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Abstract

Atomic properties, such as radiative lifetimes, hyperfine structures and isotope shifts,
have been studied both theoretically and experimentally.

Computer programs which calculate these properties from non-relativistic multicon-
figuration Hartree-Fock (MCHF) and configuration interaction (CI) wave functions have
been developed and tested. To study relativistic effects, a program which calculates hy-
perfine structures from relativistic multiconfiguration Dirac-Fock (MCDF) wave functions
has also been written. Using these programs, systematic large-scale calculations have been
performed for a number of light atoms, and it is shown that the MCHF method is able
to predict hyperfine structures and isotope shifts very accurately.

A new method of dealing with radial non-orthogonalities in transition matrix elements
has been implemented and tested. This method allows two separate orbital sets to be
used for the initial and final states, respectively. The two orbital sets can be optimized
independently of each other. It is shown that, once the usual orthogonality restrictions
have been overcome, systematic MCHF calculations are able to predict oscillator strengths
in light atoms with high accuracy, bringing the length and velocity forms of the oscillator
strength together. This new method has the potential of providing accurate oscillator
strengths also for more complicated atoms, something which is of great astrophysical
importince.

In connection with recent high-power laser experiments, time-dependent calculations
of the atomic response to intense laser fields have been performed. Using the frozen-core
approximation, where the atom is modeled as an active electron moving in the average
field of the core electrons and the nucleus, the active electron has been propagated in time
under the influence of the laser field.

Radiative lifetimes and hyperfine structures of excited states in sodium and silver have
been experimentally determined using time-resolved laser spectroscopy. By recording the
fluorescence light decay curves following laser excitation in the vacuum ultraviolet (VUV)
spectral region, the radiative lifetimes and hyperfine structures of the 7p 2P states in
silver have been measured. The delayed-coincidence technique has been used to make
very accurate measurements of the radiative Lifetimes and hyperfine structures of the
lowest 7P states in sodium and silver.
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Chapter 1

Introduction

Atoms are the fundamental constituents of matter, and it is of basic interest to understand
their structure and dynamics. The laws and equations that govern the behavior of the elec-
trons in an atom are, of course, not known exactly, but only to a certain approximation1.
The goal of computational atomic physics is to determine numerical solutions to these
approximate equations. From these solutions, all measurable properties of the atom can
be obtained, and by a comparison with accurate experiments, a better understanding
of, for example, the detailed interaction with the nucleus and quantum electrodynamic
effects can be gained. For the calculated properties to be of any practical use, it must
be possible to provide error estimates for them. To do so, a number of calculations have
to be performed, where the convergence of the properties is studied as the approximate
solution is improved. Variational methods, such as multiconfiguration Hartree-Fock or
Dirac-Fock, are well suited for this purpose, since the function space spanned by the trial
function can be extended in a natural way. In addition, most variational methods are
very general, and allow different types of atoms and states to be studied within the same
formalism.

Atomic data are of great importance in astrophysics. Computational atomic physics
has provided data for many atoms and ions, but the need for additional data is enormous
[1], specially for more complicated atoms, where Little progress has been made so far. By
developing reliable computational methods in order to provide these data, atomic physics
can help to answer fundamental questions about the universe and its evolution.

Atomic data are also essential for understanding processes in other types of plasmas.
Applied to fusion plasmas, atomic data are required for diagnostic purposes and for tracing
impurities which dilute the plasma and decrease the energy density. Iron is one such
impurity that has been observed in tokamak plasmas at various ion stages. Applied to
laser physics, transition probabilities are needed in the search for new and efficient laser
transitions. This is particularly important in the context of the current research in X-ray
laser generation in dense plasmas.

Apart from basic interest and direct applications, atomic calculations can be moti-
vated from a pure computational point of view. Atomic calculations are extremely CPU-

1 According to the philosopher Karl Popper, the probability that a complex scientific theory is true,
and will remain unaltered, is lero. Thia also applies to quantum theory.



and storage demanding, putting high demands on computer program efficiency and per-
formance. It is therefore important to develop algorithms and methods that are both
highly vectorized and suitable to run on parallel machines. The numerical techniques and
experience gained from the solution of the complicated Schrödinger or Dirac equations
can, to some extent, be used in tackling other types of partial differential equations which
occur in science and technology.
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Chapter 2

Fundamental notions of quantum
mechanics

2.1 Historical background
The foundation of quantum physics was laid by Erwin Schrödinger in 1925. Influenced by
Louis de Broglie's hypothesis of the wave properties of matter, Schrödinger formulated an
equation for these matter waves and applied it to the hydrogen atom [2]. Schrodinger's
equation gives the same energies for hydrogen as the old quantum theory of Niels Bohr, but
the physical interpretation is very different. In contrast to Bohr's theory, Schrodinger's
equation is, in principle, applicable to any atom or molecule. The practical difficulties of
solving the equation for a many-electron system are, however, significant. It was not until
1929, when Egil Hylleraas concluded a very successful variational calculation of the energy
levels in helium [3], that it became totally clear that Schrodinger's equation wouid also
lead to the correct result for systei ,s with more than one electron. Hylleraas writes; "Es
ist eine prinzipiell äuflerst wichtige Frage, ob d.e numerische Berechnung der Energien-
iveaus nach der Wellenmechanik auch bei Mehrelektronenproblemen wirklich zu exakten
Ergebnissen fiirt Man braucht nur an das Scheitern der klassischen Quantentheone schon
beim Zweielektronenproblem des Heliums zu erinnern, um zu einzusehen, dafl eine solche
Ubereinstimmung von vornherein gar nicht selbstverständlich ist. ... Doch ist auch hier
mit einfachen Mitteln ein so guter Wert erhalten, daC man mit Sicherheit auf die absolute
Ubereinstimmung zwischen Theorie und Erfahrung schliefien darf." Hylleraas' calculation
can be said to be the starting point for computational atomic physics, and, even if the field
has developed tremendously since 1929, the basic principles of the calculations remain the
same today.

2.2 Wave functions
According to quantum mechanics, a state of an JV-electron atom is defined at any time

by a complex-valued wave function 4>(({i, ...,q/v,f), where q< = (r*,ffi) is the space and
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spin coordinate of the electron labeled t. For an atom in the state <£(qi, . . . ,qjv,<)

(2.1)

can be interpreted as the probability of finding the electrons in the domain dq}...dqs in
g-space. The probability interpretation imposes the normalization condition

/ \4{qi,...,qii,t)\tdq1...dqK = (*|*) = 1 (2.2)

An atom is constructed of from identical spin | particles, the electrons, and it is taken as
an experimental fact that the wave function must be antisymmetric under permutation
of pairs of electron labels

-fq*.- .q>,- ,q*,t) (2.3)

2.3 The wave equation
The time evolution of the wave function is determined by the time-dependent wave equa-
tion

...,qN,t) = ih^(qu...,qN,t) (2.4)

The Hamiltonian operator, H, is Hermitian for square integrable functions and depends on
the atomic system as well as the underlying quantum mechanical formalism (relativistic,
non-relativistic).

For Hamiltonian operators with no explicit time dependence the wave function can be
factorized

tfq»,"-,qw,0 = Wqi.- ,qiO«~"' / l k (2-5)

If 4>{qi, -.-,(\N, t) is to satisfy the time-dependent wave equation, y(qu...,qs) must
be a solution to the eigenvalue equation

Hi>{qu...,qN) = E4>{ql,...,qN) (2.6)

where E is interpreted as the total energy of the system. The operator H has both a
discrete and a continuous eigenvalue spectrum. Eigenfunctions belonging to the former
are square integrable, whereas eigenfunctions belonging to the latter behave like plane
waves at large distances, and the square integral (2.2) becomes infinite. For eigenfunc-
tions belonging to the discrete spectrum, the eigenvalue equation with the normalization
condition (2.2) can be written in an equivalent vari at ion al form. It can be shown that the
functional

(i,\H\i>) - A(V-IV) (2-7)

where A is a Lagrange multiplier introduced to take into account the normalization con-
straint, is stationary with respect to small variations in V> if, and only if, i> is an eigen-
function of H and A is equal to the corresponding eigenvalue [4].

12



2.4 Separation of variables
If a system of N particles can be separated into two non-interacting sub-systems with
coordinates qi, . . . ,qn and qn + i , ...,qjy, respectively, the Hamiltonian can be written in
the form

H = H,+H2 (2.8)

where Hi and Hj are the Hamiltonian operators for the two sub-systems. It can be shown
that all eigenfunctions of the total Hamiltonian can be obtained as sums of products of
the type

V>(q,,..,qjv) = V>i(qi, •>qn)V'2(qn+i,•••,qw) (2.9)

where V'^qi, ••-,qn) and ̂ j(qn+i,--,qw) are eigenfunctions of Hi and H7, respectively.

(2.10)

(2.11)

The corresponding eigenvalue of the total Hamiltonian is given by

E = Ei+Ei (2.12)

2.5 Perturbation theory
Consider a Hamiltonian that can be decomposed according to

H = Ho + etf, (2.13)

where tH\ has a small influence on the eigenvalues aad eigenfunctions of the system.
Suppose the eigenfunctions and eigenvalues of the zer -order Hamiltonian Ho are known

Ho^ = 4°V! 0 ) (2.14)

and that the eigenfunctions are non-degenerate. The eigenvalue and eigenfunction of H
corresponding to E\ can formally be expanded in power series in e

... (2.15)

4,i = i>¥>)+e4,\l) + e>i><i
2) + ... (2.16)

Inserting these power expansions into the eigenvalue equation and collecting terms of
the same order in e, gives the following expression for the first- and second-order energ"
corrections

and

4 0 ) ( }
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Chapter 3

Non-relativistic atomic structure
calculations

3.1 The non-relativistic Hamiltonian
For an AT-electron system, the normal starting point is the Hamiltonian, in atomic units

In the Hamiltonian above, it is assumed that the atomic nucleus can be treated as a point
charge of infinite mass. Relativistic and higher-order nuclear effects are not included at
this stage, but can be treated later as perturbations. The non-relativistic Hamiltonian
commutes with the total angular momentum operators L3, L,, S1, S, and with the in-
version operator 7, and thus the eigenfunctions of H must also be eigenfunctions of these
operators.

Already for a two-electron atom, the eigenfunctions of the Hamiltonian can not be
obtained in closed form, and instead approximate eigenfunctions must be found.

3.2 Variational methods

Many of the methods of finding approximate wave functions rely on the variational for-
mulation of the eigenvalue equation. Solving the variational equation

0 (3.2)

for the lowest eigenvalue of a specified LS symmetry amounts to minimizing the functional

E(i>) = (i,\H\i,) (3.3)

under the normalization condition
1 (3.4)

where i/> belongs to the space of all antisymmetric functions with the correct LS symmetry.

14



In practice, it is of course not possible to minimize the functional over the complete
function space. Instead, a trial function VT is chosen, which is dependent on a number of
parameters a^,a2,-.-,a.

y>T =i>T(aua2,...,a.) (3.5)

The energy functional
(3.6)

is then minimized with respect to the variational parameters under the normalization
condition

(4>T\4>T) = 1 (3.7)

From a pure energetic point of view the resulting E(ipj) and Vr represent the best esti-
mates of the eigenvalue and eigenfunction within the function space spanned by the trial
function.

The variational method can also be used to obtain upper bounds of higher eigenvalues,
if the trial function is constructed so as to be orthogonal to the exact wave functions of
the lower states of the same LS symmetry. This is, however, of no practical importance,
since the wave functions for the lower states are not known exactly. Instead, variational
calculations rely on the Hylleraas Undheim theorem [5, 6]. Suppose the trial function is
expanded in an orthogonal basis set

VT = £ > # , (3.8)
•=i

and that the eigenvalues of the m x m Hamiltoni&n matrix Hij = ($i\H\$j) are arranged
according to

E? < E? < ... < EZ (3.9)

If t h e bas i s s e t is a u g m e n t e d b y $ . . ; + i a n d t h e e i g e n v a l u e s of t h e ( m + l ) x ( m + l )
H a m i l t o n i a n m a t r i x a r e

£["+1 < £7+ 1 < ... < EZtl (310)

we have

If the basis $m is extended to span the whole function space of the correct LS symmetry,
then

El'™* < E? (3.12)

that is, the fcth lowest eigenvalue of the mx m Hamiltonian matrix is an upper bound to
the exact energy of the fcth lowest excited state of the given LS symmetry.

The success of the variational method depends largely on the choice of the trial func-
tion. The trial function should be flexible and incorporate the correct qualitative features
of the exact eigenfunction. Furthermore, the parametrization of the trial function must
be performed in such a way that when the parameter space is increased, the trial function
should eventually span the whole function space.

15



By carrying out a sequence of calculations, in which the parameter space is enlarged
in a systematic way, the convergence of the energy, or any other observable calculated
from the trial function, can be studied. In this way it is possible to obtain error estimates
of both the energy and other observables.

The variational method minimizes the energy, and the trial function is not necessarily
a good approximation of the true eigenfunction in those regions of space that are less
important for the energy. Depending on the observable to be studied, the parametrization
can be targeted for the regions of the function space that are most important for the
observable. That is, the trial function is allowed to have more degrees of freedom in these
regions than is motivated from a purely energetic point of view. Unfortunately, there is
no firm theoretical basis for how to choose the parametrization in an optimal way, and
this still relies on experience.

3.2.1 Hylleraas calculations
For two- and three-electron systems it is possible to obtain extremely accurate variational
solutions to the eigenvalue equation by including the inter-electron coordinates explicitly
in the trial function. Using a trial function of the form

i, r,) = Y, E CiJWXi.*.i(ai. Pi) (313)
i= l iJkf

with basis functions (symmetric for the singlet states and antisymmetric for triplet states)

l(rur2)±

^ , , * , ) (3.14)

where ^^^(f i j f j ) denotes vector-coupled products of spherical harmonics and c^,*,!,^,/^
variational parameters, Drake has calculated the non-relativistic energies of helium with
16 significant digits [7]. Since the Xj.*,i(c*«>Å) basib set is complete, the variational eigen-
values must eventually converge to the exact eigenvalues as the number of terms increases

Table 3.1 shows the convergence pattern for the ground state as the basis set is sys-
tematically enlarged in such a way that j + k + I <il.

3.2.2 Hartree-Fock calculations
It has proven to be exceedingly difficult to generalize the Hylleraas type of expansions
to atoms with more than three electrons, and therefore another functional form of the
trial function must be used. In the Hartree-Fock scheme [8], the trial function is assumed
to have the same functional form as the eigenfunctions of a separable Hamiltonian, Ho,
based on the central field approximation.

^ ) (3.15)

16



Table 3.1: Convergence study for the ground state of helium using Hylleraas iype of
expansions. From Ref. [7].

ft

4
5
6
7
8
9
10
11
12
13
14
15

No. of
terms

44
67
98
135
182
236
302
376
464
561
674
797

-2.903
-2.903
-2.903
-2.903
-2.903
-2.903
-2.903
-2.903
-2.903
-2.903
-2.903
-2.903

724
724
724
724
724
724
724
724
724
724
724
724

Energy I

130
351
373
376
376
377
377
377
377
377
377
377

999
566
891
548
960
018
030
033
033
034
034
034

(a.u.)

8161
4306
1940
9596
3280
1674
7596
4248
9664
0764
1074
1158

-0.000
-0.000
-0.000
-0.000
-0.000
-0.000
-0.000
-0.000
-0.000
-0.000
-0.000

000
000
000
000
000
000
000
000
000
000
000

Difference

220
022
002
000
000
000
000
000
000
000
000

566
324
657
411
057
012
002
000
000
000
000

6146
7634
7656
3684
8394
5922
6653
5416
1099
0311
0083

where V(r<) is a central potential. The antisymmetric eigenfunctions of Ho can be ex-
pressed as determinants

<t>
(3.16)

where fa is a single-electron orbital, which in the central field is of the form

(3.17)

where Yim, is a spherical harmonic and £m, a spin function. As in hydrogen, the radial
function, or radial orbital, can be assigned a principal quantum number, n, dependent on
the number of radial nodes, and the single-electron orbitals can be entirely specified in
terms of the four quantum numbers n, I, mi and TO,. All orbitals with the same n and
/ quantum numbers have the same energy and are said to belong to the same nl shell.
Usually, an orthonormality constraint is imposed on the radial orbitals

T Pn/(r)Pn-,(r)<ir = 6n
Jo

(3.18)

In general, Slater determinants do not have a definite LS symmetry. However, through
a linear combination of determinants with the same set of nl quantum numbers, but

17



different TO/ and m,, an eigenfunction of L1, Lx, S
2 and SM can be formed. This function

is referred to as a configuration state function (CSF) and is denoted $(fLS), where 7
represents the set of nl quantum numbers and the angular coupling scheme.

Defining the radial integrals

(»/,»T) = J~ P«{r) ( - — - Z- + ^ ^ ) Pn.,{r)dr (3.19)

x mh.mk n<l4) = / " -Y^mh n,fS)r,)PIlI,1(r2)P,1,i.(n)*'2 (3.20)
JO Tj

Fk(nl,nT) = Ä*(n/n'/',n/n'/') (3.21)

Gk(nl, n'l') = Rk{nln'l', n'l'nl) (3.22)

where the function

i "3/3, r,) = r2 / " -JIT/»»,!,(r t)Pn>fa(r1 )*»! (3.23)

is introduced for future reference, the energy functional of the configuration state function
${*tLS) with 7 = (nih)«{n7l2)*...(nmlm)*' can be written [8]

EfrLS) =

i=J I Jf=l k=ll.-i,

I(n,l,, mti) + ( V ^ ) I ) /*(i)F*(mfc, mfc)

(3.24)

The coefficients /* and gi, depend on the the angular couplings and can be determined
analytically using Racah algebra techniques [9, 10].

In the variational procedure, the energy is minimized with respect to variations in the
radial orbitals, subject to orthonormality restrictions

/ ()P«.|(r)ir = 6m, (3.25)
o

This is a non-linear problem, and an iterative procedure is required to determine the
solution.

Instead of minimizing the energy directly, a set of integro-differential equations for
the radial orbitals can be obtained by applying the radial variatioiiaJ conditions to the
functional

EfrLS) + ESuMP».i.\Pn,i,) (326)

The integro-differential equations, one for each radial orbital, are of the form

- c«) Pn,,,(r) = ;X(m/4;r) + Z6u,eijPnih(r)

(3.27)

18



where
2'.

Y(n,l.; r) = 2(g, - 1) £ /t(i)V
fc(n.Z,n./,; r) + £ Si^Vi W * ') (328)

and

A'(n,J,;r) = £ 9 ; £ » ( M ^ ' t e W i j r J P n ^ r ) (3.29)
>#; *=M.-/,|

The diagonal, ti, and off-diagonal £̂  energy parameters are related to the Lagrange mul-
tipliers by en — Aij/q, and e^ — s-ii/q,. The integro-differential equations are non-linear
and must be solved iteratively by the so-called self-consistent field procedure.

The Hartree-Fock wave function corresponds to a model of the atom where the elec-
trons move independently of each other in an average potential. Despite the simplicity, this
model predicts the energy eigenvalues surprisingly well. Although the energies predicted
by the Hartree-Fock model are fairly accurate, energy differences and atomic properties
calculated from the wave function might be wrong by considerable amounts. It is there-
fore necessary to improve the Hartree-Fock model and to take the electron correlation
into account.

3.2.3 Mult {configuration Hartree-Fock calculations

The Hartree-Fock method can be extended in a natural way to take the electron correlation
into account. In the multiconfiguration Hartree-Fock (MCHF) method [8, 11], the trial
function is given as a linear combination of orthogonal configuration state functions

(3.30)
1 = 1

where

1 (3.31)
1 = 1

Since the eigenfunctions of the separable Hamiltonian, //0, form a complete set, the
expansion above can formally be increased to span the whole function space. The energy
functional is given by

ciHii (3.32)
•=i >=i

where
Ha = (fiLSlHl-uLS) (3.33)

This can also be written in matrix form

E(iLS) = C'HC (3.34)

where H = (#i>) is the interaction matrix and C = (c<) the column vector of the expansion
coefficients. Each matrix element, Hij, can be expressed in terms of radial integrals

£ *) (3-35)
ab abcdk
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where now i and 6 denote the nl quantum numbers of the orbitals and the sums of afc
and abed are over the occupied orbitals in configurations t and j . In MCHF calculations
the energy functional is minimized with respect to variations in the radial orbitals and
the expansion coefficients subject to the orthonormality restrictions

Jo
Pni(r)Pn-i(r)dr = 6nn. (3.36)

o
and

The stationary condition with respect to variations in the expansion coefficients is easy
to handle and leads the matrix eigenvalue equation

HC = EC (3.38)

In this case, the complete minimization is performed iteratively as follows [llj:

1. Initial estimates of the radial functions

2. Solve matrix eigenvalue equation

3. Minimize the energy with respect to variations in the radial orbitals

4. Solve matrix eigenvalue equation

where steps 3-4 are repeated until both the energy and the orbitals have converged within
some specified tolerance.

Alternatively, as for the HF calculations, a set of integro-differential equations can be
obtained by applying the radial variational condition to the functional

EfrLS) + yf6UlXij(Pn,,,\Pn)li) - A £ > ? (3.39)
» . ; » = 1

This leads to radial equations of Hartree-Fock type

it*
(3.40)

where the function X arises from the exchange within a configuration state and from inter-
actions between configuration states. The stationary condition with respect to variations
in the expansion leads to the matrix eigenvalue equation

HC = EC (3.41)

which is coupled to the radial equations. These equations are solved iteratively as follows
[8, 12, 13]:
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1. Initial estimates of the radial functions

2. Solve matrix eigenvalue equation

3. Improve radial functions by solving the integro-differential equations

4. Solve matrix eigenvalue equation

where, as for the minimization, steps 3-4 are repeated until both the energy and the
orbitals have converged within some specified tolerance.

For the MCHF calculations, the angular data defining tbe energy expression in terms
of radial integrals must be stored on disk. The size of the data file grows rapidly with
the number of configuration state functions, and the limit on the number of configuration
state functions which can be included in the wave function expansion is often set by the
disk space available.

3.2.4 Configuration interaction calculations
Once a set of radial orbitals has been obtained, a configuration interaction (CI) calculation
can be performed. In a CI calculation the wave function is expanded in configuration state
functions, but now only the expansion coefficients are to be determined. This is done by
diagonalizing the Hamiltonian matrix. For small expansions standard routines from the
EISPACK and HARWELL numerical libraries can be used, but for larger expansions these
routines become inefficient. Instead, the iterative Davidson method [14] can be used to
determine a restricted number of the lowest eigenvalues and eigenvectors. Using a sparse
matrix representation, where only non-zero matrix elements are saved, large expansions
can be used, the limit being set by the available disk space. Once the disk limit has
been reached the expansions can be increased further only if the matrix elements are
reevaluated as they are needed. For methods based on Slater determinants, in contrast
to methods based on LS-coupled configuration states, the evaluation of matrix elements
is reasonably fast, allowing such reevaluation procedures. In these cases, expansions with
more than 1 billion terms can be handled [15].

3.3 Relativistic corrections
The Hamiltonian

has been derived under the assumption that relativistic effects are small and can be
neglected. This is a good approximation for atoms with low Z, but for atoms with higher Z
it becomes necessary to include relativistic corrections. In the Breit-Pauli approximation,
the Hamiltonian is extended to include relativistic corrections up to a relative order of
(aZ)7. It is convenient to regard the Breit-Pauli Hamiltonian as a sum [16], namely

HBp = HNR + HR (3.43)
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where HR represents the relativistic contributions. The latter may again be subdivided
into non-fine structure and fine structure contributions, or

HR - HNan-Fine + Hpine (3-44)

The non-fine structure contributions,

HNan-Fint = ^maii + HDarwin + HsSC + HOO (3.45)

shift non-relativistic energy levels without any splitting of the levels. The mass-velocity
term

tf™.. = - ^ £ ; V < (3.46)

corrects for the variation of mass with velocity; the one- and two-body Darwin terms,

are the corrections of the one-electron Dirac equation due to the retardation of the elec-
tromagnetic field produced by an electron; the spin-spin-contact term,

-i)S{*i-*i) (3 48)

accounts for the interaction of the spin magnetic moments of two electrons occupying the
same space and finally, the orbit-orbit interaction,

( 3 4 9 )

accounts for the interaction of two orbital moments.
The fine structure contributions

//fine = HsO + HsOO + HsS (3.50)

split the non-relativistic energy levels into a series of closely spaced levels. The most
important of these is the spin-orbit interaction,

representing the interaction of the spin and angular magnetic moments of an electron in
the field of the nucleus.

Two other contributions, the spin-other-orbit,

(s; + 2s;) (3.52)
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and spin-spin terms

Hss = a ' £ -V {* • *i - 4 ( * • 'y)(»i"'a) \ (3-53)

may, in a rough sense, be regarded as corrections to the nuclear spin-orbit interaction due
to the presence of other electrons in the system [17].

The wave function is expanded in the Breit-Pauli approximation in terms of configura-
tion state functions with different LS terms but with the same total angular momentum J

iSiJ) (3.54)

The expansion coefficients are determined by diagonalizing the interaction matrix

SjJ) (3.55)

3.4 Additional perturbations
The non-relativistic Hamiltonian as well as the Breit-Pauli Hamiltonian used above have
been derived under the assumption that the atomic nucleus is a point charge of infinite
mass. In reality, the nucleus has a finite mass and extended distributions of charge, electric
current and magnetization. The effects of the finite mass and the detailed inner structure
of the nucleus are small and can be treated in first-order perturbation theory. Below, the
leading corrections due to the detailed nuclear structure are discussed.

3.4.1 Level isotope shift
For a finite nuclear mass, M, the kinetic energy of the nucleus must be considered. Using
the momentum conservation law in the center-of-mass coordinate system, the operator
for the internal kinetic energy of an Af-electron atom becomes [18]

The first term includes a correction to the electron mass in which the mass m is replaced
by the reduced mass1, fi = Mm/(M + m). This can be accounted for by adding a
correction

'In atomic unit» (a.u.) m = 1, but is included explicitly to avoid misunderstanding». The nuclear
man M i» usually given in units of the unified atomic masa (u) and must be converted to atomic units
before being used in the above formulas. 1 u = 1822.88851 a.u.

23



to the energy Eo of the zero-order Hamiltonian. This is the normal mass shift (nms).
The inclusion of the second term leads to an additional energy correction known as the
specific mass shift (sms).

S-^-M^E^-ViW (3-58)

As first noted by Stone [19] the specific mass shift operator can be expressed in a more
familiar tensor form

(359)

where

{c x l(')](i) (3.60)
Or T

In the above formula C'*) is a spherical tensor operator Mrith the components related to
the spherical harmonics by C^ = \jA.rl(2k + l)Yi,. Using the relation

< ( l + l ) ^ f ( l > + 1 ) (3.61)

it is seen that the gradient operator can be factorized into a radial and &n angular part

V<" = VrC(^ (3.62)

where the radial part is given by

a «i + i)-2-iy> + i)
Vr~Fr 2r ( 3 6 3 )

Finally, substituting this into eq. (3.61) we obtaine the tensor form of the specific mass
shift operator

This tensor form is the same as that for the k = 1 term in the expression for the electro-
static interaction between the electrons

E — EE-érfc^O-CWU)) (3.65)
%<i r'i i<j k r>

Thus, the computational apparatus set up for the calculation of the electrostatic interac-
tion matrix elements can, with small modifications, be used for the specific mass shift. In
many cases, the specific mass shift is expressed in terms of the parameter 5

^v i lV'> (3.66)
<i
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which is independent of the nuclear mass.
Due to the finite size of the nucleus, the potential inside the nuclear charge distribution

deviates from the potential of a point charge Z. For light atoms, where non-relativistic
wave functions can be used, the resulting energy correction to the level Eo is given by

Z<£) |V(0) | J (3.67)

where (rj,) is the mean square radius of the nucleus with mass M. This is the so-called
field shift (fs). Using the Dirac delta function the field shift can be written

(3.68)

Noting that 4jrr25(r) = 6(r) we can write the field shift operator in tensor form

(3.69)
1=1

3.4.2 Transition isotope shift

An isotope of an element is characterized by its mass, M, and mean square nuclear radius
{r\[). When isotope effects are taken into account, calculated energy levels of isotopes of
the same element are shifted relative to each other. The level isotope shift is not a directly
measurable quantity. What can be measured is instead the difference in transition energy
between an upper and a lower level for different isotopes. Let AE0 be the transition energy
calculated from the zero-order Hamiltonian, AS the difference between the specific mass
shift parameter of the upper and lower states and A|t/>(0)|* the difference between the
electron densities. The transition energy for an isotope with nuclear mass M can then be
written

AEM = AE0 - A £ o ^ ^ + ^ + y ZA|V>(0)|2(rJ,) (3.70)
y

The difference in transition energy between two isotopes with mass A/' and M is given by

- AEM = AE0
M' + m

AS
 [JP ~ h\+ f

From the experimental shift in transition energy, AEWM, and theoretical electronic quan-
tities AS and A\i>(0)\2, the difference in the mean square nuclear radius {r7

M,) — (r2
M) can

be deduced. Unfortunately, it has in many cases been found to be exceedingly difficult to
calculate AS accurately.
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3.4.3 Hyperfine structure
The hyperfine structure of the atomic energy levels is caused by the interaction between
the electrons and the electromagnetic multipole moments of the nucleus and leads to a
splitting of the fine structure levels. The contribution to the Hamiltonian can be repre-
sented by an expansion in multipoles of order K,

Hh,. = Y, T(*' • M ( l ° (3-72)
K>1

where T^*' and M'* ' are spherical tensor operators of rank K in the electronic and nuclear
space, respectively [20]. The K — 1 term represents the magnetic dipole interaction and
the K = 2 term the electric quadrupole interaction. Higher multipole orders of the
interaction are much weaker and can often be neglected. The interaction couples the
electronic, J, and nuclear, I, angular momenta to a total momentum, F = I + J, and the
coupled state can be represented by

hajWFMf) (3.73)

In this representation, the magnetic dipole and electric quadrupole interaction energies
are given by

Em(J) = (vijUFMr I T*1' • M<»> | injIJFMF) (3.74)

and
EE3(J) = (IHJIJFMF I T<2> • M<2> | lnjUFMr) (3.75)

The electronic operator for the magnetic dipole interaction can be written

,.2 N
= y £ [ 2 1(I)(»K3 - g.VlÖ[Cw{i) x 8(I)(t)](1Vr3 + g,^6(Ti)ew(i)] (3.76)

where g, =2.002 319 3 is the electron spin g-factor and S(r) the three-dimensional delta
function. The first term of the electronic operator represents the magnetic field generated
by the orbiting electric charges and is called the orbital term. The second term represents
the field generated by the orbiting magnetic dipole moments, which are coupled to the
spin of the electrons. This is the spin-dipole term. The last term represents the con-
tact interaction between the nuclear magnetic dipole moment and the electron magnetic
moment. It is called the Fermi contact term and contributes only for ^-electrons. The
nuclear operator M ^ is related to the nuclear magnetic dipole moment, /*/, according to

(VII | M™ | VII) = v (3.77)

The electronic operator for the electric quadrupole interaction is

N

-V;c ( 2 ' ( t ) r-3 (3.78)
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and represents the electric field gradient. The nuclear operator M'3' is related to the
scalar nuclear electric quadrupole moment Q according to

( 7 / / / | M™ I 7 , / / ) = | (3.79)

By a recoupling of / and J the interaction energies can be rewritten as

W ) = (-l)'+'+'{ j Jj f } (ijJ\\^hjJ)(vI\\MW\h,I) (3.80)

and

BEi(J) = ( - 1 ) / + J + ' | j ] j } (7,J||T<3>||7/.7)(7//||M<J>||7//> (3.81)

The reduced matrix elements are defined through the Wigner-Eckart theorem

J K J
Q M, ) ^JWTWiJ) (3.82)

The energies are usually expressed in terms of the hyperfine interaction constants (A and
B factors)

é ' " (3-83)
WT3j] ( 3 8 4 >

The energy corrections are then given by

Em{J) = ^AjC (3.85)
2

where C = F(F + 1) - J{J + 1) - / ( / + 1)
In theoretical studies, the interaction constants Aj and 5 j are often given as linear

combinations of the parameters ai,a,d, ac
 a nd bq.

N

a, = (-iLSMLMs | £ ^ ' ( O T 3 I iLSMLMs) (3.87)
•=i

a.d = (iLSMLMs | £2C51)(i)«<1)(»)r,-å I lLSMLMs) (3.88)

ac - (iLSMLMs | E 2 j o M ( iK 2 *(n) I lLSMLMs) (3.89)

fc, = (*,LSMLMS | £ 2 C < " ( 0 T 3 I iLSMLMs) (3.90)

where Mt = L and Ms = S.
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3.5 Oscillator strength
Atomic states are not stationary since they couple with the electromagnetic field. The
strength of the coupling between the atom and the electromagnetic field is often given in
terms of the weighted oscillator strength, gf. In the dipole approximation, the weighted
oscillator strength for a transition between a level 7'J ' and a level 7J can be written in
two forms, the length and the velocity form, respectively [21)

9fi = li^'J' - £,j)|(V|| 5>CW(i)lhr'./')|8 (3.91)
1 = 1

gf, = \{Etr ~ S^riMlE V*\i)h'n* (3-92)

The two forms of the gf value give the same result for exact non-relativistic wave functions.
For approximate wave functions, however, they will differ and this can be used as a
measure of the accuracy of the calculated values.

3.5.1 Evaluation of transition matrix elements

In the MCHF approach, where both states in the transition are given as configuration
state expansions

'iS
l
jJ

l) (3.93)

and

) (3.94)

the calculation of the gf value reduces to the evaluation of transition matrix elements

<7*I*S*J|| £ nCMMh'jLW) (3.95)
•=1

and

(7*L*S*J| |£;V<»(») | |7 ;L; .S;7 ') (3.96)

By a recouping of J the length and velocity matrix elements can be written

t \J' t L ' \
1 )

i= l
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{ J' t /
The reduced matrix elements between arbitrarily LS-coupled configurations can be eval-
uated with standard Racah algebra, assuming that both left and right configurations are
formed from the same orthonormal set of spin-orbitals [22]. This is a very severe restriction
since a high-quality wave function demands orbitals optimized for the specific electronic
state. To overcome this, Hibbert et ai. [23, 10] and Godefxoid et a/. [24] have extended
the Racah algebra to allow for a limited use of non-orthogonal orbitals. Although the
extended Racah algebra represents a substantial improvement, the restrictions adopted
in the computer codes [24] still cause serious limitations. However, Malmqvist [25] has
shown that for very general configuration expansions, where the initial and final state
are described by different orbital sets, it is possible to change the wave function repre-
sentation of the two states in such a way that standard Racah algebra can be used for
the evaluation of the matrix elements in the new representation. This procedure for the
calculation of gf values can then be summarized as follows.

1. Perform MCHF calculations for the initial and the final states where the orbital sets
of the two wave functions are not assumed to be equal.

2. Change the wave function representation by transforming the two orbital sets into a
biorthonormal basis. This is followed by a counter-transformation of the expansion
coefficients cj and ĉ  so as to leave the total wave functions invariant.

3. Calculate the gf values with the transformed wave functions for which now standard
Racah algebra can be used.

Recently, this method has been implemented in the MCHF package of Froese Fischer
and it was shown that, once two orbital sets can be used, it is possible to obtain accurate
oscillator strengths for light atoms (Papers 18, 20). This method has the potential of
providing accurate oscillator strengths also for more complicated atoms.
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Chapter 4

Selection of configuration spaces

4.1 Active space method

In order to ensure the convergence of a calculated expectation value, as well as to estimate
the uncertainty, the configuration space must be enlarged in a systematic way. A very
efficient way of doing this is to use the active space method [26, 27], where configuration
state functions of a specified parity and LS symmetry are generated by excitations from
one or more reference configurations to an active set of orbitals. The active set of orbitals is
then increased in a systematic way, allowing the convergence of the expectation value to be
studied. Following the notation used in quantum chemistry, the active set is characterized
by the number of orbitals of a certain symmetry. The set 3«2plJ for example, contains
three 4-orbitals, two p-orbitals and one cf-orbital.

If all possible excitations are allowed from the reference configuration to the active
set of orbitals, the configuration space, referred to as the complete active space (CAS),
grows very rapidly with the increasing active set of orbitals. It is therefore, in most cases,
necessary to impose restrictions on the allowed excitations. Which restrictions should be
imposed and how to enlarge the active set of orbitals depends very much on the form of
the operator for which the expectation value is to be calculated.

4.1.1 General considerations
For variational methods, the approximate wave function is obtained by minimizing the
total energy. It is therefore of great importance to analyze how the total energy depends
on different configuration expansions. In the Hartree-Fock approximation, the correlation
between the electrons due to their mutual repulsion has been neglected, and instead
the electrons have been assumed to move independently of each other in some average
potential. A multiconnguration expansion must be able to describe the hitherto neglected
correlation between the electrons. A measure of the correlation effects is given by the
correlation energy, defined as the difference between the exact non-relativistic energy and
the Hartree-Fock energy [28]

Ecorr - Eetact ~ EtiF (4 .1)
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It is interesting to see how much of the correlation energy is captured by different config-
uration expansions. Expansions generated by the active space method are often classified
by the number of excitations allowed from the reference configuration. In Table 4.1 the
total energy for the ljJ2aJ 1S term in Be is shown for four different sets of MCHF cal-
culations where the expansions were generated by D, SD, SDT and SDTQ excitations
from the lai2si reference configuration to the increasing active set of orbitals. Here S,
D, T and Q denote single, double, triple and quadruple excitations, respectively. The
energetically most important configurations are generated by double excitations, and in
this limited calculation, these configurations contribute more than 94.3 % to the corre-
lation energy. The relative importance of the different excitations can be understood by
considering the order-by-order expansion of the energy in perturbation theory [29, 6]. For
closed-shell systems the second- and third-order energy contributions contain only double
excitations in the intermediate states when Hartree-Fock orbitals are used. Single, triple
and quadruple excitations appear first in the fourth order, which explains their smaller
energy contributions. The dominating correlation effect, described by configurations ob-
tained from double excitations, is often named pair-correlation. Pair-correlation can be
subdivided into three different types of correlation:

1. Valence correlation, described by configurations obtained by double excitations from
the outer, or valence, shells,

2. Core-valence correlation, described by configurations obtained by double excitations
where one excitation is from a closed inner, or core, shell and the other from a valence
shell, and

3. Core-core correlation, described by configurations obtained by double excitations
from core shells

If, for the Is22s7 ' 5 term, we take the Is shell as the core shell and the 2s shell as the
valence shell, the core-coie and valence correlation is described by configurations obtained
by double excitations from the Is and 2a shells, respectively. The core-valence correlation
is described by configurations obtained from double excitations where one excitation is
from the 1« shall and the other from the 2* shell. In Table 4.2 the total energies are shown
for these three types of expansions. All orbitals except the Is and 2s were optimized in
the calculations. In this case, it can be seen that the core-core and the valence correlations
are of equal importance and dominate heavily over the core-valence correlation. For larger
atoms the major part of the correlation energy results from core-core correlation.
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Table 4.1: Energy and number of configuration state functions for expansions generated
by D, SD, SDT and SDTQ excitations from U22a2 lS in Be to the increasing active set
of or bil als.

Active set
D excitations

Energy NCSF
SD excitations

Energy NCSF

HF -14.573 023
2slp -14.616 852
3s2pld -14.651 151
4s3p2dlf -14.657 371
5s4p3d2flg .. -14.660 386
6s5p4d3f2glh -14.661 941

1
4
17
45
92
162

-14.573
-14.616
-14.651
-14.657
-14.660
-14.661

023
852
154
792
866
995

1
4
19
49
98
170

Active set
SDT excitations

Energy NCSF
SDTQ excitations
Energy NCSF

HF -14.573 023
2slp -14.616 852
3s2pld -14.651 354
4s3p2dlf -14.658 165
5s4p3d2flg .. -14.661 363
6s5P4d3f2glh -14.662 547

Non-rel. limit*

1
4
37
177
540

1 582

-14.573
-14.616
-14.654
-14.661
-14.664
-14.666

-14.667

023
856
415
481
840
070

353

2
10

1
5
63
460
432
081

° Estimated non-relativistic limit of Ref. [30]
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Table 4.2: Energies for laa2a2 lS in Be in the pair-approximation for valence, core-valence
and core-core correlation.

Active set Valence Core-valence Core-core

HF -14.573 023 -14.573 023 -14.573 023
2slp -14.616 063 -14.574 237 -14.595 158
3s2pld -14.618 620 -14578 075 -14.612 266
4s3p2dlf . . . . -14.618 990 -14.578 814 -14.614 398
5s4p3d2flg .. -14.619 083 -14.579 009 -14.615 041
6s5p4d3f2glh -14.619 121 -14.579 079 -14.615 316

Table 4.3: Radial expectation values for the orbitals for the valence, core-valence and
core-core expansions.

Valence Core-valence Core-core

Orbital (r) (r) (r)

Is
2s
2p
3s
3p
3d
4s
4p
4d
4f

0.414
2.649
2.506
3.310
3.138
2.680
3.581
2.922
2.875
2.622

0.414
2.649
1.238
0.807
0.967
1.217
1.026
0.825
0.620
1.181

0.414
2.649
0.446
0.621
0.448
0.430
0.554
0.445
0.431
0.418
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A wave function is determined not only by the configuration expansion but also by
the orbital basis. The radial parts of the orbitals are obtained in MCHF calculations
by minimizing the total energy for a certain configuration expansion. The shape and
spatial location of the orbitals will, of course, strongly depend on how this configuration
expansion is chosen. In Table 4.3 the radial expectation values

(nl\r\nl) = T rPl(r)dr (4.2)
Jo

of the orbitals are shown for the valence, core-valence and core-core expansions. If the
expansion consists of configurations obtained by double excitations from the outer shell
and describes valence correlation, the radial expectation values of the correlation orbitals
will be close to those of the valence orbitals. If the expansion describes core-valence cor-
relation the radial expectation values will be somewhere between the expectation values
of the core and valence orbitals. For expansions describing core-core correlation the cor-
relation orbitals will be strongly contracted, with radial expectation values close to those
of the core orbitals. If, in an MCHF calculation, all double excitations are allowed from
the reference configuration, the first correlation orbitals will mainly describe core-core
and valence correlation. Not until these two effects are saturated will the orbitals start
to describe core-valence effects. Since the core-core and valence correlation are energeti-
cally much more important than the core-valence correlation, a large number of orbitals
is needed before the core-valence correlation is properly described. The main problem
with variational calculations is that the expectation values of many operators describing
measurable physical quantities have a different dependence on the configuration expansion
and the orbital basis than the total energy. Often, the expectation values of these op-
erators are more sensitive to the energetically unimportant core-valence correlation than
to the core-core correlation. In these cases it can be advantageous to target the MCHF
expansions on the valence and core-valence correlation to generate an orbital basis that
is properly located in space to describe these effects. If necessary, the orbital basis can
be extended to include contracted orbitals mainly describing core-core correlation.

Single excitations are much less important for the total energy than double excita-
tions. However, the number of configurations generated by single excitations is small and
therefore it is common to include these configurations in a pair-correlation calculation. In
systems with open shells, configurations generated by single excitations describe polariza-
tion effects. The most important polarization effect is the core-polarization, described by
single excitations from the core shells. As for the pair-correlation, the core-polarization
can be divided into different effects.

1. Spin-polarization, described by configurations obtained from single excitations from
the core to an orbital of the same symmetry followed by a spin-recoupling- As
an example we can consider the lowest 2P state in lithium where the configura-
tion \sns {3S)2p J P describes the spin-polarization of the reference configuration
l322p2P.

2. Orbital-polarization, described by configurations obtained from single excitations
from the core to an orbital of different symmetry- The configuration land (lp373)2p 2P,

34



Table 4.4: Specific mass shift parameter for expansions generated by SD, SDT and SDTQ
excitations from 1J22«2 1S to the increasing active set of orbitals.

Active set

HF
2slp
3s2pld
4s3p2dlf
5s4p3d2flg ..
6s5p4d3f2glh

Non-rel. limit"

SD excitations
S

0.000 000
0 000 685
0.449 830
0.449 169
0.432 556
0.430 670

NCSF

1
4

19
49
98

170

SDT excitations
S

0.000 000
0 000 685
0.452 043
0.452 779
0.436 259
0.433 486

NCSF

1
4

37
177
540

1 582

SDTQ excitations
S

0 000 000
0 006 982
0.484 180
0.483 499
0.466 070
0.462 993

0.460 688

NCSF

1
5

63
460

2 432
10 081

" Most accurate value of the non-relativistic limit, from Ref. [31]

for example, describes the orbital-polarization of Is72p 7P.

Below, the dependence on different correlation and polarization effects will be analyzed
for a number of different operators, and the goal is to present some general guidelines for
the selection of configuration expansions.

4.1.2 Specific mass shift

The specific mass shift operator is a two-body operator, and therefore double excitations
are expected to be important. In Table 4.4 the specific mass shift parameter for Is22s2 *S
in Be is shown for expansions generated by SD, SDT and SDTQ excitations from 1 J 2 2J 2

to the increasing active set of orbitals. It can be seen that configurations generated
by SD excitations are by far the most important, and in this case, 93 % of the exact
value is captured. The contribution from configurations generated by triple excitations is
small, and the remaining effects come from four-particle effects. As for the total energy,
the pair-correlation effect on the specific mass shift parameter can be subdivided into
valence, core-valence and core-core correlation effects. In Table 4.5 the specific mass shift
parameters are shown for valence, core-valence and core-core correlation expansions. All
orbitals except the la and 2J were optimized. It can be seen that the core-core correlation
contribution dominates and that the core-valence contribution is more important than the
valence contribution. For larger atoms with both s and p shells in the core there will be
a very large contribution to the specific mass shift parameter also at the Hartree-Fock
level. When calculating the isotope shift in a transition, the specific mass shift parameters
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Table 4.5: Specific mass shift for laa2«J lS in Be in the pair-approximation for core-core,
core-valence and valence correlation.

Active set Core-core Core-valence Valence

HF 0.000 000 0.000 000 0.000 000
2slp 0.443 767 -0.010 009 0.003 563
3s2pld 0.427 920 0.042 700 -0.002 659
4s3p2dlf .. . 0.424 176 0.046 415 -0.002 450
5s4p3d2flg . 0.422 648 0.046 484 -0.003 670
6s5p4d3f2glh 0.421 961 0.046 601 -0.003 562

from the upper and lower levels should be subtracted. Since the large contribution from
the core is almost the same for the two levels, it is obvious that it is extremely difficult
to obtain an accurate value for the difference and that even a small imbalance in the
description of the core-core effects for the two levels will result in large deviations from
the correct value [32]. Due to the strong cancellation between the core-core contributions,
the relative importance of the core-valence and valence correlation effects will increase for
the difference. Thus, in isotope shift calculations all pair-correlation effects must be very
accurately described for both the upper and lower level. In addition, it has been shown
that four-particle effects are also important, making the calculations even more difficult.

4.1.3 Hyperfine structure
Since the hyperfine structure is described by one-body operators, only configurations
obtained by single excitations can couple directly to the Hartree-Fock reference config-
uration. Configurations obtained by single excitations describe polarization effects and
are often energetically unimportant. If all SD excitations are allowed from the reference
configuration a large number of orbitals are needed to saturate the core core correlation
effects, leading to extensive calculations, even for light atoms. For larger atoms it is
presently not possible to completely saturate the core-core effects and, if the expansions
are not specifically targeted to describe core-valence correlation and polarization effects,
these will be inaccurately described. A possible calculation scheme targeted for hyperfine
structure can be summarized as follows.

1. Perform a HF calculation for the reference configuration.

2. Perform a set of MCHF calculations for expansions obtained by SD excitations
from the reference configuration to the active set with the restriction that at most
single excitations are allowed from the core shells. This expansion mainly describes
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valence, core-valence and polarization effects resulting in a properly located orbital
basis. In these calculations the core orbitals are kept frozen, whereas the rest of the
orbitals are optimized simultaneously. The active set is increased until the hyperfine
structure parameters have converged.

3. Perform a CI calculation for the expansion generated by all SD excitations from the
reference configuration to the largest active set from the previous MCHF calcula-
tions. By allowing all SD excitations this expansion will describe some core-core
effects in addition to the valence, core-valence and polarization effects.

4. To ensure that the core-core effects have converged, increase the active set and
perform additional MCHF calculations for expansions generated by SD excitations.
In these calculations only the new orbitals are optimized.

5. To obtain very accurate values, perform a CI calculation where some configura-
tions obtained from thiee-particle excitations have been added to the largest SD
expansion.

As an example of how difficult it is to saturate the core-core effects, and to obtain orbitals
properly located in space to describe core-valence effects, when all configurations gener-
ated by SD excitations are included in the MCHF expansion, we consider the hyperfine
structure in the ground state of sodium. In Table 4.6 the magnetic dipole interaction
constant for the Is22j'2p*3a ISl/1 state is shown as a function of the active set of or-
bitals. The configuration expansions were generated by SD excitations from the reference
configuration. In the calculations, all orbitals were optimized simultaneously. To account
for three-particle effects, a CI calculation was performed for an expansion where config-
urations obtained by triple excitations from the reference configuration to the 8s6p4d2f
active set were added to the largest expansion from the MCHF calculation. It can be
seen that three-particle effects contribute about 11 MHz. The relativisticaUy corrected
value, Ai/2 — 870 MHz, is almost 16 MHz too small compared with the experimental
value. The probable explanation of this is that the orbital basis generated, although
quite large, describes core-valence and polarization effects inadequately. In the second
calculation, following the above prescription and with the results given in Table 4.7, the
orbital basis was targeted to describe core-valence and polarization effects. The final value
of the magnetic dipole interaction constant for the SD expansion including core-core ef-
fects is Ai/j = 865.4 MHz and agrees well with the coupled-cluster all singles and doubles
(CCSD) value Ay* = 867.0 MHz of Salomonson and Ynnerman [33]. The small difference
could be explained by the fact that some three- and four-particle effects are included in
the CCSD approach. Three-particle effects were accounted for in a CI calculation where
configurations obtained by triple excitations to the 5s4p3d2flg active set were added to
the largest expansion from the MCHF calculation. The relativistically corrected value,
A\/2 = 882.9 MHz, is in very good agreement with the experimental value of Ai/j = 885.8
MHz
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Table 4.6: The magnetic hyperfine interaction constant (in MHz) for laJ2jJ2p83a 2 5 1 / 2 in
MNa as a function of the active set of orbitals. The configuration expansions were obtained
by SD excitations from the reference configuration to the active set. The expansion for
the Cl calculation was obtained by adding configurations generated by triple excitations
to the active set 8s6p4d2f to the largest expansion obtained from SD excitations.

Active set

HF
3s2pld
4s3p2dlf
5s4p3d2f
6s5p4d3f
7s6p5d4f
8s7p6d5f
9s8p7d6f
10s9P8d7

Cl ind. T exc.
Rel corr." . . . .
CCSDok

Experiment0 ..

Ai,t (MHz)

626.2
724.2
782.9
823.0
838.0
843.0
847.0
848.3
848.8

860.1
872.0
883.8

885.82

Energy

-161 858 912
-162.034 019
-162.151 822
-162.193 441
-162.206 470
-162.212 161
-162.214 934
-162.216 248
-162.216 914

-162.220 791

NCSF

1
42

228
569

1 065
1 716
2 522
3 483
4 599

48 820

° A relativistic correction of 11.9 MHz has been added.
6 Ref. [33]
c Ref. [341
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Table 4.7: The magnetic hyperfine interaction constant (in MHz) for l«J2a22p63« 'S^j
in "Na from a calculation targeted to describe core-valence and polarization effects. The
expansions for the first srt of MCHF calculations were obtained by SD excitations from the
reference configuration to the active set with the restriction that at most single excitations
are allowed from the core shells. The expansions for the second set of MCHF calculations
were obtained by all SD excitations from the reference configuration to the active set. In
these calculations the orbitals from the previous MCHF calculations were frozen. The
expansion for the CI calculation was obtained by adding configurations generated by
triple excitations to the active set 5s4p3d2flg to the largest expansion obtained from SD
excitations.

active set

Restricted SD

HF
3s2pld
4s'ip2dlf
5s4p3d2flg
6s5P4d3f2glh ..
7s6P5d4f3g2hli .
8s7P6d5f4g3h2i .

A1/t (MHz)

excitations

626.2
683.6
843.2
884.2
907.6
927.6
928.1

All SD excitations

8s7P6d5f4g3h2i .
9s8P7d6f5g4h3i .
10s9p8d7f6g5h4i

CI incl. T exc. .
Rel. corr.°
CCSD"-11

Experiment' . . .

" A relativistic correction of 11.9
6 Ref. [33)
c Ref. 34

868.8
865.0
865.4

871.0
882.9
883.8
885.82

MHz has been

Energy

-161.858 912
-161.863 313
-161.866 122
-161.8b6 772
-161.866 997
-161.867 099
-161.867 145

-162.223 684
162.233 637

-162.236 676

-162.239 969

added.

NCSF

1
11
48

119
232
395
610

3 362
4 875
6 687

24 078
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4.1.4 Oscillator strength

The calculation of oscillator strengths is, in a way, different from the calculation of other
expectation values since two wave functions are involved; one for the initial state and
one for the final state. To obtain a balanced description of both states, the two active
sets describing the initial and final state, respectively, should contain the same number
of orbitals of a certain symmetry and they should be increased in a similar way. Also,
the type of excitations to the active sets, which determine which correlation effects are
included, should be the same for the initial and final states.

There are two forms of the oscillator strength, the length and velocity form, which
give the same value for exact wave functions. In systematic calculations, the agreement
between the length and velocity forms can be used to estimate the accuracy of tne cal-
culated values. It should be stressed that the usefulness of this comparison between the
length and velocity forms relies on a systematic approach where the two forms are well
converged within the wave function space spanned by the expansions.

In Tables 4.8-10 the length and velocity forms of the oscillator strengths for the
Ia22s7 1S — \si2»2p l P transition in B II are shown for three different types of cal-
culations (from Paper 20). The first calculation includes only valence correlation and the
expansions were generated by SD excitations from the valence orbitals of the reference
configurations to the increasing active set. The second calculation includes valence and
core-valence correlation and the expansions were generated by SDT excitations from the
reference configurations to the increasing active set of orbitals with the restriction that
only single excitations were allowed from the la shell. The third calculation includes full
correlation and the expansions were generated by SDTQ excitations from the reference
configurations to the increasing active set of orbitals with the restriction that for each
configuration there must be at least two electrons with principal quantum number n < 4.
As can be seen from Table 4.8, the length and velocity forms of the valence calcula-
tion converge to different values, clearly showing that important correlation effects have
been left out. For the valence and core-valence calculations as well as the full correlation
calculation, however, there is perfect agreement between the length and velocity forms
indicating that all important correlation effects have been included. An important fact
worth noting is that core-core correlation effects are of minor importance, and that cal-
culations including only valence and core-valence correlation have the potential of giving
accurate oscillator strengths.

4.2 Multi-reference expansions
In many cases, the expansion describing a state contains several important configurations
with large expansion coefficients. This corresponds to a situation in which (letting 71LS
be the main configuration with the largest expansion coefficient and 72LS an additional
important configuration) the ratio

- (ltLS\H\l2LS)
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Table 4.8: The length and velocity forms of the gf vaiues for the 1«22«2 lS -> l«22a2p1P
transition in B II. The expansions were obtained by SD excitations from the valence shells
to the active set.

Ij22*2p
Active set £(a.i

23.912
23.912
23.956
23.960
23.961
23.961
23.961

> • )

873
873
320
103
101
448
607

9fl

1.449
1.064
1.035
1.025
1.022
1.022
1.021

34
74
93
66
96
18
91

9fv

0.732
0.789
1.068
1.056
1.057
1.056
1.056

92
27
83
92
15
90
83

&E(

71
84
75
74
74
74
74

cm"1)

260
100
059
298
105
042
013

HF -24.237 575
2slp -24.296 082
3s2pld -24.298 330
4s3p2dlf -24.298 647
5s4p3d2flg . . . . -24.298 767
6s5p4d3f2glh . -24.298 826
7s6p5d4f3g2hli -24.298 852

Experiment . . . 73397

Table 4.9: The length and velocity forms of the gf values for the 1«22«2 lS -> Ia22s2plP
transition in B II. The expansions were obtained by SDT excitations from the reference
configurations to the active set with the restriction that only one excitation is allowed
from la.

Active set E
U22ailS -> Ui2a2piP"

£(a.i

23.912

0

873
-23.913008
23.958
23.966
23.969
23.970
23.971

255
961
633
655
064

ah

1.449
1.065
1.026
1.005
1.001
1.000
1.000

34
33
83
65
07
59
28

aU

0.732
0.792
1.082
0.997
0.999
0.998
0.998

92
79
08
67
19
89
36

AE(

71
84
75
74
73
73
73

cm' )

260
135
151
143
749
595
539

HF -24.237 575
2slp -24.296 373
3s2pld -24.300 685
4s3p2dlf -24.304 799
5s4p3d2flg . . . . -24.305 673
6s5p4d3f2glh . -24.305 998
7s6P5d4f3g2hli -24.306 153

Experiment . . . 73 397
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Table 4.10: The length and velocity forms of the gf values for the ls*2s3 ' 5 - • lsi2a2pl P
transition in B II. The expansions were obtained by SDTQ excitations from the reference
configurations to the active set with the restriction that there must be at least two orbitals
with n < 4.

Active set
' 5

E (a.u.)
U32a2p ' 5 -> Is22s2p
E (a.u.)

-23.912 873
-23.913 062
-23.988 668
-24.001 844
-24.008 886
-24.011 624
-24.012 990
-24.012 990

9fi

1.449
1.065
1.021
1.018
1.004
1.000
1.002
0.999

34
22
50
60
13
75
71
03

0.732
0.791
0.993
1.025
1.003
0.999
0.998
0.999

92
43
81
82
75
78
72
15

A£(

71
84
75
74
73
73
73
73

cm J)

260
132
966
741
994
693
510
449

HF -24.237 575
2slp -24.296 413
3s2pld -24.334 812
4s3p2dlf -24.342 409
5s4p3d2flg -24.346 046
6s5p4d3f2glh . . . . -24.347 410
7s6p5d4f3g2hli .. -24.347 943
8s7p6d5f4g3h2ilk -24.347 943

Experiment 73 397



is comparatively large. In this case, the configurations 71 LS and 71LS are said to interact
strongly. From Z-dependent perturbation theory [35] it is known that strong interactions
may occur between members of the same complex, the complex being the set of configura-
tions of a given parity and LS symmetry that can be formed from a given set of principal
quantum numbers. The strong interaction between the configurations in the complex is
often due to large off-diagonal matrix elements ( 7 I L S | # | 7 J L S ) . In some cases, however,
the strong interaction between two configurations is due to a small energy separation

A£ = (7,LS| tf |7 lLS) - (73LS|tf|7JLS> (4.4)

The configurations are then said to be near-degenerate. Configuration expansions which
efficiently describe correlation in states with strong configuration interaction are obtained
by allowing all SD excitations to an active sei of orbitals from a multi-reference set con-
sisting of the most important configurations. By increasing the number of configurations
in the multi-reference set further, higher order correlation effects can be described in a
compact way. In the limit of very large multi-reference sets, the generated expansion will
approach the complete active space. As an example of multi-reference expansions, we
considered the Ij22a23« 2S term in boron (Paper 16). Calculations showed that the con-
figurations \»22p1Zs and 1J22«2/>2 interact strongly with the main configuration \&22t1Zs.
In table 4.11 the specific mass shift parameter and the total energy are shown for three
different sets of calculations. In the first set, the expansions were generated by SD exci-
tations to the active set of orbitals from the main configuration I,s22a23a. In the second
set, the the expansions were generated by SD excitations to the active set of orbitals from
a multi-reference set consisting of the configurations 1J 2 2J 2 3J , Is32p33s and Is32a2p7.
Finally, in the third set of calculations, higher order effects were included by increasing
the reference set to comprise all configurations with expansion coefficients larger than
0.01. This example clearly shows that in order to describe the most important correla-
tion effects, it is necessary to include pair-correlation for all configurations that interact
strongly with the main configuration.

Near-degeneracies and strong configuration interactions frequently occur in systems
with several open shells. Due to the flexibility of the multi-reference expansions the
MCHF and CI methods seem, at least presently, to be the most promising methods for
describing correlation in these systems.
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Table 4.11: The specific masn shift parameter and the total energy (in a.u.) for the
laJ2j23a 2S term from MCHF calculations from three different sets of calculations. In
the first set, the configuration expansions were obtained from SD excitations to the active
sets from the main configuration Ia22a23s. In the second set, the configuration expansions
were obtained from SD excitations to the active sets from a multi-reference set consisting
of the configurations la32a2Za, 1J J2/>'3« and Is22s2pi. In the third set of calculations,
the configuration expansions were obtained from SD excitations to the active sets from a
multi-reference set consisting of all configurations with expansion weights larger than 0.01.

Active set 5 (a.u.) Eo (a.u.) S (a.u.) Eo (a.u.) 5 (a.u.) Eo (a.u.)

HF 0.000 0
3s2pld 0.588 7
4s3p2dlf 0.582 9
5s4p3d2flg 0.581 1
6s5p4d3f2glh . . . 0.562 4
7s6p5d4f3g2hli . 0.563 2
8s7p6d5f4g3h2ilk 0.562 4

-24.352
-24.436
-24.452
-24.460
-24.463
-24.464
-24.464

104
646
680
176
222
351
937

0.000
0.640
0.628
0.625
0.603
0.603
0.601

0
2
0
7
0
0
8

-24.352
-24.438
-24.456
-24.464
-24.467
-24.469
-24.469

104
718
608
056
945
218
860

0.000
0.640
0.632
0.631
0.609
0.609
0.608

0
4
8
3
0
5
5

-24.352
-24.438
-24.456
-24.464
-24.468
-24.469
-24.470

104
727
917
460
409
729
389
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Chapter 5

Relativistic atomic structure
calculations

5.1 The relativistic Hamiltonian
For heavy atoms, relativistic effects become increasingly important and a Lorentz-invariant
formulation of quantum mechanics must be applied. In 1928 Oirac formulated a fully
Lorentz-invariant equation for a single electron in a central potential [36]. This equa-
tion has since been generalized to a many-electron system. Unfortunately, the Lorentz-
invariant form of the Coulomb interaction between two relativistic electrons is not known,
and instead the instantaneous interaction \/rtl is often used.

In the relativistic formulation an atomic state is described by a wave function which
is an eigenfunction of the Hamiltonian [37, 38]

Here i is the imaginary unit, a the fine structure constant and a and (3 the Dirac matrices

and

where a are the Pauli spin matrices and / a two-dimensional unit matrix. As in the
non-relativistic case, some higher-order effects are left out, but they can be treated later
as perturbations.

5.2 Relativistic variational calculations
The most noticeable difference between the energy levels obtained with non-relativistic
and relativistic quantum mechanics is the negative continuum for the latter. To explain

45



why atoms are stable and electrons do not fall down into the negative continuum, Dirac
postulated that all negative continuum states are filled and that they can be observed only
by exciting an electron out into an unoccupied higher level. The hole produced will have
the same properties as an electron but with positive charge. The presence of the negative
energy continuum makes variational calculations difficult since it is necessary to project
out all parts of the trial function belonging to eigenfunctions of this continuum. The usual
way to project out the unwanted parts of the trial function is to impose certain boundary
conditions at the nucleus [38]. This method, however, has in many cases been shown to
be unstable, and recently Indelicato and Desclaux [39] proposed a new method of using
projection operators in the self-consistent field procedure. It should be pointed out that
relativistic variational calculations are still very difficult compared with non-relativistic
ones, and that very few systematic large-scale calculations have been performed so far.

5.3 Multiconfiguration Dirac-Fock calculations
The multiconfiguration Dirac-Fock (MCDF) method is the relativistic analog of the
MCHF method. The atomic state wave function, Vi ' s expanded in terms of configu-
ration state functions, which are antisymmetrized eigenfunctions of J7, J, and /.

m

rp("fj) = ̂  c*#(7* J) (5.4)
k=\

The configuration state functions are sums of products of single-electron Dirac orbitals

(5.5)

where n is the relativistic angular quantum number, R = ±{j + | ) for I — j ± | , with
I and j being the orbital and total angular momenta of the electron. P(r) and Q(r)
are the large- and small-component radial wave functions and Xnm(S,<fi,ff) are the spinor
spherical harmonics in the laj coupling scheme

lJX 1 1
XKm(8,<p,cr) = 2-, (lm-mt-m.\l-jm)Ylm_mi(6,if)(m,(<T) (5.6)

The relativistic self-consistent field method is then used to solve the system of cou-
pled non-linear differential equations together with the secular problem for the expansion
coefficients, as obtained by applying the stationary condition to the relativistic energy
functional.

5.4 Additional perturbations

5.4.1 Field shift
Due to the high electron densities at the nucleus for heavy atoms, the effect of the extended
nuclear charge distribution becomes appreciable and must be treated self-consistently.
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This is done by introducing a potential from a realistic nuclear charge distribution in the
relativistic Hamiltonian. Often, the Fermi distribution is used [40, 41]

where c is the half-density radius and a is related to the nuclear skin thickness, t, through

- = 4/n3 (5.8)
a

5.4.2 Hyperfine structure
In the relativistic formalism, the magnetic dipole operator is less singular than in the
non-relativistic case, and is described by one global term [20]

1 (5.9)

The electric quadrupole operator retains its form

(5.10)

The hyperfine structure depends strongly on the wave function close to the nucleus and
is therefore sensitive to relativistic effects. For highly charged heavy ions the hyper-
fine structure is also sensitive to the distributions of magnetic moment and charge in
the nucleus [42]. By combining accurate electronic calculations with hyperfine structure
measurements on highly charged ions available in storage rings it should be possible to
accurately probe these distributions.
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Chapter 6

Applications

6.1 Astrophysics

Most of our detailed knowledge about the stars and the interstellar medium is based on
the analysis of stellar spectra. Since the launch of the Hubble Space Telescope (HST)
in April 1990, the Goddard High-Resolution Spectrograph (GHRS) has produced ultra-
violet stellar spectra of very high resolution. A large number of parameters, important
for the understanding of stellar atmospheres as well as the interstellar medium, can be
obtained from high-resolution spectra. At high resolution, essentially all atomic lines are
asymmetric because of isotope shift and hypernne structure, and to correctly interpret
the spectra it is necessary to include isotope shift and hypernne structure as well as the
oscillator strength in the theoretical modeling of the line profiles. For many lines there
are no laboratory values of these atomic parameters and the modeling of the lines must
rely on calculated values. It is therefore of importance to develop reliable computational
methods for isotope shift and hypernne structure as well as oscillator strengths in order
to aid the analysis of astrophysical spectra.

For many lines in light atoms, not easily accessible to the extremely accurate fast-
beam laser and delayed-coincidence methods, systematic large-scale calculations have the
potential of giving more accurate values of the oscillator strengths than the currently
avilable experimental methods. This should also be true for hyperfine structure splittings
of many excited states.

In the proceedings of the recent meetings on "Atomic Spectra and Oscillator strengths
for Astrophysical and Laboratory Plasmas" [43, 44] numerous applications of atomic data
for astrophysical modeling are given. The great need for accurate data for further progress
in astrophysics is also pointed out in these proceedings. Also for plasma physics and fusion
research accurate atomic data is valuable. Further, data on atomic dynamics is important
for assessing the potential of various laser schemes.
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6.2 Nuclear physics
As was discussed in Section 3.4, both hyperfine structure and isotope shift are related
to the detailed properties of the atomic nucleus. The hyperfine structure splitting of an
atomic level is determined by the magnetic dipole and electric quadrupole interaction
constants. Theoretically, the interaction constants are given as products of an electronic
factor and the corresponding nuclear moment

and

B'" 2

If the electronic factors can be calculated accurately, the nuclear moments can be de-
duced from experimental values of the interaction constants. This is of special importance
for the electric quadrupole moment, Q, which is difficult to determine accurately from
direct nuclear experiments.

Electric quadrupole moments can be obtained from mesonic X-ray and scattering ex-
periments and hyperfine splittings in muonic atoms, as well as from nuclear theory calcula-
tions. The quadrupole moments obtained from splittings in muonic atoms have generally
been accepted to give reliable values, and quadrupole moments with fairly small errorbars
have been determined for a number of nuclei. However, comparison with quadrupole mo-
ments obtained from accurate MCHF calculations indicates that there may be systematic
errors in quadrupole moments obtained from muonic experiments [45] and that many
values in the literature should be reevaluated.

The transition isotope shift between two isotopes with mass M and M' can be written

T 2 a | *< 0 ) | ! [«-> - <
(6.3)

From experimental differences in transition energies and theoretical electronic quantities,
A S and A|V'(0)|J, the difference in mean the square nuclear radius, (rjf) - (r\,,), can
be deduced. Many-body perturbation theory has, in some cases, been applied to the
determination of nuclear radii from isotope shift data [46, 47]. It will be interesting to see
how large-scale MCHF and CI calculations compare with MBPT and if atomic calculations
will provide a general method for determining differences between nuclear radii.
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Chapter 7

Time-dependent atomic calculations

Recent progress in laser technology has made it possible to generate extremely intense
radiation with peak intensities above 1O1S W/cm7 [48]. This has opened up a new field
of quantum physics where strongly perturbed systems can be studied. The electrons in
atoms interacting with these intense laser fields will experience an oscillating electric field
from the laser which is larger than the Coulomb field from the nucleus. In this regime,
perturbation theory, used to explain atomic behaviour in weak atomic fields, fails and
methods for the direct numerical integration of the time-dependent Schrödinger equation
have to be developed. Time-dependent calculations are extremely time consuming and
it is, in general, not possible to treat electron correlation effects in a satisfactory way.
Instead, many calculations rely on the frozen-core approximation, in which the atom is
modeled as an active electron moving in the average field of the core electrons and the
nucleus [49]. The active electron is then propagated in time under the influence of the
laser field. Even with today's supercomputers it is difficult to go beyond the frozen-core
approximation and to include the correlation between the electrons. For helium, however,
promising attempts have been made using a time-dependent CI scheme where the time
dependence is borne by the CI coefficients [50, 51].

7.1 The time-dependent Schrödinger equation
The time-dependent Schrödinger equation for an atom in an external linearly polarized
laser field can be written

ft ...,qN,t) (7.1)
where the time-independent term is

and the time-dependent interaction term is
s
^2 (7.3)
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Here E(t) is the amplitude of the electric field from the laser and w is the angular frquency.

7.2 One-electron calculations

The time-dependent Schrödinger equation for a one-electron atom can be solved with
reasonable computational effort by expanding the wave function in a spherical harmonic
basis (Ref. [49] and Paper 17)

«r,t)=£±xi(r,t)Y?(e,*). (74)

Substituting the expansion (7.4) into the Schrödinger equation and projecting on the
spherical harmonics gives a set of Uu coupled equations

+rE[t)%vavt (cfxi+i(M) + cf Xi-i(M)) (7.5)

where

( U L ) (76)

V'2

The radial functions x/ afe represented numerically on a radial grid. Time propagation
of each term in equation 7.5 is done with the implicit Crank-Nicholson method [52].
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Chapter 8

Experiments on atoms

8.1 Introduction
In order to determine the accuracy of the calculated wave functions as well as to establish
the applicability and limitations of the underlying quantum mechanical formalism, calcu-
lated values of different parameters must be compared with available experimental values.
Hyperfine structure has been experimentally studied since the end of the last century. Us-
ing the atomic-beam magnetic-resonance technique (ABMR), introduced by Rabi et al. in
1938 [53], it is now possible to measure atomic hyperfine splittings extremely accurately
for many ground and metastable states. The large number of accurate hyperfine structure
measurements has stimulated theoretical development, leading to a deeper understand-
ing of the electronic interaction. With today's powerful computers it is in many cases
possible to calculate hyperfine structures with an uncertainty of less than 0.5 % [33, 541.
Using Doppler-free laser spectroscopic methods, such as two-photon spectroscopy [55},
transition isotope shifts can also be determined with high accuracy. However, compared
with the large number of hyperfine structure calculations, few isotope shift calculations
have been performed. Although experimental techniques have developed rapidly, it has
remained difficult to measure atomic lifetimes and oscillator strengths accurately (better
than 5 %) and, unfortunately, a large number of the experimental values in the litera-
ture are either wrong or have too small errors assigned to them. This can be deduced
by looking at the many cases where different experimental values of the same quantity
disagree. The uncertainty in experimental values makes it very difficult to estimate the
accuracy of theoretical calculations. To date, the most accurate lifetime measurements
have been performed with the fast-beam laser and delayed-coincidence techniques. Us-
ing the former, Gaupp et ai. [56] have measured the lifetime of the las2p 2Pi/j state
in lithium with an uncertainty of 0.2 %. As can be seen from Table 8.1, all accurate
ab initio calculations agree perfectly but are outside the experimental errorbars. This
discrepancy is very serious since the calculations are complete, including all correlation
effects, and are believed to be almost exact. From an experimental point of view, the
lifetime in lithium is rather difficult to measure and it has been questioned whether er-
rorbars of Gaupp et a/, are too small. The fast-beam laser technique has also been used
to measure the lifetimes in the l872a72p63p 2P states of sodium [56, 57]. In this case,
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Table 8.1: Experimental and recent theoretical results for the Is72a 2S - • lj*2p 7P
multiplet line strength in Li I.

Method Year Ref.

Experiment
Fast-beam laser 1982 [56]
Delayed-coincidence 1989 [59]

MBPT
CCSD
Hylleraas
CI
FCPC
MCHF

CAHS

Ab initio Theory
1989 [60]
1992 [61]
1992 [62]
1992 [63]
1993 [64]
1993 Paper 9

Semiempirical
1991 [65]

Line strength

32.76 ± 0.05
32.85 ± 0.24

32.99
33.00
33.00
33.03
33.01
33.00

32.74

the experimental values have been confirmed by independent measurements using the
delayed-coincidence method (Ref. [58] and Paper 4) and therefore these lifetime values
must be considered to be firmly established. Also in this case, as can be seen from Ta-
ble 8.2, the calculations agree, but are outside the experimental errorbars. The sodium
calculations are, however, not complete and certain correlation effects have been left out.
To establish confidence in calculated lifetime values it is important to understand which
effects are missing and to gain a better agreement between theory and experimens. As
a first step to do so, large-scale calculations using the transformationtechnique of Paper
18 are in progress [66], where the configuration expansions for the initial and final states
arf selected according to the procedure outlined in section 4.1.3. The results are sofar
very encouraging, as can be seen from the preliminary linestrength reported in Table 8.2,
indicating that the discrepancy between the experimental and theoretical values may be
due to previously neglected three-particle effects.

Below, some aspects of the experimental accuracy are discussed in connection with
the description of two experimental methods.

8.2 Time-resolved laser spectroscopy

The most direct method for measuring the lifetimes of excited states is by observing the
fluorescent light decay following short-pulse excitation. The decay of the fluorescence
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Table 8.2: Experimental and recent theoretical results for the 3a 2 5 —» 3p 2P multiplet
line strength in Na I.

Method

Fast-beam laser

Fast-beam laser
Delayed-coincidence

Delayed-coincidence

MBPT
CCSD
MCHF
MCHF incl. T exc.

CAHS
CA
MP

Year Ref.

Experiment
1979

1982
1988

1992

[57]

[56]
[58]

Paper 4
Ab initio Theory
1990
1991
1994
1994

[67]
[33]
Paper 12
[66]

Semiempirical
1988
1992
1992

[68]
[69]
[69]

J

1/2
3/2
1/2
1/2
3/2
1/2

Line strength

37.04 ± 0.12
37.04 ± 0.12
37.04 ± 0.08
37.09 ± 0.18
37.02 ± 0.23
37.15 ±0 .14

37.42
37.56
37.36
37.11

37.05
37.25
37.20

is detected with a fast photomultipher tube and a transient digitizer, and from the de-
cay curve the mean lifetime can be derived directly. By using tunable lasers, selective
excitations can be obtained, eliminating problems from cascade population.

The wavelengths needed for excitation are often in the UV or VUV spectral region,
outside the wavelength region of normal lasers. Non-linear optical processes must thus
be used in order to generate the desired radiation. A number of such techniques are now
available, in which radiation from pulsed lasers is mixed in non-linear crystals, such as 0-
barium borate and lithium tri-borate. The radiation obtained from the mixing process can
then be Raman shifted to even shorter wavelengths (Paper 3). Lately, more efficient VUV
sources for pulsed laser radiation have become available through resonant sum-difference
four-wave mixing in rare gases [70, 71].

Free atoms can be produced in a number of different ways. For the experiments de-
scribed in this thesis, an atomic beam, produced by evaporating atoms in an electrically
heated oven, has been used. In order to obtain accurate lifetime data a number of experi-
mental parameters must be controlled. The atomic density in the beam must be kept low
to avoid multiple photon scattering and atomic collisions. Furthermore, non-linearities in
the detection system must be avoided.

54



8.3 The delayed-coincidence technique
In the delayed-coincidence technique (Ref. [72] and Papers 1 and 4) the intensity of the
fluorescence is kept so low that the detection probability is below one photon per excitation
pulse. The time between the laser pulse and the fluorescence photon is measured with the
single-photon counting technique. The distribution of this time interval will give a decay
curve, which gives the lifetime of the excited state. In order to obtain good statistics
the laser must have a high pulse repetition rate, typically I MHz. The advantage of the
delayed-coincidence technique over ordinary pulsed techniques is that no direct, time-
resolved recording of the transient is made. Thus, no problems due to detector non-
linearities arise.

Mode locked
Ar ion laser

Figure 1: Experimental set-up for a delayed-coincidence measurement.
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8.4 Quantum beats

When closely spaced atomic states are simultaneously excited by a short laser pulse, the
time-resolved fluorescence intensity may show a modulated exponential decay [73]. The
modulation pattern, known as quantum beats, is due to interference between fluorescence
amplitudes emitted from the coherently excited states and is a pure quantum mechanical
phenomenon. Quantum beats can be used to determine the level structure since the
modulation frequencies correspond to the energy splittings. In the present work (Papers
1, 3 and 4), this method has been to determine hyperfine structures in excited states of
sodium and silver.

counts

10000

20 40 60 80 100 time/ns

Figure 2: Quantum beats revealing the fine structure of the Is73d 2D term in lithium.
The number of photons is shown on a logarithmic scale.
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Chapter 9

Outlook and concluding remarks

9.1 Further development of computational atomic
physics

The presently available computational methods generally first express the interaction ma-
trix in terms of a set of radial integrals to allow for reuse of the data: in Cl calculations,
the same radial integral may occur thousands of times and it is desirable to evaluate the
integral just once, and in an MCHF calculation each SCF iteration reuses the data defin-
ing the interactions. For large cases, the data representing the interaction can approach
one gigabyte. If angular integrations could become a negligible part of the computational
task, angular calculations could be performed as needed without the need to store the
information on disk. This change seems to be essential before massively parallel architec-
tures can be fully utilized. By introducing symbolic configurations [74, 75], representing
large groups of ordinary configurations, the CPU time needed for the angular integration
could be substantially reduced making angular reevaluation possible. Once the symbolic
method is implemented it should be possible to increase the size of both the MCHF and
CI expansions by several orders of magnitude.

Although many properties of light atoms can be calculated very accurately, little
progress has so far been made for the more complicated atoms in the iron or lanthanide
groups. In order to describe the electronic structure of atoms in these groups, extremely
large configuration expansions are needed. One of the new steps in the development of
computational atomic physics will be to use the symbolic formalism for these atoms.

Atomic data produced by large-scale calculations are of great interest to astronomers.
As more complicated systems are treated the amount of data increases dramatically. To
handle this data in a sensible way, and to make it generally available, it will be necessary
to store it in databases, as is already done with the data produced by the "Iron Group"
[76].

Atomic calculations are very memory- and CPU-demanding, and the future progress in
the field will closely foDow the development of computers. A general trend is to move from
supercomputers, such as the CRAY, to fast workstations. Often, several workstations
are connected in a cluster, and one way of achieving supercomputer performance is to
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distribute the calculations in a number of machines. It will therefore be necessary to
rewrite the computer codes to support parallel data handling. For new codes that are
written it is essential to structure the problem and choose algorithms in such a way that
the calculations can be distributed efficiently

9.2 Comments on the papers and underlying moti-
vation

This thesis is divided into three parts; development and testing of computer programs
(Papers 5, 6, 8, 14 and 18), large-scale calculations using these programs (Papers 4, 7,
9-13 and 15-21) and laser experiments on atoms (Papers 1-4). The idea behind the calcu-
lations has been to develop and test systematic approaches and to study the convergence
properties of various parameters. The long-term goal is to define a set of rules that can
be interpreted by a computer. Given these rules, together with input data in terms of
available disk space and CPU time, the computer should perform a set of calculations
in which different effects are tested and the configuration expansions are enlarged in a
systematic way. Based on this set of calculations the computer should then be able to
give a value of the studied parameter together with an estimated uncertainty. Considering
the rapid development in the field during recent years, completely automated calculations
should be possible within a few years.

The F-dependent CI program (Paper 6) was originally written in order to study the
hyperfine interaction in the Breit-Pauli approximation. It is known that the relativistic
correction is overestimated if the Fermi contact term is calculated in first-order perturba-
tion theory with Breit-Pauli wave functions as zero-order wave functions. The idea was to
see if a more correct description could be obtained by adding the hyperfine structure op-
erators to the Breit-Pauli Hamiltonian and diagonalizing the complete interaction matrix.
From the separation of the hyperfine structure levels the A and B factors can then be
extracted. This aspect of the work has not been pursued further, instead the F-dependent
CI program has been used to calculate F-dependent transition probabilities (Paper 19).

In Paper 5 the tensor formulas are based on the definition of the reduced matrix ele-
ment given by Brink and Satchler [77]. As a consequence, these formulas differ by a factor
(2J + I)1/2 compared with the formulas given in Paper 8.

Most of the papers in this thesis have several authors, and I will therefore try to point
out my own contribution to the various papers.

Papers 1-2. I took part in the experimental work and performed a substantial part of the
calculations. I did not take part in the preparation of the manuscripts.
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Paper 3. I took part in the experimental work, but not in the preparation of the
manuscript.

Paper 4. I took part in the experimental work and performed a substantial part of the
calculations. I prepared the theoretical part of the manuscript.

Paper 5-6. I developed and tested the programs and wrote the documentation.

Paper 7. This paper reports the first large-scale calculation using the program of Paper 8.
I performed the major part of the calculations and prepared the manuscript.

Paper 8. Based on parts of Alan Hibbert's CIV3 program, the hyperfine structure pro-
gram was originally developed by K.M.S. Saxena. The program was later corrected and
modified by C.-G. Wahlström. I have to large parts rewritten the program and adapted
it to the the CPC format, allowing the use of nonorthogonal orbitals as well as provided
the possibility to run the program using Breit-Pauli type wave functions. 1 performed the
program testing and prepared the manuscript.

Paper 9. I prepared the hyperfine structure program to be run with a smaller grid when
implemented on the Intel hypercube. I have not done any of the calculations. I have
commented on the manuscript.

Pap^r 10. I performed the major part of the calculations and prepared the manuscript.

Paper 11. This paper is mainly a review of hyperfine structure calculations using varia-
tional methods. However, the paper also contains some new results for the groundstate
of sodium, using large non-relativistic CI expansions, as well as results from a systematic
relativistic CAS (complete active space) calculation for the groundstate of F VII.

Paper 12. I participated in the initial discussion on why there is a discrepancy between
the experimental and theoretical values and how the calculations could be improved. I
have not done any of the calculations. I have commented on the manuscript.

Paper 13. I participated in the discussions and tecting of how to handle the numerical
instabilities arising for the states close to the perturber in the 2S series. I have done a
minor part of the calculations. I have commented on the manuscript.

Paper 14. I developed and tested the program and wrote the documentation.

Paper 15. I performed the major part of the calculations and prepared the manuscript,
except for the astrophysical part.

Paper 16. I performed the major part of the calculations and prepared the manuscript.

59



Paper 17. This work was partly done when A. Sanpera visited Lund. I have supplied the
effective potential and assisted with some of the initial testruns. I made a small contri-
bution to the preparation of the manuscript.

Paper 18. I have participated in the testing and debugging of the program, mainly devel-
oped by J. Olsen and MR. Godefroid. I performed the calculations reported in the paper.

Paper 19. I have done a substantial part of the development of the F-dependent CI pro-
gram used for the generation of the wave function. I have not done any of the calculations.
I have commented on the manuscript.

Paper 20. This paper reports on extremely accurate oscillator strength calculations of
astrophysics! interest using the program described in Paper 19. I performed a substantial
part of the calculations and prepared the manuscript.

Paper 21. This paper reports the first, except for the CAS calculation of Paper 11, large-
scale relativistic hyperfine structure calculations using the program of Paper 5. I have
not done any of the calculations. I have commented on the manuscript.
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