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ABSTRACT

We study underdamped Josephson junction series arrays that are globally
coupled through a resistive shunting load and driven by an rf bias current.
We find that they can be an experimental realization of many phenomena cur-
rently studied in globally coupled logistic maps. We find coherent, ordered,
partially ordered and turbulent phases in the IV characteristics of the array.
The ordered phase corresponds to giant Shapiro steps. In the turbulent phase
there is a saturation of the broad band noise for a large number of junctions.
This corresponds to a break down of the law of large numbers as seen in
globally coupled maps. Coexisting with this, we find an emergence of novel
pseudo-steps in the IV characteristics. This effect can be experimentally dis-
tinguished from the true Shapiro steps, which do not have broad band noise
emission.

1. Introduct ion

Josephson junction arrays are mesoscopic devices which are currently fabricated
with modern photolitographic techniques *. In the last years they have been stud-
ied as a realization of nonlinear dynamical systems with many degrees of free-
dom 2~6. Moreover, they have potential applications as high frequency coherent
power sources 7'8, parametric amplifiers and voltage standards 7. One-dimensional
series arrays, with a dc current drive, have been extensively studied when the junc-
tions are globally coupled through an external shunting load 2i3. Also, the dynamics
of rf-driven Josephson junction arrays has been of great interest in the recent years,
both experimentally 4 and theoretically 5. Much of the interest has concentrated in
the study of giant Shapiro steps in two-dimensional arrays 4i5. Some investigations
of chaos and turbulence on two-dimensional Josephson junction arrays, but where
there is a locally coupled dynamics, have also been done recently 6.



Spatiotemporal chaos has been intensively investigated through prototype mod-
els as coupled logistics maps 9. In particular, globally coupled maps (GCM) have
been studied as a mean field type extension of these models l0~13. As a consequence
of the interplay between temporal chaos and space synchronization, the GCM ex-
hibit coherent, ordered, partially ordered and turbulent phases 10. In the turbulent
phase, a surprising result was found by Kaneko n~14: even when spatial coherence
is completely destroyed, a subtle collective behavior emerges. This was seen as a
violation of the law of large numbers u as a function of the number of logistic maps.

Here we show a physical realization of these abstract models of non linear dy-
namics in one-dimensional Josephson junction series arrays (JJSA). In this system,
the role of the logistic maps is played by underdamped single Josephson junctions,
which are known to show chaotic behavior when they are driven by an rf bias cur-
rent 15~17. The global coupling is achieved by connecting this junctions in series
but with a common resistive shunting load. Therefore, the two conflicting trends of
GCM will be present: destruction of coherence due to the chaotic divergences of the
individual junctions, and synchronization through the global averaging of the com-
mon shunting load. In fact, we find that the break down of the law of large numbers
can be observed in rf-driven underdamped JJSA. Moreover, we find that whenever
the JJSA shows a breaking of the law of large numbers, novel pseudo Shapiro steps
emerge in the IV characteristics of the JJSA. This last effect is a new result which
does not result directly from the previously known phenomena in GCM.

2. Chaos in single Josephson junctions

Before considering the JJSA, let us review the dynamics of a single Josephson
junction. The supercurrent flowing through a Josepshon junction is

Ij = IQsm<p , (1)

where 4> is the phase difference of the complex order parameters in the two super-
conductors of the junction, and /0 is the maximum current that can flow through
the junction. The voltage drop across the junction is

V= (2)
2e dt ' K }

In real junctions one has to take into account that there is always a source of
dissipation and that the junction also works as a capacitor. This is usually modeled
by the resistively shunted junction (RSJ) model l8. In a current biased junction,
the bias current I(t) flows in parallel with an ideal Josephson junction, a resistor R
and a capacitor C so that the total current is given by,

h d<t>
+

T



It can be written in reduced units, with currents normalized by the critical current,
i = 11 Io, voltages by RIQ, v = V/RIQ, and time normalized by the plasma frequency

4> + gj> + sin <f> - i(r) , (4)

where g = (2eC%fe)
1/2 = l//?c

l/2, with fl. the Me Cumber parameter 18.
One of the responses that can be measured experimentally are the IV character-

istics of the Josephson junctions, which is the time averaged voltage < V(T) >= v
as a function of the time averaged bias current < i(r) > = i. When the bias current
I{t) is time-independent and the junction is overdamped (G = 0), Eq.(3) can be
solved analytically. In this case, the time averaged voltage is v = \/i2 — 1 for i > 1
and v = 0 for i < 1.

When the junctions are rf-biased, with I(t) = Idc + /r/sin{u;r/f), they show
Shapiro steps 19'15~17. These are plateaus in the IV characteristics where the voltages
are quantized at

V n = n ^ , n = 1,2,3,.. . , (5)

or in reduced units v = ngQrj, with Clr/ — urf/up. They correspond to phase
locked states, which are periodic solutions in resonance with the rf current. In
the underdamped case, g < 1, there are also subharmonic Shapiro steps for which

Chaotic behavior can occur in underdamped junctions driven by an rf current
below the plasma frequency (i.e. for g < 2, Qrj < 1) 17. In these chaotic solu-
tions the junction switches pseudorandomly between unstable, overlapping Shapiro
steps 15~17. Here, we study the chaotic nature of the solutions by computing the max-
imum Liapunov exponent A of the dynamical system of Eq. (4). Experimentally 16,
most chaotic modes can be observed as broad band noise in the power spectrum of
the voltage. The power spectrum is computed as 5(u?) — -f-\ /0

T"* u(r)elwT'dr\2. In
the presence of broad band noise, the low frequency part of the spectrum approaches
a constant, 50 = limw_).o5r(u;).

Let us study one example of Josephson junction in which there are periodic
solutions (Shapiro steps) and chaotic solutions. We choose a case with g = 0.2,
Clrj = 0.8, and i r/ = 0.61, which is shown in Fig. 1. We integrate the dynamical
system of Eq. (4) using a fourth order Runge-Kutta method with fixed step AT =
T/160, with T = 2ir/Qrf the period of the rf-drive, and we iterate the dynamics for
times as long as 1024T, after discarding the first 256 periods. For some particular
cases, we have checked our results with A T = T/320 and integration time 2048T-

In Fig. 1 we show the average voltage v/gQrj, the Liapunov exponent A, and
the broad band noise So as a function of i^. We distinguish four different regimes
as a function of idc. (i) There are periodic solutions, with A < 0 and So -> 0.
They appear either below the critical current, ({&. < ic — 0.036), where there is no
average dissipation v = 0, or at the Shapiro steps, which in this case are at voltages
\gClrJ (0.256 < idc < 0.428) and 3gflrj (0.476 < idc < 0.508). (ii) There are chaotic
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Figure 1: (a) IV characteristics for one single Josephson junction with g = 0.2, fir/ = 0.8,
irj = 0.61 coupling a — 0.2. We have normalized the average voltage as V = v/gQrf. (b)
Maximum Liapunov exponent A as a function of t^. (c) Low frequency limit of the power
spectrum So as a function of t^. P: mostly periodic solutions, Q: mostly quasiperiodic
solutions, C: mostly chaotic solutions.



solutions in the region between ic and the step at \gSlr] (0.036 < i j c < 0.256),
for which A > 0, So finite. In this region some periodic "windows" are also seen
(notably for voltages \g£lrj and ^gQrj). (iii) For high currents ( i ^ > 0.508), where
there is a linear resistive behavior in the IV, we find quasiperiodic solutions (also
subharmonics with high m are possible here), for which A as 0, So —• 0. (iv) Finally,
between the two steps, there is a region {0.428 < idc < 0.476) where either periodic
solutions with v = ^g$lrj, quasiperiodic solutions or chaotic solutions can exist,
depending on the initial conditions. In this region the IV shows hysteresis. Note
that we have deliberately chosen a case with few stable ShapiFo steps. For this set
of parameters, most of the Shapiro steps are unstable and overlapping, giving place
to a wide region of chaotic states.

3. Josephson junction series arrays

Let us now consider an underdamped JJSA shunted by a resistive load 2'20, and
subjected to an rf bias current /s(i) = /<jc + Ir/ sin(uv/£). This consists on a circuit
where there are N junctions connected in series one after the other, and there is a
common resistive load in parallel to all the junctions. The dynamical behavior of
each one of the Josephson junctions is described with the RSJ model of Eq. (3),

h dfa Ch<P<$>k

/o sin 0 * + — — — + - — - ^ r = h k = l,...,N, " ( 6 )
2eR at 2e at2

where Is is the current flowing through the circuit branch with the junctions in
series. By the other hand, the common load satisfies,

where rL is the resistance of the load and Ii is the current flowing through the load.
The bias current divides between the load and the junctions in series,

IB{t) = Idc + /-/ sin(wP/0 = Is + IL. (8)

Therefore, the governing equations of the JJSA in reduced units are

a N

4>k + 9<i>k + sin 4>k + -rj Y, g4>3 = idc + irf sin(fir/-r) , (9)

where fa is the superconducting phase difference across the junction A:, k — 1 , . . . , N.
Here <r = ^ represents the strength of the global coupling in the array. Note that
when <r = 0 the Eq. (9) reduces to a set of N independent junctions. Here, the mean
field variable is the voltage per junction v(t) = -fjYljvj — jj £ j 94>ji which is what
is directly measured in the experimental IV characteristics of the JJSA.



The simplest attractor of the system is the coherent state for which ^fc(r) —
</>J(T) = <J>Q(T). In this case the equations reduce to

0o + g4>o + sin <j)Q = idc + irf sin(Or/r) , (10)

with g = g(l+a). This corresponds to the dynamics of one single Josephson junction
as given by Eq. (4).

Let us study the spatiotemporal behavior of the JJSA in their IV characteristics
as a function of <j and N. To compare with the single junction case presented in the
previous section, we choose g = 0.2, O r/ = 0.8, and irf = 0.61." We work with fixed
£, instead of g, in order to have in all the cases the same coherent attractor. We
integrate the dynamical system of Eq. (9) with the same numerical procedure as in
the previous section. For each run we used different sets of random initial conditions

In Fig. 2(a) and (b) we show the average voltage per junction v and maximum
Liapunov exponent as a function of ijc respectively, for an array with 128 junctions
and coupling a = 0.2.

With regards to the temporal behavior, we see two main differences with respect
to the single junction case. The chaotic region (ii) above ic — 0.03 is narrower
(0.03 < idc < 0.2), leaving place to periodic solutions corresponding to the Shapiro
step at v = \g£lrj (0.2 < idc < 0.364). On the other hand, the region (iv) with
hysteresis is wider (0.364 < ijc < 0.514), and shows more chaotic solutions than in
the single junction case. This region has grown at expenses of part of the v = \g£lrj
Shapiro step and the v = 3gQ,rf Shapiro step. We find that this tendency is increased
as a function of increasing <r, with the chaotic region (ii) narrowing and the region
(iv) expanding in their respective ranges in tjc.

To further characterize these regimes in the JJSA, we analyze their spatial be-
havior. One important concept in globally coupled maps is "clustering" 10. A
cluster is denned as <j>i(t) = <f>j{t) for i,j in the same cluster. An attractor can be
characterized by the number of clusters it has, n^, and the number of elements of
each cluster, (Mi, M2, • • •, Afne,). For example, the coherent state is a one-cluster
attractor (ncj = l,A/i = N). In Fig. 2(c) we show nc/ as a function of i^c, also
for iV = 128, a = 0.2. We find different phases, according to their spatial be-
havior, which are as follows, (a) First, we find that the coherent attractor only
exists either for currents below the critical current (idc < *c = 0-03, temporally
periodic) or for high currents in the resistive regime (i^ > 0.514), corresponding
to the temporally quasiperiodic region (iii). (b) In the Shapiro step at v = \g£lrf
(0.2 < idc < 0.364) there are few clusters, ncl < N, a behavior that corresponds to
the "ordered" phase of GCM 10. Here, for most of the currents is nci = 2, and in
the places where n,.j > 2 (but ncj <C N) almost all the junctions oscillate in two big
clusters (M t w N/2, M2 « N/2, M3 = 1 , . . . , Mntc = 1). (c) The temporally chaotic
region (ii), 0.03 < idc < 0.2, has all the phases different, nci ~ N, a behavior that
corresponds to the termed "turbulent" phase of GCM 10. There is also an "ordered"
window with v — \gftrf in the middle of the turbulent phase (0.156 < i^c < 0.170),
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Figure 2: (a) IV characteristics for a Josephson junction series array with g — 0.2, fir/ =
0.8, irf = 0.61, a — 0.2 and N = 128 junctions. The average voltage per junction is
normalized as V = v/gQrf. (b) Maximum Liapunov exponent A as a function of ijc. (c)
Number of clusters nc\ as a function of J'JC. C: coherent phase, O: ordered phase, PO:
partially ordered phase, T; turbulent phase.



for which nci = 3. In fact, for the different cases we have studied, the ordered phase
of JJSA seems to coincide with the Shapiro steps, with the number of big clusters
being equal to the order m of the seep, (d) The current range above the step of
i^rfir/, that corresponds to the region (iv), 0.364 < tjc < 0.514 , even when it can
have some temporally chaotic solutions, is clearly different from the turbulent phase
in its spatial behavior. It can have (depending on the initial conditions) either at-
tractors with few clusters nc[ <C N, or attractors with many clusters, nc/ ~ N but
with almost all the junctions concentrated in one or two of these clusters. This
regime corresponds to the "partially ordered" or "glassy" phase of GCM l0. We also
find that meanwhile A and So change smoothly as a function of i<ic in the turbulent
phase, they change wildly in the partially ordered phase.

4. Break down of the law of large numbers and pseudo Shapiro steps

How does the behavior of the JJSA depend as a function of iV? We find that, as
in GCM, the turbulent phase is the one that shows the most notable changes when
increasing iV. In fact, we find a non-statistical behavior for large iV, like the one
found by Kaneko in GCM n as a break down of the law of large numbers. First of
all, let us note that the voltage per junction v^N\t) = -^ X t̂=i 9^j a c* s a s a "mean
field" in Eq. (9). Since in the turbulent phase the 4>j(t), and therefore the <£j(i),
take random values almost independently, one might expect that v(t) will behave
as an average noise. The power spectrum of v(t) will be

with VJ(U>) the Fourier transform of Vj(t) = g4>j(t). If the <j>j{t) are completly inde-
pendent, the second term in (11) will vanish for low frequencies, u> —• 0. Therefore
SQ ~ J;SQ , with SQ the low frequency part of the power spectrum of a JJSA
with N junctions. This is the equivalent of the law of large numbers for a periodi-
cally driven system. Then we might expect that in the large N limit the the broad
band noise part of v^N\t) will tend to vanish, (So —>• 0, for JV —> oo), reducing
the dynamics of the JJSA to N independent chaotic junctions with an additional
time-periodic driving v^~*'°o\t).

In Fig. 3 we show the calculated values of SQ as a function of N for different
values of a and for ijc — 0.124 (similar behavior is also seen for other values of t<jc
within the turbulent phase). We see that for some values of cr, So follows a 1/iV
behavior. But for some other values of a, So saturates for large iV, indicating that
some "order" has emerged in the turbulent phase. This corresponds to the breaking
of the law of large numbers found in GCM l l i l 2 - u .

This also affects the full power spectrum S(w), where broad peaks develop for
large N in the GCM n '12 '14. The same behavior is seen in JJSA in the power
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Figure 3: Low frequency limit of the power spectrum, So = Wm^-^o S(u>), as a function
of the size of the array N. For g = 0.2, Qrf = 0.8, ir/ - 0.61, idc = 0.124 and different
values of a.

0.001

Figure 4: Power spectrum of V(T) for Josephson series arrays with g = 0.2, ilr/ — 0.8,
irj = 0.61, idc = 0.124, cr = 0.4, Â  = 4 (dotted line) and N = 8192 (full line).

spectrum of v(t), as we show in Fig. 4. Here we show the low frequency part of the
spectra u < fi r/ for two different number of junctions. We see that for small N, the
power spectrum is flat. But when N increases it develops broad peaks. They get
sharper with increasing N, up to when So saturates, and then for higher values of
N the spectrum remains invariant.

We find that this subtle coherence of the turbulent phase notably affects the
IV characteristics of the JSSA in an unexpected way. We find that novel "pseudo-
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Figure 5: Blow up of the IV curve of Fig. 2(a) in the region of low currents, showing the
emergence of a pseudo-step when increasing N (N = I, dotted line; N = 16, dashed line;
N = 128, full line).

steps" emerge in the IV curve for large N at the same time that SQ saturates in
the turbulent phase. This can be seen in the turbulent region close to ic = 0.03 in
Fig. 2, and in more detail in Fig. 5. There we see that, meanwhile for iV = 1 the
IV curve in this region has a "noisy" aspect, when increasing N some pseudo-steps
tend to appear. In fact, many pseudo-steps are present all along the range of i<tc
corresponding to the turbulent phase for various values of a for which there is a
break down of the law of large numbers. Note that N — 128 is a value before the
full saturation of 5o, since is hard to simulate very large V̂ for the full IV. However,
we see that the pseudo-steps emerge and sharpen up when increasing AT, always in
coexistence with a saturation of SQ.

The pseudo-steps are not true Shapiro steps, since they do not correspond to
mode locked periodic states. Instead, they have a positive Liapunov exponent and
finite broad band noise emission. This emergence of pseudo-steps within the turbu-
lent regime of the JJSA is a new result which one could not have predicted from our
previous knowledge of GCM. They seem to arise as an additional effect originated
by the fact that we have a system of coupled non linear differential equations with
a time periodic drive, instead of simply coupled logistic maps.

5. Conclusions and proposed experiments

We have presented a system 21 in which many interesting phenomena that are
being currently studied in globally coupled logistic maps 10~14 can be measured in
concrete experiments. The JJSA can show coherent, ordered, partially ordered and

10



c
turbulent phases in their IV characteristics. The coherent phase exists for i^c < i
or for idc 1S> ic in the resistive regime. The ordered phase corresponds to the Shapiro
steps, for which we have found that the number of big clusters is equal to the order
of the step. The turbulent phase of the JSSA shows a break down of the law of
large numbers. The new feature in this system is that this effect coexists with the
appearance of pseudo-steps in the IV characteristics.

Josephson junction series arrays like the one discussed here can be fabricated
with the present techniques 7. One possible experiment consists in making an un-
derdamped JJSA with a large number of junctions (N ~ 1000 to 10000). There will
be true Shapiro steps, with no broad band noise (So = 0), and pseudo Shapiro steps
with broad band noise (So ^ 0). The last ones will be an indication of the break
down of the law of large numbers. A more direct experiment will need the fabrica-
tion of some JJSA with different number of junctions of the same characteristics.
A comparison of the different IV curves and the different power spectra will show
clearly the break down of the law of large numbers and the emergence of pseudo
steps, as described here.
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