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ABSTRACT

We present the quantum mechanical calculations on magnetoconductance of

the quantum waveguide topology containing multiply connected dangling meso-

scopic rings with the transfer matrix approach. The profiles of the conductance

as functions of the Fermi wave number of electrons and of the magnetic flux

depend on the number of rings as also on the geometric configuration of the

system. The conductance spectrum of this system for disordered lengths in

the ring circumferences, dangling links, ballistic leads connecting consecutive

dangling rings and disordered magnetic flux is examined in details. We find

that there exist two kinds of mini-bands, one originating from the eigenstates of

the rings, i.e. the intrinsic mini-bands, and the extra mini-bands. Some of these

extra minibands are associated with the dangling links connecting the rings to the

main quantum wire, while others are from the standing wave modes associated

with the ballistic leads connecting adjacent dangling rings. These different kinds

of mini-bands have completely different properties and responds differently to the

geometric parameter fluctuations. Unlike the system of potential scatterers, this

system of geometric scatterers shows complete band formations at all energies

even for finite number of scatterers present. There is a preferential decay of the

energy states, depending upon the type of disorder introduced. By controlling

the geometric parameters, the conductance band structure of such a model can be

artificially tailored and thus may guide the design of better mesoscopic switching

devices.



I. Introduction

The electronic and magnetic properties of phase coherent mesoscopic struc-

tures have received much attention recently owing to the several novel phenom-

ena observed experimentally [1-12]. Being typically of nm sizes, transport of

electrons through them is in the ballistic or quasi-ballistic regimes as the phase

coherence length of the electrons L^ at low temperature increases significantly.

When Lj, becomes comparable to the system size, quantum interference effects

become exceedingly important. Electron transport in such systems is very similar

to the microwave propagation in waveguides. The quantum interference phenom-

ena observed and predicted in such phase coherent mesoscopic systems include

the normal state Aharonov-Bohm effect in loops pierced by magnetic fields

[8,9], quantized conductance in point contacts [4], Hall resistance quenching [6],

Coulomb blockade and several others [7-9], These mesoscopic systems can serve

as potential quantum devices using the quantum interference phenomena[10-12].

With advances in nano-structure technology, samples of the order of electron

phase coherence length L$ can be fabricated with multiply connected stubs

or rings. A network of many rings larger than L^ has already been studied

experimentally [15]. So theoretical investigation of the quantum oscillations in

such multiply connected systems is relevant for a better understanding of the

control in relative phase between interfering paths for their proper utilization as

waveguide devices. However unlike the system studied in Ref. 15, the study of

other types of structures in which the rings are located outside the main wire

may also be very interesting. In this paper we carry out a detailed investigation

of the dependence of the oscillatory conductance on the Fermi-wavenumber

of electrons and the magnetic field piercing the loops in a system of multiple

dangling loops using transfer matrix method. Here the basic building block

is a dangling ring which connected to a perfectly conducting wire. As high

precision scaled samples are difficult to fabricate, we introduce disorder in the

lengths of the loop circumference, dangling links, interconnecting ballistic leads

as also in the magnetic fields piercing the loops - to study the effect of geometric

scattering in such systems. We also give a comparison of such systems with the

much studied one-dimensional system of potential scatterers and show a simple

way of replacing the system of geometrical scatterers by an equivalent system of
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energy dependent potential scatterers.

The outline of this paper is as follows. In Section II, a model system of

multiple dangling mesoscopic rings is described and the relevant formalism of

transfer matrix for this particular model is presented in details. In Section III,

numerical results and analyzes for fluctuations in different geometrical parame-

ters and its effect on the magnetoconductance is pointed out. The conclusions

from the observations made in section III and a summary of the work is presented

in section IV.

II. Model and Theoretical treatment

A schematic representation of the quantum waveguide topology containing

multiply connected dangling mesoscopic rings studied in this paper, is illustrated

in Fig. 1. It consists of N rings with different circumferences {lj}, different

dangling links {SJ} and different interconnecting ballistic leads {dj} between

adjacent dangling structures as well as different magnetic fluxes {$,} threading

the rings. The special features of this system is that the basic building blocks

are located outside the main current carrying wire. Perfectly conducting semi-

infinite leads are attached on either sides of the multiple dangling-ring system at

junctions 1 and TV. When a potential difference is applied across the sample, these

two perfect leads serve as the reservoirs of incident and transmitted electrons.

Our idealization of this model to a one-dimensional quantum wire network

corresponds experimentally to a network of high-mobility quantum wires with

narrow width such that only the lower subband is populated. The coordinates

of the points at which the dangling links are attached to the main wire are

designated by Xj ( j = 1,2,3, ...JV) and are called the junctions. The distances

between adjacent junctions are given by, dj = x J + i —Xj (J = 1,2,3, ...JV— 1), and

are allowed to be different. Coordinate Sj is the local coordinate definition of the

dangling links and $., is the magnetic field piercing the j ' - t h ring. For simplicity

our calculations use single electron approximation neglecting e-e interaction.

The basic building unit of this quantum wire network is a single dangling ring

connected to the perfectly conducting wire at a junction. We first derive the basic

transfer matrix which relates the wave function coefficients of the electron at one

side of the junction to those at the other side. The global transfer matrix that



represents the electron wave propagation through the entire device can then be

obtained by cascading all the individual transfer matrices in sequence. We have

used the Griffith boundary conditions at each junction owing to the requirement

of the single valuedness of wave functions and the conservation of the current

density ( Kirchoff's law ) [3,14,18], For example, at the junction Xj we have

and

^ l = 0
dx

(la)

(Ib)

where ipi, ^2, and ^3 represent the electron wave functions in the left-side lead of

the junction, the dangling link and the right-side lead of the junction respectively.

All the derivatives are either outwards or inwards from the junction.

First, we need to derive the wave function of the dangling ring by considering

the j—th node at which the j—th ring is connected to the j—th dangling link.

Consider an electron with the wave number k and energy t(k) = h2k2/2rn"

propagating through the j - t h ring, m* is the effective mass of the electron. In

the presence of a magnetic field piercing the ring, we can write the wavefunctions

at the j—th node as [3]

+
for the dangling link, where y is the local coordinate along the link.

for the electron wave moving in the left arm of the ring,

(2a)

(26)

(2c)

for the electron wave moving in the right arm of the ring, z is the local coordinate

definition in the loop. Here we have used symmetric gauge for the vector potential

of the magnetic field Bj, i.e. A,- = $j / / j , $j = BjSj is the magnetic flux through

the ring section area Sj, and lj is the circumference of the ring, ki and k% are

related to k by

hd l

and
he

$0 is the elementary flux quantum. Using Griffith boundary conditions at the

node of the ring and with the periodic boundary conditions prevailing in the

ring, we get

b\e 1 ' = C2, (3a)

b2fT
ik'il> = c j , (36)

Ol + 0,2 ~ b\ + 62 = C\ + C2, (3c)

(3d)

With the standard algebraic manipulations we can find the relation between the

coefficients a\ and 02 as follows :

- cosg) + tsi
~2(cos(klj) - cos 9) + i sin(klj)' (4)

As seen 02/01 is a phasor with modulus 1. The form of the wave function in the

dangling ring can be expressed as

cos<% - Sj) - f{«,-)) = pcos(k(y - s}) ~ (5)

We now derive the transfer matrix for the j—th junction in the main wire.

The corresponding wave functions are

= pcos(k(y - Sj) - (6)

Using the Griffith boundary conditions at the j - t h junction, we obtain the trans-

fer matrix connecting the coefficients {g\e~lkx',g2eik'i} and {he~ikxJ, /j

as
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where

and
0 \

The global transfer matrix can be constructed as the product of the individual

transfer matrices associated with each junction in order. Thus we obtain

The transmission amplitude of the electrons is related to the element of Mtot

as t(jfc) = l/JVftot(2,2). For a given configuration of a network of the dangling

rings, we carry out the matrix multiplication. The two-terminal dimensionless

conductance g of the device at small voltages can be written using Landauer's

formula [18,19] as,

- ) =\t\2. (9)

III . Numerical Results and Analyzes

In Fig. 2a, we plot the two terminal conductance as a function of the scaled

Fermi wave-number of the electron in a single ring system with and without the

dangling link. Curve a shows the case when there is no dangling link and the ring

is diiectly attached to the main wire. The junction formed on the main wire is a

four-way junction with the electron wave having four alternative paths of travel.

With proper modifications of the boundary condition, we find the conductance

oscillates between 0 and 1 with a regular periodicity. The eigen states of the

ring determined by the condition elfc'oi = 1, give rise to transmission unity for

those values of the Fermi wave-number at which klol = 2nx. Here all lengths

are measured in units of lo and are hence dimensionless. With I = 1, we find

conductance peaks at klo/ir = 0,2,4,...,. With introduction of a finite dangling

link, the electron wave at the junction has three channels for transport. However

here, apart from the eigen states of the ring, a standing wave pattern is formed

in the dangling link which interferes with the plane wave in the main wire. This

gives rise to transmission peaks and zeros at more energy points. If we refer to the

peaks of curve a as the intrinsic peaks of the ring, then apart from these intrinsic

peaks, we find some extra peaks appearing in the conductance pattern of curve b.

With introduction of the dangling link, apart from the intrinsic peaks becoming

narrower, two extra peaks appear in between the intrinsic peaks. These extra

peaks come from the interference of the standing waves of the dangling links

and are attributed to the specific parameters of the link. In both curves ring

circumference l\ = 1 and in curve 6, length of the dangling link si = 1.

In Fig. 2b, we study the same effect for a two ring system. Curve a shows

the conductance of a system of two rings attached directly to the main wire.

As in serially connected stub and loop systems [13,14,17], we also find clear

band formation in curve a. Each intrinsic peak gives rise to 2N-1 (where N

is the number of rings, here N=2) resonances. This behavior is very similar

to superlattice structures where each band gives rise to N-l resonances. Here

circumferences lj = 1 and ballistic lead d\ =- 1. As we increase the length

of the ballistic leads {d\ = 1.5 for curve b), we find the appearance of sharp

resonant peaks in between the allowed bands. This arises because of a change

in the standing wave pattern in the ballistic leads. With a further increase of

di = 2.5 in curve c, the number of sharp resonant peaks increase and the intrinsic

bands become narrower. In all the three curves discussed a — c, the junctions

are four-way junctions. As dangling links are attached to both rings, we find

the appearance of extra bands (curve d). Each of the intrinsic bands give rise to

2N-1 resonance spikes and the extra bands tend to widen as the standing waves

in the dangling links interfere with those in the ballistic leads. With increase in

the ballistic lead length from dj = 1 in curve d to dj = 1.5 in curve e and dj = 2.5

in curve / , we find noticeable change in the structure of the extra bands with

sharpening of band edges and appearance of oscillatory structures in them. So a

multi^dangling ring structure gives rise to complete band structures formation.

Of these, the intrinsic bands are peculiar to the rings and the extra peaks are

formed entirely due to the interfering standing waves of the dangling link and

the ballistic leads.

We now look into the effect of a change in the length of the ring circumference

on the conductance profile. In Fig. 3, we plot conductance g versus scaled Fermi-

wavenumber for a system of three rings. Curve a shows for an ordered system

8



with lj =1, Sj =1 and dj —I. As seen, for this system, there are the flatter

extra bands and the oscillatory intrinsic bands with 2N-1 (N=3) resonances.

These intrinsic peaks occur at the positions of cavity resonances and satisfy

the condition : klol = 2n.7r. So at f = 1, the intrinsic peaks occur only at

klo/n = 0,2,4 as seen in curve a. If I = 1.5, as is the case for curve b, the

positions of the intrinsic peaks are at klo/n = 0,4/3,8/3,4. So in curve 6,

we find the intrinsic peaks at 0 and 4 remaining the same, while that at 2

disappears with new bands appearing at 4/3 and 8/3. These new bands are

much ill-formed as compared with the well formed bands at klo/n =0 and 4.

This is because of a mixing of the modes of the eigenstates of the ring and

the standing waves of the dangling links at those energies where the new bands

appear. Introducing asymmetry into this system with l\ = I3 =1.5 and lj =1, we

find an enhanced effect of this mode mixing. Now there are two different sets of

allowed modes in the rings corresponding to the different values of circumference

parameters and an increase in the out of phase interference of the waves at the

junctions causes a destruction of the band formations making the conductance

profile highly oscillatory. So at zero field, in a system of multiply connected

ordered dangling rings, we can clearly distinguish the intrinsic bands which are

formed when the electron energy coincides with the eigen energy of the rings

while the extra bands come from the standing waves in the dangling links and

the ballistic leads. However some of the allowed modes of the standing wave in

the wires may overlap with the intrinsic bands making it broader.

In Fig. 4 we plot conductance g versus klo/n with increasing number of

dangling rings. Curves a — e correspond to systems with 1, 2, 3, 5 and 12

dangling rings respectively. With increase in the number of dangling rings, the

resonances in the intrinsic bands become sharper with their widths varying as

l/N and the band edges are also sharpened. The natter extra bands develop

oscillatory structures because of an increase of the junction scatterings in the

main wire. Unlike a system of potential scatterers, the presence of a few of these

geometric scatterers, typically of the order of 3, can generate the complete band

structure for all the values of the Fermi wavenumbers.

We now introduce a magnetic field and study the effect of increasing the

magnetic flux threading the rings on the conductance profile. In Fig. 5 we
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plot, magnetoconductance g vrs kla/^ for a single dangling ring attached to two

electron reservoirs. Curves a - / correspond to 9 = 0.0, 0.2TT, 0.4?r, 0.6TT, 0.87T

and I.OTT respectively. Magnetic field lifts the degeneracy of the eigenstates in

the ring and this causes each of the intrinsic bands to split into two bands. With

increase in 0 values, these split bands move apart- A decrease in conductance

at some k values is compensated by an increase in conductance at some other

k values. At 8 =1.0TT (curve / ) , the band structure is same as in curve a for

6 =0 with a steady shift to higher energy region. The effect of increasing field on

the band structure is periodic in 6 with a period n. As the magnetic field only

introduces a phase difference between the interfering waves at the ring nodes, it

is expected that only the intrinsic bands due to the rings will be affected. This

also strengthens our belief that the intrinsic bands are formed entirely by the

eigenstates of the rings.

In Fig. 6, we study the magnetoconductance g vrs 6/n at a fixed Fermi-

energy with increasing number of dangling rings (N). We fix the Fermi wavenum-

ber at Wo = 0.608TT at which the peak of an extra band occurs. Curves a — e

correspond to N=l, 2, 5, 8 and 12 respectively. As seen, with increase in N, the

bands develop and for N typically of the order of 5, complete band formation

with sharp band edges appear. The conductance profile for kl0 fixed at values at

which other peaks appear (for instance, at 0.27r for 1st intrinsic band and 1.39TT

for the 2nd extra band), behaves in a similar manner with increasing number of

dangling rings.

The difficulty in making highly precision scaled samples makes the study

of disorder in geometric parameters of the system extremely essential. The

degree of parameter precision required for the system to remain conducting is

investigated in Fig. 7. We plot the ensemble-averaged conductance < g > vrs

klo/ff with increasing disorder in the different geometric parameters for a system

of 20 dangling rings. The averaging is taken typically over 1200 configurations

which is sufficient to ensure stability and convergence. In Fig. 7a we introduce

disorder only in the circumference of the loop, keeping all s, = 1 and dj = 1.5.

Curves a - e correspond to wc =0.0, 0.1, 0.2, 0.3 and 0.4 respectively. We

calculate circumferences lj as

10



wc is the disorder parameter for ring circumference. Disorder in circumference

causes a decay in the intrinsic bands much faster than a decay in the extra bands.

However there is an overall decay of conductance for all the energy states with a

faster decay in some than in the others. As electrons with higher energies have

shorter wavelengths, geometric parameter fluctuations in a small system (here

it is of the order of 20) is seen by it while electrons with smaller values of klo

will not feel any effect of the parameter fluctuations at all. So the peak around

klo =0 do not show any decaying tendency.

Fig. 7b shows the same for disordered dangling links and the circumferences

lj —I and the ballistic leads di =1.5. We calculate the dangling link lengths as

sj = (1 + Rj.w,).l0

w, is the disorder parameter for the dangling link. Curves a — e correspond to

u>j = 0.0, 0.1, 0.15, 0.2 and 0.25 respectively. With increase in w,, the extra peaks

are more affected than the intrinsic peaks with an overall decay in conductance

of all energy states. But as can be seen, a disorder in the dangling links destroy

the band structure much faster than the circumference disorder. As the ring

is located outside the main path of the electron current flow, a change in the

geometric parameter of the ring has only an indirect effect on the current flow in

the main wire, while the dangling links being directly attached to the junctions

of the main wire has a stronger effect on the allowed modes of the standing wave

formed in the main wire.

Fig. 7c shows the same for a disorder in the ballistic leads. So the junctions

of the main wire do not appear periodically. The interval between adjacent

junctions are given by

di=xi+l-xi

with disorder introduced in dj as

dj = (1 + Rj.wd).l0

Wd is the disorder parameter for the ballistic leads. Curves a — e correspond

to Wd =0.0, 0.1, 0.15, 0.2 and 0.25 respectively. With increase in disorder, the

forward and backward scattering waves at the junctions interfere increasingly,

11

and this leads to a sharpening of the intrinsic bands. A partial decay of some

of the extra bands start in curve b at wj = 0.1. With increase in u/j, the extra

bands originating from the allowed modes of the waves in the ballistic leads

decay completely while resonant states due to the rings (intrinsic bands) and

the dangling links (extra bands) are unaffected. Unlike the system of potential

scatterers, where all states get localized with introduction of an infinitesimal

disorder in one-dimension (except for the presence of some stochastic resonances),

this system of geometric scatterers have some states conducting even with the

introduction of positional disorder for the scatterers.

iFrom Figs. 7(b) and 7(c), we could clearly distinguish the bands due to

the ballistic leads from the bands due to the dangling links. So the three length

scales involved in the system seem to give rise to different allowed energy regions

in the band structure making the study of such systems of geometric scatterers

comparatively simpler. The very different behavior of the geometric scatterers

from the potential scatterers can be understood if we consider the following

model systems :

(1) A system of ^-function potential scatterers of potentials Vo6(x) which is

attached to perfectly conducting semi-infinite leads on either side.

(2) A system of many dangling rings attached to junctions placed periodically

on a wire. Perfectly conducting semi-infinite leads are attached on either side of

this wire.

Using transfer matrix approach, we can obtain the matrix relating coefficients of

the wavefunction on either side of a single scatterer or a single junction as

-iO.5fi/it
1 + iO.5Q/Jk

For case (1) (the potential scatterer system), the form of f! = 2m*Vb/'i , where

m* is the effective mass of the electron. For case (2) (the geometric scatterer

system), the form of ft = -jfctan(fcd+ f(fcW) (see equation (7)). Comparing

these expressions of Q, we find that if the constant potential VQ is replaced by

an energy dependent complex function, then the scattering in both systems are

equivalent. In this case

Vo = = V0(k)

12



Therefore, it turns out that the system of geometric scatterers can be mapped

on an equivalent system of potential scatterers where the constant scattering

potential is replaced by an amplitude modulated complex periodic function of

the electron energy. It is this energy dependent potential amplitude that gives

rise to such different characteristics in the systems of geometric and potential

scatterers.

VI. Conclusion

We have presented the magnetoconductanee profile study for the multiple

dangling ring system connected to ballistic leads for different values of the Fermi

wave number of electrons. This model device involves three periodic length

scales, namely, the ring circumference, the dangling links and the connecting

ballistic lead lengths. We found that periodic miniband structures are formed

with increase in the number of rings. There are two types of minibands - one due

to the eigenstates of the rings while the second due to the standing wave modes

in the dangling links and in the the ballistic leads. These two types of minibands

behave differently in response to external perturbations. Change in periodicity

of any one length scale alters only the corresponding mini-bands keeping the

others intact. Asymptotically both geometric scatterers and potential scatterers

localizes all energy states exponentially. However in the mesoscopic regime,

for the system of geometric scatterers, disorder in any one of the length scales

involved in the system tends to cause preferential localization in a band of energy

states. This is never the case for the potential scatterers. These characteristics of

the geometric scatterers are very different from the one- dimensional ^-function

potential scatterer system. However, we find that this system of geometric

scatterers can in effect be mapped onto a system of ^-function potential scatterers

with the constant amplitude of the <5-function potentials replaced by an energy

dependent complex periodic function. By controlling and tuning the geomet-

ric parameters of the model devices, the conductance band structures may be

artificially tailored to meet the desired effect and can guide the design of new

mesoscopic devices.

The effect caused by the geometric scattering and the competing period-

icities of the different length scales involved in the system is of a much general

13

nature and we expect this to be true for all nano-structure devices involving more

that one length scale. This may have far reaching consequences in the working

of devices which use interferometric principle.
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FIGURE CAPTIONS

FIG. 1 Schematic representation of a multiple dangling-ring system inter-connected

by ballistic leads. The circumference of the loops are lj (j=l,2,3..,N) and

the dangling links are Sj. The positions of the junctions on the main current

carrying wire are designated by Xj with the distance between two junctions

(which is also the length of the ballistic leads) given by dj = xJ+i - Xj. The

magnetic flux threading the loops are given by $,.

FIG. 2 Conductance g versus the scaled Fermi wave-number klo/it for (a) a single

ring system, without the dangling (curve a) and with the dangling link

(curve b). The junction for the first case is a four-way junction while that

for the second case is a three-way junction. For both curves li = 1 and for

curve 6, si = 1 . Curve b is vertically shifted for clarity, (b) for a system of

2 rings for different ballistic lead lengths. Curves a — c correspond to the

system of rings attached directly to the main wire (i.e. Sj —0). Curves d— f

correspond to the system of finite dangling links which connected the rings

to the main wire. In all the cases lj = 1 and for curves d — f, Sj = 1. The

ballistic leads parameters for curves a and d are d\ = 1, for curves b and

e are d\ = 1.5 and for curves c and / are di = 2.5. The curves b — f are

vertically shifted for clarity.

FIG. 3 Conductance y as a function of scaled Fermi wavenumber klo/ir for a system

of 3 rings with differing circumference parameters. For all the curves Sj =

dj = 1. Curve a has lj = 1, curve b has lj = 1.5 and curve c has l\ = h = 1.5

and I2 — 1. The last curve corresponds to an asymmetric system. Curves b

and c are shifted vertically for clarity.

FIG. 4 Oscillatory conductance g versus scaled Fermi wave-number klo/n with

increasing number of dangling rings. Curves o-e show number of rings

increasing from 1, 2, 3, 5 and 12 respectively. Note the band structure

formation for the system of typically 3 dangling rings. For all curves lj =

Sj = dj = 1.0 (i.e. system is ordered).

FIG. 5 Magnetoconductance g as a function of the scaled Fermi wave number klo/n,

for a single dangling ring, with increasing magnitude of the flux threading

the loops. Curves a - f correspond to increasing values of B =0.0, 0.27T,

0.4JT, 0.67T, 0.8JT and 1.07T. Note that curves a and / are the same with a

17

continuous shift in the energy scale. For all the curves dj = Sj = lj = 1.

FIG. 6 Magnetoconductance g as a function of 9/n at kl<y = 0.608TT for increasing

number of dangling rings N. Curves a - e corresponds to N = 1, 2, 5, 8 and

12 respectively. Curves are vertically shifted for clarity.

FIG. 7 The averaged value of conductance, < g > plotted as a function of scaled

Fermi wave-number klo/n for a system of 20 rings, (a) At zero field for

increasing circumference disorder tuc=0.0, 0.1, 0.2, 0.3 and 0.4 (curves a-e),

(b) At zero field for dangling link disorder w, = 0.0, 0.1, 0.15, 0.2 and 0.25

(curves a - / ) , (c) At zero field for ballistic lead disorder wj = 0.0, 0.1, 0.15,

0.2 and 0.25 (curves a — e) and (d) For ordered geometric parameters and

disorder in the magnetic flux threading the loops. The disorder is w/=0.0,

0.1, 0.2, 0.4 and 0.6 (curves a - e). The minibands due to the loops split in

two due to breaking to time reversal symmetry. The low energy electrons

are affected only when the magnetic field is turned on.
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