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Introduction 
Artificial neural networks lind numerous applications. In particular, they are widely 
used in high energy physics [I, 2, 3]. They are applied both in constructing high-level 
triggers providing effective real-time discrimination of background events and in off
line data processing, e.g. in track recognition, mass reconstruction, primary and/or 
secondary vertex identification. 

Feed-forward multilayer pcrceptrons |5, 6| are particularly widespread. Network 
training is usually implemented making use of the back-propagation algorithm [4, 7j, 
which is based on the steepest descent method. This algorithm, however, does not 
ensure the high accuracy necessary for some problems arising in particle physics, where 
rare events are to be identified against a dominant background. 

In this paper we consider second order training Algorithms and compare them with 
first-order methods. 

1 Formulation of the problem 
1.1 Network architecture 
A multilayer perceptron involves an input layer roiresponding to the data analyzed, 
an output layer corresponding to the results, and, also, hidden layers. 

The output signal у is given by 

j,, = / (<! . ) , a, -^u.'.jh, + 0„ (1) 
j 

. __ j /(«;) for hidden layeis, 
' \ i, for the input layer. 

/ ( j -) = VU/Y-), 

where i, are the input data. u.\; are the neuron connei tion weight;, 0, are the thresholds, 
T is the temperature and g is the transfer function, which is usually sigmoidal. We use 

»(j-) = l ( l + ( e t i A ( T ) ) . (2) 

The training procedure consists in tnitiiini/.ation of the following error functional 
with respect to the weights [J]: 

*=5$>-"•'-'"""Л W 
P 

where p = ] , . . . , Л/|гв,„, Л'(Г#1П is the number of training patterns, and t is the desired 
value of the output signal. Choosing the commonly used Lj norm, we have a least 
squares problem. 
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1.2 The classification problem 
We shall apply the neural network for classifying patterns belonging to either one of 
two overlapping distributions with densities / , and / 2 ' . Л network with a number of 
input neurons equal to the dimension of the events and one output neuron is adopted. 
The Irainin" set contains an equal number of events of both kinds. The desired value 
is set equal to 0 for the first distribution and to I for the second. 

One can easily obtain the relation 

/•(opt + ,) = K(opt) + j c(x)*f(x)dx, (4) 

I) 

when' 

»/''(-»•)= , , {A'\. .. i - e / ) , / ) = {*;/(*) = /.<•<•) + Л ( * ) * о } . 
/ i (- ' ) + hU) 

Introducing the norm I / y7{x)f(x)dx J in / ) . we see that minimization of E is equiv

alent to finding the function y[x) nearest to the Baycs a posteriori probability opt(x), 

which provides the optimal classification performance (the Bayesian limit). 

2 First-order methods 
2.1 Back-propagation algorithm 
In the back-propagation (HP) algorithm the weight updates A J „ are given by the 
expressions 

Дй5„ = -nVA', . + а Л ^ - ь (5) 

<)E _ , _ J (y, - /, ) / ' («i) f ° r ihe output layer, 
(9u.',j ~~ ' •" , _ \ 53*<'fc"-'b/'(ai) for the hidden layers. 

BP differs from the steepest descent in that V £ „ is calculated on a small subset of 
the training set (onl ine updates) and in that a momentum term with a is present. The 
performance of BP depends on the network parameleis , of which the most important 
is the sleplenglh т/. However, their choice is based only on rules of thumb [8] and "tiial 
and error" experiments. Stochastic BP (i.e. such for which patterns from the training 
set are presented in a random order) usually shows better convergence, revealed by our 
own experience, though it is slightly less accurate than usual BP. 

In case of the exact steepest descent the learning is slow near a solution, since the 
error function is essentially ravine. The steplength i/ must be small, and a t tempts to 
employ a line search, i.e. to minimize £ ( n ) at 0 < 0 < n < 1, instead of guessing it, 
does not result in any noticeable speedup. 

The BP has the following drawbacks: 

• the learning parameters must be chosen empirically, 

'In our numerical experiments, the multidimensional Gaussians were taken to be / i and /2. It is to 
be noted that many pattern recognition problems in high energy physics are similar to the Gaueeian 
classification. Moreover, these problems are often low-dimensional and therefore require relatively 
small networks 
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• the method is unstable when the parameters are not quite optimal, 

• the method does not provide an accurate approximation of the minimum, 

• it is difficult to decide when to stop training. 

2.2 Conjugate gradient method 
A technique used to improve the efficiency of gradient methods is the conjugate gradient 
method [10): 

Дй„ = n ( - V £ „ - r / 3 A J „ . , ) , (6) 

where the steplength r; is chosen by means of a line search. Several methods for 
computing 0 have been developed. We havr considered 

{ 
V E „ • (VE„ - V/v„_, ) / l |V/ i r ,_ , | r PolakKibicre, 

| |ViS„| | 'Vl|V/?„., | |5 Helcher- Reeves. 

Their performances are nearly identical, since in our case | |V t ' „ | | 3> V £ „ • VEn-i-
We have found that the conjugate gradient method slows down near a solution and 

is even slower than the steepest descent method. Periodical restarting of the algorithm 
(/3 = 0) does not enhance the convergence speed. 

3 Second-order methods 

3.1 The Newton method 
Second-order methods are used for most conventional minimization tasks owing to their 
better convergence. In the Newton method the weights are updated according to the 
formula 

Дш = - n ( V 2 E ) - ' V £ , (7) 

where the Hessian matrix V2E is given by 

ът д7Е , Oh. dd, , 
Ou.,,JC'u;„1„ cu m „ Ouimn 

The method breaks down in our tests, since V 3 E is signvariable and nearly singular in 
the vicinity of the minimum. 

We would like to point out one of the possibilities of degeneration when the classified 
distributions are radially symmetric and have a common centre. We denote F{u,x) = 
F(UJI • i , . . . ,uJn - X,LJ 0 ) , where w, is the subvector containing weights connecting the 
input neurons with the г-th hidden one, wa is the vector of the remaining weights. 
Acting on t3, with the rotation matrix (/, one gets in the continuous limit 

E{<2') = f F(u,x')dx = I F(Uuu...,Vun,£Jo,Ux)dx = 

[ F(CJ,x)dx = E(u). (9) 



When the rotation angle approaches zero, one lias *jn —* <Z- and E(i2,t) — £"(u:). 
Strictly speaking. the niiniiniini is not completely degenerate, but the Hessian ma

trix is ill-conditioned near the minimum [11 ]. Typical conditionality values |A|m a r / |A|m l ( l 

(A heing the eigenvalues) in our tests are Ш1 at the initial point and 105 — 10*". and 
sometimes even 1012, in the vicinity of the minimum. 

The Newton method with rcgularizatiou [12], 

Л-; = r,H-lA-Vi:. ( 10 ) 

// = л-л + n\\vh:\\', л = V'A\ 
converges reliably only with latge n (n ~ tl.l - 1) and not better than the steepest 
descent method. The matrix // is too ill-conditioned, when I he regiilarizilion term 
approaches zero. Therefore. // cannot be inverted with an acceptable accuracy. 

3.2 Tlie modified Newton method 
Since the Hessian matrix has poor qualities, the following modification of the Newton 
method is useful: 

Aw'=-. - ; / / / " ' V A ' . (11) 

where // is positive-definite and well-conditioned. When [|( V2c. ')~' | | > Л in the dose 
vicinity of a minimum, where A is the maximum acceptable value. / / -£* V2A'. when a 
minimum is approached. 

We take the matrix / / to be [10] 

// = V 2 A + /«/. (12) 

where /• ensures that eigenvalues of H are greater or equal than Л > 0. The choice* 
6 = 1 gives good results. Under this condition / / " ' is a contraction operator. 

The steplength // may be calculated by means of a line search (see section 2.1). 
It does not increase the Cl'V time significantly, since the calculation of the Hessian 
matrix is the operation consuming most time. The rule of thumb is that t/ stabilizes 
near 1, when the solution is close to the minimum. In this case the line search is usually 
completed in a few steps (e.g.3). It is also convenient to calculate •/ using the relation 
[13] 

l |VA'„., | | „ 
' '"+1 =V" | |VA-„| ' - ' ' " + ' - ' ' ( 1 : , ) 

where r/0 must be sufficiently small. However, it slows down the performance. 
The method lias the following advantages: 

• the learning parameters are chosen automatically, 

• the method provides for minimization with an accuracy unachievable with HP: 
this is demonstrated by the values of A' and ||VA'||. which are much closer to 
zero, than in the case of HP, 

• the method reduces the number of epochs (iterations) needed for convergence. 
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The required memory and CPU time are the most serious drawbacks of the method. 
The Newton method requirements are proportional to n2 (n is the number of weights). 
Thus, the Newton method is applicable providing that: 

• the problem requires a small network. 

• the learning speed is not crucial. 

3.3 Quasi-Newton methods 
Since computing the Hessian is a time consuming operation, approximate methods 
are often employed. In the quasi-Newton methods Hessian inversion is replaced by its 
recursive calculation flOj: 

Aw = -4HVI:, ( И ) 

/Л, = fill.,-,) 
We have considered the Davidon-Fletcher-Powell (DTP) and the Broydcn-Fletcher-
Goldfarb-Shanno (BFGS) methods. The formulas are too complicated to be presented 
here. The steplength can be computed by means ul a line search. 

The method may be restarted periodically by setting / / = / . In our tests restarting 
provided better results. In particular, it is useful for the BFGS method, since otherwise 
| | / / | | —» oo. The BFGS method with a restart sometimes converges even better than 
the modified Newton method. However, fluctuations during training are greater, and 
the quasi-Newton methods are generally less stable and more subject to overtraining. 

Since the Hessian does not have to be computed, most of the time is consumed by 
the line search. Thus, the economical search methods would be useful. 

3.4 The Gauss-Newton method 
One of the methods providing appropriate approximation of the Hessian is the Gauss-
Newton method given bv 

Ди> = -r)[JJjylVE, (15) 

where [Jpm] = dyp/duim is the Jacobian matrix. 
The transfer function y(r) is considered to be linear, i.e. the second derivatives of 

J / ( I ) with respect to the weights are ignored in computing the Hessian. The approxi
mate Hessian / / = JrJ is a positive-definite matrix. 

Since И is ill-conditioned at the first steps, we use the Levenberg-Marquardt method 

H = JTJ + ftI, (16) 

where ц may be merely set to 1. However, the approximate Hessian is well-conditioned 
near the solution in our tests. 

The convergence is slightly worse, than in the case of the modified Newton method. 
Unlike the quasi-Newton methods, the Gauss-Newton method does not give a signifi
cant gain in the speed. 
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4 Comparison of the training algorithms 
We used a feed-forward network for classifying two Gaussian distributions with the 
same mean value. To compare the considered learning methods a network with 2 
input. 6 hidden and 1 output neuions was trained during 1000 epochs. The ini'.ial 
weights were the same for all the methods. Non-stochastic BP was applied with on
line updates and with the following parameters: tyo = 0.1, a = 0.5. For other methods 
we performed a line search (using the E04JAF subroutine from the NAG Library [9]) 
on the steplength 17 to provide for independence of the procedures determining the 
steplength. We present the performance of the methods in Tabic 1. 

The following notation is adopted in Table I: BP = back-propagation, GHAD = 
steepest descent, CG = Fletcher-Reeves conjugate gradient method, NEWT = modi 
fied Newton method, IIEG — Newton method with rcgularization (after 10 epochs of 
UP). LM = Levenberg-Marquardt method, BEGS and DEP = quaei-Newton meth
ods; Task stands for three parameters, namely, two standard deviations of classified 2-
diniensional Gaussians (with mean values set to zero) and .V,rol„, Limit is the B&yesian 
limit of recognition, Epoch is the number of epochs needed to achieve performance on 
the test set within 2%, Error = ||£||//V|rill„ at the end of the training (here it is 
the minimum value achieved during the training, unless overtraining occurs), Test is 
the fraction of correct classifications of the test patterns (.V|„( = 1000) at the end of 
training. 

The behaviour of the methods is illustrated by the typical learning curves shown 
in Figures 1 (BP with non-optimal parameters (a) and the exact steepest descent (b)) 
and 2 (stochastic UP (a) and the modified Newton method (b)). 

0 efj . с* во 

NeDcu h 

Figure 1: Fraction of correct classifications as a function of learning epochs for Task = 
1/0.3: a) BP with n = 0.01, b) the exact steepest descent. 

The memory and CPU time requirements of the methods are presented in Table 
2, where n is the number of weights, Tgy is the time required for computation or 
approximation of the minimum eigenvalue (this time is not very significant), Tts is 
the time of line search. We assume that n С N,Taj„: it is usually considered to be a 
necessary condition for successful learning. 

Conclusion 
The results of comparison pf different training algorithms are the following: 
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Table 1: Performance of different methods for llie feed-forward network training 

Method 
HP 

NEWT 
DECS 
DEP 
Ш 

REG 
CHAD 

CG 
UP 

NEWT 
BEGS 
DFP 
LM 
BP 

NEWT 
BEGS 
DFP 
LM 
BP 

NEWT 
BEGS 
DFP 
LM 
BP 

NEWT 
BEGS 
DFP 
LM 

Task 
1/0.3 1000 

1/0.7 1000 

1/0.8 1000 

1/0-3 100 

1/0.5 100 

Limit 
76,1 

58.5 

55,3 

76,1 

66,1 » 

Epoch 
5 
6 
S 
9 
3 

90 
130 
7 
5 
10 
10 
2 

30 
7 
9 
10 

/ 
50 
16 
7 
9 

25 
175 
16 
9 

30 
45 

Error 
0.397 ° 
0.391 
0.392 
0.396 
0.398 
0.399 
0.400 
0.100 
0.183 
0.475 
0.479 
0.477 
0.484 
0.499 
0.475 
0.484 
0.716 
0.491 
0.370 
0.326 
0.632 
0.359 
0.373 
0.413 
0.337 
0.342 
0.314 
0.414 

Gradient 
2.0 

0.021 
0.015 
(1.055 
0.27 

0.008 
0.17 
0.48 
1.4 

0.017 
0.099 
0.22 
0.89 
4.9 j 

0.017 
0.052 

0.0 
1.0 
1.3 

0.011 
0.0 

0.014 
0.18 
0.44 

0.015 
0.056 
0.082 
0.17 

Test 
75,6 
76,2 
75.3 
75,9 
75,7 
75,5 
75,6 
75,1 
56,2 
56,6 
55,2 
54,7 
55,9 
52,7 
52,9 
51,6 
48,2 
52,4 
74,0 
74,3 
55,6 
72,2 
73,6 
63,9 
60,5 
57,5 
61,5 
64,4 

°0.396 after 10000 epochs, 0402 in case of stochastic BP 
^performance within 3% is expected 
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Figure 2: 'Volution of pattern recognition with number of training epoch for Task = 
1/0.7 : a) stochastic HP. b) modified Newton method. 

Method 
HP 
CG 

NEWT 
DFP 
LM 

Memory 
0 ( H ) 
0 ( H ) 
O(n') 
0(n2) 
O(n') 

CPU time per epoch 
0(n • Ntr.,n) 

0(» • Чго,.,) + TLS 
0[П* • S„..„) + Ткс + TLS 

0{„ • ,V(r„,„) + r i4-
0(»'-.V,ro,„) + r t s 

Table 2: Requirements of different algorithms for feed-forward network training 

1. BP is the fastest method and requires small memory size, 

2. the exact steepest descent and conjugate gradient method are less efficient, 

.4. the exact Newton method is not applicable, 

4. the modified Newton method requires more computer resources than BP, but it 
is simpler in use and provides better accuracy, 

5. quasi-Newton methods often provide the same accuracy as the modified Newton 
method, but they are faster, 

6. the Gauss-Newton method exhibits the same properties as the modified Newton 
method. 

In general, BP is the best algorithm, especially for large networks used for recogni
tion of complex patterns. Wc can recommend the modified Newton, quasi-Newton or 
Gauss-Newton methods in case of difficulties in training relatively small networks. 
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Иванов В.В., Пурэвдорж Б., Пузынин И.В. Е11-94-389 
Методы второго порядка для обучения 
многослойного перцептрона 

Исследованы методы первого и второго порядка для обучения много
слойного перцептрона. Рассмотрены алгоритмы ньютоновского и квази-
ньютоновского типа и проведено их сравнение с широко используемым 
алгоритмом back-propagation. Показано, что хотя методы второго порядка 
требуют больших ресурсов ЭВМ, они обеспечивают лучшую сходимость и 
более просты в использовании. 

Работа выполнена в Лаборатории вычислительной техники и авто
матизации ОИЯИ. 

Препринт Объединенного института ядерных исследований. Дубна, 1994 

Ivanov V.V., Purevdorj В., Puzynin l.V. El 1-94-389 
Second-Order Learning Methods 
for a Multilayer Perccptron 

First- and second-order learning methods for feed-forward multilayer 
neural networks are studied. Newton-type and quasi-Newton algorithms are 
considered and compared with commonly used back-propagation algorithm. It 
is shown (hat, allhough second-order algorithms require enhanced computer 
facilities, they provide better convergence and simplicity in usage. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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