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ABSTRACT

Gauge-invariant BFV approach to geometric quantization is applied to the case of
hermitian symmetric spaces G/H. In particular, gauge invariant quantization on the
Lobachevski plane and sphere is carried out. Due to the presence of symmetry, master
equations for the first-class constraints, quantum observables and physical quantum states
are exactly solvable. BFV-BRST operator defines a flat G-connection in the Fock bundle
over G/H. Physical states are covariantly constant sections with respect to this connection
and are shown to coincide with the generalized coherent states for the group G. Vacuum
expectation values of the quantum observables commuting with the quantum first-class
constraints reduce to the covariant symbols of Berezin. The gauge-invariant approach
to quantization on symplectic manifolds synthesizes geometric, deformation and Berezin
quantization approaches.
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1 Introduction

The present paper is a sequel to our paper [1] where a gauge-invanant approach to geo-
metric quantization was developed. It yields a quantum description for dynamical systems
with non-trivial geometry and topology of the phase space and, in particular, allows for
quantization of the entire algebra of quantum observables. The approach of Ref.[l] is
a global version of the gauge-invariant quantization method for second-class constraints
developed by Batalin, Fradkin and Fradkina (BFF) [2-5]. The approach of Refs.[2-5] is a
natural extension of the general BFV quantization method [6-11] to dynamical systems
with the second-class constraints and curved phase-space. The central element of the BFF
approach is a BFF conversion procedure of converting second-cias.s consstrair'ts into the
first-class ones by introducing extra gauge degrees of freedom [2,3]. Then the resulting*
system with the first-class constraints can be quantized according to the standard BFV
quantization method. In Ref.[4] the BFF conversion procedure was applied to dynamical
systems with curved phase space. That is, a curved phase space is described by second-
class constraints in a enlarged phase space, these second-class constraints are converted
into the first-class ones according to the BFP conversion procedure, and then the resulting
gauge-invariant system is quantized.

In Ref.[l] this program was implemented for an arbitrary symplectic manifold {M.,OJ).

In particular, this approach allowed us to quantize an entire algebra of classical observ-
ables. It was demonstrated that the resulting algebra of Weyl symbols of quantum ob-
servables is isomorphic to the quantum deformation of the algebra of classical observables
known in deformation quantization [12-14]. Moreover, when the quantization condition
with metaplectic anomaly is satisfied, it yields a construction of the Hilbert space of
quantum states.

In the present paper we will apply the approach of Ref. [1] to the quantization on her-
mitian symmetric spaces and, in particular, on the Lobachevski plane and two-dimensional
sphere. In this case, the presence of the global symmetry G allows us to exactly solve
the master equations for the quantum first-class constraints, quantum observables and
physical quantum states. When M is a symmetric space G/H, the quantum first-class
constraints define a flat G-connection in the Fock bundle over M- Then the physical
quantum states are covariantly constant sections of the Fock bundle over M. with respect
to this connection, and they coincide with the generalized G/H coherent states [15].

The present paper is organized as follows. In Section 2, the main results of Ref. [1] are
summarized. In Section 3.1, classical hamiltonian mechanics on the Lobachevski plane is
considered. Darboux coordinates are introduced and it is shown that the Darboux trans-
formation leads to the classical version of the Holstein-Primakoff realization of SU(1,1)-
In Sections 3.2 and 3.3, classical BFF conversion is carried out in the Darboux and co-
variant gauges. As a result, dynamical systems on the Lobachevski plane are described
by the physically equivalent gauge-invariant systems with first-class constraints. Due to
the manifest SU(1,1) symmetry, the master equations for the first-class constraints are
exactly solvable. In Section 4.1, direct quantization in Darboux coordinates is carried out.
It leads to the Holstein-Primakoff realization of SU(1,1) and non-linear commutation re-



lation between the operators z and I corresponding to the classical coordinates on the
Lobachevski plane. In Sections 4.2-4.4, BFV quantization of the BFF converted system
with first-class constraints is carried out. In Section 4.2, quantum first-class constraints
are explicitly found. Due to the SU(1,1) symmetry, the quantum master equations turn
out to be exactly solvable. These quantum first-class constraints define a flat SU(1,1)
connection in the Fock bundle over the Lobachevski plane with the standard Fock spaces
as fibers. In Section 4.3, the master equations for physical quantum states are exactly
solved. It is shown that the physical quantum states, that are covariantly constant sec-
tions of the Fock bundle with the flat SU(1,1) connection, coincide with the generalized
SU(1,1) coherent states [15]. In Section 4.4, the master equations for quantum observables
are solved. It is shown that the vacuum expectation values of quantum observables of our
gauge-invariant system with first-class constraints coincide with the covariant symbols
of Berezin [16]. In particular, the Berezin multiplication formula for covariant symbols
is obtained as a vacuum expectation value {0|^4IJ42 |0). In Section 5, gauge-invariant
quantization on arbitrary hermitian symmetric spaces is considered.

2 Summary of the BFV Approach to Geometric
Quantization

This section contains a brief summary of the main results obtained in Ref.[l].
Consider a symplectic manifold M with non-degenerate symplectic structure ui. In a

generic coordinate system x11, n= 1,2,..., 27V, a dynamical system with the hamiltonian
H = H(x) is described by the hamiltonian equations of motion

±"=[^,HfPB, (2-1)

where the Poisson brackets are defined by the inverse of the symplectic form wM1/, w^w"'1 =

\x\xvYPB=^"{x). (2.2)

The BFV approach to quantization of the system (2.1), (2.2) consists of three steps
[2-5,1]. First, one re-formulates it as a system with second-class constraints and canonical
Poisson brackets. Next, the second-class constraints are converted into the first-class
ones according to the BFF conversion procedure by introducing extra gauge degrees of
freedom. Then, the resulting gauge system is quantized according to the standard BFV
quantization method.

First, a new set of variables p^, fj. = 1,2,..., 2N, is introduced and a new symplectic
structure on the enlarged phase space of both variables x* and p^ is defined

W,PV]PB = % , (2-3)

i.e. the enlarged phase space is the cotengent bundle T*M. To reduce the number of
physical degrees of freedom, the new variables are subjected to the second-class constraints
[4]

6li=pll-Vlt*0, (2.4)

at

where V̂  = V^x) is a symplectic potential

so that

(2.5)

[etlX]=vIB,{x). (2.6)

If u is not exact, V is globally defined as a connection in the Kostant-Souriau line bundle
L over M with the curvature w. Thus, under the substitution p^ —» —ihd,,., the second-
class constraints (2.4) can be interpreted as covariant derivatives V,, = d^ — (i/hjVp acting
on the sections of L.

To convert the second-class constraints into the first-class ones, extra gauge degrees
of freedom are introduced [2-5] that are described by the canonical variables 4>a, a =
1,2,..., 2JV, with the Poisson brackets

[4>a, 4>b] = - K b , (2.7)

where Aab = — A&a is a fiat symplectic metric with the inverse Aa\ Â A**" = 6%.
According to the BFF conversion method [2-5], abelian first-class constraints are

sought for in the form
% = ? „ - Wsl{x,4>) « 0 , (2.8)

[Tti,%}PB = 0, (2.9)

with the initial conditions

T^o = 8,, or WtlU=0 = V, . (2.10)

Abelian Poisson brackets can be regarded as zero-curvature equations (d% = d/dtpa)

, = J , (2.11)

with the initial condition (2.10).
For every classical observable A — A{x) of the original dynamical system on M., a

BFF-extended classical observable A — A{x,<p) is constructed so that it commutes with
the first-class constraints

K M ] P S = 0 , (2-12)

i.e.
V,LA = 0 , (2.13a)

(2.13b)

and satisfies the initial condition

ip=o = A{x) . (2.13)



Elquations (2.11) and (2.13) with the initial conditions (2.10), (2.14) can be solved per-
turbatively by expanding in the powers of <j> and solutions are given by [1]

(2.14)

; -r,W"l-ai'4>ai ... 0OI « 0 ,

and

A = (2.15)

where /i£ is a symplectic frame on M. with the inverse h%, Ajf = A^1 - torsion-free
Sp(2JV;R) symplectic connection, i?£*-curvature of this connection, WjJ'-4* - symplec-
tic "higher spin fields" that are expressed through the higher orders of the symplectic
curvature R^v, $** := <j)aA

abh%, V^ is a covariant derivative on M with respect to the
torsion-free linear symplectic connection F ^ p defined by Sp(2Ar; R) connection Ajf ac-
cording to the relation

dphl + AfAtcK ~ T^ "ha
p = 0 , (2.16)

a.nd R^Vf) is the corresponding curvature tensor, fl!JjJ,(A) = RliVp"{T)ha
!!h

p
cK':b.

Geometrically, the BFF conversion procedure can be interpreted as follows. Consider a
bundle £ over M with the fibers F ~ C°°(R2N) (where (R2N, A) is a flat phase space of the
variables <j>a) and the structure group Q ̂  Symp(R2jv) of symplectomorphisms (canonical
transformations) of (R2W, A). Then the first-class constraints 7^ define a flat connection
"D on £ and classical observables commuting with the constraints are covariantly constant
sections of £. Thus, to every classical observable A on M, the BFF conversion procedure
associates a covariantly constant section A of the Symp(R2Af)-bundle £ endowed with a
flat connection defined by the abelian first-class constraints (2.15).

Now, one can carry out the quantization directly

= -ihdp, (2.18a)

(2.18b)[0O! 4>b] = -itiAab •

The quantum first-class constraints are commuting operators [1]

h h
(2.19)

= 0 , (2.20)

where

(2.21a)

(2.216)

and dots designate the terms of higher order in </> and h. All the quantum corrections
are found from the commutativity conditions (2.20). (In Eq.(2.19), Weyl (symmetric)
ordering of the operators <j> is used.)

BFF-extended quantum observables .4 commute with the constraints operators V^,

and are given by [1]

A = ,
(2)

where I"2 := 4>aA
abh^ V^,.. .^ = ^ . V

(2)
A

1
4 '

(2.22)

(2.23)

... nn) denotes unweighted sym-
()

metrization, the quantum correction A^ is given by
(2)

32J
5 (2)

6
(2.24)

and the dots in (2.23) denote the terms of higher orders in <j> and h. The quantum
corrections are found from the commutativity condition (2.22).

From the expression (2.23) for quantum observables, the star product *r on the sym-
plectic manifold M with symplectic connection F is obtained in the "unitary" gauge
4>a = 0 [1]

U w*"&,B (2.25)

•=2

"if"
where

,"1V2 X7 R

~ '

= AB + -m

W ^ (2.26)

and (^i-^.."!-^ = wfi"i . . .a^""". This star product coincides with the star product
known in deformation quantization [12-14]. Indeed, in Darboux coordinate, operator L
can be rewritten in the form

J Op, (2.27)



and the third order term in Eq.(2.25) coincides with the Chevalley cocycle S^. of Refs.[12-
14].

Next, the Hilbert space representation of the algebra of quantum observables is con-
structed. The operators <pa are separated into the creation and annihilation operators
(In [1] we have selected the gauge degrees of freedom so that their creation operators
generate states with negative norm, Eq. (6.1) of [1], similar to the temporal component
of the electromagnetic potential. Then to obtain the physical Hilbert space one has to
use the quartet mechanism, as in electrodynamics. Here we select the gauge degrees of
freedom so that they generate positive norm states.)

[&' ,a j] = > 4 ( a ' ) t = a! , i , j = l , 2 JV . (2.28)

(Comparing to electrodynamics, if one chooses a complex polarization on M , ^ —>
(za, Zjj), then 0 is a counterpart of A®, Z is a counterpart of .A3 and z is a counter-
part of the physical degrees of freedom.) The quantum ghosts and their momenta are
introduced (we consider the minimal sector only)

and the Fock vacuum is selected

o ' |0)=0, j=*l ,2 , . . . , JV.

The minimal BFV-BRST operator Cl is given by

(2.29)

(2.30)

(2.31)

with the quantum constraints %, where the "gauge field" W = W{x,a\ a) is now a Wick
ordered operator.

Physical quantum states \i>Vhy») must satisfy the master equation

= 0 - (2.32)

Locally, in the coordinate neighborhood E of the point x0> the general solution for physical
quantum states is given by

o>, (2-33)

(2.34)

where the oeperator of parallel transport from x0 to x 6 S is denned by

U{x, x0) = Pexp (-
\7i

f , W =

tja) = TpPhVsfi{^)\fy is ^ initial condition independent of x.

Similarly, for the quantum observables which are now hermitian operators commuting
with 0, a general solution is given in the form

A = (2.35)

with the ^-independent initial condition _40 = A0(a\a). Globally, \ipVhys) are covariantly
constant sections of the Fock bundle.

Let Ko = {ajj • • • a\k\0}, k = 0,1,...} be the standard Fofk space, Q- the group of
unitary operators in 7So and "̂0 ~ the associative algebra of ht rmitian operators in 7£o-
Consider a Fock bundle TIM. over M with fibers F ~ TIQ and the structure group Q.
Then the BFV-BRST operator Q defines a flat connection in TIM, and physical states
are covariantly constant sections of TIM with respect to this connection. Further, the
adjoint operator adUl defines a flat connection on the associated bundle TM of hermitian
operators over M with fibers F ~ !FQ and the structure group Q/U{\) acting on the
fibers by conjugations UA W. Then the quantum observables A are covariantly con-
stant sections of TM with respect to this connection. In Ref. [1] it was shown that, in
the case when the infinite-dimensional structure group Q can be reduced to its maximal
finite-dimensional subgroup isomorphic to [Sp(2N;R) ® [/{1)]/Z2, the necessary and suffi-
cient condition for the existence of the Fock bundle 7ZM over a symplectic manifold M
coincides with the corrected quantizaiton condition with metaplectic anomaly known in
geometric quantization [17-21], i.e. the first Chern class Ci(LKi) = c\{L) + ^C\{K) of the
line bundle LKi, where L is the Kostant-Souriau bundle and K* is the square root of
the determinant bundle K, must be integer

(2.36)

where R^ is the Ricci curvature of [/(iV)-connection in the bundle of unitary frames
over M. The LKi is a vacuum (sub)bundle of the Fock bundle with sections ip(x)\0)
independent of a\ and connection V + \hA\, where V is the symplectic potential and
A* is the U{N) C Sp{2n;R) conneciton. It is also called the bundle of pure symplectic
spinors [18]. As we have stressed in Ref. [1], to quantize the entire algebra of quantum
observables it is essential to consider an entire infinite-dimensional Fock bundle with the
flat connection Q, rather than only the line bundle LK\ which generally does not allow
a flat connection.



3 Classical Mechanics on the Lobachevski Plane and
Classical BFF Conversion

3.1 Darboux Coordinates and The Classical Holstein-Primakoff
Realization

Let us consider a Poincare model of the Lobachevski plane realized as a unit disc on the
complex plane D\ — {z : \z\ < 1} with the Poisson brackets

\z,z)PB = i{\-zz)2.

The SU(1,1) symmetry acts on D\ by fractional-linear transformations

(3.1)

* - * « £ ? ! . *=(1 '}.^Stf(l,l), (3.2)

and Di can be represented as a coset D\ « SU(l, 1)/U(1). At the infinitesimal level,
generators of this symmetry are hamiltonian vector fields with the hamiltonian functions

io = i r i ± ^
L+ =

2\\-zz) '
iz
— zz
iz

l-zz

(3.3a)

(3.3b)

(3.3c)

It is easy to check that the functions (3.4) do indeed satisfy the su(l,l) commutation
relations with respect to the Poisson brackets (3.2)

[Lo,L±}w
PB = ±L± , (3.4a)

\L+1L.rPB = -2L0. (3.4b)

One can introduce Darboux coordinates on the Lobachevski plane as follows

S={l-zz)-iz,Z = (l-zz)-h, (3.5)
and the inverse transformation is

* = (! + «)-*& * « ( ! + « ) - * £ . (3-6)
In the new coordinates the Poisson brackets (3.1) acquire canonical form

and the su(l,l) generators (3,4) take the form

U = 2

L+ =

8

(3.8a)

(3.8b)

(3.8c)

We will call this Poisson bracket realization of su(l,l) classical Holstein-Primakoff real-
ization since it is a classical form of the oscillator realization of su(l,l) discovered in Ref.
[22] (see also Refs. [23]).

Let us compare it with the more frequently used realizations

2 < . * - - 2 < '

and

1), L+ =

(3.8d)

(3.8e)

Similar to the realization (3.10), after quantization the Holstein-Primakoff realization
yields the entire series of representations of su(l,l) with the lowest weights l/(2ft). At
the same time, similar to the realization (3.9), L+ and L_ are hermitian conjugate under
the natural hermitian conjugation (£)f = (. Thus the realization (3.8) combines the
desired properties of both realizations (3.9) and (3.10). The quantum Holstein-Primakoff
realization was first used in Ref. [22] as a means to diagonatize certain hamiltonians. As
we have seen, it can be interpreted as a quantization of the Darboux coordinates on the
Lobachevski plane.

3.2 Classical BFF Conversion in the Darboux Gauge
Our dynamical system with the Poisson brackets (3.1) and the hamiltonian H — H(z,z)
can be represented by a physically equivalent system with the flat phase space and first-
class constraints. First, let us introduce canonical momenta p and p to z and z and a new
symplectic structure with the non-zero Poisson brackets

MPB = 1 (3.11b)

(the non-linear Poisson brackets (3.1) are distinguished from the flat brackets (3.11) by
the index u, as in [ , \PB). Then the second-class constraints that reduce the number of
degrees of freedom can be chosen in the form

%z IZ

2{l-zz) 2(\-zz)
(3.12)

and their Poisson bracket is
\9,6]PB=i{\-zz)-2 . (3-13)

Now it is easy to check that the original non-linear Poisson brackets (3.1) are recovered
as Dirac brackets with respect to the second-class constraints 0 and 6.

Our next task is to convert the second-class constraints into the first-class ones. Fol-
lowing the receipt of Ref. [2-5,1], let us introduce additional canonical variables <j>

[<P,<P\PB = ~i • (3.14)

T



IB

According to the BFF conversion procedure, the abelian first-class constraints are sought
for in the form

T = p + iW{zt z; <t>, 4>) « 0, T U = 0 = 0, . (3.15a)
T=--p- iW(z, z\ 4>, $) ~ 0, TU=o = S , (3.15b)

and must satisfy the abelian Poisson brackets relations

[T,T]pB = 0 (3.16)

(W = W(z,z;<t>,4>) is a function of z,z,4> and 0 to be found from Eq. (3.16)). As we
have discussed in [1], there is a gauge freedom in solving the equation (3.16). We will
consider two most interesting gauges, one is related to the Darboux coordinates (3.5) and
the other is manifestly covariant under the SU(1,1) symmetry on the Lobachevski plane
(3.2).

Let us start with the Darboux gauge. First, canonical momenta to the Darboux
coordinates (3.5) are given by

(3.17a)

with the inverse

-z2p), (3.17b)

+ f f f } , (3.18a)

+ ?*}, (3.18b)

= 1. (3.19)

Then the second-class constraints 6 and # (3.12) can be reduced to a new set of second-
class constraints 6D and 8D (D stands for Darboux)

(3.20a)

and

with the inverse

where

&D = *£

(3.20b)

(3.21a)

(3.21b)

(3.22a)
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(3.22b)

and
[9DJD}PB = I. (3.23)

Now, the Darboux second-class constraints can be converted to the first-class ones

TD = 1 ._
2

1
TD = 6p - i<j> = t - -it; -

0 ,

• 0 .

(3.24a)

(3.24b)

Further, the original first-class constraints T and T can be found by using the Darboux
transformations (3.6a) and (3.20)

X Z I • '• —

• • { ) (3.25b)

Indeed, it is easy to see that the Poisson brackets (3.16) does vanish.
BFF-extended classical observables that commute with the first-class constraints are

now obtained by substituting BFF-extended coordinates Z and 2 for the original coordi-
nates z and 2 in the original expressions for classical observables. Given the hamiltonian
H = H(z, z), the BFF-extended hamiltonian is H = TL{Z, Z)

Z =

Z = ( Z ) .

(3.26a)

(3.26b)

To obtain the expression (3.26) one first has to pass to the Darboux coordinates (3.6a),
make the shift £ + <p and £. + 4> and then return back to the original coordinates z and z
using the inverse Darboux transformation (3.6).

3.3 Classical BFF Conversion in the Covariant Gauge
In this section we will give a solution to the classical zero-curvature equations directly in
the manifestly su(l,l) covariant gauge. We will start with the following ansatz for the
first-class constraints (3.15)

(3.27a)'
\-zzy

\-zz
(3.27b)

11



where f(4><fi) is a real analytic function of <t>cj> to be found from the zero-curvature equations
smbject to the initial condition /(0) = e, e = ±1.

As we have seen in Section 2, coefficients in front of the terms quadratic in <f> and
4> are nothing but the symplectic connection Ajf. The symplectic connection is not
uniquely defined. For the Lobachevski plane considered as a symplectic manifold, it
can be set to zero, as we have done in the previous section, that corresponds to the
choice of the Darboux gauge. However, this Darboux choice is incompatible with the
Kahler structure of the Lobachevski plane and, therefore, is not SU(1,1) covariant. If
we require our symplectic connection to be compatible with the natural Kahler structure
of the Lobachevski plane, the symplectic connection is uniquely fixed and its coefficients
coincide with the Christoffel symbols of the riemannian metric on the Lobachevski plane.
We will call this choice covariant gauge. Then the coefficients in front of the quadratic
term <p(j> in the curly brackets in (3.27) are just the Christoffel symbols. Now let us
consider the term 0 / ( # ) , which can be expanded in a series £0(1 + / i # + / 2 (#) 2 - f . . •)•
Coefficients in front of the linear term are just the components of the SU(l:l)-covariant
frame on the Lobachevski plane (two choices of the initial condition in (3.27), e = 1 and
- 1 , correspond to the two alternate frame orientations). The coefficient / i / ( l — zz) in
front of the third order term c/>2(/> is just a normalized riemannian curvature tensor Rzizi

of the Lobachevski plane. Generally, the coefficients / i , /2 , • • • would have to be found
step by step. However, in the case under investigation, because of the SU(1,1) symmetry,
zero-curvature equations are exactly solvable. Indeed, calculating the Possson brackets
one finds.

[T,f]PB = n
 l _•„(! + 2U) + n

 1
 -MMPB = 0 , (3.28)

(3.29)

(3.30)

iind the equation to be solved takes the form

f2 + 2xff = 1 + 2x, x = 00, /(0) = e .

It can be immediately integrated to yield

The arbitrariness in the sign (e = 1 or -1) is all that is (eft from the gauge arbitrariness
sifter fixing the SU(l,l)-covariant gauge. Geometrically, these two sign choices correspond
to the two alternate frame orientations.

The first-class constraints we have found admit an elegant representation in terms of
the su(l,l) generators. Indeed, they can be re-written in the form

1
\-zz

1
\~zz

where LQ and L± are classical Holstein-Primakoff generators of SU{1,1)

(3.31a)

(3.31b)

(3.32a)

12

(3.32b)

(3.32c)

Thus, we have found that the first-class constraints are linear in SU(l.l) generators. The
arbitrarines in sign e corresponds to the automorphism of su(l,l), Lo -> Lo, L± -> -L±.

4 Quantization

4.1 Direct Quantization in the Darboux Gauge and Holstein-
Primakoff Realization

'Before we proceed with the quantization of our1 dynamical system with the first-class
constraints (3.31), let us consider direct quantization of the system (3.7), (3.8) in the
Darboux coordinates. Let us introduce creation and annihilation operators a and flf for
the classical variables £ and £

[a,af] = ft (4.1)

Then the operators corresponding to the classical SU(1,1) generators (3.8) and to the
original coordinates (3.5) can be written as follows

Lo = -{a)a + - ) , (t,,y — Lo , (4.2a)

1 4 1

L- = -{\ + a}a)?a , (4.2b)

+ - k
a ( o a)* , ( -) - + , ( . c)

i =a t( l+a ta)~i (4.2d)

'z = {\+a}a)-h, z1 = 'z . (4.2e)

Note how the operator ordering is performed in Eqs.(4.2). The combination b)a is treated
as a whole operator (the number operator N = a^a) and functions thereof are treated as
such (i.e. if we have a classical function /(££) = /o+/i£l+/2(£O2 + . • •> the corresponding
operator is / = /o + /id^a-|-/2(a^ti)2 + • • •, and no normal ordering is performed inside the
monomials (a^a)"). Any excess creation or annihilation operators are put left or right,
correspondingly (as in Wick ordering).

The operators (4.2a-c) satisfy the su(l,l) commutation relations

[La,L±] = ±L± , (4.3a)

[£+,£,_] =-2Z-0 , (4.3b)

and for the operators z and I corresponding to the initial coordinates z and z one has

^^ |] t~(i _ zS)(l - Zz) . (4.4)

13



To calculate the commutation relations the following properties of functions of the number
operator JV are used

f{N)& = a?f(N + h) , (4.5a)

f{N)a = af(N - ft) . (4.5b)

The operators LQ, L± are just the quantum Holstein-Primakoff generators of su(l,l).
Using Eqs. (4.2) and the properties (4.5), one can calculate the su(l,l) Casimir operator

2 2A 2ft

Thus, £ = ™ plays a role of the su(l,l) spin. Indeed, if |0) is a Fock vacuum vector,

a | 0 ) = 0 , (4.7)

then

and |0) is an su(l,l) lowest weight vector with the weight ^ .
Generally, the lowest weight is equal to l/(2ct), where dimensionless constant a is a

product of the Planck constant and the square of the radius of the Lobachevski plane,
a = hr2. For the sake of simplicity we have set r = 1.

The operators z and I corresponding to the original coordinates of the Lobachevski
plane obey an interesting non-linear commutation relation (4.4) with a renormalized
Planck constant h/(l — h). To obtain it, one just has to notice that

zl = N{\ -h+N)'1 , (4.9)

! i = (iV + ft)(l + jV)-1 . (4.10)

4.2 Quantum First-Class Constraints: A Flat SU(1,1) Con-
nection in the Fock Bundle

Let us now proceed with the quantization of the first-class constraints (3.27). All the
phase space variables (z,p), {z,p) and (</>,</>) are canonical, so we can proceed directly

z = z, p - ~lF>7r ,

a :== <p , d := <f>, [ft, 6 ] = h .

Then the quantum first-class constraints take the form

i - d 1 . _ ;

~~h =d~z~ \-zVZ

14

(4.11a)

(4.11b)

(4.11c)

(4.12a)

dz l-zz

= -V,

(4.12b)

(4.12c)

[Z>,X>] = 0 , (4.13)

where Lo and L± are su (1,1) generators (4.2).
Geometrically, the Hilbert space 7?. of our system with first-class constraints is a

Fock bundle over the Lobachevski plane with copies of the standard Fock space 7^ =
{(af)"|0), n = 0,1, 2,.. .} as fibers. Moreover, the quantum first-class constraints define
aflat SU(1,1) connection (4.12), (4.2).

4.3 Physical Quantum States: Generalized Coherent States as
Solution of the Master Equations Q|i/>) = 0

Subspace of physical quantum states TiphyS
 is defined as a space of covariantly constant

sections of the Fock bundle

where \jj is a funciton of z, z and an analytic function of the creation operator a). Due to
the SU(1,1) symmetry, these equations can be solved exactly and the general solution for
physical states can be represented in the form:

o> , (4-16)

where the unitary operator U is a SU(1,1) group element and |VViy3.o) is an initial condition
independent of the point z on the Lobachevski plane

where ipPhySfi
 is a n arbitrary analytic function of at.

We will look for the operator hi in the form

(4.17)

(4.18)

Wf = U-1 , (4.19)

where a = a(z, z) and p = f3(z, z), fi = j3, are some functions of z and z to be found from
the Eq. (4.14). Using the su(l,l) commutation relations, one finds

U = e-ai+e^ ue

dU _ _da_
dz dz

(4.20)
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(80 f f 30 da\f \ .

and the equations for a and j3 are {for definiteness we set £ = — 1 in Eq. (4.12))

5/? _ z dp da

az I - zz az az

This yields a solution for the unitary operator U

LA — 6 e e

1

- zz
(4.21)

(4.22)

The second equation ~D\tpPhys) = 0 is satisfied automatically due to the unitarity of U.

Note that U can be also represented in the "anti-Wick" form

U = ezL^e-en(-^")Loe-'L+ . ' (4.23)

Remarkably, Eqs. (4.16), (4.17) and (4.22) coinside with the definition of the generalized
coherent states for the group SU(1,1) [15].

Comparing to the general solution on an arbitrary symplectic manifold M, the parallel
transport operator which is generally represented by the F-exponent is evaluated exactly
since the structure group of the Fock bundle is reduced to SU(1,1).

To summarize, we have found that the physical quantum states, i.e. solutions of the
constraints equations of the BFF-converted dynamical system with first-class constraints
(4.14), coincide with the generalized coherent states of SU(1,1). Or, in geometric terms,
generalized coherent states are covariantly constant sections of the Fock bundle with the
flat connection (4.12} defined by the first-class constraints. Note that this definition of
coherent states allows generalization to the case when no group symmetry is present.
Indeed, one can define generalized coherent states for any symplectic manifold M. as
covariantly constant sections of the Fock bundle over M with flat connection defined by
the BFV-BRST operator of Ref. [1]. Of course, no exact solution can be obtained in the
general case when no symmetry is present, as the master equations can be solved only
perturbatively.

Let us consider a state U\Q) that is gauge equivalent to the vacuum vector |0). (vacuum
state in the covariant gauge). It coinsides with the standard SU(1,1) coherent state [15]

or, exapnding the exponential,

where \n) form an orthonormal basis in the Fock space (see Eqs. (4.2))

(4.24)

(4.25)

(4.26)
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The inner product of two coherent states in distinct points z and w of the Lobachevski
plane is given by

(w\z) = (1 - zz)^(\ - ww)^(\ - zwY* (4.27)

(for z — w one obviously has (z\z) = 1) .

4.4 Quantum Observables of the Gauge-Invariant System and
Covariant Symbols of Berezin

Quantum observables of our gauge-invariant dynamical system must commute with the
first-class constraints

[ V , A ] = 0 , [ D , A ] = 0 . (4.28)

A general solution to these equations is obviously given by

A = UAQ U\ (4.29)

where _40 = Ao{^,o.) is an initial condition operator which is independent of z and z,
and U is the SU{1,1) gauge transformation (4.18).

Let us consider a vacuum expectation value A(z, z) of the quantum observable A

= (z\Ao\z) •

One sees that it coincides with the matrix element of the initial condition operator Ao
sandwiched between the two SU(1,1) coherent states.

The resolution of unity on the Lobachevski plane reads as follows

with the measure
dzhdz

(4.32a)

(4.326)

The normalization factor [\ -1) is found from the vacuum expectation value of Eq.(4.32a)

(4.33)

Let us define an analytic continuation of the vacuum expectation value A(z, z) as a matrix

element
{0\U(z,z)Ao^(wtw)\0) _ {Z\AQ\W)

It coincides with A{z, w) at z — w, and the matrix element of the identity operator 1 is
equal to unity.

17



Now suppose we are given two quantum observables A\ and Ai- Then the vacuum
expectation value A(z, z) of the product A\A-2 can be calculated as follows

A(z,z) = (4.32}

= f dtin(w,w)(z\Ai,a\w){w\A2fl\z)

dw A «, w)Ai{w,z)
(1 -

2irx(l - Wu/)*

where we have used Eq. (4.30), the resolution of unity (4.32) and (4.34).
Now, the composition (4.35) is nothing but the Berezin multiplication formula for

covariant symbols on the Lobachevski plane [16] (see also Ref. [15]), and covariant sym-
bols introduced by Berezin can be interpreted as vacuum expectation values of quantum
observables of the dynamical system with the first-class constraints (4.12).

Thus, the theory of covariant symbols can be deduced by quantizing the first-class
constraints.

To conclude this section, let us construct quantum observables corresponding to the
classic expressions for the SU(1,1) generators (3.4). First, the initial conditions are given
by Eqs. (4.2) (initial conditions are operators acting on the fiber at the point z = 0).
Then the su(l,l) quantum observables are given by

t± = UL± = UL0 (4.33)

The corresponding covariant symbols defined as the vacuum expectation values of (4.36)
can be easily computed

LQ(z,z) = (0|£0|0) = {z\L0\z) = - (j^

L+{z,z) = <0|£+|0> = (z\l+\z) = i ( — ^

L4z,z) = <0|£_|0> = <z!L_|£> \\ (j

(4.37a)

(4.37b)

(4.37c)

They coincide with the classical observables (3.4) up to the normalization factor ^ .

5 Gauge-Invariant Quantization on the Sphere
Consider a stereographic projection of two-dimensional sphere with the Poisson brackets

[z,z]%B = i(l + zz)2 . (5.37a)

The generators of SU(2) symmetry are hamiltonian vector fields with the hamiltonians
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1 + zz
iz

(5.2b)

(5.2c)3- =
i -+•

which satisfy the SU(2) commutation relations

[J+, 3-YpB = 2J0 • (5-4)

We will consider quantization in the covariant gauge. Let us first introduce the mo-
menta p and p with the non-zero Poisson brackets

[Z,P}PB = 1 , [i,P\pB =

Then the second-class constraints

2(1 + zz)
0, & = p -

2(1+

satisfy the relations

By introducing the gauge degrees of freedom (ft and tf>,

[4>>4>}PB = —' ,

the second-class constraints are converted into the first-class ones

i . ~t~ <
0, £=±1 ,

(5.5)

(5.6)

(5-7)

(5.8)

(5.9a)

(5.9b)

where J are classical Holstein-Primakoff generators satisfying the Poisson bracket rela-
tions (5.3), (5.4)

1) (5.10a)

(5.10b)

Now we can quantize our system with the first-class constraints (5.8) as usual

d » _ -_ . d

a •= <p, CL '.'= <p, [a, o, ] = h ,
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and the quantum first-class constraints define a SU(2) connection

h dz I + zz

i i 5 1
ft' 95 1 + 2f

where j are quantum Holstein-Primakoff generators

X = l(2ata _ i)

(5.12a)

(5.12b)

(5.13a)

j + = -a t(l-fl1d)i , (5.13b)

J_ = -(l-afa)Ja . (5.13c)
A

Now let us consider Eqs. (4.14) for the physical quantum states. The SU(2) operator
U is easily found from (4.14) (we set e = - 1 in Eq. (5.11))

(5.14)

(5.15)

Consider a state i

Using Eq. (5.13) one finds

The inner product is
n - l1 n - 1 / I \

n) = - n (--ft Sm,n-

(5.16a)

(5.16b)

(5.16c)

One sees that, due to the presence of the square root in Eqs. (5.13), (5.16a), for the states
\n) to be well defined and the inner product (5.16c) to be positive, the Planck constant
must be an inverse of an integer, i.e. h = l/(2j), j = 1/2,1,3/2,2... (More precisely, it
is the dimensionless product of the Planck constant and the square of the sphere radius r
that must be integer. For the sake of simplicity we have set r — 1.) When jj is non-integer,
the product in (5.16c) contains both positive and negative multipliers. Moreover, when
'' = fjyj> 3 = 1/2,1,3/2,2..., due to the occurrence of zero at fc = 2j in the product
0(2j - k) in Eq. (5.16a), all states |n) with n > 2j + 1 vanish identically, and for the
state U\0) we obtain the following decomposition

(C)J+m |m) . (5.17)
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Thus, it coincides with the SU{2) spin coherent state [15],[28] and the states (TI!)~] J n | 0 ) ,
n = 0 , 1 , . . . ,2j , form a basis of the (2j + l)-dimensional representation of SU(2). The
inner product of two coherent states in distinct points z and w is given by

(w\z) = (1 + + + (5.18)

Thus, as expected, in the case of sphere the Hilbert space of physical quantum states that
are annihilated by the quantum first-class constraints (5.12) ;md have positive norm is
finite-dimensional and its dimension is equal to 1 + I/ft = 2j + 1.

The solution for the quantum observables is given by Eq.(4.30), where 14 is defined in
(5.14). Repeating the consideration of Section 4.4, one arrives at the Berezin multiplica-
tion formula for covariant symbols on S'1 [16]

A(z,z) =
J 2TVI

I dw

2TTI(1 + un
(5.19)

z}X2J
zw)(l + wz}
zz)(l+ww}

6 Gauge-Invariant Quantization on Hermitian Sym-
metric Spaces

Let us now consider a general case where the original phase space M is an arbitrary
hermitian symmetric space (HSS), M ~ G/H. There are two dual classes of HSS, compact
and non-compact. A non-compact HSS can be realized as a bounded symmetric domain
D in CN, and the dual compact HSS can be described by its stereographic projection
[15,24].

Let G/H be an HSS, and g, h are the Lie algebras of G and H, respectively. Then g
has a 3-graded structure

[Ml Me
d] = S&Mt - T%Ml , (6. la)

(6.1b)

, (6.1c)

where M^ are generators of H C U{N), E^ are the structure constants of the correspond-
ing Freighdental triple system, and Pa and Pa are raising and lowering generators similar
to L+ and L_ (see Ref. [25]).

Suppose a non-compact HSS G/H is realized as a bounded symmetric domain D in
CN with the coordinates za and z&, a,0 = 1,2,... N. Then the Kahler form

id2lnK{z,z)
(6.2)
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where K{z, z) is the Bergman kernel of D, defines non-linear Poisson brackets on D.
To quantize dynamical systems on (D,w), the momenta pa and pp are introduced and

subjected to the second-class constraints, which are then converted into the first-class
ones by introducing extra gauge degrees of freedom. Next, the system with the first-class
constraints is quantized.

The extended Hilbert space is a space of sections of the Fock bundle TZD over D,
\il>) = ip{z, z, af)|0), where a\ are creation operators for the gauge degrees of freedom,

The quantum first-class constraints define a flat G-connection in TZD

(6.3)

(6.4a)

A (6.4b)

where M6°, Pa and Pa are generators of a unitary representation of G in the Fock
space of gauge degrees of freedom satisfying commutation relations (6.1), (A, A) is an
if-connection, H C U{N), and {ft, A) is a unitary frame. The commutativity

[T»*,V0]=Q (6.5)

follows from the fact that G/H is an HSS [26].
Physical quantum states which are covariantly constant sections of the Fock bundle,

Va\^phy3) = 0, Vf}\ipPkyS) = 0 ,

can be written in the form
\Tpphys) = U\i>phy>,o) ,

where U is a group element of G that can be represented in the form

(6.6)

(6.7)

(6.8)

with the functions f, Fa
b to be found from Eq. (6.6). Thus, the physical quantum states

of the gauge-invariant system coincide with the generalized coherent states for the HSS
G/H [15].

Similarly, the quantum observables commuting with the first-class constraints have
the form

A = UAo Ux , (6.9)

and the Berezin theory of covariant symbols [16] may be deduced similarly to the case of
the Lobachevski plane and sphere.
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7 Conclusion

The gauge-invariant approach to geometric quantization developed in Refs. [2-5,1] yields a
complete quantum description of dynamical systems with non-trivial geometry and topol-
ogy of the phase space. It synthesizes geometric, deformation and the Berezin covariant
symbols quantization approaches into a unified theory.

In this paper quantization on finite-dimensional symmetric spaces was considered. In
this case all the master equations are exactly solvable due to the presence of symmetry.
Infinite-dimensional dynamical systems with symmetry constitute the next physically im-
portant class. Applications to the models of conformal field theory may be especially
interesting, as they could lead to some further insight into the geometric structure and
symmetries of exactly solvable models. The next class of applications is to the quantiza-
tion of dynamical systems without any global symmetry. In some cases the topological
structure of the phase space may still lead to the exact non-perturbative solutions. Appli-
cations to the topological field theory [27] could be especially interesting. Gauge-invariant
geometric quantization also provides a natural framework for a generalization of the notion
of coherent states [15,28] to arbitrary symplectic manifolds.
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