study the stability of the finite amplitude solutions, we superimpose ar¬ 
bitrary three-dimensional infinitesimal perturbations 4> and rp. Since the steady three-
dimensional solutions are periodic in x and y, infinitesimal perturbations have the same 
periodicity as the steady solutions with additional exponential dependencies in x— and y— 
directions as well as time: 

= E E E *tmnei{max+nMft{z)<i*dl+hrt+°t (9) 

^ = E E E hmnei(max+nMgt{zy«x+hy)+''t (io) 
t m n 

The growth rate o is evaluated for the pair of the Floquet parameters, d and b, by solving 
the eigenvalue problem numerically with a as the eigenvalue. 

In this paper we investigate the stability of the tertiary flows with (a, /?) = (1.0,3.117) 
for R = 200, 400 and 600 by introducing the general form of three-dimensional perturba¬ 
tions. It is found that there exists a region of stable tertiary solutions centred at ft = 20 
when R = 200. The bifurcations at both ends of the stable region are ordinary and sub-
harmonic in the streamwise direction. As R is increased to 400, the stable tertiary solution 
branch splits into two parts due to the appearance of oscillatory instabilities (Hopf bifur¬ 
cation). The truncation levels, NT = 14 and N^ = 12, for db = 0, and NT = 12 and 
N!p = 10 for db ^ 0, are used. The stable tertiary flows are characterized by localized 
strong currents in the streamwise direction with spiraling motions (streamwise vortices). 
The vortex motion is sinusoidal in the spanwise direction and changes its spiral direction 
periodically in the streamwise direction. 

At R = 600 the bifurcation of the tertiary solution becomes subcritical and the solution 
persists even when ft = 0, exhibiting finite amplitude three-dimensional plane Couette flow 
solutions1. The stability analysis is extended to the three-dimensional plane Couette flows. 
However, results are inconclusive due to the inaccuracy of the eigenvalue calculations with 
NT = 12 and iVf = 10 for db £ 0. 

1. Nagata, M. (1990) Three-dimensional finite amplitude solutions in plane Couette flow: 
bifurcation from infinity J. Fluid Mech. 217, 519. 
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4. Steady solutions and bifurcations of flows 
in a curved or helical tube 

Shinichiro Yanase 

Engineering Mathematics, Faculty of Engineering, 
Okayama University, Okayama 700, Japan 

The flow through a curved or helical tube has attracted considerable attention not only 
because of its practical impoitance in mechanical engineering and chemical engineering, 
but of physically interesting features under the action of centrifugal force caused by the 
curvature of the tube. A number of studies has been performed theoretically, numerically 
and experimentally for various types of flow and various shapes of duct. The reviews are 
given by Berger, Talbot and Yao (19S3) and Itoh (1987) on this interesting flow. 

Dual solutions, i.e. two-vortex and four-vortex solutions, of the flow through a curved 
circular tube are numerically obtained by the spectral method for 0 < 6 < 0.8 and 500 < 
Dn < 10000, where 8 is the non-dimensional curvature of the tube and Dn the Dean number 
(Yanase, Yamamoto and Yosliida, 1994). It is found that the critical Dean number above 
which the four-vortex solution exists takes the lowest value 956 at 6 = 0 and increases with 
6. In terms of the Reynolds number of the flow, however, the critical Reynolds number 
decreases from infinity as 6 increases from zero, and takes the minimum value of about 250 
at S w 0.52, and then increases again. 

The helical pipe has two parameters, i.e., curvature and torsion. The secondary flow 
caused by the centrifugal force due to curvature can be affected by torsion, and this may 
show a different flow pattern from that in the toroidally curved tube. The flux or friction 
through the helical pipe may also be affected by torsion. 

The effect of curvature and torsion on the flow in a helical pipe of circular cross-section 
is studied numerically by the spectral method (Yamamoto, Yanase and Yoshida, 1994). 
The calculations are carried out for 0 < 6 < 0.6, 0 < /?0 < 1.4 and 500 < Dn < 2000, where 
S is the non-dimensional curvature, !i0 the ratio of torsion to square root of curvature, and 
Dn the Dean number. The results obtained indicate large effects of torsion on the flow 
: The conventional two-vortex secondary flow is distorted to become almost one single 
recirculating cell when /?o ~ 0.8. The flux through the pipe at the given Dean number 
and curvature first decreases from that of the toroidally curved pipe as /3b increases from 
zero, reaches a minimum at fi0 «s 0.8, and then increases to values larger than that of the 
toroidally curved pipe. The minimum value decreases as 6 increases. 

We also list some related papers which are not cited above for the sake of reader's 
convenience. Experimental studies were carried out by Cheng et al. (1986) and Yamamoto 
et al.(1993). Multiple solutions in a curved tube was obtained in Daskopoulos et al.(1989), 
Dennis and Ng (1982), Nandakumar and Masliyah (1982), Yanase et al. (19S9) and Yang 
and Keller (1986). Liu and Masliyah (1993) obtained steady solutions in a helical tube. 

- 8 -
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5. Stability of Burgers vortex layer 

Shigeo Kida and Kamen Beronov 

Research Institute for Mathematical Sciences 
Kyoto University, Kyoto 606-01 

The stability characteristics of a Burgers vortex layer subjected to a con¬ 
verging flow is investigated by a linear analysis. It is shown that the vortex 
layer is unstable to two-dimensional disturbances above a non-zero Reynolds 
number. 

We deal here with a uni-directional vorticity field in a two-dimensional stagnation 
flow (0, — ay,az). The Navier-Stokes equation, then, allows an exact steady vorticity field 
(0,0, w), where 

[2a r a 2) 
w(2/) = "o\/—exp \~—y \. (1) 

Here, v is the kinematic viscosity of a fluid and Ĉo is a constant. This vorticity field 
induces a parallel velocity field U(y) along the a;-axis, where 

u^ = -Uo]f~Jo ° /"%[4''2]d7^-^erf(v'l7S')- (2) 

This is called a Burgers vortex layer. 
Now we consider the linear stability of this vortex layer. This is similar to but different 

from the stability problem of a free shear layer in which the critical Reynolds number is 
zero.'1'2! The main difference is in the existence of a background shear flow in the present 
case, which leads to a nonzero critical Reynolds number. 

If we express the streamfunction of a two-dimensional disturbance as 

<P(.r, y; t) = <t>{y) exp [ik(x - ct)], (3) 

the Orr-Sommerfeld equation for <j> is written as 

with boundary condition that 

<j>{y) -» 0 as \y\ -»oo. (5) 

We have normalized the velocity by I7o and the length by i/v/a, and introduced the 
Reynolds number R by 

J (6) 
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The stability curves of constant growth rate (fc Im(c) = const.) are obtained by 
solving Eqs.(4) and (5) numerially and the results are shown in figure 1. The stable region 
Im(c) < 0 is shaded. It is seen that the critical Reynolds number is attained around 1 at 
Jfe = 0. 

In order to see the precise value of the critical Reynolds number we analysed the 
neutral stability by a perturbation method for small wavenumbers. It was found that a 
solvability condition in the second order equation determines the critical Reynolds number 
to be exactly one. 
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6. Convection in a box — its sequential transitions 

Jiro Mizushima 

Department of Mechanical Engineering, Faculty of Engineering, 
Doshisha University. Kyoto 610-03 Japan 

Abstract 

Sequential transitions of Die thermal convection in % rectangular cavity are investigated up to the 
second. The flow field is assumed to be two-dimensional. The critical condition of the linear stability 
of the motionless state is obtained for various aspect ratios of the cavity. The equilibrium states of 
the convection which appears due to the instability are calculated numerically by Newton-Raphson's 
iteration method and their stability is also investigated. 

Introduction 

The Rayleigh-Denard convection is one of the fund amen tal problems in the physics of fluids 
and has been investigated under various assumptions which simplifies the problem. 

Infinitely extended fluid layers are often assumed although the thermal convection oc¬ 
curs inevitably in a three-dimensional vessel of a finite volume in reality. Clever & Busse 
[1] obtained the two-dimensional equilibrium solutions which occurs after the instability 
of the motionless state and investigated their stability to three-dimensional disturbances. 
MacLaughlin & Orszag [2] made a numerical simulation of the three-dimensional convec¬ 
tion in a laterally infinite domain and demonstrated periodic, quasi-periodic and chaotic 
behaviour. They obtained a quasi-periodic motion with three distinct frequencies. 

Davis [3] considered the linear stability of a quiescent state of fluid heated from below 
in a three-dimensional rectangular box and found that finite rolls with axes parallel to the 
shorter side are predicted as a preferred mode. Yahata. [4,5] investigated the successive 
transitions of the thermal convection in a. three-dimensional box. Gollub & Benson [6] 
identified four distinct sequences of instabilities leading to turbulent convection. 

The assumption of two-dimensional flow fields is not appropriate as a model of a very 
long box as was shown by Davis. Rather, it should be thought to be a model of a very short 
box. Velte [7] assumed a two-dimensional flow field and perfectly conducting side walls, 
and studied the stability of Rayleigh-Benard convection in a rectangular cavity to obtain 
the critical Rayleigh number as Rac = 13380,5030,3510,3090 and 2350 for aspect ratios 
A = 2/3,1,1.3,1.5 and 2.0 respectively, which are independent of the Prandtl number P. 
Kurzweg [S] calculated the critical Rayleigh number as Rac = 2565.6 for the even-even 
mode and A = I, and Rac = 32240. for the odd-even mode for the onset of convection in a 
rectangular cavity with insulating side walls. Recently, Lee, Schultz & Boyd [9] studied the 
stability of Rayleigh-Benard convection in a rectangular cavity and calculated the critical 
Rayleigh number for A = 0.5 — 7.0, which is independent of P. 

The effects of a tilt of the Rayleigh-Benard convection in a two-dimensional rectangular 
cavity was considered by Cliffe & Winters [10]. As a special case of the tilt, the thermal 
convection in a box heated from side was investigated by Gelfgat &: Tanasawa [11]. They 
obtained equilibrium solutions of the natural convection in a vertical slot for the cases 
of A = 1,4 and Pr = 0.015,0.71,7, and investigated their stability. They found a Hopf 
bifurcation. The critical Rayleigh number is 5690000 for .4 = 1 and P = 7. 
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The two-dimensional flow field is assumed in this report. The present work was ini¬ 
tiated in a scope to clarify the route from an onset of thermal convection to turbulence. 
Our interest is focussed also on the validity of the assumption of the infinite extension 
approximation of the fluid layer, the selection mechanism of the wavenumber under this 
approximation and the possibility of the Moffatt vortices. 

Linear stability of the motionless state 

Fluid is contained in a box with the height d and the width h which is placed horizontally. 
We assume the flow field to be two-dimensional and adopt the Boussinesq approximation. 
The three non-dimensional parameters are the Rayleigh number Ra, the Prandtl number 
P and the aspect ratio A defined as 

VK. K 

where 7, u and K are the coefficients of thermal expansion, kinematic viscosity, thermal 
diffusivity of the fluid respectivelj', g the acceralation due to gravity, and SB the temper¬ 
ature difference between the top and the bottom. The system considered has reflectional 
symmetries in the horizontal and vertical directions if the fluid ia at rest. We distinguish 
four modes by the symmetries of the stream function of the thermal convection occurring 
after the instability of the motionless state. For examples, the flow pattern of the even-even 
mode is anti-symmetric and has an odd numbers of vortices in both of the horizontal and 
vertical directions. Whereas that of the odd-even mode is symmetric horizontally and is 
anti-symmetric vertically, the flow field has an even number and an odd number of vortices 
in the horizontal and vertical directions respectively. 

The critical Rayleigh numbers are calculated by using Chebyshev-Chebyshev expansion 
together with the Galerkin method and QR algorism. The Rayleigh number of the neutral 
eigen modes is depicted against A in Fig. 1, where the non-slip and the perfect thermal 
conductive boundary conditions are adopted for the horizontal and vertical walls. The 
neutral curve for the first eigen mode V"« with the even-even symmetry does not intersect 
with that of the second one with the same symmetry. But the curves for modes with 
different symmetries intersect with each other. It is contrast to the case of the slip and 
insulating side walls. The Fourier decomposition is possible in that case and the curves of 
the Rayleigh number of the n-th eigen mode intersect with that of the different order of 
m-th eigen mode with the same symmetry. The asymptotic form of the Rayleigh number 
for A —+ 00 and ,4 —> 0 are expressed as 

Ra - fldoooc A*2247 as A-*oo, 

as A -» 0. (2) 

Equilibrium solutions and their stability 

Equilibrium solutions of the thermal convection are calculated numerically by the Cheby¬ 
shev-Chebyshev expansion together with the Galerkin and Newton-Raphson's iteration 
methods. As a representative of the nonlinear solution, the Nusselt number is depicted 
against Ra for the case of A = 1 and P = 7 in Fig. 2. The linear instability is the 
perfect pitchfork bifurcation, and a nonlinear equilibrium solution bifurcates at the critical 
Rayleigh number RaXc = 5011.7 for the even-even mode. The bifurcated branch from the 

- 1 3 -



JAERI-Conf 94 006 

even-even mode consists of VY* and 4>o0 because TJ>ee induces 0OO by the nonlinear interaction 
and vice versa. Another branch bifurcates at Raic = 27939 for the odd-odd mode. The 
former nonlinear equilibrium solution becomes unstable at Ra,2C — 49602.7. The instability 
occurs as a Hopf bifurcation with the frequency / = 9.57325 x 10"3 at the criticality. The 
bifurcated time periodic flow has not calculated yet. 

Discussion 

Bifurcations of the convection in a box were investigated up to the second. Only a few 
selected results are shown for lack of space in this report. We considered also the cases 
where the box is placed at an angle $ from the horizontal plane. The perfect pitchfork 
bifurcation is structurally unstable to the deviation from 0 = 0 and is unfolded to a cusp 
catastrophe. The linear stability of the thermal conductive state with various boundary 
conditions, the nonlinear equilibrium solutions and their stability for various values of P 
and A will be reported in other chances. 
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Fig.2. Bifurcation diagram of the even-even mode xpee and the odd-odd mode tyoo for P — 7 
and A = 1, The nonlinear solution V'ee+ '̂oo bifurcate from Rau — 5011.7 and becomes 
unstable at Ra.2C = 49602.7 to a time periodic disturbance. 
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7. 2:1 Hopf/steady-state mode interaction 

Kaoru Fujimura 

Japan Atomic Energy Research Institute, Tokai-mura, Ibaraki 319-11 

and 

Yuriko Y. Renarcfy 

Department of Mathematics and ICAM, Virginia Polytechnic Institute, 
and State University, Dlacksburg, VA 2J,061-0123, U.S.A. 

The resonant interaction of Hopf and steady-state modes with wavenumber ratio 2:1 is 
investigated in a two-layer Rayleigh-Benard convection problem. Two different immiscible 
liquids lie in layers between horizontal walls and are heated from below. The system thus 
has O(2)-symmetry. If one eigenvalue of the linearized problem crosses the imaginary 
axis having non-zero imaginary part, its complex conjugate should cross the imaginary 
axis, simultaneous!;', because of the symmetry.[l] We find a possibility that a situation 
with a pair of complex conjugate eigenvalues at wavenumber a and a real eigenvalue at 
wavenumber 2a is at criticality for the two-layer convection problem. The two modes 
generate a two-parameter bifurcation. 

The Hopf/steady-state mode interaction has been investigated with special emphasis 
on an application to counter-rotating Taylor-Couette flow problem. The wavenumber ratio 
usually considered in the Tt.ylor-Couette flow is 1:1. Therefore the intearction is through 
the cubic interaction terms. The bifurcation analyses have been done for the 1:1 case 
by means of the group theoretic approach.[2] General Hopf/steady-state interaction with 
wavenumber ratio in : n has been investigated. [3] Among m : n interactions, the 2:1 
interaction should be the strongest since the couplings are at the quadratic order. The 2:1 
Hopf/steady-state mode interaction has been investigated for a free convection in a vertical 
slot whose side-walls have different, uniform temperatures. [4] The interaction is, however, 
at neutral situations. No examples of critical situations has been discussed previously. 

We first determine a parameter set at which the exact resonance sets in at the critical 
situations. The parameters are S = 0,475, pi/p* = 0.9999S4, R = 1658.0, and a = 3.0S, 
where 5 is a surface tension parameter defined by 5*/*/(«i/ti), S* is the dimensional 
surface tension, /* is the total depth of the layer, /< i is the thermal diffusivity of the lower 
fluid, /tj is the viscosity of the lower fluid, p\ and p-2 are respectively the densities of the 
lower and the upper fluids, i? is the Rayleigh number defined by the total temperature 
difference and total depth with physical properties evaluated in the lower fluid, and a is 
the wavenumber non-diuiensionalizod by the total depth. The application of the center 
manifold reduction yields the weakly nonlinear amplitude equations in R6. Introductions 
of near-identity transformations yield the amplitude equations so as to have the Birkoff 
normal form as 
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+Fi(zuz2,z3) = 01 i = 1,2,3, 
at 

/?33Sl22+73l|*3|2Z3 + 733^1|2Z3 + 733^2 |2Z3, 

where z\ and z2 are complex amplitudes of the oscillatory modes whereas z% is the ampli¬ 
tude of the steady mode. 

The coefficients involved in the equations are determined numerically, based on the 
physical parameters of the system at the criticality. Three simple equilibrium solutions 
of the amplitude equations are the steady solution (SS) with z\ = z2 = 0 and z% ^ 0, 
the traveling waves (TW) with z\ ^ 0 and z% = 23 = 0, and the mixed standing waves 
(SW) with \z\\ = |̂ 2j 7̂  0 and z3 7̂  0. A purely standing wave with \zi\ = \z2\ ̂  0 and 
Z3 = 0 is net allowed to exist. An asymmetric mode with z\ ^ 0, z2 = 0, and z% ^ 0 is not 
allowed to exist, either. The eigenvalues governing the stability of these solutions are found 
explicitly. They are shown to be equivalent with the ones obtained in [3]. Numerical results 
and bifurcation diagrams are given for the critical situation. The steady solution and the 
traveling wave solution are unstable. Especailly, they exhibit the subcritical bifurcation. 
The subcritical situation is opposed to the results in the vertical slot [4], and is also 
opposed to an assumption imposed in [3]. We find that there is a region the standing wave 
solution exists stably. A new equilibrium solution, the asymmetric mixed mode (AM) with 
|~ 122231 7̂  0, arg z\ — arg z2 — arg 23 ̂  nir, and arg Z3 7̂  0, is found to bifurcate from the 
standing wave through a normal bifurcation. The asymmetric mixed mode is found to be 
stable in a parameter range where the standing wave solution is unstable. The asymmetric 
mode loses its stability through Hopf bifurcation. The Hopf line lies within the unstable 
region for the standing wave. Outside the Hopf line, we may expect a modulated wave on 
a 4-toruF. The unstable asymmetric mixed mode finally ends up with unstable traveling 
wave. Therefore the asymmetric mixed mode is on a secondary branch. The other stability 
boundary for the standing wave is a Hopf line. Numerical integration of the amplitude 
equations yields that a stable modulated wave on a 3-torus bifurcates from the Hopf line. 
Figure 1 is the stability diagram for typical parameter range in which standing wave and 
asymmetric mixed mode exist. 
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Figure 1. Stability diagram, (a): [SS], [SW], modulated wave on a 3-torus. (b): [SS], 
SW. (c): [SS], [SW], AM. (d): [SS], [SW], [AM], (e): [SS], [TW], [AM], (f): [SS], [TW]. 
SS:steady-state solution, TW: traveling wave, SW: standing wave, AM: asymmetric mixed 
mode. Letters with bracket indicates unstable mode whereas letters without bracket indi¬ 
cates stable mode. Along lines i and iii, Hopf bifurcation occurs. 
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8. Stability of two and three dimensional time-dependent flows 
with locally-uniform strain rates 

A. D. D. Craik 

Department of Mathematical and Computational Sciences, University of St. Andrews 
North Haxigh, St. Andrews, Fife, KY169LN Scotland, UK 

In a recent survey paper at the IUTAM Symposium on Nonlinear Instability of Non-
parallel flows (Clarkson University, New York 1993), I included discussion of certain un¬ 
bounded spatially-simple flows that permit exact stability analysis (see e.g. Craik & Crim-
inale, 19S6, Proc. Soc. London A406, 13-26; Bayly, Phys. Rev. Lett. 57, 2160-2171; Craik 
k Allen, J. Fluid Mech. 234, 1992). Very recent work of Bayly, Holm & Lifshitz and of 
Lebowitz & Lifshitz (preprints) and of Craik (Proc. Roy. Soc. Edin. Ser.A, 1994) have 
indicated possibilities for fruitful extension of existing theory to wider classes of two- and 
three-dimensional time-oscillatory flows. I shall review the methodology for dealing with 
such flows, which cannot be tackled by the familiar methods available for parallel and 
nearly-parallel flows, and I shall emphasis that even Floquet theory is not available in 
many cases of oscillatory flows. Illustrative results will be presented for both two- and 
three-dimensional time-periodic primary flows. 

The essential simplifying feature that permits analytical progress is that all basic flows 
with spatially-uniform rates of strain and vorticity have the property that all material 
planes remain planes at later times, though tilted and stretched. Also, the flow domain 
is considered large enough for boundary effects to be negligible. Accordingly, planar, or 
layered, disturbances to such flows themselves retain a planar structure, though subject 
to straining and amplification, and such growth is a global, rather than boundary, effect. 
When the basic flow is steady with elliptical streamlines (Bayly, 1986; Craik, J. Fluid Mech. 
198, 235-244, 1989; Waleffe, Phys. Fluids A2, 76-80, 1990, Miyazaki & Fukumoto, Phys. 
Fluids A4, 2515-2522, 1992, and experiments by Malkus, Geophys. Astrophys. Fluid Dyn. 
48, 123-143, 1989), the advected disturbance is subject to time-periodic straining that 
commonly results in a resonant Floquet-type instability. 

Likewise, disturbances in an axisymmetric time-periodic basic flow may be analyzed by 
Floquet theory; but non-axisymmetric time-periodic basic flows strain a planar disturbance 
with two or more frequencies that may be incommensurate (see Craik & Allen 1992). In the 
latter cases, Floquet theory is unavailable, and it is for such situations that the numerical 
techniques exploited by Bayly, Holm & Lifshitz (1994) become valuable. Among the flows 
investigated by them are the time-periodic Kirchhoff-Kida vortex flows. I shall discuss how 
these techniques may be applied to other such flows and summarize available results. 
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I shall then discuss the likely importance of such instability as a local phenomenon 
within turbulent flows, where local regions of nearly uniform strain-rates and vorticity can 
be subject to external quasi-periodic temporal forcing. I shall also discuss its possible 
significance as a global phenomenon that can aifect the stability of stellar structures in 
astrophysics and large-scale geophysical motions. 

Finally, I wish to describe some spatially-simple unbounded Navier-Stokes flows, with¬ 
out disturbance, that exhibit unexpected temporal behavior. These have governing equa¬ 
tions analogous to the Euler equations of a rotating rigid body subject to torques propor¬ 
tional to the rotation rates. The dynamics of solution trajectories are determined by two 
saddle-nodes which split the possible trajectories into distinct families (Craik, 1994). 
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9. On Disintegration of a Localised Disturbance 
in Transitional Shear Flows 

Xuesong Wu 

Department of Mathematics, Imperial College 
180, Queens Gate, London SW7 2BZ, UK 

This talk is concerned with the disintegration of a localised disturbances in tran¬ 
sitional shear flows. Our approach is based on the high Reynolds number assumption 
(R ~^> 1). A localised disturbance is represented by a predominantly planar Rayleigh in¬ 
stability wave whose amplitude is modulated in the spanwise direction as well as in the 
streamwise direction. The nonlinear evolution of such a disturbance is then investigated 
in the non-equilibrium critical layer regime. It is shown that the development is controlled 
by critical-layer nonlinear effects when the linear growth rate decreases to O(t$), where £ 
is the magnitude of the disturbance. Nonlinear interactions influence the evolution by pro¬ 
ducing spanwise dependent mean-flow distortions. The evolution is found to be governed 
by an integro- pftrizaZ-differential equation containing history-dependent nonlinear terms 
of Hickernell (1984) type. A notable feature of the amplitude equation is that the highest 
derivative with respect to spanwise position appears in the nonlinear terms. These terms 
are associated with three-dimensionality. The possible properties of the amplitude equation 
are discussed. Numerical solutions reveal that a disturbance initially centered at a span-
wise position disintegrates by propagating laterally to form concentrated, quasi-periodic 
streainwise vortices. This qualitatively captures the phenomena observed in experiments. 
The focusing of vorticity may be associated with a localized singularity which can occur 
at a finite distance downstream. It is noted that the amplitude equation is rather generic 
and applies to a broad class of shear flows which is inviscidly unstable. 

The amplitude equation is further used to studj' side-band instability. In contrast to 
the better known side-band instability of equilibrium waves, a growing (Rayleigh) wave 
is considered here. It is found that its instability to the side-band perturbations must 
be formulated as an initial value problem rather an eigenvalue problem. We show, both 
numerically and analytically, that the side-band resonance can cause the perturbations 
to grow super-exponentially, and hence is a viable mechanism leading to the observed 
disintegration of a localised disturbance in transitional shear flows (e.g. in a plane mixing 
layer). 
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10. Two Dimensional Capillary-Gravity Waves 
With Negative Surface Tension 

Hisashi Okamoto 

Research Institute for Mathematical Sciences, 
Kyoto University, Kyoto 606-01, Japan 

and 

Mayumi Shoji 

Department of General Education, 
College of Science and Technology, 

Nihon University, Chiyoda-ku, Tokyo, Japan 

The problem discussed here is to determine the shape of the steadily moving 
water wave on two dimensional irrotational flow of inviscid incompressible 
fluid. This classical problem involves two parameters: the surface tension 
coefficient and the gravity constant. We consider the solutions in the range 
where the surface tension coefficient is negative. We performed a numerical 
computation and found that pitchfork bifurcations occur and the brandies 
extends toward smaller surface tension. In the class of symmetric waves, we 
found no secondary bifurcation. 

Introduction 

We study the problem of determining the shape of the steadily moving water wave on 
two dimensional irrotational flow of inviscid incompressible fluid. This classical problem 
involves two parameters: the surface tension coefficient and the gravity constant. It is 
now well-known that there exists an amazingly large number of 2D capillary-gravity waves 
[1,3,6,7,8,9]. Among these, Chen and Saffman [3] is a pioneering paper which opened the 
world of rich structure of the capillary-gravity waves. Stimulated by this, we computed 
[6,7,8,9] numerically the bifurcation diagrams rather than particular solutions. We ob¬ 
tained many complicated diagrams which were new to us. An independent research by 
Aston [1] also shows very many solutions. 

In the present paper, we continue to numerically compute permanent waves but we 
change the sign of the surface tension and look for what phenomena can be found. As far 
as we know, the case of negative surface tension has not been considered yet, presumably 
because the case is unphysical. However, it seems worthwhile drawing attention to the fact 
that the governing equation ( for the permanent states ) has a perfectly rigorous meaning. 
Also, existence of nontrivial steady-states could lead to a new look at the time-evolution 
of the water waves, which is ill-posed when the surface tension is negative. 

Our conclusion is, roughly stated, as follows: (1) there are bifurcation point at which 
the surface tension coefRcient is negative;(2) the bifweations from them are pitchfork in 
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all the cases; (3) secondary bifurcations were not captured as far as we computed. We 
are particularly interested in the large-amplitude solutions. Our numerical computations 
show that the "limit" form's crest is narrow and the trough is wide. We will also give a 
conjecture on how the limit configuration is approached in the phase space of bifurcation. 
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11. Several solutions of 
a 2D-unstable nonlinear Schrodinger equation 

Hiroaki Ono 

Set$-una7i University, Neyagawa, Osaka 572, Japan 

In the previous work [1], we have obtained the following type of equation in the study 
of weakly nonlinear wave propagation in a self-gravitating gas: 

which is called the "unstable" nonlinear Schrodinger (UNLS, for short) equation [2], beca-
suse it frequently appears in the problem of wave propagation in the "marginally stable" 
state of various media [1]. 

We note here that this equation takes the form of t lie conventional nonlinear Schrodinger 
(NLS) equation with the roles of ,r and / interchanged and belongs to the same completely 
integrable systems as that NLS equation, but that the initial value problem of it is quite 
different from that of the NLS equation [2,3]. Further, it should be noted that although this 
form of equation appears also in the optical context, such optical problems are concerned 
with the boundary value ones, which are equivalent to the initial value problems of the 
conventional NLS equation. 

For the systems governed by the conventional NLS equation, it is well known that the 
two-dimensionality may lead to the transverse instability of ID-plane wave and solition, or 
to a self focusing singularity [4]. These processes are described by a 2D-NLS equation: 

H'l + /lltfr* + /tjtf'M + " M V = 0. (2) 

Thus we have considered the effect of two-dimensionality on the waves governed by the 
above UNLS equation (1) in the case of one dimensional propagation. We have first derived 
the evolution equation of two-dimensional weakly nonlinear waves in the marginaly stable 
state by the reductive perturbation method. The resultant equation takes the following 
form: 

;</v + A0W + /«/-«+ H</-|V = ° (3) 
where A < 0, n > 0 and // < 0 . 

This equation admits the plane wave solution: 

»(/\'.c -f Ly - ill)] 

where 
ft2 = ("I0o|2 - A' - XL*)/it. 

The above relation shows that two-dimensionality represented by L suppresses instability 
in the present case of \\i > 0 as well as nonlinearity represented by |V>o| in the present case 
of /xi/ > 0 . This situation is in contrast to that of the conventional NLS equation where 
both nonlinearity and two-dimensionality enhance the modulational instability. 

In addition to the above plane wave solution, the 2D-UNLS equation have various types 
of particular solutions whose amplitudes like functions A satisfy the interesting reduced 
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equations which include the well known ones such as the nonlinear Klein-Gordon equation 
and completely integrable systems: 

Class 1 
i> = AQexp[i(Kx + Ly- fit)} : Ao = constant and SI2 = |V>0|

2 + K + L2 

Class 2 
0 = A(x)exp[i(Ly - fit)} : iAx + (ft2 - L2 - \A\2)A = 0, 

V> = A(y) exp[i(A'.r - Clt)] : Ayv + (Ji2 - K - \A\?)A = 0, 

V> = A{t)ex?[i{Kx + Ly)\ : Att + {K + L2 + \A\2)A = 0, 
Class 3 

i> = A(x, y) exp[i{-Qt)}: iAx + Am - (SI2 + \A\2)A = 0, 

0 = A(y,t)exp[i(Kx)} : Alt - Avy + (K + \A\2)A = 0, 

i> = A(x,t)exp[i(Ly)} : iA, - Att + (L2 + \A\2)A = 0, 
Class 4 

),£ = x - vy : iA^ - Att + v2Aa - \A\2A = 0, 

U = x-vt: iAK + Aw - v2AKi - \A\2A = 0, 

V» = A(t, x),£ = y-vt:iAx- (v2 - l)Au - \A\2 = 0, 

where we take A = —l,/i = 1 and v = — 1 in eq. (3). 
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12. Stability and Bifurcation of 
Rectangular Cell Flow: 

Comparison with Experiments 

Youichi Murakami 

Department of Aerospace Engineering 

and 

Norio Matsuda 

Department of Mathematical Sciences, 
College of Engineering, University of Osaka Prefecture, Sakai, 593, Japan 

In our recent publication1 we have investigated the linear stability of the rectangular 
cell flow: $ = cos kxcosy, (0 < k < 1) numerically and analytically. This flow may be 
regareded as a simple model for the two-dimensional secondary flow. Owing to its spatial 
periodicity the disturbances are characterized by the Floquet exponents (a,/?). We treat 
the disturbances with small values of the Floquet exponents (a,/?) in detail. Based on 
numerical results it is found that two types of the critical modes with vanishingly small 
exponents exist. One type (large-scale mode ) has an almost uniform spatial structure. 
The other type (periodic mode) has a structure with the same periodicity as the main flow. 
The growth rate of the supercritical modes takes the maximum value at (a, /?)=(0,0). The 
large-scale mode gives the critical Reynolds number in more isotropic case (i.e. k > 0.6) 
while the periodic mode does in less isotropic case (i.e. k < 0.6). 

Although it may be impressed that these cell flows are a mathematical model rather 
than physically realistic flows, they are realized in some laboratory experiments. In the 
experiments an equipment was devised to realize spatially periodic flows in which an elec¬ 
trolyte or a liquid metal in a vessel was driven by an action of Lorentz force periodically 
arranged.2'3 Using the above method the rectangular cell flows are achieved in the experi¬ 
ments by Tabeling et al.*fi A linear array of counter-rotating vortices of uniform size, say 
Ao, is generated by the Lorentz force at low electric currents. The streamlines in Picture 
l(a)4 or figure 12(«)5 are similar to the flow cos A\r cosy. Above the well-defined current 
value / j , the linear array is composed of non-uniform tilted vortices, alternatively big and 
small. Above li the linear array is composed of steady corot citing vortices of sizes 2Ao, 
which is denoted as 'state +'. In the paper'1 the origin of this pattern is discussed by using 
the large-scale mode. In our recent publication1 we have shown that this observed pattern 
is reproduced by a superposition of the main flow and the periodic mode. However, the 
effect of the bottom-friction and a slight modification of the main flow is not taken into 
account. Here we take them into account in order to explain why the former result is good 
regardless of the neglect of them. 

The bottom-friction effect should be included into the analysis in order to compare with 
the experiments. This effect is represented by —j^A^ in the vorticity equation, where A is a 
normalized coefficient of the Rayleigh friction. We have calculated the critical modes in sev¬ 
eral cases with non-zero A and confirmed that their structures are changing gradually with 
increasing A. Therefore the periodic modes are structurally stable to the bottom-friction 
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in contrast with the large-scale modes, which is significantly stabilized.8 The coefficient A 
is around 4 ' in their experiments.4'5 Hence the bottom-friction effect does not change the 
flow pattern significantly. 

The main flow in the experiments is not exactly the same as cos kx cosy. Hence we use 
the flow: cos kx cos y + Acos2kxcos2y, where A is a parameter, in order to estimate how 
the periodic mode and the critical Reynolds number, Re change owing to the deviation of 
the main flow. We have treated the case:(fc = 0.4, A = 0, Re = 3) with A = 0 ~ 1.2 and 
found that the growth rate increases while the structure of the periodice mode remains 
unchanged with increaing A. 

Finally, we comment on the future work related to this problem. There are other ex¬ 
periments with different configurations (boundary conditions) of the rectangular cell flow, 
where other patterns are observed. Next problem is to find the mode-selection rule de¬ 
pendent on the boundary conditions and the bottom-friction effect. The periodic mode 
is composed of a few Fourier modes; we may construct a truncated system in order to 
investigate the nonlinear behavior of this flow. These works are now under way. 

References 
1 K. Gotoh, Y. Murakami and N. Matsuda, "Large-scale and periodic modes of rectangular 
cell flows," to appear in Phys. Fluids (1995) No.l. 
2 N. F. Bondarenko, M. Z. Gak and F. V. Dolzhanskii, "Laboratory and theoretical models 
of plane periodic flows," Izv. Atmos. Oceanic Phys. 15 711 (1979). 
3 J. Sommeria, "Experimental study of the two-dimensional inverse energy cascade in a 
square box," J. Fluid Mech. 170 139 (19S6). 
4 P. Tabeling, B. Perrin and S. Fauve, "Instability of a linear array of forced vortices," 
Europhys. Lett. 3 459 (19S7). 
5 P. Tabeling, O.Cardoso and B. Perrin, "Chaos in a linear array of vortices," J. Fluid 
Mech. 213 511 (1990). 

'In the talk we I old that A is increasing with increasing the current / . This is incorrect. A is determined by the ratio of 
the horizontal length and the vcrical length in this case; it is independent or the current / . 
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13. Three-dimensional instability of an elliptic vortex 
patch of finite extent 

— Its relation to the elliptical instability — 

Takeshi Miyazaki 

Department of Mechanical and Control Engineering, University of 
Electro-Communications, Chofu, Tokyo 182, Japan 

and 

Yasuhide Fukumoto 

Department of Applied Physics, Faculty of Engineering, 
Nagoya University, Chikusa-ku, Nagoya 1,01,-01, Japan 

Introduction 

Tsai & Widnall [1] and Moore & SafTma.n [2] found that a columnar vortex embed¬ 
ded in a strain field is unstable (o the bending perturbations whose axial wavelength is 
order of the core radius. Pierrehumbcrt [3] showed numerically that an unbounded invis-
cid strained vortex undergoes instability whose growth rate is independent of wavelength. 
Bayly [4] formulated the problem as a matrix Floquet problem. It is recognized that the 
Floquet-mechanism is the essence of the short-wave three-dimensional instabilities. These 
instabilities are called the elliptical instability, since they are induced whenever streamlines 
of a basic flow endowed with vorticity are deformed elliptically. 

In spite of the abundance of studies on the elliptical instability [5-10], the relevance of 
the mechanism to the actual flow fields is not fully understood. It is considered that the 
continuous instabilities are discritized to form an infinite number of separate short-wave 
instability bands, if an appropriate outer boundary condition is taken into account. Our 
objective is to manifest the broad generality of the elliptical instability by investigating the 
linear instability of an elliptic vortex patch of finite extent. Pierrehumbert & Widnall [11] 
investigated the linear stability of the Stuart vortex and Robinson &: Saffman [12] considered 
the Moore-Saffman vortex [13], before the birth of the concept of elliptical instability. Our 
work will serve to complement these precursors. 

Specifically, we focus our attention on Kirehhoff's elliptic vortex, a vortex patch with 
uniform vorticity U>Q = 1 inside an ellipse whose major and minor semi-axes are a and 6. If 
it is embedded in an irrotationai fluid, it rotates solidly with a constant angular velocity 
fi = ab/{a + b)2. A century ago, Love [l-l] studied the two-dimensional linear instability 
of the KirchhofTs elliptic vortex and found that it becomes unstable to disturbances with 
azimuthal wave number 3, if the ratio a/b is greater than 3. As for the three-dimensional 
stability, Vladimirov & Il'in [15] made an asymptotic analysis in the limit of small eccentric¬ 
ity, and showed that there are infinite number of instability bands. Our numerical analysis 
extends their results to the case of finite ellipticity. 

Formulation 

Let us assume that the fluid is inviscid and incompressible. The ellipse is stationary if 
we move into the coordinate frame rotating with the angular velocity fl around the z-axis. 
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We can introduce the normal-mode disturbances of small amplitude with the form pro¬ 
portional to e

l'fc:~w<) , where k is the axial wavenumber. We confine our at tension to the 
odd modes, which have the same symmetry-nature with the elliptical instability. The ve¬ 
locity components u ( £ -component) and v (77 -component) inside the vortex are expanded 
in terms of the Mathieu-Tchebyscheff functions. Since the flow outside the ellipse is irro-
tational, we can assume that the disturbances are irrotational, too. The potential obeys 
the Helmholtz equation and can be expressed in the terms of the Mathieu- functions. We 
require that the Euler equations of motion are satisfied at the collocation points inside 
the ellipse. The boundary conditions are to be satisfied at the collocation points on the 
boundary. Truncating the expansions at a finite order n = NR and m = NA, we obtain the 
following matrix-type relation: 

(C, 

—iwA 

mn 

= B 
mn 

mn 
Dl 

mn 

Here, A and B are ANHNA X ANRNA matrices and C"lnetal are the expansion coefficients. 
The matrix A is singular, i.e., the last 2N& rows are zero, whereas the matrix B is regular. 
The eigenvalues i/w of the matrix AB~X ( ^NRNA x ANRNA ) are calculated numerically 
using the QR method. We notice that the matrix has 2NA zero-eigenvalues, so we have to 
calculate the eigenvalues of a 4(JVR - l/'2)NA x 4(NR - 1/2)NA matrix. The truncation 
numbers NR and NA > which are typically 12, are increased up to 15 separately when it is 
necessary to achieve the accuracy of four significant figures. 

Results 

We show in Figs.la-c, the calculated growth rate of the three-dimensional instability for 
the cases of a/b=l.l, 2.0 and 3.0, respectively. The horizontal axis is the axial wavenumber 
k (here, the length-scale is normalized by b ) and the vertical axis is the imaginary part of w ( 
a = /m(u>) ). In Fig.la, we recognize three instability bands centered at ki = 1.0, &2 = 1.8 
and fc3 = 2.6 . The location of the instability band is close to the value obtained by 
Vladimirov and Il'in [15] in the limit of small ellipticity, i.e., fci = 1.0350, &2 = 1-8655 and 
k~3 = 2.6844 . The values of growth rate ( <7i,2,3 = 0.0094 ) are not far from the values 
estimated from their results, i.e., ax = 0.00993, <r2 = 0.01001 and az = 0.01006 , also. As 
a/6 increases, both the number (k < 3) and the growth rate of instability band increase. 
We see 5 - 6 instability bands in Fig.lb (a/6 = 2.0) and 6 - 8 bands in Fig.lc (a/6 = 3.0). 
Every instability band becomes fatter with a/6 and the neighboring bands overlap to form 
continuos band of almost constant growth rate. We show the obtained numerical values 
in Table 1. The maximum growth rate of each band is the same, except for that of the 
longest mode which has a slightly larger growth rate. In the last low of Table 1, we listed 
the growth rate of the elliptical instability (see the next section for details). We notice 
remarkable coincidence between our numerical values and the predictions of the elliptical 
instability. 

We show, as a contour map in the x-y plane, the distributions of the axial velocity of 
the lowest eigenmode (k = 0.42: Fig.2a) and of the second eigenmode (Jb = 1.0: Fig.2b) for 
a/6 = 3.0. The azimuthal wavenumber m is 1 inside of the ellipse in both figures. One node 
line is added in Fig. 2b. It is likely that the internal structure becomes more complex as the 
axial wavenumber of the instability mode increases and that the ith mode has i-1 node lines 
inside the ellipse. These figures have resemblance with those of Pierrehumbert [3] (Fig.2) 
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and of WalefTe [5] (Fig.2), indicating the intimate relation to the elliptical instability even 
at lower modes. In Fig.2a, we observe the azimuthal dependence of m = 3 outside the 
ellipse, which disappears in Fig.2b, completely. It may provide a possible explanation why 
the growth rate of the lowest instability mode is slightly greater than those of higher modes. 
In contrast, very small axial velocit}', whose azimuthal dependence is characterized by the 
wavenumber m = 1, is found outside the vortex in Fig.2b. The higher modes (i > 2) are 
thought to be confined in the interior of the ellipse, similarly. 

Discussions - Relation to the elliptical instability-

The aim of this section is to give a physical interpretation of the asymptotic results of 
Vladimirov & Il'in [15] and Tsai & Widnall [1] and the numerical results of Robinson & 
Saffman [12], from the stand point of the elliptical instability. 

First, we describe the derivation of the values in the last row of Tablel, which are 
estimated by the local analysis for the elliptical instability influenced by a Coriolis force. In 
the rotating coordinates, the vorticity inside the ellipse is reduced to &{, = (a2 + b2)/(a + b)2 

and the Rossby number (Miyazaki [9] used the inverse of the usual definition) is 4a6/(a2+6J) 
. The prescription for the determination of the Floquet exponents is found in Craik [7] 
and Miyazaki [9]. We show the results in Fig.3. The horizontal axis is the angle 0 between 
the initial wavenumber vector and the z-axis. The vertical axis is the growth rate s of the 
instability. Seven cases (a/b =1.5, 2.0, 3.0, 4.0, 5.0 , 6.0 and 7.0) are figured by seven 
lines of different type. The numerical values listed in the bottom of Tablel are calculated 
in this way. It is interesting to note that the value 0 = 0.37257T , where the maximum 
is attained for a/b=3.0, has a close relation to the axial velocity profiles in Fig.2b. If we 
approximate the profile by Jx ( kp ) ( p = (x2/9 + y2)1^2 ), K is estimated to be about 6.9 
from the fact that the first zero of the Bessel function is Kp = 3.83 , which corresponds 
to p = 0.55 in the figure. The value of /x in WalefFe [5] is equal to fc(=1.0). Remembering 
the definition tan 6 = K/3/X , we have 6 = 0.377T , which is close to the above value. This 
observation provides another evidence that our numerical results are closely linked to the 
elliptical instability. 

We plot the maximum growth rate against a/6 in Fig.4, where Love's two-dimensional re¬ 
sult [14] is included for comparison. It can be seen that for ellipses with a/b less than about 
3.5, the three-dimensional elliptical instability pre-dominates over the two-dimensional in¬ 
stability. 

Next, we will revisit the results of Robinson & Saffman [12], who investigated the insta¬ 
bility of an elliptical vortex subject to a uniform strain. They found, besides the long-wave 
mode, short-wave instability bands, of which two modes were figured in their Fig.3. The 
maximum growth rate of the two modes can be read as <7lt = 0.104 ( i = 1,2 ) for a/b = 1.5 
and <rlt = 0.153 ( i = 1,2 ) for a/b = 2.0. These values are compared with the predictions 
of the elliptical instability, i.e., a = 0.1046 for a/b = 1.5 and a = 0.1530 for a/6 = 2.0. 
We notice the remarkable coincidence, again. We draw, in Fig.5, the growth rate of the 
elliptical instability (Pierrehumbert [3] and Bayly [4]) as a function of a/b together with the 
growth rate of the two-dimensional instability (m = 2: Moore & Saffman [13]). The Moore-
Saffman ellipse with a/b less than about 3.9 is more susceptible to the three-dimensional 
elliptical instability than to the two-dimensional instability. 

Finally, we compare the theoretical results of Tsai & Widnall [1] and Vladimirov & 
Il'in [15], which are based on the asymptotic calculation in the limit of small ellipticity, 
with the prediction of the elliptical instability. Waleffe [5] deduced that the growth rate 
of the elliptical instability asymptotes to 9/16e = 0.5625e for e = a/b — 1 « 1 . This 
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value is close to the results of Tsai & Widnall [1], who determined the growth rate of 
the lowest mode to be 0.570Se and that of the second mode to be 0.5695e . Similarly, the 
elliptical instability under the influence of a Coriolis force yields the asymptotic growth rate 
of [ WQ(2^?Q+3)2/32(/?O+1)2 ] (•, where Wo is the vorticity inside of the ellipse viewed from the 
rotating coordinate frame and RQ denotes the Rossby number. Remembering that Q = 1/4 
in the limit of a/b > 1, we have u'Q = \ - 2(1/4) = 1/2 , RQ = (l/4)/(w£/2) = 1 
and then the growth rate 25/256e = 0.0977e . It again approximates the values 0.993e , 
0.1001c, 0.1005c, 0.1009f and 0.1012c obtained by Vladimirov & Il'in [15] (note that their 
definition of the parameter e is different from ours by a factor 2). Even in this limiting 
case, the elliptical instability does a good job. 

The finite vortex patches considered here, i.e., Kirchhff's ellipse and the Moore-Saffman 
elliptic vortex are embedded in an irrotational fluid. No source of instability is presented 
outside the patches, if it were not for stagnation points. Our findings demonstrate that the 
estimate based on the concept of the elliptical instability gives quite accurate predictions 
of the instability growth rate (within a few percent), at least, in these cases. 
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0.05 0.05 

Fig.la-c Instability growth rate <r = /m(u;(&)) for the ellipse of a) a/6 = 1.1, 
b) a/6 = 2.0 and c) a/6 = 3.0. The horizontal axis is the axial wavenumber 
k and the vertical axis is the calculated a = Im(u(k)). 

Fig.2a,b Axial velocity distributions in the x-y plane of a) the lowest eigenmode 
k = 0.42 and b) the second cigenmode k = 1.0, for a/b = 3. The contour 
interval is arbitrary. 

Table 1 The maximum growth rate of each 
instability band. The values 
predicted by the elliptical 
instability (n, k > oc) 
are listed in the last row. 
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Fig. 3 Growth rate of the elliptical 
instability. The horizontal axis 
is the an;le 0 between the initial 
wavenumber and the z-axis. The 
vertical axis denotes the growth 
rate <r. 
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instability and the two-dimensional 
(tn = 3) instability of Kirchhoff's 
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Fig. 5 Growth rate of the elliptical 
instability and the two-dimensional 
(m = 2) instability of the Moore-
Safftn&n elliptic vortex. 
The horizontal axis is a/6. 
The vertical axis denotes 
the growth rate a. 
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Miyazaki et al.1 investigated the three-dimensional linear stability of the Kirchhoff vortex. 
The flow is irrotational outside the core and the core rotates steadily about the axis. They 
confirmed that the instability modes are interpreted in terms of the elliptical instability 
under the influence of a Coriolis force as found by Craik2 and Miyazaki,3 though the effect 
of a two-dimensional mode shows up in the longest branch. Perturbations considered in 
this study are restricted only to those accompanied by deformation of the core-boundary 
and no vorticity perturbations are added externally. The inspection of the unstable modes 
tells us that the amplitude of perturbation has a non-negligible value only within the core 
and that the mode pattern has close resemblance with that of the elliptical instability. 
This result invites a question; what happens if we introduce an e.Hra vorticity in the outer 
irrotational region ? 

The objective of the present paper is to answer this question in a general setting. 
We assume that the fluid is inviscid and incompressible. The temporal evolution of 
three-dimensional short-wave perturbations introduced in the irrotational region of two-
dimensional steady flows in which streamlines are closed is then pursued. Our result ap¬ 
plies also to the basic state that is steady in some steadily rotating frame and the absolute 
vorticity is absent. 

Recently Lifschitz and Hameiri'1 developed a powerful technique called the WKB method 
to make tractable the problem of the local stability of arbitrary time-dependent incompress¬ 
ible and compressible flows of an ideal fluid. One of the advantages of this approach is that 
it is capable of capturing not only exponential instabilities but also algebraic instabilities. 
We employ their scheme generalized to allow for the Coriolis force. 

Let us consider the flow field relative to a. rotating frame with constant angular velocity 
n. We decompose the velocity field into a basic flow V and a perturbation v. The basic 
flow and the perturbation are both assumed to be incompressible. In the geometrical optics 
approach, we make the following ansatz as to the form of perturbations: 

, (1) 

where e is a small parameter. At the lowest order, we have 

ka = 0 , (2) 

where fc = VO. 
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For our purpose, it is advisable to deal with the perturbation vorticity rather than a. 
Let us define the vorticity envelope function as b(t) = k x a(t). After some manipulations, 
we see that the stability problem is reduced to solving the following set of the characteristic 
equations: 

^ = V{X,t) , (3a) 

= {6V)V^fcx6 , (3b) 

where W = V x V + 2fi is the absolute vorticity, that is, the vorticity looked at from the 
inertia] frame. 

We spotlight the irrotaiional region of a steady two-dimensional flow with nested closed 
streamlines. By irrotational, we mean that the absolute vorticity W is absent. If W = o, 
(36) takes the same form as that of the evolution equation for a material line element. The 
requirement that the basic flow is steady implies that every material particle obeying (3a) 
travels along a closed streamline and returns to its original point after some finite time, 
and repeats the same circulating motion with period T. 

Consider two material particles which are initially placed very close to each other with 
their positions at time t specified by Xi{t) (i = 1,2). Let T{ be the time it takes for the 
i-th particle to return to its original position. We define a material line element /{/) = 
X2(t) — X\(t) at time t as the vectorial difference between the particle positions. After a 
time T\, it is mapped to 

= X2{t)-Xr(t)-
dt 

(4) 
e+T, 

thus giving 
l(t + T) = l(t)-V(t)(l.V)T + o(\l\) . (5) 

Here we have set V(t) = V (X(t)) with abuse of notation. We point out that this ex¬ 
pression was derived earlier by Franjione.5'6 In the language of vorticity perturbations, (5) 
reads, 

b(t + T) = 6(<) - V(t)(b(t) • V)T . (6) 

It then follows that after ??? cycles, the vorticity envelope function becomes 

b{t + mT) = b{t) + mB(t) ; B{t) = -bJ^V(t) . (7) 
an 

where bj_ is the component of b{t) in the direction normal to V but in the plane of the 
basic flow. 

We observe from (7) that the increment in the tangential component 6 • (V"/|V1) aftei" 
in cycles is proportional to the factor m if bj_ ̂  0. This fact tells us that the perturbation 
vorticity amplifies algebraically rather than exponentially with respect to number of cycles. 

In this stage, we are prepared to work out the temporal evolution of the velocity envelope 
function a(t). If we set fc = (fci,^,^) = (—^2,̂ 1,̂ 3) with (fci,^) the components in 
the plane of the basic motion, the characteristic equation for the wavenumber vector is 
converted into 

f , (8) 
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with the help of the solenoidal condition V • V = 0. As before, we obtain 

-dn ' v v ' ( 9 ) 

with fcj. being the normal component of k, whose value returns to its original value in each 
cycle. In view of (2) and |Jt| — \k\, we find that |6| = \k\\a[. Thus, we arrive at the desired 
formula: 

\b(t) + mB(t)\ dT 
1 l + H~ \k(t) + mK(t)\ ' ~ ttdnK~ 2 ' uV) ' l } 

because of kj_ = k$. Here k\\ stands for the component of fc parallel to the direction of the 
basic velocity. 

The ultimate behavior of the time-evolution \a\ hinges upon whether 6j_ and fc|| are 
present or not. First, we consider the case of 6j. = 0. In this case, B = o. If fcj| ̂  0, then 
K ^ o and therefore, \a\ decreases gradually with m and eventually settles down to zero. 
On the other hand, If k^ = 0, then K — o and \a\ recurrently departs from and returns 
to its initial state with period T. Next, we turn to the case of b± ^ 0 and so B ^ o. If 
&H 7̂  0, then \a\ saturates, after a large number of cycles, to \a(t + mT)\ —* \b±Jk^. In 
contrast, If k\\ — 0, \a\ grows unboundedly, in proportion to ??i, after many periods elapse, 
as \a(t-r mT)\ —* m\B(t)\/\k(t)\. Thus we reach the conclusion that there exist short-wave 
velocity perturbations (b± ̂  0, kn = 0) that exhibit an algebraic growth. 

It is conceivable that the absence of exponential instability has some relevance to the 
gyroscopic stabilization found by Craik2'3 and Bayly et al.7 They demonstrated that two-
dimensional elliptical flows whose velocity fields are linear functions of coordinates are 
stabilized provided that the external rotation approximately compensates the internal one. 
The extent to which cancellation of the total vorticity is required to achieve the stabilization 
depends upon the ellipticity of streamlines. The proof in this paper ensures the exponential 
stability only for the region where the total (absolute) vorticity is zero, but the velocity 
field need not be a linear function of coordinates. Our analytical approach helps to gain 
some physical insight into the mechanism of elimination of exponential instability. 
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15. Resonant Triad as the Theoretical Model 
for the Coherent Structures 

in the Wall Region of a Turbulent Boundary Layer 

H. Zhou, J. S. Luo and Z. M. Xiong 

Department of Mechanics, Tianjin University 
Tianjin 300072, China 

Coherent structures in the wall region of a turbulent boundary layer are the main 
source of turbulent energy production. Its investigation can not only shed light on the 
understanding of the nature of turbulence, but can also provide guides for turbulence 
control, which is very important for technical problems. 

The generation of the coherent structure may be a consequence of the instability of 
the basic flow. Thus, stability calculations have been carried out, using resonant triad as 
its model and weakly nonlinear analysis as the tool. However, as pointed out by Zhou 
and Fujimura, the original weakly nonlinear theory is not appropriate for the initial value 
problem, so an improved method was used. Also, a composite profile, which consists of 
a turbulent mean flow profile in the outer region and a laminar one in the wall region, 
was used, based on the argument that without the coherent structures in the wall region, 
molecular viscosity would dominate in that region. 

As in general, coherent structures in the wall region of a turbulent boundary layer 
manifest themselves in the form of nearly, but not exactly, streainwise vortexes, so the 
resonant triads we used were of more general feature, i.e. resonant triad with all three T-S 
waves being oblique. Then we calculated the evolution of their amplitudes by the improved 
weakly nonlinear theory. By a certain criteria close to those used by experimentalists, we 
were able to figure out which of them might correspond to coherent structures. Usually, a 
pair of nearly streamwise vortex would emerge, but with one stronger and other one weaker. 
Thus, we could calculate their circulation differences and a probability density curve for 
such circulation differences was obtained, which was qualitatively similar to those found 
from numerical simulations. Also, the parameters of the most amplified resonant triad, 
such as the streamwise and spanwise wavelengths of the vortex were found to be close to 
the average lengths found by experiments. 

Thus, it seems that the instability of resonant triads does offer a reasonable mechanism 
for the generation of the coherent structures in the wall region of a turbulent boundary 
layer. However, the weakly nonlinear analysis we used suffer from some rather serious 
limitations, even it is already an improved one. 

Firstly, we could only trace the evolution of the triads up to a certain stage, namely, 
when their amplitudes remain small. If we start with triads with rather large initial ampli¬ 
tudes then by numerical simulation, most of them would decay, even if the weakly nonlinear 
analysis predicted that they would grow, unless their initial amplitudes, especially those 
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of the wave with its wave vector situated in the middle of them, are sufficiently large. It 
implies that the coherent structures in the wall region of a turbulent boundary layer can 
only be generated by sufficiently large disturbances in the outer region of the boundary 
layer. Incidentally, Berkooz et. al. reached the same conclusion by a different way. 

Secondly, the weakly nonlinear analysis of a resonant triad relies on the resonant 
condition, which guarantees a certain relationship among the phase speed of the there 
waves. However, as revealed by numerical simulations, when the initial amplitudes of 
the three waves are large, there is no phase locking mechanism as suggested by many 
theoreticians. 

From the above findings, the conclusion is the resonant model and weakly nonlinear 
analysis can offer some explanations for the generation of coherent structures in the wall 
region of a turbulent boundary layer, but their use must be checked by either numerical 
simulations or experiments. 
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16. Effects of Unsteady Shear on the 
Absolute vs. Convective Instability of Thermal Convection 

Hsi-shang Li 
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Robert E. Kelly 

Mechanical, Aerospace and Nuclear Engineering Department 
University of California, Los Angeles. CA 9002/,. U.S.A. 

and 

Philip Hall 

Department of Mathematics, University of Manchester 
Manchester, England, UK 

The local stability nafare, absolute or convective1, of a horizontal layer of Boussinesq 
fluid is studied. Consider an unstably stratified plane Couette flow driven by an oscillating 
lower boundary with upper boundary fixed. The resulting unsteady shear, expressed in 
terms of Reynolds number Re = Rm + Re cos/it, is assumed to have slow oscillation 
and weak convection, [/?, Re] <C 1. This oscillation along the x axis acts as a pattern 
selection mechanism, which only allows disturbances with wave-number component kr = 0 
(longitudinal rolls) while suppresses others. The stability of the flow is unaffected by the 
shear and so they become unstable when having supercritical Rayleigh number Ra > RaC£. 
The long-term evolution of a small localized disturbance, in the form of an impulse, is then 
followed well into the finite-amplitude thermal convection region where nonlinear effects 
dominates. 

The basic state is assumed to be longitudinal with ky = kc and kz = 0. It is also 
assumed that Re = Re6, where 4 ' C 1. This condition allowed an expansion in terms 
of the single parameter 6, e.g. frequency of the slow oscillation /? = A*4. Moreover, the 
relevant regime of current study has a slightly supercritical Rayleigh number, Ra — RaCto = 
Ra = 64Ra > 0. A second length-scale is introduced to formulate the amplitude evolution 
equation, which is denned as 

The derivatives can therefore be transformed as 
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After expanding all dependent variables in terms of 6, a solvability condition at 0(6*) gives 
a Ginzburg-Landau type of amplitude equation 

A, =RaA + hi(Re cos/ft + Rm)Az + (Re cos/ft + Rm)2Axx (4) 

+ h2(Re cos/?* + Rm)Axxx + hzAx f 
xxxx 

A similar equation for plane Poiseuille flow with steady shear is given by Miiller, Tveitereid 
and Trainoff2. 

This equation is then solved numerically to obtain the long-term behavior of an 
initially localized disturbance. Figure 1 shows a typical amplitude evolution of a slightly 
supercritical flow (Ra — 0.028) with no shear (Re = 0). The initially small impulse at x = 0 
grows exponentially and spreads over the x domain at the beginning. Then, as nonlinear 
effects become dominant, the maximum amplitude of the wave pattern saturates and the 
wave front propagation velocity reaches a constant asymptotically. This shows the absolute 
instability nature of the thermal convection. However, when a strong enough steady shear 
dominates the wave front propagation, the resulting wave pattern will eventually be swept 
away from the original location, a. scenario of convective instability. A formula for the 
boundary between absolute and convective instability can also be obtained by by solving 
the initial value problem of the amplitude equation with the help of the steepest-descent 
paths technique. The curves for Poiseuille flow and Couette Row respectively have formula 

Ra O(Re2) (5) 

- ^ - - 1 = 0.255/te* + O(Re2) (6) 
i?aCi0 

These curves compared nicely with the numerically found boundaries. 
The development of an impulse under unsteady shear Rm + Re cos/?£ is shown in 

Figure 2. The evolution of the wave packet shows identical growing and spreading patterns 
as in Figure 1. While being convected left and right by the oscillation, it is being swept 
away as a whole by the mean shear. Clearly the spreading of the wave front towards 
x —> — oo has been stopped and the left wave front can only reach certain fixed x location. 
Since the mean shear dominates the net convective effects, it is not surprising to find the 
flow with combined shear shares the same absolute vs. convective boundaries with the one 
has only steady shear. 
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E, 48, 263 (1993). 
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