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ABSTRACT

The dynamic behaviour of two competing and dispersive species in a hetero-
geneous space and periodically fluctuating environment is studied. Periodic en-
vironmental factors were incorporated into a non-linear reaction-diffusion model,
through intrinsic demographic parameters of one of the two species sharing the
same favourable space. Furthermore, it was assumed that the physical environ-
mental factors do not have an effect on the growth rate of one of the species. An
ecological example of these assumptions is a host- parasite system where parasite
reproduction is strongly seasonal, while host populations remain insensitive to physi-
cal environmental factors that affect the parasite populations. However, the induced
effect of physical environmental factors on the non-affected species was established
by means of computer calculations. The periodic oscillations which over the time
lead to competitive coexistence of both species with periodic forced osciilations have
been shown. It was also shown that, in a periodic environment and under appro-
priate initial conditions, two competing and dispersive species can coexist when in
a constant environment they could not coexist.



1. INTRODUCTION

In a natural ecosystem, with its plant and animal species put in place by the slow
workings of evolutionary process, there is not a single living organism that exists
separately from other organisms. Population species regulate their densities accord-
ing to their own properties and those of their living environment through linear or
non-linear interactions. Host-parasite and prey-predator interactions are the typical
examples of the ecology of interacting species. Depending on the magnitude of in-
teractions between species, populations may coexist or compete. When two species
strongly compete with each other in a common favourable space, one tends to kill
or exclude the other. The most probable strategy for a weak competitor species to
survive and reproduce is not necessarily to stay to compete with the other species
but may be to migrate elsewhere, to find a new place to inhabit. Okubo, (1980)
pointed out that all these approaches can be understood only when populations of
organisms are considered in both time and space. Many authors have shown math-
ematically the role of space in non-uniform distribution patterns of populations (cf.
Comins and Blatt, 1974; Freedman, Shukla and Takeuchi, 1989; Gopalsamy, 1977;
Gurtin and MacCamy, 1977; Levin, 1976a; Namba and Mimura, 1980; Shigesada et
al., 1979; Shigesada, 1984).

However, there exist ample evidences that for some species, migration to escape
locations of adverse environmental change, crowding and active interactions are
primarily the cause of dispersal in a heterogeneous space. Mathematically, the
movement of population may be considered as a biological diffusion process, similar
to Fick's law, Jx = - D a - , with the resulting equations of diffusion

#"„ dJx
dt ~ 8x ~

d
dx

du

where u is the population density, Jr the net flux of populations and D the diffusion
coefficient, (see Okubo, (1980) for more details). Dispersal by diffusion also can act
as a stabilizing force on the regional dynamics of populations.

On the other hand, living organisms and their non living (abiotic) environment
are inseparably interrelated and interact upon each others. Seasonality for exam-
ple exerts strong influence on the host-parasite dynamics. May (1987), pointed out
that, the dynamic behaviour of population is determined not just by the variation of
population size but also by time itself through the external physical parameters of en-
vironment. This ecological situation cannot be explained by a mathematical model
that does not account for the effects of external physical factors such as climatic
conditions (temperature, solar radiation, etc.) . Several authors have attempted
to investigate the influences of physical environmental periodicity on the dynamics
of a single species (Nisbet and Gurney, 1976), the growth rates of Lotka-Volterra
equations for two competing species (Cushing, 1980), the competitive coefficients

. _ ... . * , . *

of Lotka-Volterra model (De Mottoni and Schiaffino, 1981), the carrying capacity
(Coleman, Hsieh and Knowles, 1979; Rosenblat, 1980), the reproductive activities
and competitive intensities (Namba, 1984). The critically important question is
how these populations respond to the changes in physical variables of the environ-
ment. It is interesting to know if population responses are always the result of the
direct effects of its environment. Gross (1986), pointed out that general ecological
perspectives may be obtained by considering the effects of an environment on the
individuals and the knowledge of processes at this level is critical to understanding
the structure of populations and communities.

Summarizing the work of Hassell, Southwood and Reader (1987) and Mountford
(1988) on population regulation M<y, (1989) suggested that for further studies, it
is much more interesting to analyze a realistic model, in which spatial heterogene-
ity, environmental unpredictability, and non-linear interactions within and between
populations can swirl together to confound empirical studies aimed at understand-
ing what prevents the long-term average density of a population from increasing
indefinitely (or decreasing to zero in a time short compared with average extinction
times).

One of the modeling procedures which can combine all these biophysical ap-
proaches is a reaction-diffusion mathematical model, describing two phenomena:
the reaction mechanisms and the diffusion process:

where u is the population density depending on space x and time f, f(x,u,t) the
reaction term. While DA represents the diffusion process, with D the diffusion
coefficient.
The formulation is rich enough to include many reasonable forms of intra and inter-
specific interactions, pattern formation, spatial structure, dispersal dynamics in a
heterogeneous space (see Gurney and Nisbet, 1975; Shigesada et al, 1979; Namba,
1980; Namba and Mimura, 1980 for more details), and makes possible to account
for the influences of physical external factors of environment.
Describing the combined effect of density-dependent dispersal and spatial variable
growth on distributions of competing populations (Namba, 1989) used reaction-
diffusion model. However the omission of physical environmental influences on the
demographic parameters makes his model incomplete. Martino (1983) stated that,
the relative rate of change of population in an ecosystem depends on its density, the
densities of populations interacting with it, space x, and also on physical external
factors of environment.

In this work, we seek to formulate a mathematical model of two competing and
dispersive species, in heterogeneous space and periodically fluctuating environment.
As May, (1989) suggested, the model takes into consideration spatial heterogeneity,



non-linear interactions within and between population species, density-dependent
dispersal effects and the influence of environmental periodicity on the dynamics of
species, by extending Namba's model (1989). Moreover we assume that one of the
interacting species grows faster than the other, This assumption is frequently ob-
served when one considers a host- parasite system where parasites reproduction is
strongly seasonal. Therefore the external physical factor is reflected through its de-
mographic parameter. In the same context, we assume that physical environmental
factors that affect parasite popuiations do not have any effect on host populations.
In the next sections we are dealing with a general approach of the model.

2. FORMULATION OF THE MODEL: ENVIRONMENT EFFECTS
ON THE DYNAMICS OF COMPETING AND DISPERSP7E

SPECIES

Consider population t with density u,-(x), (i = 1,2) and x £ R living in a region
which is divided into a breeding region where G,(x) > 0 and a hostile region with
Gi(x) < 0. Let us assume populations to have a two-phase life cycle that regulate
their densities and their existence in a favourable region.

The first phase is a growth phase, which is governed by densities processes and
is a function of space x. The spatial dependence of growth rates G;(i), is assumed
to take a specific quadratic form,

«<•>-[•-(;)•]•
Where r; is the intrinsic growth rate of population and x<, the favourable space.
The growth properties of natural population vary through time. Most, and perhaps
all of these variations arise ultimately from fluctuations in the population's environ-
ment, (Vance and Coddington, 1989). Incorporating the environmental factor i.e.,
<j>(t) into the demographic parameters, we can write,

(2.1)

The external physical factors of environment, significant to the reproduction of any
organism, have critical limits of a vital interval, outside which the reproduction is
inhibited. Vance and Coddington, (1989) stated that, a good weather can stimulate
growth in body size and reproduction, and bad weather can cause death.
Taking into account the above assumptions, we can rewrite the growth rate as a
function of space x and extrinsic environmental factor <$>(t), which itself depends on
time t,

[ ( j ) a ] (2.2)

The reproductive properties of many living organisms in a natural ecosystem are
cyclic and coincide with the environment change. Physical environmental factors
usually change greatly through the year, frequently in a periodic or nearly periodic
way, that influence the growth rates of many living organisms. Therefore, we assume
a sinusoidal variation of (j>(t),

<f>{i) — b&'mufi,

with b the amplitude of periodic oscillations and LI the angular frequency. Then,
(2.2) becomes,

(2.3)
L \Xij

It is intuitive that, the growth rates of competitive species sharing the same
space may be affected in different manners by the extrinsic environmental factors.
For the case of two species i.e., i = 1,2, we assume that, one of the competing
species is more sensitive to the environmental changes than the other. That is the
extrinsic factor of environment ^i(t) that affects strongly the species u2, have no
marked effects on species Uj. Then:

[ / \ 2-1

1 - f — 1 .

In a suitable region for growth, the active reproduction of species increases the
population densities and gives rise to pressure within and between species. Usually
species with large population density, invade the area and force the other species to
escape locations of crowding.

The second phase is a dispersion phase which, in this case, is the result of com-
petitive exclusion between species due to crowding effects. The repulsive forces
operating between individuals raise population dispersion throughout space.
One method of accounting for dispersion forces due to intrinsic interactions and
inter-specific pressures is their inclusion in the diffusion equation.

Let cti and a2 be the pressure coefficients between «i and u2, i.e., a\u2ui and
a2Ui«2 respectively. Let fiy and /?2 be the interaction coefficients between individuals
of the same species, i.e., fiiu^u^ and 02U2u2 respectively. Introducing these compet-
itive and repulsive forces into the diffusion terra of reaction-diffusion equation, we
obtain the following mathematical model of density-dependent dispersal dynamics,
in the mode of Namba, (1989).

(2.4a)

(2-46)

Using the above assumptions on Gt(x,t), for (i = 1.2), and assuming A = /32 = 1,
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the system (2.4) becomes,

- [^J Ju2.
(2.5a)

(2.56)

This model can be used for describing the host-parasite and prey-predator dynam-
ics, driven by strong seasonal forcing of growth rate of one of the species. Since
the fluctuating environment cannot in general support a steady-state equitibra, the
study of equilibrium state would not be adequate. Analytic solution of this kind of
model is not evident. Therefore we will describe this complex ecological problem,
numerically by mean of computer simulation.

3. NUMERICAL ANALYSIS OF THE MODEL

Let Ui(x,t) be defined on the domain [—L,L] x [0,t] in which their growth rates
Gi{x,i) are positive functions of space and time, with 0 < ( < oo. While L is an
adjustable parameter for the favourable space, | L \< x.
The functions describing the initial populations distribution are assumed to have
the following forms;

{ x + Z
-x +

0

if — Si < x <
if pi < x < Si
otherwise

In (Fig.l), we assumed £,{x) > 0, with x <| «,- |< x^ where Zi, $i and p,- are constant.
Note that this is only a convenient assumption for initial population distribution,
used in the numerical calculations. From (Fig.l), it is intuitive that initial population
densities are positive and are functions of space, i.e., u,(x,0) > 0.

We will restrict ourselves to the case of positive growth rates i.e., Gp(i,() > 0.
Then it follows that,

which leads Lo, r< > 0; | b |< 1; 0 < w < KI and x < ±x{.
The net flux of population at the border (critical patch size x —\ L |) is not zero,
i.e., -Q£ ji 0, but due to adverse conditions in the hostile region, the populations
crossing the critical patch are supposed to be lost, thus, u,-(£,t) = u,( — L,t) = 0.
At initial conditions i.e., ( = 0, and for t = 1,2, we assume u2 reproductively active
(r2 > r^), numerically superior (z2 > z^), and superior competitor (a2 > a/]). In the
considered favourable space (i! = i2), both species are assumed to diffuse with the
same rates i.e., d\ = d2 = 1.

, Jlk J l . - * • * • ' * i l l • - •

4. DISCUSSION

Let us now examine the numerical solution of the model (2.5). For 6 = 0, Eq.
(2.5) reduce to Namba's model. We restrict ourselves to the case that, Oia2 < 1
and we focus our attention to the cases of coexistence of both species and that of
extinction of one of species.

The case of coexistence in a constant environment with 0 < Q] < a2 has been
partially analyzed by Namba, (1989) and is shown in (Fig.2), where one can observe a
competitive coexistence of Uj and u2. The species u2 rapidly increases, then decreases
asymptotically, while tit increases smoothly in time.

We turn now to examine the case in which the population species are placed in
a periodically fluctuating environment, i.e., | 6 |< 1 and 0 < ui < n7. That is we
study how the environmental periodicity influences the previous results of Namba.
Thus, the effects of extrinsic environmental factor tj>(t) on the spatial distributions
of iii and u2, are illustrated in (Fig.3), where periodic oscillations of «2 correspond
to the population distributions and represent species's response to the direct effects
of (f>(t) in time. Periodic oscillations of insensitive species Ui are due to the indirect
effects through the non-linear interactions with «2.
To illustrate clearly the abundance of each species at any period of time, under the
above conditions, we study the temporal dynamics of both populations at a fixed
position of the considered space (Fig.4): (a) -in the absence of the other species,
i.e. Qj = aj = 0 and for b = 0. Both species increase, not roughly exponentially
as they would in isolation, but asymptotically. This may be explained in part by
the averaging effects of spatial dispersion which appears as a stabilizing force on the
dynamic behaviour of a single-species in a heterogeneous space and constant envi-
ronment; (b) -both species compete in a constant environment, with 0 < c^ < a2.
This corresponds to the competitive coexistence of both species described above in
Fig.2. From (Fig.4), both species are numerically superior in curves (a) than in
curves (b). That means, in the competitive interactions, each species reduced its
number by migration or killing in order to adjust population density for stable coex-
istence, (c) - species uT and u2 are placed in a periodically fluctuating environment
with I b \< 1 and 0 < a^ < ait therefore they exhibit periodic forced oscillations.
The curves (c) of periodic oscillations are respectively superposed on those of com-
petitive coexistence in a constant environment (b), and show how population uj
and «2 fluctuate around the curves (b), in response to the periodic fluctuating en-
vironment. However, this is only a transient and adaptive period for coexistence in
a heterogeneous space (Fig.2) and periodically fluctuating environment (Fig.3).
We are particularly interested in the dynamics of both species over a long period of
time (months, years). Does u2 increase indefinitely or/and U] decrease to zero in
time? What can be expected when t -+ oo? Are these spatial distributions always
periodic in time if population species are supposed to grow in a periodically fluctu-



ating environment?
Computer simulation of long-term distributions of uj and u2, in a constant environ-
ment, i.e., 6 = 0 shows that, after an adaptive period of competitive coexistence, each
species reaches its constant and asymptotic density for stable coexistence (Fig.5).
Density-dependent dispersal effects can under certain circumstances regulate com-
petitive population densities, each to a specific constant values. However in the
natural ecosystem, where environment tends to impose its periodicity to population
densities change, it is not realistic that competing species maintain their density
constant over a long period of time. Fig.6 describes a long-term distribution of ui
and «j, in a periodically varying environment, with | 6 |< 1. Both populations U]
and ti2 still oscillate, each between a specific upper and Sower threshold limit for a
competitive coexistence as long as t —* oo.
See also (Fig.7) of temporal dynamics of both species, illustrating a long-term vari-
ations of uj and u2 in (Fig.5) and (Fig.6) above, with: (a) and (b) -the respective
constant density for stable coexistence of competing species uj and u2 in a con-
stant environment i.e., 6 = 0 ; (c) and (d) - the cyclic oscillations of «i and u2 in
a periodically fluctuating environment, i.e., | b |< 1. The oscillations of ui and u2

around the specific mean values which would be their respective asymptotic den-
sity for stable coexistence in a constant environment are clearly shown in (Fig.7).
Another remark that has to be made in (Fig.7) is that, the cyclic oscillations of U]
and u2 are out of phase. The maximum of u-^ occur only when the species v2 is
numerically reduced to the minimum and vice versa. That can be explained by the
fact that, after an adaptive time for competitive coexistence, each species adjusts its
breeding periods when it is hostile to the other. The breeding season of one species
increases its population density and inhibits the reproductive activities of the other
species which, at that period will suffer competitive exclusion and consequently re-
duce its number to the minimum. For this kind of coexistence to be maintained,
there must be enough killing or migration of abundant populations and there must
be a remaining number of survival species, sufficient to save population species from
extinction and to produce the subsequent opportunity for a new cycle. In this case,
the environmental constraints act as eifective forces which, at the same time, pre-
vent elimination of competing species by periodic growth stimulation of one species
and by periodic removal, killing or growth inhibition of the other species. Dispersal
process and growth inhibition, adaptive property and the reproduction stimulation
of each species represent the main phases of each cycle, regulated by the combined
effects of environmental periodicity {4>{t) factor), non-linear interactions within and
between species and dispersal in heterogeneous space.

The case of extinction of one of the species, was also partially studied by Namba,
(1989). He has shown that, depending on theratio r?/ri the coexistence of two
species can occur or not. Fig.8 shows a spatial distribution of both species, in a

heterogeneous space and a constant environment i.e., b = 0. Despite its initial supe-
riority, Ui rapidly increases, then decline asymptotically to extinction in time. Its
viable growth rate was not enough, to maintain the coexistence with ui. While Ui
increases smoothly and becomes numerically superior in time, reducing the compet-
itive forces of u2 which goes to extinction.

Placed in a periodically fluctuating environment, | 6 |< 1, the extinctive species tt2

is directly affected by the environmental factor (ji{t) and therefore, exhibits peri-
odic damped oscillations in time. The oscillations of ut decay progressively in time
(Fig.9). This is a transient distribution of both species for the case of extinction
of one of the species. As in the above cases a long-term simulation in a constant
environment 6 = 0 is shown in (Fig.10). The species u2 becomes completely extinct,
and it is advantageous for Ui to grow in the absence of u2.

The important ecological problem in this case is to show whether or not a population
that would become extinct in a constant environment can survive in a periodically
changing environment.
For | b \< 1, species u2 exhibits periodic oscillations as long as t —> oo. The long-
term oscillations observed in the dynamic of Ui establish the survival of uj and its
persistent pressure on u\ (Fig.ll), since ut is indirectly affected through the non-
linear interactions of dispersive terms. It certifies the continuous coexistence of both
species in a periodically fluctuating environment.
A temporal dynamics of «i and u2 in the case of the extinction of u2 corresponding
to (Fig.10) and (Fig.ll) was carried out in order to appreciate clearly the dynamic
behaviour of Ui and Uj at a fixed position, in a constant and/or periodically fluctu-
ating environment as long as ( -* oo (Fig.12). (a) - are the corresponding curves of
population densities in a constant environment, (b) - shows the species u2, which
would go to extinction in a constant environment exhibits asymptotic oscillations
in a periodically fluctuating environment, and does not extinct in time, while «,
fluctuates below a threshold limit which, in a constant environment and in the ab-
sence of the competitor u2, would be its constant density. This is the important role
played by periodic environmental fluctuations in population regulation.

5. CONCLUSION

We have investigated numerically, by means of computer calculations the system
(2.5), of two interacting and dispersive population species in a heterogeneous space
and periodically fluctuating environment. Periodic environmental factor were incor-
porated into a non-linear reaction-diffusion model, through intrinsic demographic
parameters of one of the two species, sharing the same favourable space. Further-
more, it was assumed that the physical environmental parameters do not have a
direct effect on the growth rate of one of the species (type of host-parasite dynam-



ics). We have shown that despite its resistance to the direct effects, the species ux

exhibits periodic oscillations by virtue of the indirect effects through the dispersive
terms of the non-linear interactions with uj. That is, the response of species to
any change in their environment is not always the result of the direct effects of its
environmental factors. For example, parasites can cause under certain conditions,
cyclic fluctuations in the abundance of their host populations. We have also shown
that, in a constant environment, the mutual repulsive forces between two dispersive
species can lead, over a long period of time, to a stabilizing process of local pop-
ulation growth rates with constant densities. While, in a periodically fluctuating
environment, it may lead to the periodic forced oscillations which over time lead
to the competitive coexistence with stable cyclic oscillations. The main phases of
each cycle, are regulated by the combining effects of environmental periodicity [<i>{i]
factor), non-linear interactions within and between species and dispersal in hetero-
geneous space. It may be the first step toward the understanding of the ecological
situation raised by May, (1989).

In 4 natural ecosystem, there always exist physical environmental constraints,
that together with some biotic factors, regulate the existence and the abundance
of one or other species at any period of time. Our results are similar to those of
previous study of Namba, (1984), where he has shown that, if a breeding season
of a species occurs so as to increase the population size when it is competitively
superior, then it can exclude other species. On the other hand, a population can
also escape extinction if it shifts breeding seasons so as to increase the population
size in a season when it is competitively inferior.

We have shown that, two competing and dispersive species, one of which in a
constant environment would be doomed to extinction, can under appropriate condi-
tions, be forced to coexist in a periodic environment in a cyclic fashion. Our results
establish the existence of such cyclic oscillations and show the long-term oscillations
of the species which would go to extinction. Periodic environmental fluctuations
can, under certain conditions, promote coexistence of two competing and dispersive
species in. heterogeneous space. This question of coexistence versus competition was
earlier raised and studied in a paper by Cushing, (1980) who, using the system of
Lotka-Volterra competition with a periodic change in density, showed analytically
and numerically that in the absence of the periodic removals of both species, one
species would go to extinction.

Despite all these mathematical approximations, the question of population re-
sponses to the effects of physical environment complexity is not yet adequately
understood. Physical environment is a system of multiple interacting factors. Their
correlating effects give rise to certain conditions for the maintenance of life in a
natural world. One of the most difficult points to understand the response of eco-
logical systems to quite distinct stresses in their environment is the problem of too

10

many variables. It is very difficult to separate out any one of factor so to use it
as a significant parameter of the environment, since some of them vary randomly
while others periodically in the same environment and at the same time. However,
each property of a natural system is controlled by a definite number of intra and
external parameters. The system's responses to the global environmental changes
perhaps, may result from the sum and/or the multiplication of these parameter's
effects on the different properties of the system. Therefore, a more complex and
perhaps realistic mathematical model, analyzing the correlating effects of these fac-
tors on an ecological system (population dynamics) could be a model from which
one can appreciate the response of population species to the global environmental
changes.
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FIGURE CAPTIONS

Fig.l Initial population distribution.

Fig.2 Spatio-temporal distribution of ii] and ti3, coexisting in a heterogeneous space
a.nd constant environment.

Fig.3 Spatio-temporal distributions of "i and u2, coexisting in a heterogeneous
space and periodically fluctuating environment.

Fig.4 Temporal dynamics of Uj and u2 for n = 0.15, r2 = 0.5 with: a -in the
absence of the other species, i.e. <li<*2 < 0 and in a constant environment b = 0;
b -the species compete with an = 0.25, a2 = 2.0 in a constant environment b = 0;
c -the unstable limit cycles of two competing and dispersive species, growing in a
periodically fluctuating environment with 6 = 0.8, UJ = 0.07 and t = 280.

Fig.5 Long-term spatial distributions of u\ and u2l coexisting in a constant envi-
ronment.

Fig.6 Long-term spatial distributions of
tuating environment.

a.nd u2, coexisting in a periodicaJly fluc-

Fig.7 Temporal dynamics of U] and u2 over a long-period of time for a.\ = 0.25,
T\ — 0.15, a2 — 2.0, r2 = 0.5 with: a and b - the respective constant densities for
stable coexistence of competing species u2 and ui in a constant environment i.e.,
b = 0; c and d - the stable limit cycles for competing coexistence of U] and u2 in a
periodically fluctuating environment, i.e., 6 = 0.1, UJ — 0.002 and ( = 1580.

Fig.8 Spatio-temporal distributions of «i and «2, with the decline of u2 in a hetero-
geneous space and a constant environment.

Fig.9 Spatio-temporal distributions of «] and u2 with the decline of u2. in a hetero-
geneous space and a periodically fluctuating environment.

Fig.lO Long-term spatial distributions of ut and u2 with the extinction of u2 in a
constant environment.

Fig.11 Long-term spatial distribution of
periodically fluctuating environment.

and U2 with the extinction of u2 in a

14

Fig.12 Temporal dynamics of ui and u2, for at = 0.25, rj = 0.25, a2 — 2.0,
TI = 0.5 a - the respective increment of «i and the extinction of «2 in a constant
environment b = 0; b - periodic oscillations of both species corresponding to the
continuous coexistence in a periodically fluctuating environment with b = 0.7, u =
0.08, t = 620.0.
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