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ABSTRACT

We propose a consistent macroscopic description of the thermodynamic and dynam-

ical properties of two-dimensional surface layers on the interface between two crystals

or between different media. Such description enables one to elucidate the effect of two-

dimensional defects (fracture) on the frequency, dispersion and polarization characteristics

of surface waves and scattered on two-dimensional defects bulk waves of various nature,

starting from rather general assumptions and without using of the microscopic models

of surface or interface layers. A new thermodynamic variable for two-dimensional defect

with an internal dynamical degree of freedom is introduced. The coupled long-wavelength

and low-frequency equations of motion of the defect layer are obtained as a set of nontra-

ditional boundary conditions for the bulk equations of the theory of elasticity. New types

of surface and pseudo-surface (resonance) waves caused by two-dimensional adsorbed or

segregated layers with different strength of bonding with elastic substrate are analyzed.
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Introduction

A consistent macroscopic description within the theory of elasticity of the dynamics of

a two-dimensional crystal defect consists in derivation of the boundary conditions on the

surface or interface and in solution of the appropriate boundary problem for the bulk dy-

namic equations in contacting media. Such approach permits one to perform an analysis

of the influence produced by two-dimensional defects upon the dynamics and electrody-

namics of crystal, e.g., to study the dispersion, polarization and field characteristics of

the long surface waves or to study the scattering of the bulk waves on two-dimensional

defects.

In many cases the macroscopic dynai lies of two-dimensional and quasi-two-dimensional

systems is quite effective: it permits a prediction and an adequate description of the ex-

perimentally observable dynamic phenomena of various origins in the vicinity of planar

defects in crystals. The equations of the macroscopic theory of elasticity may be used for

the description of surface acoustic Rayleigh waves [1] which are widely used in various

areas of science and engineering-physics, geophysics, seismology, non-destructive testing

and microelectronics [2]. On the basis of the macroscopic wave theory, electro-acoustic

shear surface waves were predicted to exist in piezoelectric crystals (the Gulyaev-Blushtein

waves [3,4,5]). Such waves were detected experimentally and are extensively used in acous-

tic electronic devices [6,7].

The objective of the work is a consistent presentation of macroscopic theory and

application it in studies of a wide class of acoustic and coupled electro- (and magneto-)

acoustic surface waves and vibrations in crystals.

1 Equations of macroscopic dynamics of planar de-
fect in crystal

The problem of the determination of the effect of capillary phenomena on the elastic

properties of solids can be reduced to the problem of the derivation of the boundary

conditions for the equations of the theory of bulk elasticity at an interface between solids

or at the surface corresponding to a two-dimensional lattice defect. The form of these

conditions can be established on the basis of the momentum conservation law.

For the macroscopic description of the interface between soSids, one assumes that the

mechanical properties of the transition layer are different from those in the bulk. Therefore

such transition interface layer can be considered as a two-dimensional planar defect. The



planar defect is characterized, first of all, by its thickness d, mass density p0, and elastic

properties different from the bulk ones. In particular, for the planar defect in the bulk of

a single crystal, the difference between the local mass density po and the bulk one p can

be connected either with the local stretch (or compression), or with the impurity atoms

adsorbed or segregated at the surface of the defect. In the macroscopic long-wavelength

approach the physical properties of two-dimensional defect are usually described by the

uniform across its thickness quantities. For instance, the dynamics of the transition layer

is characterized by the positive surface mass p, = pod, which is equal to the total mass of

the matter of the defect layer per unit area of the interface.

Let u* be the vector of the displacement of the center of mass of the unit area of the

interface. Then according to the momentum conservation law, the time derivative of the

surface momentum

f dSp.-~, (1)

should coincide with the sum of the momentum fluxes arriving at the surface from the

contacting media 1 and 2:

Here &H = ^Mmuim ' s ' n e bulk stress tensor, which coincides up to its sign with the

momentum flux tensor, C,-^ is the tensor of bulk elastic moduli, u^. is the strain tensor,

and ovn = c,>n*r, n; being the unit vector, directed from the medium 1 to the medium 2,

along the normal to the surface.

For the integrals (I) and (2) to be equal, it is necessary that the difference between

the integrands be equal to some two-dimensional divergence [8]:

(3)

Here the tensor a'a is the surface stress tensor, the element a'a coincides up to its sign

with the flux of the i-th component of the momentum along the cr-th direction on the

surface. The Latin indices take the numbers 1,2,3, while the Greek ones take the numbers

1,2 and numerate the coordinate axis in the tangential to the interface plane.

To elucidate the thermodynamic meaning of the tensor ff'a, let us note that the ex-

pression Vaa'o — cr,^ + a$ is a force applied to a unit area of the interface. This force

is determined by the variation derivative

o E n i f 2 i . — . . / . •>

of the total energy of the system with respect to the components of the vector of the

interface (planar defect) displacement u\. Here the total energy is equal to the sum of

the bulk energy Eb and the surface energy

E.-jaJS, (5)

where ao is the energy per unit interface area. Neglecting the phenomena of the thermal-

expansion type, we do not distinguish between energy and free energy. In contrast to

Shuttleworth [9] and Herring [10], we shall assume, as it is usually done in the theory

of elasticity [1], that the integration in Eq.(5) is performed over the interface in the

undeformed solids. Let us emphasize that in result of capillary phenomena the crystal

is (inhomogeneously) deformed in its equilibrium state (see, e.g., [11,12]). The term

"undeformed solids" implies the absence of this deformation as well.

Eqs.(3) generalize the known equilibrium conditions for the excess Laplace pressure at

the interface between two media. They contain a new physical quantity of surface stress

tensor cr'a. In order to propose the way of its determination, let us calculate the work SA

performed by the force (4) during the interface displacement 6u'. The work is equal to

SA = -

(6)

This work consists of the work on the change of the surface free energy (5) and of the

work of the bulk forces at the interface, connected with the change of the bulk free energy

SEt:

J^^^^]dS. (7)

The change in the surface energy (5) can be written as

SE, = -6A- SEb.

Then from Eqs.(5)-(7) follows the thermodynamic identity [13-15]:

• ' - « • ) • (8)

We see that the following quantities are the independent variables which determine

the change of the surface free energy of two-dimensional planar defect:



From Eq.(8) we find the thermodynamic definition of the surface and surface-projected

bulk elastic stresses:

<TL =

_(l.2| _

(10)

(11)

The relations between the above stresses and the independent variables (9) depend on the

specific form of the density of the surface free energy a0. In the connection it is necessary

to keep in mind that in linear theory the density of surface energy, as well as the density

of the bulk one, depends on two-dimensional symmetric tensor of surface strains ej^, but

not on the asymmetric distortion tensor u'a Q — du'a/dxp. In the quadratic with respect

to the variables (9) approximation, the expansion fô  ao has the following form [16]:

1

1 2 2

P , 4 = l P = l

A symmetric two-dimensional tensor gap in the expansion (12) describes the residual

surface (or interface) stresses. Such stresses appear in general case because of the differ-

ence of the crystalline structure in the vicinity of two-dimensional defect from the bulk

structure: the defect layer is subjected to the static two-dimensional in-plane deformation

in order to match the equilibrium positions of the atoms in the layer with the positions

in the ambient (substrate) lattice.

Since in Eq.(12) the term containing the tensor gap is linear with respect to the surface

strain t'ap, in the latter the finite deformations should be taken into account [17], namely

2 OXg OXa OXa dig

Using Eqs.(10)-(J3) we obtain the expansions for the components of the surface stress

tensor a?:

°L = ft.
du'

(14)

(15)

In these expansions it is supposed that the interface is subjected to the finite stresses gap

in the absence of surface deformations, when du'a/dxj} = 0 and A; = 0.

Two-dimensional tensor a'a3, described by Eq.(14), is an asymmetric one:

We see that the antisymmetric part of the tensor o'ap has the form of two-dimensional

divergence of the third-order tensor:

cff-,
-,1>ath = -4

where

It means that the antisymmetric part' of surface stress tensor a'a^ does not violate the

conservation law of the angular momentum (see, e.g., [1]). Moreover, one can introduce a

symmetric surface stress tensor which does not change the equations of surface dynamics

(3). In result of such symmetrization of the tensor CF'OB, the asymmetric term g^du"ajdx^

in the expansion (14) should be replaced by the following sum, symmetric with respect

to the interchange of the indices a and 0:

The tensor hafai in the expansion (14) is the tensor of surface elastic moduli describing

the lateral (intralayer) elastic interaction of the atoms in the surface layer [8].

From Eqs.(ll) and (12) we find that

A symmetric tensor A^ describes tfie interhiytr elastic interaction of surface and bulk

atoms. The third-order tensor Biap is equal to zero if any point of the planar defect is a

center of inverse symmetry. Otherwise the tensor B,a0 can be nonzero. In particular the

component B3a/3 is in general case nonzero at the free surface of isotropic solid.

Equations (3), (14)-(16) represent the complete system of macroscopic dynamic bound-

ary conditions for the bulk equations at the plane of a two-dimensional defect in crystal.

It is necessary to mention that this system is self-consistent and correct for any values of

the introduced surface parameters (moduli).

Surface parameters gap, p,t ha/3-,s and the corresponding boundary conditions of the

form of Eq.(3) were introduced earlier for the macroscopic description of the interface

between two solids (see, e.g.,[18,19]). However, in these works the elastic displacements



were assumed continuous at the interface (u\ = u, ) and account was taken only of

the discontinuity of the surface stresses (of the Laplace excess pressure type). But as

is was demonstrated above, the elastic displacements u, must also undergo in general

case a small but finite discontinuity [8], which was taken into account in Eqs.(8), (12)

and (16). As we shall show below, the allowance for surface discontinuities of the elastic

displacements A}1"' and for the new dynamic variable uJ appears to be important for the

consistent description of the elastic vibrations, localized near a two- dimensional planar

defect in crystal, and also in the analysis of the interaction of the bulk elastic waves with

such defects.

Before the consideration of the concrete dynamical problems we would like to mention

that surface stresses gag are in general case rather small in comparison with surface elastic

moduli hnp-fS. Therefore in Eq.(I3) the terms quadratic with respect to the derivatives

du'a/dxfj can be omitted. The same cannot, of course, be done with the derivatives of uJ

since there are no corresponding first-order terms:

In order to make the further simplification of the complete system of boundary condi-

tions, we consider the materials with the center of the inverse symmetry (when Biap = 0)

and suppose that A^2) = A^ = 0. Then Eqs.(14) and (16) will have the following more

simple form:

(18)

aa8 ~ 9afl +
(1) j ( l ) / « 0)\

"in = A,k K - «k )>

where AJJ/ (p = 1,2) is a symmetric second-order tensor.

2 Elastic waves localized near planar defect (frac-
ture) in crystal

Let us apply the above approach for the analysis of elastic waves localized near planar two-

dimensional defect of the stacking-fault or coherent twin boundary type. Stacking-fault

defects with limiting them partial dislocations exist in real crystals [20]. Planar stacking-

fault defects of macroscopic dimensions have been visually observed in quantum crystals

of He* [21], In the case of planar defect in crystal the acoustic parameters (density and

elastic moduli) of the media in contact are identical, and therefore in the absence of the

capillary phenomena such defect does not display itself and does not cause the localization

of the waves near it. b

The influence of the capillary phenomena on acoustic vibrations and surface acoustic

waves on the free surfaces of solids has been studied in details (see, e.g., [22,23]). But in

the case of planar lattice defect of the stacking-fault or coherent twin boundary type, the

relation between the vibrational characteristics of the system and the capillary phenomena

has not been investigated thoroughly. In consequence, the discrepancies appeared in the

comparison of the results on localized elastic waves, obtained in different models of planar

defect in crystal (see [18,19,24-26]). The description of the localized waves within the

proposed theory of macroscopic dynamics of two-dimensional planar defects in crystals

enables one to get rid of these discrepancies and to predict a number of new results also.

We consider a two-dimensional defect coinciding with the XOY plane in isotropic

solid. Considering the defect as an isotropic in its plane, we can write Eqs.(15), (17) and

(18) as following:

j ( IK (2) , f (2) , \ fr**i\41 =
where A{ = A^ = A^K Substituting Eqs.(19)-(22) in Eq.(3), we obtain the following

system of dynamic boundary conditions:

(24)

Therefore solving the dynamic equations of the theory of elasticity with the correct

boundary conditions at the infinity, we have to satisfy the boundary conditions (21)-(24)

at the plane of two-dimensional defect in crystal.

The new parameters which characterize the two-dimensional defect and are absent

in the traditional linear theory of elasticity, are the density of surface mass p,, residual

surface stress g (which is an analogue of residual two-dimensional pressure), surface elastic

moduli ft, and A,, and the parameters Ax and A3, describing the strength of the bonding



between the two-dimensional defect and the ambient (substrate) crystal. Let us discuss

first of all some cases meeting the limiting values of the new parameters.

Putting Ai = A3 = 0 we cut the crystal on two independent parts with the elastic

two-dimensional layer in between. For the every of the two noninteracting semispaces the

boundary conditions of the free surface should be satisfied: <7,n = 0, i = 1,2,3.

The limiting case At —* oo corresponds to the continuity at the interface of the elastic

displacements u'1 ' = u'2 ' = u* in the presence here of the finite changes (jumps) of the

stresses cr^ — cr, '̂, given by Eqs.(3). In particular, the change of the normal stresses a^

is determined by the expression similar to the Laplace excess pressure in liquid:

82u>3
(25)

Such boundary conditions were used in a number of works (see, e.g., [49],[50],[55]-[57]).

If we put p, = g = jit = A, = 0 assuming the nonzero A, then from Eqs.(21)-(22)

follows the continuity of the stresses and the change of the elastic displacements on the

opposite edges of the defect. The displacement of the center of mass of the defect layer

becomes purely geometric quantity:

In this case the stresses at the interface are the following:

ff3n = <^3u = ^ 3 l « 3 - «3 )• ( 2 7 )

The boundary conditions in the form of Eqs.(26) and (27) were used in a number of

works (see, e.g.,[15,27,28,29]). It is necessary to emphasize that the physical meaning and

the signs of the parameters Ax and A3 are essentially determined by the model of the

defect layer. One of the possible realization can be the model of the plane-parallel thin

crack (fracture), the opposite sides of which are subjected to the Van der Waals attraction

forces [28]. In this case we can neglect the real part of the parameter A] (and consider

only the dissipative contribution to this parameter: At oc —iw), and due to the Van der

Waals attraction the real part of the parameter As is negative. The sign of the real part

of the parameter A3 is opposite (ReA^ > 0) in the case when the defect layer is filled by

the elastic matter.

As follows from the symmetry consideration, two types of noninteracting surface (in-

terface) elastic waves can propagate in general case near the planar defect in isotropic

medium, namely pure transverse waves polarized in the plane of the defect (the waves of

the SH-type) and the waves poiavized in a sagittal plane (the plane determined by the

normal to the surface and the wavevector k of the surface wave).

The SH surface wave propagating along the OX axis in the z = 0 defect plane has

the following nonzero components:

«„ = u\exp[KZ + i(kx - wt)], {z < 0)

uj = u'exp[i(kx - ut)],{z = 0)

uy = u\zxp[—KZ - i{kx - uit)],(z > 0)

(28)

where re = \Jk7 — w^jc] is a parameter of the inverse penetration depth which is assumed

to be positive for surface (localized) waves, ct = yjn/p is a velocity of the bulk transverse

wave (fi and p are the shear modulus and the density of the isotropic medium). The

boundary conditions (21) and (23) in this case will take the form:

AM'-O = t'^l (29)

>!,(«;-«.) = /«™;, (30)

The possible vibrational eigenvectors of the surface waves at the planar defect can

be of the following two typesr vibrations symmetric with respect to the displacements

vectors (with u° = Uj, <rQ — — trffj), and the antisymmetric ones (with u\ = —Uj, u' = 0,

The antisymmetric vibrations are described by the following dispersion equation:

Iiic = -A1. (32)

Taking the condition A^ > 0 for the elastic defect layer (which corresponds to the positive

sign of the third term in the expansion (12)), we conclude that Eq.(32) does not have

solutions for K > 0. Therefore the antisymmetric vibrations of the SH-type cannot be

localized near the planar defect (in the medium with the real positive parameter Ai).

For the symmetric vibrations we obtain the following system of two equations for two

unknown variables u* and u° = u, = u^:

0,

0.

(33)

(34)

10
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The spectrum LJ =
crystal.

Figure 1:
of the shear surface waves localized on planar defect in the bulk of

Equating to zero the determinant of this system we obtain the following dispersion

equation:

(^-^)(l + s/1) = ^ , (35)
Pi

where cj = p.,jp, is a velocity of the shear elastic waves in the defect layer, l\ = fi/Ai is

a parameter of the dimension of the length which plays the role of the effective thickness

of the layer.

Dispersion relation ur = w(k), following from Eq.(35), is presented by solid curve on

Fig.l. It corresponds to the typical localized vibrations which frequencies are lower than

the ones of the bulk continuum vibrational spectrum: u> < ctk.

For ui —» 0 and 1 - i O w e have K/I << 1 and the dispersion law of the surface wave

(35) is very close to the dispersion law of the bulk shear wave. The parameter of the

inverse penetration depth K tends to zero according to the law

2/<* = p,(^ - c]k2). (36}

Dispersion equation (36) coincides with the one for surface waves of the Love type

{see, e.g., [1]) in the sandwich structure A — B - A in the limit when the wavelength

11

I IMF •>. .»«. i. . -

A = 2jr/t is much longer than the thickness d of the layer B. In the latter case we have

in Eq.(36) p, = pad and c, < c, is a velocity of the shear waves in the layer B. In the

long-wavelength limit itli « 1 we can write the solution of Eq.(36) in the form:

(37)

It is worth mentioning that if we take into account in the left-hand-side of boundary

conditions (23) the contribution -gs^u'J{dx^bx^) of residual surface stresses gaj3 (ac-

cording to Eqs.{3) and general expansion (14)), the parameter c2 = y.,1' p, in Eqs.(35)-(37)

will be replaced by c*2 = (/(, + g)/p,. Then from these equations follows that pure shear

surface SH-wave (with « > 0) can propagate along planar defect in crystal in the case

of p, = Aes = 0 and g < 0, i.e. a cornpressive surface (interface) stress can give rise the

formation of deeply penetrating capillary-elastic shear surface wave of the Love type.

In the short-wavelength limit K/J >> 1 Eq.(35) has the following solution:

J = nl + c]k* - % (38)

where Q.2, = 1A\jp,. The parameter fl* has the meaning of the frequency of homogeneous

vibrations of the defect layer with respect to the host lattice (matrix). In the limit

K/J >> 1 dispersion relation (3S) takes the form

u? = (ll + c]k2. (39)

The inverse penetration depth of the corresponding surface wave is equal to

« = i , (40)

The necessary condition that the expression under the square root in Eq.(40) is positive

is an evident relation

c . < c , . (41)

and the parameter K remains real for fc' > fij/(c? — c]). In fact the latter condition is

fulfilled for surface waves with rather large waveiiumbers k (for which the relation (39) is

valid), namely for k2 » fl^/c^.

Dispersion law (39) corresponds to the transverse vibrations of the optical type in

the defect layer [16,30,31]. In the connection it is interesting to analyze the ratio of the

amplitudes of the vibrations of the defect layer and the adjacent atoms in the host lattice.

From Eq.(23) follows that

12



In the low-frequency and long-wavelength domain, when c,k << flo, we have u° ~ u*,

but in the short-wavelength limit, when dispersion law (38) is valid, we have u° « u*.

The latter means that the defect layer oscillates with respect to an almost immovable host

lattice, and this property confirms the optical type of the vibrations. Thus Eq.(42) for

the ratio of the amplitudes clearly shows that surface displacements u* behave as really

independent (from the bulk lattice displacements u\ ) variables only at finite frequencies

and/or wavenumbers and for planar two-dimensional defects with finite surface-substrate

bonding force constants A<, while for strongly-bonded pianar defects (which in our ap-

proach correspond to A, —> oo) elastic displacements are always continuous on the surface

of the defect: u? = u|l) = u{s).

The analysis of the localized waves of the Si/-type presented above for the isotropic

media can also be applied for the planar defect in the hexagonal crystal, if the plane of

the defect coincides with the basic plane (0001) of the lattice. If the SH wave propa-

gates along the QX axis and the displacement vector is directed along the OV axis, the

dispersion equation of the localized wave is described by Eq.(35) where one should make

the substitutions ji —* C5s, Ai —> Ayy, ji, —» hm< k —» gx and use a new definition for the

parameter K:

cW = clql-J (43)

which corresponds to the following dispersion law for the considered transverse oscillations

in hexagonal crystal:

u^clql + cW,. (44)

Here q = (<fc,0, qt) is a wavevector of the bulk wave, and <?X = Cm[p, c] = C55//>. We

have used above the Voigt notation (with xx —* 1, yy —* 2, zz —> 3, yz —> 4, xz —> 5,

xy —» 6) for the bulk and surface elastic moduli.

For the description of surface waves polarized in a sagittal plane we suppose that

spatial and temporal dependencies of the nonzero components of the displacement vector

ux and uz are given by the relations similar to Eqs.(2S) and each component is equal to

the sum of the longitudinal and transverse parts u = Uj + u(, which satisfy the following

equations in the isotropic medium:

cu?-/uj = 0,divut = 0. (45)

The z-dependencies will be different for the longitudinal and transverse components of

the wave since

K, = ^ - J*lcl Kt = , / t 2 - LJ*/<$, (46)

13

where c< = TJ(\ + 2/X)//J is a velocity of the bulk longitudinal elastic wave.

The analysis of the dynamic equations shows that two types of surface elastic waves

exist in general case on planar defect in crystal. In the waves of the I-st type the normal

(to the interface) displacements of the edges of the bulk lattice are symmetric while the

tangential ones are antisymmetric:

(47)

The waves of the II-nd type have the opposite symmetry:

«?> = -«!»,«,(» = «<?>,.,; = 0. (48)

For the isotropic solid the symmetry conditions (47) and (48) are fulfilled for longitudinal

and transverse components separately, while the relations between them are accomplished

through the boundary conditions (21)-(24).

Let us analyze the solution of the I-st type. Since the components ux and u, of

the displacements for the longitudinal and transverse components are connected by the

relations (45), we can consider the coordinate dependence of the uz components only,

assuming for them the following forms in the medium 1 (z < 0):

i(kx —

i(kx - (49)

Using boundary conditions (21)-(24) together with Eqs.(47) and (49), one can obtain the

following system of the equations for the unknown variables u'o, u'o and u't:

2A3u'a

>cl(ak
2~p,uj2)ul = 0,

~ 9k7 - 2,43K = 0,

l = 0.

(50)

(51)

(52)

The determinant of these equations gives us the dispersion equation for the considered

localized interface waves:

p.w2). (53)

If the capillary phenomena are weakly displayed and we can assume that | p,u32 —

gk2 | « Ai, from Eq.(51) follows that u\ = u[ + uj,. Then from Eqs.(50) and (52) (or

Eq.(53)) we obtain the following dispersion equation:

Ax{k2 - (54)

14
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Eq.{54) was obtained in different marks in [13-15). In the case of zero capillary parameters

(g = pa = 0), Eq.(54) reduces to the following:

(55)

The equation of this type was derived and analyzed in [29] under the description of the

elastic vibrations near planar defect like a fracture in a solid.

The same length scale lj = fi/Aj as in Eq.(35) appears in Eqs.(53) and (54), and we

can consider the limiting cases with respect to the dimensionless parameter kl\. In the

limit fc/j << 1 (which formally corresponds to the condition A^ —> oo), one can seek a

solution of Eq.(54) in the following form:

where small parameter Kt << k is determined [13-15] as

k2 ., 2p?,
{ + )

(56)

Therefore the vibrations of the considered system have the form of weakly localized

(quasi-bulk) transverse wave. The depth of its localization greatly exceeds the wavelength

A: KJ1 ~ \/(kli) » A. Eqs. (54) and (56) show that for kh « 1 the difference of the

phase velocity of the surface wave from that of the bulk wave is caused by the capillary

parameters p , , g and by the finite value of the coupling parameter Ai.

If the capillary parameters satisfy the requirement p,c2 > g, Eq.(56) has a positive

solution for rc( for any positive Ax. In particular, for Aj = cc we have

, = jta (57)

If the condition psc
2

t < g takes place, the considered surface (localized) vibrations can

exist on planar defects with finite positive A] and Aj < 2/i2/(g — p,c2) only.

In the opposite limiting case Hj >> 1, the dispersion laws and the number of surface

modes are determined by the relation between the parameters in Eq.(53). Thus in the

case of p , = g = 0, from Eq.(53) (and Eq.(55)) the dispersion equation follows in the limit

klj » 1:

(k2+K2)2-ik2K,Kt^0 (58)

which determines the phase velocity of the Rayleigh wave on a free surface of isotropic

solid (with ui = cnk, cR < ct, see, e.g., [1]).

15

Figure 2:
The dispersion laws for surface waves, polarized in a sagittal plane, on planar defect in the bulk
of crystal in the limit of p , = g = fen = 0. The curves i and II correspond to the waves of the
I-st and Il-nd type respectively.
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The characteristic form of the dispersion law of surface vibrations of the I-st type is

presented by the curve I on Fig.2.

In the case of the finite values of the parameters p, and g of two-dimensional de-

fect, weakly-bonded with the substrate, the additional branches (both of the I-st and

Il-nd type) appear in the spectrum of surface modes. It occurs when the corresponding

resonance frequencies ilt = (2Axxj p,Y^ and SI3 = (2Azz/p,y^2 are in the continuum

spectrum of the substrate lattice vibrations: flj 3 << <jJmax, where uJmax is the maximal

frequency of the lattice vibrations. Then one of the short-wavelength branches of the I-st

type is close to the Rayleigh wave on a free surface of crystal (as in the case of p, = g = 0)

while a second branch is close to the two- dimensional phonon, polarized normally to the

interface (with a velocity cg = (g/p,Y/2, for g > 0). The characteristic form of these

two branches of surface vibrations of the I-st type in the case of CR > cg is presented on

Fig.3. The termination point k = k0 for the mode with higher frequency (in which its

dispersion law w = u(k) touches the line u> = ctk) can be found from Eq.(53) and is equal

to ko ~ Q3/Cl = l2A,,p/(w,)Y/2.

For the description of the solutions of the Il-nd type (when u['^ — ~u[2\ uj.1' = uj?'),

we start from the expressions for the z-components of the displacements vectors

i(kx ~ uit)],

i(kx - ijit)]. (59)

where the signs + and — correspond to z < 0 and z > 0 semispaces respectively.

From boundary conditions (21)-(24) we obtain the following dynamic system of three

equations for the unknown variables v'o, v'o and u'/.

2Ai)u'x = 0,

+ AsK = 0.

(60)

(61)

(62)

The corresponding dispersion equation for the localized waves of the Il-nd type, similar

to Eq.(53), has the following form:

(63)
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Figure 3:
The dispersion laws for surface waves of the I-st type on planar defect in the bulk of crystal in
the case of SI3 < wm0I and cg < ch.

As in the case of Eq.(53), the number of solutions, corresponding to surface modes,

depends on the ratio of the parameters entering Eq.(63). Thus in the case of pt — hn = 0

we obtain from Eq.(63) the following equation [27-29]:

(*'+«?)'-• = «r (64)

Surface wave which is described by this equation has a termination point k = ko ~ I//3,

h — nIAz, in which its dispersion law ui = u;(A.') touches the line w = ctk. From Eq.(64)

we can easily find that

In the short-wavelength limit kll3 » 1 the phase velocity of surface waves approaches

the velocity of the Rayleigh wave on a free surface of solid. The form of the dispersion

law for surface wave of the Il-nd type in the case of p, = hn = 0 is described by the curve

II on Fig.2.

In the case of the finite values of the parameters p, and hn, the additional branch

can appear in the spectrum of surface vibrations described by Eq.(63). Thus for two-

dimensional defect weakly bonded with the substrate lattice, when Axxpa « fip, fii =

18



I:

Figure 4:
The dispersion laws for surface waves of tlie Il-nd type on planar defect in the bulk of crystal
in the case of Qi *C wmax and c^ < CR.

(2Axx/p,yt2 « wmal andcj, = {hujp,yl2 < cR, the form of the dispersion lawsw = uj(k)

for two branches of surface waves of the Il-nd type is shown on Fig.4. The both modes

have the termination points kt and k2 in which their dispersion laws touch the tine us = ctk:

k ~^I

At the frequencies and wavenumbers in the vicinity of the termination points, surface

waves on planar defect in crystal are deeply penetrating ones: Kt << it.

In the case of the negative parameter 4 3 (e.g. in a fracture of solid - see above),

the dispersion law has a termination point k = k" of another nature. In this point

•J2 = 0 and surface waves are stable (with u;2 > 0) only for k > k" [28]. The termination

point k' — k'(d) has the order of j A3{d) \ //<, where d is a thickness of the fracture. The

presence of such termination point for the short-wavelength surface oscillations means that

the parallel-plane edges of the fracture are stable {with respect to the mutual sticking) only

when the maximal lateral dimension (the diameter) of the fracture of a given thickness d

is less than l/k'(d) (see [2S]).

In order to conclude the discussion of the general problems of the Sattice vibrations
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localized near planar defect (fracture)in crystal, we would like to emphasize the following.

In the considered approach both the change of the stresses and displacements on a planar

defect are taken into consideration. The neglect of one of the above changes can lead to

the inconsistent macroscopic description of the dynamical properties of two-dimensional

defect. Thus if we neglect the change of surface displacements (which corresponds to

An, —> oo in Eqs.(21), (22)) and take into account the change of surface stresses due to

surface elastic moduli ha0^s only (cf. Eqs.(3), (19), (20)), supposing that p, = g = 0, we

arrive to the conclusion that surface (localized) wave of the I-st type cannot propagate

near planar defect since Kt = 0 in this case (see Eq.(57) and Refs.[25,26]). But as one can

see from Eq.(56), surface-substrate bonding with finite positive force constant Ai = AIX,

which describes the change of surface displacements tzj.1'2', gives rise to the above surface

wave with K, > 0 {see [13-15]).

Therefore, a number of interesting wave phenomena occurring in fractures in solids

can be consistently described by the theory of macroscopic dynamics of planar defects in

crystals.
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