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Abstract 

Beam halos are formed via self-consistent motion of the beam particles. Interactions of single particles 
with time-varying density distributions of other particles are a major source of halo. Aspects of these 
interactions are studied for an initially equilibrium distribution in a radial, linear, continuous focusing 
system. When there is a mismatch, it is shown that in the self-consistent system, there is a threshold in 
space-charge and mismatch, above which a halo is formed that extends to -1.5 times the initial maximum 
mismatch radius. Tools are sought for characterizing the halo dynamics. Testing the particles against 
the width of the mismatch driving resonance is useful for finding a conservative estimate of the threshold. 
The exit, entering and transition times, and the time evolution of the halo, are also explored using this 
technique. Extension to higher dimensions is briefly discussed. 

I. Introduction 

A strict design condition for intense linacs 
operating as beam factories is that the whole 
beam is transported through the machine with 
very few particles lost on the walls. This allows 
"hands-on" maintenance during the facility 
lifetime without the necessity for remote 
manipulators. The beam loss requirement 
translates into less than about 1 nA per meter 
per GeV of beam energy. The fractional loss/m 
for a 100 mA, 1 GeV beam must therefore be 
controlled to less than one part in 10 8 . Similar 
challenges apply to various circular accelerators 
and storage rings, where beam control over as 
many as 10 9 turns is required. Aspects of the 
space-charge mechanisms can also apply to 
these machines, and computational challenges 
are equivalent. 

Operating experience [SC Workshop. 1978] with 
high-intensity linear ion accelerators and 
multiparticle simulations of these accelerators 
show that, under certain conditions, a diffuse 
"halo" may form around the dense "core" of the 
beam. These halo particles would be scraped off 

by the bore walls if their radius becomes large 
enough. 

Linac designers have known that halos are 
reduced if the machine design keeps field 
nonlinearities as low as possible, parameter 
changes as smooth as possible, external 
focusing as strong as possible, and the rms 
parameters of the beam matched as well as 
possible to the acceptance parameters of the 
channel. Earlier studies also showed that it is 
desirable to keep the energy balance between the 
degrees of freedom of the system (e.g.. radial and 
longitudinal) within certain limits: otherwise a 
dynamic equilibrating process will occur in 
which energy flows from the warmer to the 
colder state. This is called "equlpartltioning" 
[Jameson 1981. Hofmann 1981]. Linac designs 
that maintain this condition along the machine 
have been proposed [Jameson 1981. Jameson 
1993. Pabst 1994. Reiser 1994]. It is not 
possible to do these things completely in 
practice, for intrinsic reasons (e.g.. nonlinearity 
of the rf wave in an rf linac. or the very nature of 
alternating gradient focusing), or because of 
various constraints or errors (e.g.. facility length, 
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which translates to cost, or errors in the rms 
matching). However they serve as points of 
departure. 

Following these precepts means that sources of 
free energy in the system are minimized. Free 
energy may be converted into beam emittance 
and growth in the outer radius. 

The actual mechanics of halo formation were 
unknown until recently. fCarlsten 1993] showed 
that halo formation from point-to-point Coulomb 
interactions is not of concern in the intense rf 
linac beams under consideration. It had been 
observed in simulations that particles once in 
the core could later be found at the outer edge, 
indicating that a large effect had occurred, 
strong enough to push the particle out of the 
core potential well. Other probable mechanisms 
suggested slower, more diffusive effects. We now 
concentrate on the former, and will return briefly 
to other mechanisms later. 

The Core/Single-Particle Mechanism for 
Beam Halo Production 

It was realized [Jameson 1993. O'Connell 
1993] that a single particle, passing through 
time-varying fields set up collectively by the 
ther particles, could gain or lose large amounts 
f energy. The total energy of the system is of 
ourse conserved. A direct analogy is that of a 

Core Misalignment 

spacecraft interacting with a large body in space: 
the spacecraft may be slowed down or 
accelerated (or even stopped) depending on its 
orbit around the large body, except that in the 
beam the reactions are from space-charge and 
thus repulsive, rather than gravitational and 
attractive. If a particle passes through the beam 
core when the core density is increasing, the 
particle will gain energy, and conversely, when 
the core density is decreasing, the particle will 
lose energy. Indicated schematically in Fig. 1. 
this is the basic energy transfer mechanism, and 
also a source of randomness (because there is a 
finite number of particles in a real beam) that 
adds significant chaotic aspects to the dynamics 
of the system. 

The second aspect is that the accelerator system 
is periodic, so the particle may pass through the 
core repeatedly. If the particle falls into 
resonance with a driven core oscillation 
frequency (called a "parametric" resonance), 
repeated energy transfers can occur, in total 
enough to move the particle from inside the core 
to far outside into a halo. 

Third, as particles move out. the restoring force 
increases, and the orbit frequency (tune) 
changes. This causes the outward movement to 
be self-limiting, the particle falls out of phase 
and may move back in again, to be replaced in 

Particle in core 

Particle with betatron oscillation 

Core density fluctuation 

Fig. 1. Schematic ofthe collective core/slngle-partlcle halo-producing mechanism. 



the halo by other particles. This motion may 
repeat many times. The self-limiting feature is 
very important in terms of practical definition of 
adequate linac aperture. 

Finally, the nonlinear resonance dynamics can 
exhibit chaotic features, well-known in other 
fields. 

Simple One-Degree-of-Freedom Model 

A simple model illustrates these features of halo 
production. We s tudy the motion of a 
continuous cylindrical beam in a uniform 
longitudinal magnetic field. Following the 
notation of [Bondarev 1993], the equations of 
motion (with zero angular momentum) are 

x" + 2Ay' - a(Q(r)/r2)x = 0 

y" + 2Ax' - a(Q(r)/r2)y = 0 

A = (e B z L)/(2 mo c p y) 

a = (2 I L)/(I 0 E (PY)2) 

where e, mo are particle charge and rest mass, p 
is ratio of particle longitudinal velocity to light 

velocity c. Y = fl - P 2 ) " 1 / 2 . B z is magnetic field. E 
is beam emittance, L is focusing period length. 
I is beam current. I 0 = 3 .13xl0" 7 A is Alfven 
current for protons. Q(r) is the proportion of 
particle charges inside the circle with radius r. 
(Q(°°) = 1). r 2 = x 2 + y 2 . 

The equations of motion inside and outside of 
the core are not the same: 

r" + A 2r - a / r = 0 ; r > r k 

r" + (A2r - a/r^yr = 0 ; r s r^ . 

where r^ is the core boundary. Bondarev gives a 
proof showing that a particle will gain (lose) 
energy if it traverses the core when the core 
density is rising (falling). 

Demonstration with Cold Beam 

The continuous, linear, radial external focusing 
system above was programmed by K.R. Crandall 
circa 1970 as a particle-in-cell code, in x.x'.y,y' 
coordinates to avoid difficulties at the origin. A 
zero-emittance beam (at the space-charge limit) 
distributed uniformly from the origin to the 
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Fig. 2. Initially zero-emlttance. mismatched beam in the radial channel; scraped at z/wp = 50. 
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matched radius will propagate without change. 

If the uniform distribution is filled to a 
mismatched radius , there will be a linear 
oscillation but the distribution will remain a 
straight line without distortion. However, if a 
mismatched. Gaussian, zero-emittance space-
charge-limited beam is injected, the particles will 
rotate at different frequencies and mixing will 
occur, as shown In Fig. 2. (When x or y change 
sign, the sign of r is reversed, and r' adjusted, to 
aid the eye.) 

At z/wp = 3.75 plasma periods, some particles 
are still at rest at the origin. Then the outer tail 
sweeps through the origin, causing a local 
density anomaly there that repels nearby 
particles, and also slows or speeds up particles 
in the tail. This can be observed at z/wp = 0.5 
and subsequently. Repeated interactions of this 
type result in folding of segments onto a beam 
core (z/wp = 3.875). from which new tail 
segments begin to emerge. By z/wp = 9.750. the 
new tail extends almost as far as the original 
tail. Tracking of the particles initially at the 
origin shows they are far out in the new tails. 
The result of an abrupt scraping of the halo at 
z/wp = 50 can now be anticipated by considering 
the mechanism as described above - a strong 
central density oscillation is still present, so halo 
continues to form. 

Warm Beam Demonstration 

Fig. 3 shows the core/single-particle interaction. 
The simulation was made with a finite-
emittance. tune depression = 0.4. mismatched. 
Gaussian initial distribution. The density 
oscillation in a disc about the origin is shown. 
The trajectories shown are the rr ' radii of six 
particles (out of 10K) that had the largest rr' 
radii at z/wp =10. The downward spike in these 
orbits indicates a passage through the core. If 
the core density is rising when this passage 
occurs, it is seen that rr ' increases after the 
passage . These inc reases resonan t ly 
accumulate, but the particles' tune changes and 
they begin to traverse the core when the core 

density is falling, which takes energy from the 
particles and they move back in. 

0 2 4 zAvp 6 8 10 
Fig. 3. Warm mismatched beam 

In the radial channel. 

Definition of Terms 

A number of interpretations of the terms "core", 
"tail" and "halo" are now used. As indicated In 
the equations above from Bondarev. one 
fundamental indication is that the "core" (or 
"kern" in Russian) is within the radius where the 
space-charge force peaks, with the outer part of 
the distribution having a ~ l / r dependence at 
greater distances. This outer part, which may be 
a natural part of the initial distribution, is called 
the "tail". Practical beams with mismatch or 
misalignment errors will of course have particles 
at the radii corresponding to these errors. The 
term "halo" is then reserved for particles outside 
the natural extent of the tail or the expected 
radii from errors. This definition is appropriate 
to the resonance "width" concept developed 
below. 

[Lapostolle 1970] and [Sacherer 1971] showed 
that the rms properties of a transported beam 
depend little on the detailed shape of 
monoton ica l ly -dec reas ing d i s t r i bu t ion 
functions; thus the "equivalent rms uniform 
beam" can be u sed . Other ana lyses 
[Struckmeier 1984. Wangler 1985. Anderson 
1987. Reiser 1991] have shown that the uniform 



component of a distribution's field energy can be 
represented by the equivalent uniform beam, 
and the remaining nonlinear field energy can be 
related to asymptotic rms growth (from errors of 
energy imbalance, misalignment, rms mismatch, 
and input distribution mismatch) in time-
independent t ranspor t systems tha t are 
considered infinitely long. This is not easy to 
apply to an accelerator, and also deals in a 
macro-effect on the beam bunch that does not 
reveal what really happens to particles that may 
form a halo. However, there are some definitions 
of core, tail and halo that use an equivalent 
uniform beam as the basis. 

Initial Particle Distributions 

In a completely linear system with linear 
external forces and a uniform beam distribution, 
there is no free energy and no emittance growth 
occurs. The equations describing the motion of 
this distribution were found by [Kapchinsky and 
Vladimirsky 1959]. The KV distribution has 
particles distributed on a shell in phase-space. 
It is convenient because it can be analyzed 
analytically, but it is not realizable physically 
and has unphysical instabilities because of the 
sharp shell edge, so it must also be used with 
great caution in simulations. 

The Gaussian distribution (which may be 
truncated) has a tail; this mathematical 
function is not nonlinearly matched to 
accelerator channels and is also not a good 
shape for use in fitting observed beams (even by 
combining several) (Boicourt 1980. 1983]. Thus 
it will initially undergo charge redistribution 
during the first few plasma periods as it tries to 
equilibrate to the channel, and the initial tail will 
continue to evolve as indicated in Fig. 2 . These 
confusions limit its usefulness in studies of halo 
phenomena. 

The thermal (Maxwell-Boltzmann) distribution 
may be an equilibrium state in circular 
accelerators or storage rings where the lifetime is 
long enough for the beam to equilibrate via 
Coulomb collisions. In linacs and other high-
power beam devices, the shorter length and rich 

arrays of resonances indicate that other dynamic 
effects will dominate, although there can be a 
component of free energy thermalization via 
equipartitioning if the energy balances are bad 
enough. Work has recently been done [Brown. 
1994] to find the extent of the radial thermal tail 
for bunched beams, as a best-case guide for 
channels with t ime-independent external 
focusing. 

The Hamiltonian Equilibrium Distribution 

[Gluckstern 1970] has shown that an infinite 
class of equilibrium distributions exist for a 
simple time independent, continuous, linear, 
radial focusing channel in which the particle 
coordinates are chosen based on the 
Hamiltonian (including space-charge) of the 
system. These distributions extend from the 
zeroth-order KV distribution, with no tail, to the 
thermal distribution at infinite order. The 
in termediate orders have monotonically 
decreasing density distributions and sharp 
cutoff radii. Thus they are well-suited for study 
of phenonema in the linear continuous radial 
focusing channel, and the first-order distribution 
was selected for further studies to be described 
below. The beam radius and focusing strength 
are chosen, giving the tune depression. In rr' 
phase space, the distribution has a squarish 
shape that sharpens with more tune depression 
(Fig. 4.a.). 

Fig. 4.b. shows an example, in which an initial 
distribution with tune shift a/a0 = 0.4 was 
scraped with an elliptical rr' filter after 5 plasma 
periods. This excited a central density 
oscillation, and the maximum beam radius grew 
back larger than the initial value (Fig. 4.c). As 
expected, the largest radius particles were driven 
as described above. With a linear external 
restoring force, simulation of a misaligned initial 
distribution over a large range of misalignment 
and tune shift did not exhibit halo formation 1 . 
In a channel with nonlinear restoring forces, 
both halo formation and centroid damping would 
be expected. 

An error In the simulation reported In [Jameson 19931 was 
corrected. 
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Fig. 4. (a.) Hamlltonlan O/OQ = 0.4 distribution, rr' phase-space, 
(b.) Scraped at z/wp = 5. (c.) regrowth of maximum radius. 

Energy equilibration via equipartitioning was 
demonstrated by injecting an unbalanced beam 
using the xx' distribution from a.a/a0 = 0.1. and 
yy' from a o7o 0 = 0.83 Hamiltonian distribution. 
(Fig. 5) In 10 z/wp, the rms emittance growth 
was damping out at -7-8%, but the maximum 
radius growth was about 25% and still growing 
almost linearly. A strong central density 
oscillation was excited, with an increase in 
maximum radius on every rise in central 
density. 

Resonances 

We have identified time-dependent density 
distribution of the beam core and resonance 
with a single-particle trajectory as a major halo 
producing mechanism. We now proceed to 
2xamine this in more detail. Here the reader is 
referred to the literature of chaos in Hamiltonian 
and near -Hami l ton ian s y s t e m s , which 
essentially describes everything that we will see 
in the simulations to follow. This literature is 

too rich to describe in this note, and we 
only point out aspects of it. In nonlinear 
systems, resonance strengths depend on 
the parameters, and when resonances 
overlap, particles may be transported 
from one resonance zone to another and 
exhibit chaotic properties. 

The behavior of one-degree-of-freedom 
(two-dimensional phase-space) systems 
has been extensively studied, and we 
will pursue the case of the radial 
focusing channel further below. In this 
case, for example, we are assured that 
the self-limiting proper ty of the 
core/single-particle interaction is strictly 
satisfied for reasonable values of 
mismatch and tune depression because 
there will be an outer "KAM curve" that 
is impenetrable. However, in systems of 
more than two dimensions, the phase-
space cannot be strictly divided, and a 
stochastic web may exist along which 
particles can move to more distant 
regions of phase-space. Beyond this, 
little is known about the mechanics or 

even how to describe higher-dimensional 
transport. An accelerator has three degrees-of-
freedom (six-dimensional phase-space) plus time 
variation and thus is a formidable and forefront 
problem. In this paper, some degree of definition 
is at tempted, and some considerations of 
possible tools for computational analysis of the 
full system are outlined. 

Resonances are introduced in accelerator 
systems from many sources; each, and their 
combinations, require detailed future study. 

Some basic construction techniques introduce 
density fluctuation and resonances, such as 
alternating-gradient focusing. This is the 
fastest period in most linac or transport lattices, 
and is often averaged out for rms purposes; 
however, it needs to be studied in more detail in 
terms of halo production. Careful work 
[Struckmeier 1994. Struckmeier & Hofmann 
1992] indicates tha t there is a small 
contribution to emittance growth, because a 
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Fig. 5. Maximum rr4 radius and central density, non-equipartltioned distribution. 

temperature balance can never be reached in a 
quadrupole focusing sys tem where the 
temperature imbalance is periodically restored 
by the focusing forces. A particle with phase 
advance s: to the quad lattice phase advance 
would experience a strong "envelope" resonance, 
so the zero-current phase advance must be 
below 90°. There are integer fractional 
resonances below the main envelope resonance 
(72°. 60". 45°. ...) that might also have to be 
avoided in a long t ranspor t line without 
acceleration. 

A second construction technique is the practice 
of making all the cells the same length in high-
beta tanks. This was done to reduce production 
costs, and results in no true synchronous phase 
— the particles slip in phase as they traverse the 
tank. They enter the next tank and slip again. 
If the periodicity is not carefully considered, 
serious resonances can occur that would affect 
even the rms behavior (SSC linac). The effect on 
halo production should be studied. However, 
since modem numerical machining can produce 
graded-beta cells essentially without additional 
cost, this effect can be eliminated and this basic 
way to avoid one halo-production mechanism 

now forms the baseline approach for the ESS 
project [ESS 1994]. 

Acceleration and bunching processes (e.g.. in the 
RFQ [Jameson 1993]) introduce time-variation 
into the system. This has a fundamental effect 
of increasing the degrees of freedom. Smooth 
acceleration could also have the benefit of 
minimizing the time spent near a resonance., 
but on the other hand, longitudinal resonances 
will couple with the transverse ones. 

A wide variety of errors can introduce time 
variations. The strongest are errors in the linear 
energy mismatch, such as rms mismatch at 
t ransi t ions in a l inac. Errors include 
misalignment, quadrupole rotation or other 
errors that introduce unwanted coupling 
between the degrees of freedom, or higher-order 
aberrations, field pattern errors, time-dependent 
errors that mean that a single rms-matching 
procedure is only good on average, etc. 

Parametric Resonance 

[Gluckstern 1994] has written the action integral 
for the mismatched radial focusing system with 
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the addition of a cubic restoring force that 
increases with distance from the origin, as 
shown in Fig. 6. 

For e = 0 .1 . particles to the left of point L 
oscillate in the core, but if a particle is near (at) 
point L. it is swept far out to point R. Point U is 
an unstable fixed point and point S is a stable 
fixed point.. The phase-space plots of Fig. 6.b. 
and c. show these features and the separatrix. 
This model is very illiminating qualitatively. 
However, it is oversimplified for quantitative use 
even in the radial channel system, where the 
space-charge force nonlinearity is more complex 
and beam emittance changes during the 
evolution [Chen 1994], nor does it address how a 
particle might achieve a given initial condition. 

The Test Particle Method 

The literature of nonlinear dynamics and chaos 
in Hamiltonian (or near-Hamiltonian) systems 
with 2-dimensional phase-space has made 
tremendous progress over the past few years in 
finding ways to describe and measure the 
system dynamics. The systems amenable to 
s tudy have the properties of twist maps . 
Resonances are typically very rich in structure 
(being possible at any rational number 
relationship with the driving terms). Particle 
transport through "turnstiles" occurs when the 
disturbance parameter becomes strong enough 
that resonances overlap. Chains of "islands" are 
formed near separatrixes. corresponding to the 
rational number resonances, and in which 
particles are trapped for at least one full circuit 
of all the islands before they have a chance to 
turnstile out into another area of phase-space. 

These features are typically explored by "test 
particle" methods. There are several versions. 
In each, single particles are placed a t many 
initial conditions and their motion computed in 
the field of a separate ensemble, i.e.. the test 
particles do not contribute self-consistently to 
the fields, but are only affected by them. One 
version is to solve an analytic model for the core 
fields. These models do not account for 
emittance growth. A second version is to use a 

Fig. 6.a. Plot of e cos ¥ action integral vs. square of 
(particle radius / core boundary radius), for a tune 

depression of 0.4 and zero angular momentum. 
(From Gluckstern) 

Fig."6.l£ Polar plot of w vs. ¥ for uajec'tories 
corresponding to e = 0.4. (From Gluckstern) 

Fig. 6.c. Stroboscopic plot of xx' trajectories, 
corresponding to Fig. 6.b. (from Gluckstern) 

particle-in-cell code to solve for the fields self-
consistently. and add extra test particles. The 



Fig. 7. Stroboscoplc phase space plot based on the analytic core-halo model 
(uniform density core, tune depression = 0.4, mismatch = 1.5. (From Ryne} 

test particle method is a valid procedure when 
the effect of a test particle on the system would 
be small, as in the case of one particle out of 
~10 9 in a real beam, and in the case of strong 
external fields [Bruhwiler 1990]. 

The trajectories of the test particles map out the 
phase-space characterist ics. Plotting the 
trajectory intersections with the phase-space 
once per period of the disturbing term gives a 
"Poincar6 Map", as shown in Fig. 7 for the radial 
channel system [Ryne 1994]. It is seen that the 
general features of the Gluckstern's development 
for the mismatch oscillation are present, along 
with the full richness of the resonant structure. 
Chaotic features are observed, particularly near 
the unstable fixed points of the separatrixes, 
depending on the strength of the disturbance. 

Test particle methods are very useful in 
preparing a "road-map" of the whole phase-space 
area under consideration. Thev are not 
solutions of the core /single-particle interaction 
outlined above. To understand this interaction, 
we have to observe the single-particle dynamics 
self-consistentlv. This corresponds to finding a 

specific route on the roadmap. and is the real 
problem we want to study. 

Self-Consistent Core/Single-Particle 
Interactions 

For an initially Hamiltonian distribution with \i = 
0.54 and mismatch = 1.30. Fig. 8 shows the 
particle-in-cell simulation code self-consistent 
Poincare plot of the particle that achieved the 
largest radius dur ing the course of the 
simulation. It is completely different from Figs. 
6 or 7. First, the forces for the whole 
distribution, including the particle of Fig. 8. are 
evolved self-consistently so that emittance 
growth, for example, is taken into account. And 
also, the particle plotted traces out only a 
portion of phase-space: in this case, it spent part 
of the time in the core and part in the halo. 

Fig. 9 shows the detailed radial trajectory of this 
particle. The rmax curve for the whole 
distribution shows that other particles were 
moving out and in during the run; this particle 
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Fig. 8. Self-consistent Polncart plot for a particle caught 
by the mismatch parametric resonance, n = 0.54, mismatch = 1.30. 

succeeded, near step 9500, in reaching the 
largest radius. The behavior is seen to be quite 
rich. Initially, the particle is oscillating in the 
core but is immediately involved in a resonance 
with the breathing mode having a rational 
number relationship, in this case with a cycle 
time around the island chain of about 8 or 9 
core oscillation periods. The uncertainties of the 
single-particle interactions with the other 
particles as it traverses the core eventually 
causes it to transport out of this chain, and into 
another with a longer period - closer to the main 
separatrix of the breathing mode. This repeats, 
with some growth in the maximum radius, in 
each case with an entrainment toward the main 
separatrix. until the island chain is 20 or more 
periods long. Travel on the main separatrix itself 
would take an infinitely long time, but the 
chaotic aspects of the sweeping separatrix and 
the core interactions result in a jump across the 
main separatrix to the other side. In this 
process, the particle is swept far out in radius. 
The process continues with some overshoot to 
lower number resonances outside the separatrix, 
but entrainment back toward it. and in this 
case, transition in. out. and back in to the core 
to the end of the run. The entrainment toward 
the main separatrix is the result of resonant 
core/single-particle interaction and self-limiting 
changes in the particle tune as the particle 

interacts with the main resonance. At higher 
mismatch and space-charge factor. Fig. 10, the 
action is much quicker and the particle goes 
farther beyond the separatrix. without return, 
and interacts with a higher-order mode for the 
second half of the run . In this example, 
emittance growth is strong, evidenced by a 
decline in the central density (Fig. lO.b.) and 
change in the central core oscillation wavelength 
(Fig. lO.c.) 

Particle Tune 

The space-charge forces vs. radius for various 
values of the rms space-charge parameter n = 1 -
(a/ao) 2 for our Hamiltonian distribution are 
shown in Fig. 11. 

The contours of constant density do not have the 
same shape from center to edge (Fig. 12). 

To help quantize the particle motion, we need a 
definition of its phase advance, or tune. It is 
useful to define the instantaneous local tune for 
each particle from the net restoring force minus 
the space-charge force acting on it. expressed as 
an equivalent phase-advance over the external 
focusing period length. The result is a cleanly 
defined line vs. radius, as shown in Fig. 13 for 
the Hamiltonian initial distribution at \i = 0.84. 
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step 
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step 

35.6 
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36.3 

step 
Fig. 10. Mismatched Hamlllonlan initial distribution. 

Willi mu « 0.84 and mismatch » 1.85. 
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Fig. 11. Space charge force vs. radius for the 
Hamlltonlan particle distribution. The distribution outer 
radius is 5; (2*r**2 = 50); test particles were added out 

to r = 10 to show force outside the core. 

Fig. 12. Contours of constant density for 
Hamlltonlan distribution with n = 0.98. 

Lack of smoothness at smaller radiii is due to 
statistics. 

Fig. 14 shows how the distribution tune shift 
varies during the mismatch cycle, becoming very 
strongly negative as the central density peaks. 
This enormous, time-varying tune spread shows 
that particles have a chance at each resonance. 
However, since few actually do get caught in the 
main mismatch resonance under study here 
[discussed further below), the time-varying 
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Fig. 13. Initial phase advance of all particles in 
10000 particle Hamlltonlan distribution, \i = 0.84. 

separatr lx clearly does not maintain the 
resonance opportunity for very long. 

Integration of Results Over Distance 

Runs were made over a broad grid of mismatch 
and space-charge factor, for two initial 
conditions before the mismatch was applied -
constant beam radius , and constant rms 
emittance. Each run was for 125 betatron 
periods. The maximum particle radius and 
maximum and minimum particle tunes achieved 
during the entire run were recorded. These runs 
were intended to explore a number of issues. 

One was to see if the integrated results would 
indicate some of the resonance characteristics 
seen in the full trajectories, such as Fig. 9. Fig. 
15.a. shows the maximum radius vs. the space-
charge factor for a mismatch of 1.30 applied to 
an initial radius of 5. (Each point Is a separate 
run). The onset of the rational number 
resonances occurs before the main resonance is 
excited. Slope adjustments made on lines 
joining sets of peaks in different areas can 
identify which rational number resonances 
contribute most strongly In a region. 

The onset of different resonances also appears to 
be correlated with the minimum tune, as 
indicated by the wavelength ratio plot of Fig. 
15.b. A change in the active resonances appears 
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run after therialo has formed, lower curve is at an adjacent central density peak. 

to occur whenever the ratio is decreased another 
half integer. Above zero, the shape of the ratio 
curve is parabolic, while below zero, where the 
space charge force is larger than the external 
force, the ratio is linear. It is seen that the 
integrated results do carry features of the 
detailed particle orbits. Further work may be 
able to show the explanation and utility of these 
observations. 

The statistics for the resonance onset are not 
very good, to an extent beyond even what might 
be expected for the 10.000 particles per run to 

125 betatron periods. Fig. 16 shows the same 
1.3 mismatch with a much finer grid of space-
charge factor po int s . B e c a u s e not m a n y 
particles actual ly hit the re sonance , the 
statistical error in any one run is high, and we 
may or may not see the onset for space-charge 
factors near the t h r e s h o l d . But more 
importantly, the fundamental resonant nature of 
this Hamiltonian system causes uncertainty. We 
return to this point below. However, by making 
a large number of runs on a grid, the threshold 
for halo generation by mismatch can be seen 
clearly, as shown in Fig. 17. This plot keeps the 
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initial rms emittance (before the mismatch is 
applied) constant over the entire grid. 

indicate the wisdom of an old practical operating 
rule to keep mismatch factors below 1.2. 

Threshold of Mismatch Halo Generation 

At zero space-charge, the threshold must go to 
infinity. The shape of the threshold curve has so 
far not yielded to analysis. However, the results 

Extent of Halo From Mismatch In t h e Radial 
Focusing System 

Normalizing to the initial radius plus the 
expected added radius from mismatch shows 
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Fig. 16. Repeat of Fig. 15.a. with finer grid In \i. 

tha t the halo in this part icular system 
(continuous, linear, radial external focusing 
system with Initially equilibrium Hamiltonian 
particle distribution) is limited to -1.5-1.6 times 
the expected radius (including the initial 
mismatch) over a wide range of mismatch and 
space-charge factor. This limiting is more strict 
than predicted by Gluckstern's formulas or test-
particle methods of the first type, which do not 
allow for emittance growth and other factors. 

Central Density Oscillation Wavelength 

Fig. 18 shows the central density oscillation 
wavelength scaled to (betatron wavelength) 
/sqrt(4 - 2(t) from the simple breathing mode 
formula for the KV beam. It is seen that the 
wavelength does not deviate too far from this 
scaling, although it does depend also on the 
mismatch factor. 

Resonance Width 

Fig. 19 shows the ratio of the doubled 
nstantaneous particle phase advance to the 
entral density oscillation phase advance for the 
article of Fig. 9. It is sensible to surmise that if 
he integral of the instantaneous phase advance 
ver a core oscillation period is a 180°. the 

particle will have caught the main resonance 
and will spend some time with a phase advance 
of > 180° per core oscillation period until it falls 
out of resonance and back into the core. This 
technique may afford a major diagnostic, with 
suitable adaptations for multiple resonances. 
While arrived at independently, this notion of a 
particle advancing more or less than once 
around the phase-space wrapped into a cylinder 
representing the wavelength of interest has been 
used recently in general chaos studies, and is 
known as the "width" of a resonance [Easton 
1993. Benkadda 1994]. The time needed before 
the width is exceeded is the "exit time". The 
"transit time" is the time from when the 
particle's width exceeds one, until it again 
becomes less than one. 

Figs. 20 and 21 show exit time computations on 
the width of the central density oscillation 
wavelength for two sets of conditions, showing 
the number of particles exiting and entering at 
each step, and the transit time for reentering 
particles. Because the mismatch oscillation 
persists, the halo is being generated throughout 
the run. Particles may go in and out of the halo 
many times; more with increased space-charge, 
but they stay out longer when there is less 
space-charge. Part c. of the figures show a 

16 



1.50 
mismatch 

1.25 

Fig. 17.a. Maximum halo radius achieved as a function of space-charge n and Initial mismatch. 
Constant rms emlttance was maintained at each point before 

application of the Initial mismatch. 

somewhat erratic equilibrium may be achieved 
late in the run. The distinct oscillation is 
noteworthy and may be explained by Langmuir 
waves [Lagniel 1994]. 

Fig. 22 shows the statistical distribution of the 
first exit of the run. for a set of runs at different 
mismatches, all at the same space-charge factor 
H = 0.84. The runs were each repeated 12 times 
with different random numbers. Two families of 
runs were made. The figure shows the statistics 

when the central density oscillation wavelength 
was found during the run. A second family was 
made in which the central density oscillation 
wavelength was estimated from (betatron 
wavelength)/sqrt(4 - 2(t), since Fig. 19 showed 
that this is a reasonable approximation. The 
statistics are similar and the averages are very 
close. 
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Fig. 17.b. Contour plot of maximum halo radius, per Fig. 17.a. 
Dots connectea by lines are threshold points determined by the resonance width method. 

The scatter in the exit times, especially at the 
low mismatches, is very typical of stochastic 
processes in near-Hamiltonian systems like this 
one, as is the slow equilibration in Figs. 20.c. 
and 2I .e . The bounding circles and island 
chains are very sticky, and while there might be 
eventual ergodicity, the time to reach it would be 
extremely long IMeiss 1994] and well beyond our 
interest. The dynamics cannot be described by 
any diffusion process that invokes Brownian 
motion, an eventual thermal distribution, or 

uncorrelated transport probabilities. 

The width method using the estimated central 
density oscillation wavelength was used over the 
matrix of Fig. 17. The threshold is found to be 
at the lower edge of the major increase in rmax 
as indicated on Fig. 17.b. Other features are 
being analyzed. 
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Fig. 18. Central density oscillation wavelength scaled to (betatron wavelength)/sqrt(4 - 2\i). 

efinition of "the halo" as particles whose phase 
dvance exceeds 180° over a period of the 
entral density oscillation is precise for this 
ys tem. which has an easily measured 
isturbance wavelength. The situation will be 
ore difficult with weaker disturbances and 
ultiple driving frequencies, but modified width 

r spectral concepts should have utility. 

eparatrix Crossing 

n this mismatch problem, the main parametric 
esonance separatrix is moving rapidly, sweeping 
ver a large area of phase space. [Bruhwiler 

1994] and others have developed a separatrix 
crossing theory that shows how the adiabatic 
invariant is invalid at the time an orbit crosses 
the separatr ix. and how trajectories will 
eventually fill the whole area swept by the 
separatrix. In the mismatch problem, this is 
equivalent to the statement that trajectories will 
be found everywhere in the expected phase-
space area of the mismatch. (In the rf linac 
longitudinal phase-space , it means tha t 
filamentation will eventually fill the entire 
bucket.) Bruhwiler also found that some 
particles leaked outside the separatrix in his 
examples, and indicated this meant that 
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Fig. 19. Ratio of doubled instantaneous phase advance to central density oscillation 
phase advance for the particle of Fig. 9. 

correlations between the conditions on either 
side of the separatrix are important. His 
methods might be able to shed more light on the 
leakage particles. 

Higher Dimensions 

Little is formally known about transport in 
systems with two or more degrees of freedom (or 
four-dimensional phase space) [Meiss 1994]. It 
is known that there will be a stochastic web. and 
the possibility that particles could escape, for 
example, beyond the self-limiting boundary of 
the mismatch problem studied above. It is clear 
that the main features of halo generation from 
time-varying density fluctuations will persist, in 
particular the rich resonant structure and the 
tendency toward self-limiting. 

[Lagniel 1994] has explored the features of the 
quadrupole channel, including the addition of an 
additional driving term from the longitudinal 
coupling in a linac. using the test particle 
method. He shows. Fig. 23 . that the rich 
structure of resonances and stochastic layers is 
present, and that Arnol'd diffusion is present 

when two degrees of freedom are coupled. This 
work mus t be extended to self-consistent 
studies. It has not been shown yet, for example, 
how far particles go beyond the expected 
boundaries, or how the trajectories are modified 
by acceleration. Development of tools such as 
the width method, spectral and statistical 
techniques will be paramount. 

The 60 cell bunching section of a high-current 
RFQ was studied [Jameson 1993] as an initial 
foray into the multidimensional problem. In this 
section, the beam is at injection energy and 
encounters a steadily rising bunching voltage. 
The forming bunch makes a time-dependent 
density distribution. A few (order 0.2%) particles 
were anomolously repelled longitudinally far 
from the bunch point, in some cases into the 
next bucke t . Using knowledge of the 
core/single-particle self-consistent dynamics 
and statistical procedures, it was found that 
these extraordinary orbits were strongly 
correlated with very close encounters with the 
transverse xx'yy' origin. (Fig. 24). 
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breathing mode wavelength Is -46 steps. 
e. Longest transit time. In number of core density oscillations, of particles that exited Into the halo. 
f. Number of times that each particle exited Into the halo. 
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Fig. 22. Statistics on exit times for mismatched Hamlltonlan distribution with n = 0.84. Runs made with 
10000 particles, repeated 12 times each with different random numbers. Averages are shown - solid line Is 

with central density oscillation wavelength found during the run; dotted line Is with central density 
wavelength approximated by (betatron wavelength)/sqrt(4-2n). Exponential fit to averages for 

mismatch a 1.30 gives y = 35100. • e*(-3.8465) with confidence iactor R = 0.998. 

Conclusions 

Inves t iga t ion of t h e b a s i c s ing l e p a r t i c l e 
dynamics is impor tan t to guide development of 
theory and diagnostics. 

i n t e n s i t y a c c e l e r a t o r c a s e s h o u l d l ead to 
product ive inves t igat ion by mass ive ly para l le l 
comput ing. 
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