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ordered behaviour has the positive Lebesgue measure, are given.
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1 Introduction

In the last few years an unexpectedly interesting property of chaotic dynamical

systems has come to light: weak external perturbations can qualitative change

their behaviour. It was found that a chaotic dynamics is surprisingly pliable to

certain actions. Such problems as controlling chaotic motion and suppression of

chaos are related to this phenomenon. Due to important and profitable applications

they have attracted considerable interest. To wit, except for the main questions

of predictability and controllability, obtained in this area results can be used for

information processing and communications (see, e.g., Hayes et at. 1993, Loskui.ov

and Tereshko 1993, Abarbanei and Linsay 199S), an artificial pattern formation in

chaotic spatio-temporal systems (Bresler et al. 1993, Shinbrot and Ottino 1993),

and other significant problems of nonlinear dynamics.

Qualitative change in the behaviour of chaotic systems can be realized by two

different ways. First of them provides the removing a system from the chaotic state

into a regular regime of evolution by means of external action without a feedback.

In other words, this method does not take into account the current value of the

dynamical variables of the system. The qualitative different method ensures the

correcting action in dynamical variables in correspondence with their values and

thus, it involves the feedback as a component of the system. By the established

convention, the first way is called suppression of chaos (or sometimes non-feedback

controlling chaotic motion) and the second one is called (feedback) controlling chaos.

In turn, each of these ways can be subdivided into a parametric (multiplicative) way

and a forcing way.

Although there are several papers devoted to theoretical substantiation of the

questions of the control, it would be interesting to develop a sequential theory and

to establish a rigorous foundation of the possibility of chaos suppression. Especially

as, for the experimental control of chaos the non-feedback way is more suitable and

it seems the less sensitive to an external noise (Meucci et al. 1994)- Apparently,

it is very difficult to determine the validity of the chaos suppression phenomenon

in the general case. But it is quite possible to resolve such a problem for certain
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families of dynamical systems. These questions are a major focus of interests for the

present paper. Namely, we consider maps with chaotic behaviour and demonstrate

that small periodic parametric perturbations can crucially reflect on their dynamics.

It should be noted that the numerical and analytical studies were conducted to

examine the response of chaotic dynamical systems to a special form of influence

(Jackson and Hiibler 1990, Jackson and Kodogeorgiou 1992), for the purpose of

feedback controlling chaos {Ott et al. 1990, Dressier and Nitsche 1992, Starobinets

and Pikovsky 19.93, as a review see Shinbrot et al. 1993), suppression of chaos and

dynamics control (see, e.g., Alekseev and Loskutov 1985, Alekseev and Loskutov 1987,

Lima and Pidtini 1990, Jackson 1991, Loskutov 1993, Loskutov and Shishmarev

1994, Kivshar et al. 1994). However, in contrast to these investigations we find

a rigorous approach to the investigation of qualitative changes in the behaviour of

chaotic maps under external periodic perturbations and propose an analytical key

for detect such perturbations.

The article is organized as follows. First, n-dimensional maps in a general form

with external r-periodic parametric perturbations are considered. Then we prove a

quite simple proposition and the lemma, and make a construction, which are neces-

sary to show the qualitative change in tho dynamics of the perturbed chaotic maps.

Later these results are considered for one-dimensional and two-dimensional cases

and, for simplicity, for r — 2. Finally, we present some corollaries and applications,

and propose certain extensions of the obtained results.

2 External perturbations of n-dimensional maps

Let us consider n-dimensional one-parametric family of maps in a general form

Ta: xh— f (x ,a ) , (1)

where x = {.Ti,..., xn} £ t f , f = {fi,..., /„} is a certain nonlinear function, a is a

control parameter, and M is a compact invariant set for the map Ta. Let A be a set

of the admissible values of the parameter a. Introduce a parametric perturbation

for map (1), G : A —* A,

G : ax • g(a), a e A Q A. (2)

In this case the perturbed map (1) has the form

T : y ^ h(y) , (3)

where y € M x A, y = (x, a), h(y) - (f(x,a),g(a)). The perturbations can be

entered into the system by two different ways. If an external source is associated

with a multiplicative action with respect to dynamical variables then (multiplicative)

parameters of the system are modified. If, however, the external sources are included

into the model as additive terms with respect to dynamical variables then the force

perturbation takes place. For the periodic (cyclic) perturbation with period r we

have from (2): a,-+, = #(«;), i = 1,2,. . . ,r - 1, <n = g(aT), a, jt a, for i ^

3, a,- € A, 1 < i < T. Any type of a periodic perturbation with period r can

be associated with the following vectors a ~ (ai,...,aT), a g IRT. Then the set

A = {a € (&A : a{ / aj, 1 < i,j < r, i ^ j], A ClRT, corresponds to an entire

set of periodic perturbations of period r which operate on A.

PROPOSITION. The period i of any obtained periodic orbit in the perturbed map

(3) is multiple to period of perturbation: t = rk, where r is the period of the pertur-

bation and k is a positive integer.

Proof. If the perturbed map (3) has a (-periodic orbit then the sequences of the

coordinates of points which form this periodic orbit are also periodic with period

t. But the sequence of the coordinate a is already periodic with the period r.

Therefore, with necessity we get that ( = rky where k is integer.

However, there is an important remark to be made. If we project an obtained

periodic orbit onto the initial space M (i.e. when the perturbed system (3) as an

non-autonomous one is considered) then it is possible to get in M an orbit which

cannot be a periodic orbit in the usual sense. The matter is that the points of

this periodic orbit which differ from each other only in the coordinate a (of course,

if such points exist) are projected onto one and the same point in the space M.

Thus, in the non-autonomous system such a periodic behaviour can not be called
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"periodic orbits" because the representative point of the map hits several times in

some points forming the given periodic orbit. However, the described situation is

degenerate one, and it may occur only in special cases. •

Now we introduce a quite simple construction which is necessary for further

analysis. The r-cyclic transformation (2) for map (1) means that (3) can be written

as follows:

T =

Tai

(4)

., :x—.f(x,flT)=fT .

Let us introduce into consideration r function of the following form:

F, = fT(fT_,(...f,(f1(x))...)) ,

(5)

where x = {*,,...,*„}, and f, = {$\.. . ,jf>}, F ; = {F?\... ,F^}, i =

1,2,. . ., r, are the n-component functions. Thus, the perturbed map (3) one can

rewrite in the form

Ti : x i — • F i ( x , a u . ..,aT) ,

T2 : xi—> F 2 ( x , a i , . . . , a T ) ,

(6)

TV: F T (x ,a i , . . . , a T ) ,

for which initial conditions are determined as follows: x t = fi(x0), x^ = f2(xi),...,

XT_! — IT_i(XT_jJ.

LEMMA. / / the map Tk, 1 < k < T has a periodic orbit of period t and the

function fi(x) is a C°-function then the map Tp, p = k + 1 (mod r) , also has a

periodic orbit of the same period t. Moreover, if

i) a periodic orbit of the map T^ is stable then a periodic orbit of the map Tv is

stable as well;

ii) fjt is a homeomorphisrn then the maps Tk and Tp are topologically equivalent.

Proof. Suppose that ffc(x), 1 < k < r, is a continuous function and 7* has a

periodic orbit of period t. It means that there exists a point x such that Fj,(x) =

x, FJ
k(x) 7̂  x, 1 < j < t. Consider the following expression which follows from the

definition of F*:

f*(Ft(x)) = F,(ffc(x)) , P = k + 1 (mod T) . (7)

From this equality it follows that = FjJ(fi,) and therefore, for the point x and

n = t we have F^(f^x)) = f*(F^(x)) = f t(x). Moreover, for 1 < j < t, Fj(f t(x)) =

f*(Fj(x)) 7̂  ffc(x) because the function f̂  is continuous. In other words, the point

fjt(x) is a periodic point with period t for the map Tp.

If the point x is a stable periodic point of the map Tk then there is a neighbour-

hood t / 9 x that for the point x € U lim FWx) = x. In view of the continuity of f/.
71—»CO

this means that lim fjt(Ft"(x)) = lim F'"(f/t(x)) = fytfx). In other words all points
n—too n-t-co ^

from the neighbourhood fk(U) are attracted to the point fjt(x) under the action of

Topological equivalence immediately follows from (7) and the definition. •

3 Suppression of chaos

In this Sect, we show that suppression of chaos by means of a cyclic parametric

transformation is possible for unimodal maps with the negative Schwarz derivative,

for a certain class of the piecewise linear maps, and for the Belykh map which has

the hyperbolic attractor.
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Since we suppose to investigate the qualitative change in the behaviour of chaotic

maps, confine our investigation only to the set Ac C A of the parameter values a

corresponding to chaotic dynamics of the unperturbed map (1). Thus, if in (1)

a € Ac then it has the chaotic behaviour.

3.1 Unimodal maps

Definition 1. A map T : [a,b] —> [a,&] of the interval has chaotic behaviour if T

has the absolutely continuous invariant measure î with respect to which cr-algebra

f\T~*(S) consists of the finite number of atoms.

Here S is the cr-algebra of the Borel subsets of [a, b], T~'($) is <r-algebra of the

sets of the form T~*C for any C C [o,b]. In turn, following the Ognev-Misiurewicz

theorem (Ognev 1981, Misiureivicz 1981, Vul et al. 198f) one can find that an

unimodal one-dimensional map with the negative Schwarz derivative has the chaotic

behaviour (in the sense of the above definition) if its critical point hits into an

unstable periodic orbit of an arbitrary period. Hence, the set Ac includes a subset

which consists of the Ognev-Misiurewicz points.

Consider as an example the well-known quadratic maps family in the form Ta :

[0 ,1 ] - [0 ,1 ] ,

Tal x _ v{a,x) = ax(l-x), (8)

which is known as a model of some physical phenomena, and therefore it has at-

tracted an attention of many authors (see, e.g., Berge et al. 1988, Glass and Mackey

1988, Sharkovskii et al. 1989, Guckenheimer and Holmes 1990). Besides, some

results concerning dynamics of the perturbed systems have been studied on the

quadratic maps family (see, e.g., Rossler et al. 1989, Jackson and Hiibler 1990,

Sanju and Varma 1993 and references therein). As known, the set Ac for map (8)

has the positive measure (Jakobson 1989, Mora and Viana 1993).

For the quadratic maps family (8) we can get the exact result concerning quali-

tative change in the behaviour of this map under periodic parametric perturbations

(2). We illustrate this result by the case r = 2. The generalization for r > 2 is

II-ECS:

shortly described below. Following Sect.2 we find:

[ x^y[a,x),
T =

{ a i—>ff(a) .

where a2 = g{a\), <ii = 5(^2), ai,"-2 € Ac, and

T = I

(9)

(10)

Then Ac — {o G (J£t Ac '• "i 7̂  12} corresponds to all possible periodic perturbations

with period 2.

THEOREM 1. There exists a subset Ad C Ac such that if a € Ad then the

perturbed map (9) possesses stable periodic orbits.

So, the theorem guarantees that the parametric perturbation can lead to stabi-

lization of dynamics of the map which exhibits the chaotic behaviour.

Proof. According to Sect.l one can write map (9) as a collection of two trans-

formations T\, T2, i.e.

r, : x
T2 : x F2(aua2,x) = (11)

with the initial condition Xj = i/Ji(xo)- Moreover, to find stable periodic orbits in

map (9) it is sufficient to consider only one of the maps T\ or 2Y Further, each of

the periodic orbits of period 2t generated by the maps T\,T2 is a set of the fixed

points £',ff, i = 1,2,...,(, of the maps T\', T^ respectively. To determine the

points forming periodic orbit of period t for the map T] (T^) it is necessary to solve

the following equations:

(12)
I Tjx^tx,

where j — 1 or j — 2, and 1 < i < t. Besides, let the maps T\,Tj has the stable

points (x\,...,£}), ( i , , ...,Xf), respectively, which form the stable periodic orbit p'(a)

of map (10). Then for certain a = (01,02) map (9) is regular. In general case, the



stability of this periodic orbit means that its multiplicator | 0[a) |< 1. Obviously,

if f3(a) is continuously dependent on a then there exists a neighbourhood U 6 R2

of the value a such that if a' € U then | /3(a') |< 1. In other words, the parameter

values a = (ai,a2) have some neighbourhood in which the stabSe periodic orbit p"(a)

does not disappear and conserves its stability.

Thus, for the proof it is necessary to find such values a € AA that the maps

77, T2' have stable fixed points and then to analyze the expressions (12).

Consider the following parameter values for the perturbed map (11): a = (aiJa2),

ar = 3.67857336..., a2 = 3.97459125... . As known (Sharkovskii et at 1986),

a1)a2 € Ac, because these values satisfy the Ognev-Misiurewicz theorem: if a = aj

the critical point of the unperturbed logistic map coincides with the unstable fixed

point beginning with 4th iteration; if a = 0,2 this point hits in the unstabie 2-periodic

orbit after 5th iteration, Now, substituting these values a,\, 02 in the maps 7i, T2

(11) we immediately obtain that their iterations, T},T^, for t = 3 have six stable

fixed points. It should be however noted that because in the given case the fixed

points equations, x1 = T\xl, x2 = Tjx2, are the 64th (!) power nonlinear algebraic

equations, these calculations can be performed only graphically of numerically. But

in view of the fact that the strict parameter value a has nonzero vicinity U, the

calculations should be done up to an error which is not more than U. In this case

the results are correct and they complete the proof of the theorem.

The graphical illustration of the stability of one of the found fixed points is

shown in Fig.l. These stable fixed points form the stable periodic orbit of period 6

(Fig.2). a

From the proof of the theorem one can get the following statement.

COROLLARY. The parameter values a € Ac has nonzero neighbourhood.

Thus, this corollary ensures that, if the induced periodic dynamics in the quadra-

tic maps family under a periodic perturbation is observed, then it cannot be de-

stroyed by external noises which fuzzify the required parameter value a.

3.2 A piecewise linear maps family

Now let us show that the same result takes place for a certain family of piecewise

linear maps. Consider the following family of the interval [0,1] into itself:

( q(a)x + r(a) , 0 < x < a,
T a : * _ / { ! , „ ) = I (13)

{ p ( a ) ( x - l ) , a < x < l ,

where a E (0,1) is a control parameter and q(a) = (1 — o)/(a(2 - a)), r(a) =

1/(2 - a), p(a) = -1 / (1 - a). Note that the quadratic map (8) with a = ax on

the interval [<^2(l/2),<^(l/2)j is conjugated with map (13) for a = 1/2. All maps of

family (13) are constructed such a way that the critical point xc = a hits in unstable

fixed point r(o) = x after three iterations (Fig.3). First, let us prove that these

maps exhibit a mixing attractor for arbitrary a G (0,1), i.e. is chaotic.

Let / be a map of a set M into itself and A C M be a compact invariant subset

which are different from a periodic orbit.

Definition 2. A is said to be a mixing set if for any open set U in A and any

finite covering S - {a3} of the set A there exists m = m(U, S) and r > 1 depending
r - l

only on A such that fm( \J f'U) fl <r;- + 0 for all 3.
1=0

Definition 3. The set A is said to be a mixing attractor if the following points

hold:

a) A is an attractor, i.e. 3 V D A such that V ^ A, fV C V and f] pV = A;

b) A is a mixing set.

Note that the mixing property on a certain set A has as a consequence a topo-

logical transitivity. In turn, topological transitivity is equivalent to the fact that

in A there is a everywhere dense trajectory. Moreover, the following proposition

holds (Skarkovskii et al. 1986): if / € C°{I,I) and / is an interval, then the mixing

attractor consists of one or several intervals which are cyclically mapped into each

other, and periodic points are dense on it.

Now we prove the theorem concerning chaoticity in the behaviour in the family

maps Ta.

10
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THEOREM 2. For any a G (0,1) the map Ta (13) /ins the mixing attractor A =

[0,1].

Proof. We make it by two stages.

1) To show that A = [0,1] is an attractor for Ta, it is sufficient to consider map

(13) on any extended interval, for example, [—1/2, 3/2] (Fig.4). It is not hard to

see that for any a £ (0,1) one can find a neighbourhood V of the set A such that

fV cV and pV = A. Thus, A is the attractor on the interval [0,1].

2) To prove that attractor A = [0, 1] is a mixing, note that it consists of two

intervals Jj and J? which are mapped into each other under the action of Ta, A =

J i U 4 TaJi = J?, TJ2 = Jx, where Jx = [0,f], J2 = [5,1] (Fig.5). The rest of

proof uses the following result.

LEMMA. For any open set U C A there are such a number n that

i) T?U = A or

ii) T^U = Ji, where i = 1 or i = 2.

Proof. Consider the map Tl = Ta o Ta (Fig.6). As TfJi = Jt and T*J2 = J2

then Tl decomposes into two maps Tjt and Tj2 operating on J[ and J2, respectively.

Moreover, because p2 = p(a)p(a) > 1, | p(a)q(a) \= l/(a(2 — a)) > 1, a € (0,1), then

the maps Tj,, Tj? are expanding ones. Therefore, for any open set U C J\ {U C Ji)

there exists a number m such that T£mU — Ji (T?mU = J2). In other words, for

n = 2m we have the condition ii). Now it is necessary to consider the sets U 9 x.

For such sets (Fig.6) there exists m : T?mU = A. •

Thus, to prove the Theorem 2 it is necessary for any open set U C A to choose

r = 2 and m from the above Lemma. In this case T™(TaU{JU) = A because, if

V C Jx then TJJ C Jit and if T™U = Jt then T™(TaU) = J2. Analogously, we can

get the same result for U C J-i and U 9 x. D

Let us consider now the perturbed family of maps (13). As before, we restrict

ourselves by the case of a 2-periodic transformation of the parameter a:

T2 : x ,— F2(x) =

11

(14)

Without loss of generality suppose that 0 < ai < <z2 < 1. Introduce the following

notations: a-, = a, a2 = a + t, e > 0 (Fig.7). Thus, the map Tx has three fixed

points which exist for any a1,a2 € (0,1). These fixed points of T\ correspond to

three different 2-periodtc orbits of the perturbed map (14). The orbit corresponding

to the middle fixed point (Fig. 7) arises from the fixed point of the unperturbed map

(13), and two orbits of period 2 corresponding to two other fixed points arise from

an orbit of period 2 (Fig.6).

Let us show that it is possible to find such parameter values that the latter fixed

points become stable. We have: | q\p2 |= (1 — <t)/{a(2 — a)(l — a — t)) = ^i(e),

q2P\ |= (1 — a — e)l({a + «)(2 - a - e)(l — e)) = ^ ( t ) . Consider the graphs of the

functions s^e), 32(t) in the region 0 < e < 1 — a (Fig.8). Thus, we find that for any

a 6 (0,1) there is a range of the values e € (e*>l ~ a ) , where s?(e) < 1. In other

words, in the interval (e*, I — a) the perturbed map (14) has the stabilized periodic

orbit arisen from the unstable orbit of the unperturbed map (13).

Thus, for a family of piece wise linear maps stabilization of chaotic dynamics can

be realized by means of a cyclic parametric transformation.

3.3 A two-dimensional map with a hyperbolic attractor

We mentioned that the chaos suppression phenomenon should be valid for certain

maps of dimension more than one. As an example of a two-dimensional map let us

consider the Belykh map which appears in the physical systems of phase synchro-

nization {Belykh 1982).

Let Q = {(x,y) : \ x |< 1, | y |< 1} be a square in the plane (x,y). Then the

Belykh map is given by the following construction (Sataev 1992):

where
_ l) , («,!,) € 0 , ,

(X3(x- 1)4-1, £ ( y -

(15)

(16)

12



and the areas Qi, Q? are presented as the separation of the function k(x) : [—1,1]

[—1,1] into two parts:

Qi = {(x,y)eQ:y>h(x)} . (17)

In addition, the constants Ai, A2, A3, A4 and the function h(x) are chosen such a way

that the square Q is mapped into itself, TQ C Q (Fig.9, 10).

We shall consider the case h{x) — ax, A] = A3, 1/A2 = 1/A4 = A2, i.e.

T : (18)

I a |< 1 (Fig.11). The Belykh map is remarkable for the fact that it has a hyper-

bolic attractor for certain parameter values. It is not difficult to find conditions of

existence of such an attractor.

First, let us note that for | a |< 1 map (18) has two fixed points X = (1,1) and

Y = ( — 1,-1). Second, for all points of the square where map (19) is determined,

the derivative is Df = diag{Xi, A2}- For hyperbolicity it is necessary that | At |< 1,

I A2 |> 1 or vice versa, and TQ C Q. It is not easy to verify that the latter

condition is satisfied only if 0 < Ax < 1, 0 < A2 < 2/(1+ | a |), | a |< 1.

Finally, for the condition of existence of a hyperbolic attractor the transformation

T should be a one-to-one map. Geometrically one can come to conclusion that map

(18) is a homeomorphism only in the parameter range 0 < X^ < 1/2. Thus, for

a hyperbolicity we get the following inequalities: 1) 0 < Ai < 1/2; 2) 1 < A2 <

2/(1+ I a |); and 3) j a |< 1. However, existence of a hyperbolic attractor under the

given conditions requires the rigorous proof which we omit.

Let us generalize the Belykh map (18) into the case | a |> 1. To this end one

should note that for j a |> 1 the point X falls in the range y < ax, and the point Y

falls in the region y > ax (Fig. 12). Therefore to determine for | a |> 1 the existence

conditions of these fixed points it is necessary to rewrite map (18) in the form

( ( A t ( a - + 1 ) - 1 , A2(jf + 1 ) - 1 ) , y>ax,
(19)

(A ,{ i -1 ) + 1, X2(y-l) + l), y<ax.

13

Thus, we can obtain map (19) from map (18) by the substitution x *-* y and a — I/a'.

Consequently we get that the hyperbolicity condition for map (19) is the validity of

the following inequalities 0 < A2 < 1/2 and 1 < Ai < 2/(1 + 1/ | a |). It should be

noted that in this case | A2 |< 1 and | Ai |> 1 in contrast to map (18). In other

words, the contract direction and the expand direction change places.

Let us consider construction of the Beiykh map for the perturbed parameter a

by a 2-cyclic transformation. To find the qualitative change in its dynamics it is

necessary to switch the parameter a near a — I such a way that al < 1, a2 > 1.

In order that for both these cases the perturbed map would be hyperbolic it is

necessary to vary also the parameter Xu \2. Taking into account these conditions,

the perturbed Belykh map we can write as follows

f (*, j,) — . f(a3, XI, X2
2) 0 / ( a i , X\,Xl)(x, y)

T = I (20)
{ \l

for even and odd iterations, respectively.

Because both the map with ai < 1 and the map with a2 > 1 have the fixed

points X = (1,1) and Y — ( — 1, —1) then these points remain the fixed ones also for

the perturbed map (20). Moreover, the differential DT of the perturbed map (both

for the odd and for even iterations) is the following matrix:

***(*. °i
x\ 0 \ / x\x\ 0
0 x\)-{ 0 xix

A ; O
0 X'

Therefore, in view of the fact that for <2i < 1 we have 0 < X\ < 1/2, 1 < A, <

2/(1+ I aj |), and 1 < Xf < 1/(1 + 1/ | o2 |), 0 < Â  < 1/2 for a2 > 1, the eigenvalues

AJ and X*2 of Df will be changed in the following range: 0 < AJ < 1/(1 + 1/ | a2 |),

0 < X"2 < 1/(1+ I a! |). In other words, we find that | AJ |< 1, [ X*2 |< 1 and the

fixed points X, Y of map (20) become stable.

Thus, introducing a periodic cyclic perturbation of the map with the hyperbolic

attractor we get a qualitative change in the dynamics: from a chaotic map it trans-

forms into a regular one with the stable fixed points, and almost all trajectories are

attracted to these fixed points.

14
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4 Generalizations

In Sect 3.1 we gave oniy one pair a = (3.678 573 36..., 3.974 591 25...) for map (10).

However, except for these parameters there are many others values a = (a-i^a^)

which satisfy Theorem 1. Moreover, theorem 1 and corollary can be extended for

the case r > 2. Then all arguments should be generalized into r maps of the form

(6) which are determined for n = 1.

It is possible in principle, to find analytically a qualitative change in the dynamics

of a practically any of chaotic maps under parametric periodic perturbations. It is

not necessarily therewith to calculate the Lyapunov exponents. Really, introducing

r functions of the form (5) one can rewrite map (3) as (6). Now, beginning with

t = 1 and step-by-step exhausting oj, ...,ar in the set Ac, ail fixed points of one of

the maps T[,..., T' should be determined and among them the stable ones should

be found. If at the given t the map Tj does not have the stable fixed points then

it is necessary to increase i by the unit and to repeat the whole calculation. This

procedure is followed until the values ai, ...,aT £ Ac are found. Now the expression

(22)
x ,

where 1 < i < t, should be considered to establish what points form one or another

periodic orbit. Thus, there is a sufficiently simple scenario to detect the periodic

behaviour (if it exists) of the perturbed map using expressions (5), (6), and (22),

and the described results.

Now let us cite evidence that the measure of parametric values corresponding to

the chaos suppression set At is positive.

Consider first one-dimensional unimodal maps with the negative Schwarzian.

Any parametric point a which satisfy the Ognev-Misiurewicz theorem has a neigh-

bourhood U(a) such that for a' £ U, a' ̂  a, this theorem should be also valid (Vul et

al. 1984). Moreover, following the Jakobson theorem (Jakobson 1989), U f]Ac has a

positive Lebesgue measure, ii(Uf]Ac) > 0. So, n(Uai f l A ) > 0, fi(Ua2f]Ac) > 0,

where Uai and Ua2 are the neighbourhoods of the points a\ and a^ respectively, for
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which theorem 1 holds. Thus, we get that n(Ua f]Ac) > 0, where £/4 is a neighbour-

hood of the point a in the set Ac. Hence fi(Ad) > 0 because (U& fl -4=) C Ad-

As to the other above considered maps the similar assertion seems to be obvious.

Therefore the stable periodic points in the perturbed maps cannot be destroyed

by means of an external noise which smears the required accuracy in the parameter

values.

5 Conclusion

The described results allow one to approach analytically the known problem of the

chaos suppression (or non-feedback controlling chaotic behaviour) for dynamical sys-

tems with continuous time (i.e. for the flows) and advance the following conjecture.

Suppose that a system under consideration possesses a chaotic attractor. Then, if

we appropriately choose the parametric perturbations then, for weak amplitudes,

one can expect that such perturbations lead to appearance of stable periodic orbits;

these orbits either have not existed in the initial (unperturbed) system or they have

not been stable ones. Although some investigations were conducted in this direc-

tion (see, e.g., Lima and Pettini 1990, Kivshar et al. 1994), the main problem here

is associated with the proof of the presence of an appropriate chaotic attractor in

the chaotic system. Some preliminary analytical results (Derjugin et al. 1994) f° r

certain dynamical systems give the valid line of investigations for the non-feedback

control of the chaotic flows, to say the least.

In addition, the described technique allows one, in principle, to find analytically

a way for parametric non-feedback controlling for chaotic maps with external pertur-

bations. Namely, if we have a chaotic map with a r-parametric transformation then

one can separate such a map into T maps which only coupled by initial conditions.

They can be constructed from the initial map by means of a sequential permuta-

tion. To determinate a type of dynamics of the perturbed map it is sufficient to

consider at certain conditions only one of these r maps. This fact can essentially

simplify investigations of the maps under parametric perturbations and thus, gives

16



a key to analytical study of a problem of chaos suppression for periodically per-

turbed chaotic maps. Moreover, apparently the described results allows us to rise

the question concerning a rigorous substantiation of existence of a cyclic parametric

excitation needed for stabilization of prescribed unstable periodic orbits embedded

in a chaotic attractor, In other words, it is possible to establish "realistic" (i.e. in

the sense of Ott-Grebogi-Yorke) non-feedback controlling chaos.

Finally, apparently we can state that parametric values corresponding to the

chaos suppression phenomenon should have the positive Lebesgue measure.

The obtained results can have the far-reaching implications. One of them is a

problem of the numerical investigations of systems with complex dynamics. The

matter is that the round-off errors can be considered in certain cases as external

perturbations of a system under numerical modeling. Thus, under a computer sim-

ulation of some nonlinear processes it is possible to obtain results which are princi-

pally incorrect (Loskutov and Rybalko 1994)- The other applications of the described

assertions are related to information processing and communication (Loskutov and

Ttrtshko 1993), and chains of coupled maps with defects (Loskutov and Vasiliev

1994).
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Q.B37 O.B3B

Figure 1. One of the six stable fixed points of the cyclically perturbed logistic
map (9) for a, = 3.67857336, a2 = 3.974 59125.
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Figure 2. The stable periodic orbit in map (9) for ci
3.974 59125 formed by the following fixed points:

x\ =0.02322532, x\ = 0.301 77944, i\ = 0.50057908,

i\ = 0.09016720, £^ = 0.83748058, i\ = 0.99364594.

= 3.678573 36,
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Figure 3. A piecewise linear map determined by family (13),
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iit

Figure 4. An extended piecewise linear map (13) in the interval [-1/2,3/2].
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Figure 5. The intervals J\, J2 composed the attractor A = [0,1] for map (13).
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Figure 6. The second iteration, Ta
2, of the map Ta (13).
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u = l/2

Figure 7. Construction of the map 7\ (14). Figure 8. The functions Si{t), s2(t) for a = 1/2.
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Figure 9. Construction of the Belykh map (15), (16) in the square Q. Figure 10. The second iteration of the Belykh map (15), (16).

T



— Trt ~ - iir r ifc T "" 1 M —

( - 1 , - 1 )

(1 ,1)

Figure 11. A special case (18) of the Belykh map (15), (16). Figure 12. The generalized Belykh map (19).
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