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ABSTRACT 

This paper reviews several different models for light interaction with volume densities of 
absorbing, glowing, reflecting, or scattering material. They include absorption only, glow only, glow 
and absorption combined, single scattering of external illumination, and multiple scattering. The 
models are derived from differential equations, and illustrated on a data set representing a cloud. 
They are related to corresponding models in neutron transport. The multiple scattering model uses an 
efficient method to propagate the radiation which does not suffer from the ray effect. 

1. VOLUME RENDERING 

Volume rendering simulates light interaction with a volume density, represented in an array of voxels. Var- 
ious optical models have been developed, which produce images visualizing different features. I will discuss a 
progression of these models, with increasing degrees of realism, and relate them to the corresponding neutron 
transport models. 

L e t j x )  denote the scalar density function to be visualized, as sampled on a cubic lattice of voxels. The 
simplest model is to assume the voxels are completely opaque if their density exceeds a threshold, and completely 
transparent otherwise. Then the rendering calculation reduces to projecting the opaque voxels (or their front 
faces) into the image plane, with a z-buffer or back-to-front “painter’s algorithm” for visibility determination. If a 
list of surface voxels can be found [l], the interior voxels, which are guaranteed to be hidden, need not be pro- 
jected. 

This technique has been useful in visualizing bone or other tissues for medical purposes, and various shad- 
ing schemes have been developed [2]. The simplest uses only the z-buffer depth at a pixel, shading the more dis- 
tant pixels darker. More realistic surface shading models require the surface normal vector, which must be 
estimated. One method uses the z-buffer values at neighboring pixels to estimate the slope of the projected sur- 
face. Surface normals can also be estimated before projection, according to the orientation of the cube face and its 
neighbors in the boundary of the opaque volume. Finally, the nornials can be determined from the gradient off(X), 
estimated by finite differences off at neighboring voxels. 

The more sophisticated optical models use a transfer function to specify the extinction coefficient z (differ- 
ential opacity per unit ray length) as a function of the scalarf. For example, z can be directly proportional tof, or 
T can be zero iff is less than a threshold. Suppose there is a light source with intensity lo. Let Z(s) represents the 
intensity remaining after traveling a distance s from the source along a straight line through the volume density. 
Then we have the differential equation 

d l  - = - T ( S ) Z ( S )  
ds 

with solution 



Here 

T(s) = exp (-si z ( t )  d t )  

is the transparency between 0 and s. For neutron transport, Z(s) represents the particle flux, and ~ ( s )  is the absorp- 
tion cross section. 

When this integration is carried out along each viewing ray, the result is an X-ray-like image, which 
accounts for the attenuation of i.he X-rays from the source at s = 0 by the density between the source and the film 
plane. Alternatively, 10 can represent a background intensity, varying from pixel to pixel, and the resulting image 
represents the volume density as a cloud of black smoke obscuring the background. I have modelled an atmo- 
spheric cloud as a union of ellipsoidal densities, with an added 3-D noise texture from Perlin [3]. Fig. I represents 
this cloud with equation (l), as black smoke hiding the ground. 

Other models allow the volume density to add intensity along the ray. The models to be discussed later 
consider the reflection of external illumination, but it is easiest to first assume the added intensity per unit ray 
length, g(X), depends only onflX). Since this does not account for the direction or shadowing of any light source, 
this models a glowing emission of the density cloud particles, equal in all directions. For the case of neutrons, this 
corresponds to neutron emission. 

When z is zero everywhere and there is no opacity, this gives the differential equation 

with solution 

The result is'as if the volume density represents glowing transparent gas. Fig. 2 shows the cloud of fig. 1 drawn in 
this way, with g proportional toj: (The solid white region is where the intensity exceeded the representable range.) 

Fig. 2 is too bright because actual particles will attenuate the light passing through, as well as adding their 
own glow. Including both the glow and attenuation tenns gives the differential equation 

dl - = g(s) - t ( s ) Z ( s ) .  
ds 

If D is the distance along the ray from the viewpoint to the edge of the volume, the total intensity at the viewpoint 
is 

I = Ioexp ( - j : z ( t )d t )  +l:g(s)exp ( - j : z ( t ) d t ) d s  

= ZOT(0) +J ig  (s) T ( s )  ds. (3 ) 

The first term represents the occlusion of the background, as in equation (l), and the second term repre- 
sents the integral of the added intensity g(s), as attenuated by the transparency T(s) between the point at distance s 
and the viewpoint. In the density emitter model of Sabella [4], the attenuation z(s)ds is proportional to the fraction 
of the area of a thin volume slab of thickness ds occupied by the projection of the particles in the slab, and the 
added glow g(s)ds is the glow color K times this fraction, so g(s) = m(s) and 

= ( K  (1 - exp (-j:T ( t )  d t )  ) = K ( 1 - T ( D )  ) ) 



Thus K can be thought of as the color of the volume density cloud, to be composited over the background 
color lo by the formula 

If lo = 0, and z is proportional t o 5  the result is like an X-ray negative, brightest where there is most density, but 
saturating at the maximum intensity K, as shown in fig. 3. Compare this to fig. 2, where there is no saturation. Fig. 
4 shows the cloud over the ground, according to equation (4). 

More generally, g can be another arbitrary transfer function of the scalar valuef, and if it is wavelength 
dependant, different regions of the range off can be given different colors. Levoy [SI and others have also shown 
how to give the effects of shading contour surfaces by letting g depend also on the gradient off, the illumination 
direction, and the viewing direction. 

A general shading rule is 

where i(X) is the incoming illumination reaching X, and r (X, w, w’) is the bidirectional reflection distribution 
function, which depends on the viewing direction m, the direction w’ to the light source, and on other properties 
like f or its gradient that vary with position X. For light scattered by a density of identical spherical particles, 

where a is the albedo, the fraction of the extinction z which represents scattering rather than absorption, and p is 
the phase function, depending only on the angle between w and w’, which specifies the directionality of the scat- 
tering. (For neutron transport, p is the neutron scattering function, which depends on the angle between the 
incoming and scattered neutrons.) To simulate diffuse shading effects from contour surfaces at sharp changes in 
the scalar function5 one could use 

r ( X ,  0,o’) = V f  w’, 

the dot product of the gradient offwith the direction a’ to the light source. 

If g(X) is to model the reflections from surfaces or particles, one should account for the transparency of the 
volume density between the light source and the point X, as well as from X to the viewpoint. Kajiya and Von 
Herzen [6] did this in two passes. The first pass computes the illumination i(X) reaching X, as in equation (1). It 
propagates the flux from the light source through the volume, one layer at a time, and accounts for the transpar- 
ency‘of the layer before propagating to the next one. In the second pass, this illumination is reflected or scattered 
to the viewpoint by a shading rule. The reflected intensity g(X) is then gathered along viewing rays according to 
equation (3). The “Heidelberg ray tracing model” of Meinzer et al. [7] systematically applies this two pass 
method to medical images. Fig. 5 shows the cloud rendered in this way. The shading by equation ( 5 )  used a phase 
function p with a peak in the forward scattering direction, consistent with the light scattering properties of small 
water droplets. 

2. MULTIPLE SCATTEFtING 

This two pass method is a single-scattering model, because it accounts for only one reflection or scattering 
event from the illumination ray to the observer. It is only valid if the albedo or the density is low, so that multiple 
scattering is unlikely. To account for multiple scattering, it is necessary to find Z(X, a), the intensity at each point 
X in each viewing direction w , The point at distance s along the viewing ray from X is X + s a .  Integrating the 
scattering at X + so of light from all possible incoming directions w’ on the 47r unit sphere, and including a non- 
directional glow e(X + sa), representing black body thermal radiation, the added intensity is the “source term” 

g (s) = r(x+ sa, w, a’) I(X+ sa, a’) do’+ e ( x +  SO) . 
4R 



Substituting this into equation (3) gives 

where X + Do is the point at the edge of the volume density, reached by the ray from X in direction w and Io(X + 
D4 a) is the external illumination there from direction o. This is the general integral equation for radiation trans- 
port in thermal engineering, and with the interpretations given above, it also applies to neutron transport. 

Note that the unknown 1(X, 0) appears on both sides of this integral equation. Kajiya and Von Herzen [6] 
and others expanded Z(X, 0) in spherical harmonics in the unit sphere direction a, getting a coupled system of par- 
tial differential equations for the spherical harmonic coefficients. In thermal engineering, this is called the P-N 
method. (See Siege1 and Howell [8] for details on these methods.) An alternative is the discrete ordinates method, 
which uses a collection of M discrete directions, chosen to give optimal Gaussian quadrature in the integrals over 
a solid angle. Lathrop [9] points out that this process produces ray effects, because it is equivalent to shooting the 
energy from an element in narrclw beams along the discrete directions, missing the regions between them. He pre- 
sents modifications to avoid these ray effects, but the resulting equations are mathematically equivalent to the P-N 
method. This implies that M properly placed directions specify the directional intensity distribution to the same 
detail as M spherical harmonic coefficients. 

If the volume is divided into N cubical voxels, there are a finite number MN of unknown intensities in the 
discrete ordinates method. These are related by a system of linear equations, whose coefficients Fijkl represent the 
effect of the intensity Z(Xi, 0,) in direction Wj at voxel Xi, on the intensity I(& 0,) in direction wl at voxel X,, tak- 
ing into account the absorption and scattering. In order to reduce the ray effect, it is necessary to spread the inten- 
sity I(Xi, wj) into the solid angle in a direction bin about wj instead of along a discrete ray. Thus every voxel can 
propagate flux to every other voxel through at least one direction bin (and perhaps more than one at the bin 
edges), and then scatter into any of the M directions. This gives at least N2M non-zero coefficients, each requiring 
an integral over the intervening voxels to determine the transparency T. Once the coefficients are known, the solu- 
tion can be found by an iterative method as in progressive radiosity [lo], where each “shooting” pass corresponds 
to one further scattering bounce. 

I have found a way to approximate the coefficients FUkl as the flux in direction bin wj propagates from 
voxel to voxel in the volume. (See Max[ll] for details.) Basically, the flux entering each voxel is multiplied by 
the voxel’s transparency and then distributed to four adjacent voxels, determined by the direction wj When it 
reaches a voxel X,, it is deposited into a temporary array of received flux. Since this arithmetic is independent of 
the location of the shooting voxel Xi, the flux from all voxels Xi in a layer can be propagated simultaneously, 
effectively computing N* interactions in time O(N l o r n .  

When the flux in direction bin wj from all layers is received at voxel X,, it is scattered to the M direction 
bins wl, using a row from the M‘ x M matrix approximation to the scattering phase function p ( q  w’). This takes 
time O(MN). Thus one iteration through all M shooting bins ai takes time O(MN logN + M2iV). These iterations 
must be repeated until convergence, but when the number of iterations required is small compared to N ,  this is 
faster then computing all the coefficients Fikl in advance. 

In my implementation, I used direction bins arranged on the 96 exterior faces of a 4 x 4 ~ 4  block of cubes. 
Fig. 6 was produced by this method, using 15 bounces with the same forward scattering function as in fig. 5. The 
increase in brightness comes frorn higher order scattering. 

This work was performed under the auspices of the U.S. Department of Energy by Lawrence Livermore 
National Laboratory under contract number W-7405-ENG-48, with specific support from an internal LDRD 
grant. An earlier version of this paper appeared in the Fifth Eurographics Workshop on Visualization in Scientific 
Computing [12]. 
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Fig. 1. Cloud of black smoke. 

Fig. 3. Cloud of grey smoke. 

Fig. 5. Cloud with single scattering. 

Fig. 2. Cloud of glowing transparent gas. 

Fig. 4. Cloud of grey smoke over grass. 

Fig. 6. Cloud with multiple scattering. 
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