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1 Introduction 
The theme of this thesis is the application of different methods to the quantization 
problem for systems of identical particles in one and two dimension*. It i» treated 
in five articles, listed above in the table of contents and referred to below a» (1) to 
(V). The standard method is the analytic quantization method due to Schrodinger. 
which leads to the concept of fractional statistics in one and two dimensions. 
Two-dimensional particles with fractional statistics are well known by the name 
of anyons. Two alternative quantization methods are shown here, the algebraic 
method of Heisenberg and the Feynman path integral method. The Feynman 
method is closely related to the Schrddjnger method, whereas the Heisenberg and 
Schrodinger methods may give different results. 

In article (I) the Heisenberg method is applied to the equations of motion 
of vortices in superftuid helium, which have the form of Hamiitoniau equations 
for a one-dimensional system. In (II) and (III) the same method is discussed 
more generally for systems of identical particles in one and two dimensions. The 
relation between the Heisenberg and Schrodinger methods is discussed in (IV). 
Finally, article (V) presents an application of the Feynman method to the problem 
of computing the equation of state for a gas of anyons. 

The remaining part of this introduction is a brief review of some of the back
ground. Some more background material for article (V) is presented in Section 2. 
Section 3 gives a brief summary of the contents of the articles. 

1.1 Q u a n t u m M e c h a n i c s of I d e n t i c a l P a r t i c l e s 

One of the many peculiarities of quantum mechanics is the fact that identical 
particles always interact, simply because they are identical. Immediately after 
Heisenberg and Schrodinger formulated quantum mechanics as it i* known today. 
Heisenberg and Dirac extended the theory to systems of identical particles [I -•'{]. 
Their key observation was that all operators representing observables in such sys
tems have to be symmetric under any interchange of particle labels, if there is 
really no observable difference between the particles. This innocent looking state
ment has deep consequences, because symmetric operators preserve the symmetry 
properties of the wave functions. For example, if the operator A and the wave 
function v are both totally symmetric, then the wave function Av is also totally 
symmetric. " + + = +" . And similarly, if A is symmetric but r is totally antisym
metric, then Av is totally antisymmetric. "+— = - " . Consequently, there exists 
a complete quantum theory of identical particles using only the totally symmetric 
wave functions, and there exists a different complete theory using only the totally 
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antisymmetric wave functions. 
The symmetry or antisymmetry of the allowed wave function;» U d charac

teristic property of a given system of identical particles, usually referred to a» 
the statistics of the particles. Particles described by symmetric wave functions 
satisfy Bose—Einstein statistics and i re called bosons. Particles described by 
antisymmetric wave functions satisfy Fermi—Dime statistics, they are/erniion». 
and because of the antisymmetry they obey the Pauli exclusion principle, that 
two particles can not occupy the same quantum state. The symmetry or antisym
metry results in an effective attraction between bosons and an effective repulsion 
between fermions, both of a purely quantum mechanical nature. We may refer to 
this kind of attraction or repulsion, related to the particle statistics, as a statistics 
interaction. The mutual repulsion between fermions is quite literally a tangible 
fact: we can walk on the earth because matter consists of a small number of dif
ferent species of fermions. In fact, the stability of matter (at least the proof of 
stability) depends on the fermionic nature of matter [4j. 

Since the theory of Heisenberg and Dirac predicted that identical particles had 
to be either bosons or fermions. and since this prediction was verified experimen
tally, there was not much need for a better theory. However, the theory could be 
questioned on philosophical rather than experimental grounds. Consider, for ex
ample, particles that are so far apart that they can not be physically interchanged. 
Then it is intuitively obvious, and indeed true, that it does not matter whether 
we symmetrize or antisymmctrize our wave functions, or do neither of the two. 
This example suggests that the symmetrization or antisymmetrization postulate 
is not truly fundamental, but is rather a consequence of some more fundamental 
principle. 

Furthermore, an interchange of identical particles is obviously an identity 
transformation from the physical point of view. In quantum mechanics it is not 
unusual that a physical identity transformation is represented mathematically by 
a phase factor, since two wave functions represent the same physical state if they 
differ only by an overall phase factor. Any permutation of bosons is represented 
by the trivial phase factor + 1 . whereas even and odd permutations of fermions 
are represented by +1 and —1. respectively. A natural question is then, why only 
±1 and not more general complex phase factors? 

Laidlaw and DeVV'itt answered this question when they applied the r'eynman 
path integral formalism to systems of identical particles [5]. In this formalism 
the interchange of identical particles has a clear physical meaning as a continuous 
process in which each particle moves along a continuous path. The path depen
dence of the interchange is all important, since it relates the quantum mechanical 
concept of particle statistics to the topology of the classical configuration space. 

3 



The phase factors associated with different interchange pat lis must dc-finr a rvfin-
sentation of the first homotopy gioup (the fundamental group) of the configuration 
space [6|. This requirement leads to the conclusion thai only bosons and ferniious 
can exist in Euclidean space of dimension three or higher, whereas more general 
possibilities open up in the two-dimensional case. The formalism does not apply 
in one dimension. 

Using a more traditional approach to quantization. Jon Magne Leinaas and 
I derived the same relation between particle statistics and topology |7]. Our 
approach was based on the geometrical interpretation of wave functions which is 
the basis of gauge theories, and which goes back to Weyl and Dirac [8. 9|. We 
studied in some detail the more general kinds of statistics allowed in one- and two-
dimensional systems. In either case there exists a continuously variable parameter 
defining the statistics, interpolating continuously between Bose—Einstein and 
Fermi—Dirac statistics. In one dimension the parameter may be interpreted as the 
strength of a zero range potential between bosons, and when the strength becomes 
infinite, the bosons become fermions. This particular one-dimensional potential, 
the Dirac ^-function, is one of the few examples where the many-body problem 
is exactly soluble [10-13]. In two dimensions the parameter may be chosen as 
a phase angle which is 0 for bosons and r for fermions. and we showed by the 
example of the two-dimensional harmonic oscillator that the continuous variation 
of the phase angle gives a continuous interpolation between the boson and fermion 
energy spectra. The intermediate statistics, as we called it. is now usually called 
fractional statistics. In the two-dimensional case, the word "fractional" refers to 
interchange phases that are arbitrary rational or irrational fractions of ~. 

A third approach leading to the same results is that of Goldin. Menikoff and 
Sharp [14-19]. They studied the representations of the commutator algebra of 
particle density and current operators. This algebra has commutation relations 
that are independent of the particle statistics, but has inequivalent representations 
corresponding to the different statistics. 

Wilczek arrived at the concept of fractional statistics by considering the fact 
that the spin of two-dimensional particles is theoretically allowed to take arbi
trary values, not just integer or half-integer multiples of h (h = 2xfi is Planck's 
constant). The relation between spin and statistics would require particles of 
fractional spin to have fractional statistics as well [20. 21]. He introduced the 
name anyons for two-dimensional identical particles having an interchange phase 
of "any" fixed value, not necessarily 0 or jr, and also proposed a model for them as 
particles carrying both electric charge and magnetic flux, so that, the interchange 
phase could be understood as an Aharonov—Bohm effect [22-24]. 

The fundamental group of the configuration space of identical particles in the 
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plane plays a fundamental role in the theory of anyons. This group is called 
the braid group, and its role was emphasized by Wu [25]. Ii is interesting thai 
mathematicians have arrived at exactly the same configuration space concept from 
the opposite direction, namely as a useful tool for studying the braid group (20-
29]. For reviews of braids and knots and some applications in physics, see e.g. 
[30. 31]. 

1.2 Statistical Mechanics 

The statistical mechanics of bosons and fermions. i.e. the Bose—Einstein and 
Fermi—Dirac statistics, existed even before quantum mechanics received its fi
nal form [32-34,2], see also (35, 36]. The theory is no more difficult than the 
corresponding theory of distinguishable particles, since the only effect of the in-
distinguishability of bosons or fermions is to forbid wave functions of the wrong 
symmetry type, thereby reducing the degeneracy of each energy level and perhaps 
eliminating some levels altogether. The statistics interaction between bosons or 
between fermions does not change the energies of individual levels. 

The ideal gas. i.e. a gas of panicles with no interaction apart from the statistics 
interaction, is a simple model which is useful for many purposes. In order to 
calculate the energy levels for a system of many non-interacting particles that 
are either bosons or fermions. one need only distribute the particles among the 
one-particle energy levels, counting degeneracies according to the Bose—Einstein 
or Fermi—Dirac statistics. Knowing the many-particle energy levels and their 
degeneracies, one may proceed to calculate the equation of state. 

The statistical mechanics of anyons is more difficult. It has to be. simply 
because the bosonic and fermionic energy spectra are different, and the bosonic 
spectrum is supposed to change continuously into the fennion spectrum when the 
statistics angle 6 changes from the boson value 0 to the fermion value - . The only 
way this can happen is that the energy levels move, eithei upwards or downwards, 
like in the harmonic oscillator example of ref. [?]. Thus, the statistics interaction 
of anyons affects not only the state counting, but also the energy eigenvalues. 

Arovas, Schrieffer, Wilczek and Zee made the first step towards determining 
the equation of state for a gas of non-interacting anyons when they calculated 
the second virial coefficient [37. 38]. Their result is exact, since it is obtained 
from the exactly soluble two-anyon problem. To have a finite density with only 
two particles, they put them in a box with hard walls. Comtet. Georgelin and 
Ouvry simplified the calculation by confining the particles in an external harmonic 
oscillator potential rather than inside hard walls [39], in the same way as Fermi 
did for fermions [34]. The centre of mass motion in an external harmonic oscillator 
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potential is separable, even for anyons. and the relative motion i* governed b> a 
two-body harmonic oscillator interaction potential. The two-anyon problem of 
this kind is again the example solved in ref. [7]. 

The calculation of the third virial coefficient involves the three auyoii problem, 
which is not yet completely solved for any potential. In fact, even the harmonic 
oscillator ground state for three anyons close to Fermi—Dirac statistics is not yet 
exactly known. Some exact results for the third virial coefficient are nevertheless 
known. In particular, Sen has shown that the third virial coefficient is symmetric 
under a "supersymmetry" transformation ivhich transforms boson» into fermions 
and vice versa, and more generally transforms 8 into IT - 0 [40. -11]. Other exact 
results are the second order pertuj bation expansions about the boson and fermion 
values B = 0 and 0 = )r [42-44]. 

1.3 A p p l i c a t i o n s of F r a c t i o n a l S t a t i s t i c s 

Perhaps the most important reason for the current interest in the concept of 
fractional statistics is the possibility of applications. Two proposed applications 
in solid state physics will be briefly mentioned here. Ref. [45] reviews both the 
basic theory of anyons and these two applications, with reprints of many articles. 
Some more references are given below. 

It is a surprising fact that zero-, one- and two-dimensional experimental physics 
is possible in our three-dimensional world [46. 47]. The strict confinement of elec
trons to surfaces, or even to lines or points, is possible thanks to the third law 
of thermodynamics, which states that all degrees of freedom freeze out in the 
limit of zero temperature. Thus, in a strongly confining potential at low enough 
temperature it may happen that the excitation energy in one or more directions 
is much higher than the average thermal energy of the particles, so that those 
dimensions are effectively frozen out. 

Fowler, Fang, Howa;c? and Stiles performed the first experiment with a two-
dimensional electron gas in 1966. and later experiments use essentially the same 
technique [48]. The electrons are confined to the surface of a semiconductor by a 
strong electric field, and they move more or less freely along the surface, whereas 
the energy AE needed to excite motion in the direction perpendicular to the 
surface is typically several millielectronvolt [49]. At a temperature of. for example. 
T = 1 K. the thermal energy is kBT = 0.1 meV. where kB is Boltzmann's constant. 
Hence, assuming for example a transverse excitation energy of AiT = 10 meY. the 
fraction of electrons in the lowest excited transverse energy level is given by the 
Boltzmann factor 

e - W = e - 1 0 0 * 1 0 - 4 \ (1) 
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which is zero for all practical purpose's. Thus the electron ga.-, i» t ruh two 
dimensional. 

The oldest and most well established application of fractional statistics, per
haps the only one supported by experiment, is in the fractional quantum Hall 
effect. Tsui. Stormer and Gossard discovered this effect in 19SJ [50. 51]. following 
the discovery of the integer quantum Hall effect in 1980. by von Klitzing. Dorda 
and Pepper [52, 53]. Some reviews of this subject are the Reference» [5-1-57]. 

Laughlin proposed to explain the observed fractional quantization of the Hall 
resistance as the manifestation of a new state of matter, the incompressible quan
tum ftuid. with elementary excitations that could be described as quasiparticles. 
or quasiholes. with fractional electric cha ge [58, .59]. Halperin suggested that 
the fractional charge was associated with fractional statistics as well, and Arovas. 
Schrieffer and Wilczek verified by calculation the fractional values for both the 
charge and statistics phase angle of the quasiparticles [61. 62]. Jain and some col
laborators have tried to treat the integer and fractional quantum Hall effects in 
a more unified way [63-68]. Furthermore, Lutken and Ross have emphasized the 
universal character of the transition between different quantum Hall plateaus, and 
have suggested that the complete structure of the phase diagram, including the 
plateaus and the transition regions, can be understood as resulting from a discrete 
5 i ( ' 2 .Z ) symmetry [69-73]. But none of these theories change the prediction of 
quasiparticle excitations having fractional charge and statistics. 

Three rather different experiments seem to confirm the existence of fractionally 
charged excitations [74-77]. Thus, if fractional charge can be taken as a signature 
of fractional statistics, anyons may be said to have been directlv observed in the 
fractional quantum Hall system. 

Other examples of two-dimensional systems experimentally available are the 
high temperature superconductors, discovered first by Bednorz and Miiller [78. 79]. 
The conduction takes place in two-dimensional layers, and Laughlin suggested a 
connection with the fractional quantum Hall effect [80]. This idea raises two ques
tions, discussed in the book by Wilczek. and in some of the articles reprinted there 
[45]. First, whether systems of anyons show superfluidity and superconductivity, 
and second, whether such effects have anything to do with the observed high 
temperature superconductivity. 

The second question must be answered experimentally, and some at tempts 
have been made. The experiments are based on the general, but not very quan
titative, prediction that anyons violate both time reversal and parity invariance, 
and that these effects are likely to arise because of local magnetic fields. The fields 
in adjacent layers might point in opposite directions, so as to cancel, or they might 
add up to a global field. Three experimental groups have tried to measure the 



effects of such global fields on transmitted or reflected polarized light, but with 
conflicting results (81-S4). A fourth group has tried to probe the local magnetic 
fi< . by means of muons, and set a rather small upper limit of 0.8G [85]. Since 
no effect is seen either in this experiment or in the most sensitive of the optical 
experiments [83], the experimental evidence is dearly against the anyon theory 
for high temperature superconductivity, although it may not be conclusive, 

2 The ViriaJ Expansion 

The virial expansion for the equation of state of a gas, 

i3p = p+jrA„p\ (2) 

is called so because it is related to the virial theorem, see e.g. [86], Here 3 = 
1/kgT, kB is Boltzmann's constant, 7" is the temperature, p is the number density, 
and A„ = An(T) is the n-th virial coefficient. 

If the particles interact by a two-particle potential, then a necessary condition 
for the existence of the virial expansion in the thermodynamic limit of infinite 
volume and constant density, is that the potential has sufficiently short range. 
For example, if it decreases as r~" at large distance r, then the condition is 
that n > d, the configuration space dimension. This criterion does not apply to a 
vector potential, and it seem!: to be a general belief that the virial expansion exists 
for non-interacting anyous, even though anyons are two-dimensional and have a 
statistics interaction which may be represented by a vector potential proportional 
to 1/r. The belief may be justified because, although the statistics vector potential 
of anyons has long range, the corresponding flux is localized exactly at the particle 
positions. Thus, the statistics interaction is present only when the particles are 
close enough to interchange positions or encircle each other, and in this sense it 
has short range. 

The equation of state, eq. (2), is essentially equivalent to the cluster expansion, 

/JP=f>„;». „=Æ> = £„*.*-. ( 3) 

In fact, eliminating J in eq. (3) gives eq. (2), with the following relations between 
the virial coefficients and the cluster coefficients. 
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fc) 
'»?• 
^ + <*? 
*f + *?" 
364 186,6, 206? 364 

*? " *? 

* = - f t ? -

and so on. Or inversely. 

6, = -6j4„ 

*s = - y M s - ^ l ) . (5) 

*< = - J M< - M3A1 + l6Ai). 

and so on. Note that the coefficient 6, is not determined by the virial coefficients, 
because the normalization of z is not fixed by the Equations (2) and (3). We may 
define z — e"", where /i is the chemical potential, s is usually called fugacity. 
although strictly speaking it is only proportional to the fugacity. which has the 
dimension of pressure. 

It is convenient to confine the particles to a finite volume by means of an 
external potential $ = $(r) in order to calculate the equation of state. Assuming 
that $ varies slowly enough, we can simply take the pressure, density and fugacity 
in eq. (3) to be functions of the position r . In particular, the local fugacity is 

- ( r ) = e«»-*(-)) = i o e - » * c - ) ! ( 6 ) 

with z0 = e f l" independent of position. The statistical mechanics is related to the 
quantum mechanics of the system through the partition functions, in the following 
way [87], 

Jd"rM-r) = ln= = lnf 1 + f ] z«ZKJ . {-) 

Here = = H(/3,ji) is the grand canonical partition function, and ZK = Z.\(3) is 
the partition function for the JV-particle system. 

ZN{0) = Tve-""" = ^e-eE--- , (8) 
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whvre W v is the A'-particle Hamihonian. with eigenvalue» £ A , < E\. < < 
£ . v . < • • -

To evaluate the left hand side of eq. (7). we use the local form of eq. (ill. 
with - = i(r) as given by eq. (6). and with an external potential of the harmonic 
oscillator form. 

*(r) = -m-r|rl 3 . (9) 

Here m is the particle mass, and w' is the angular frequency of 'he oscillator. We 
take J > 0 in order to get a discrete energy spectrum, but in the end we want to 
take the free particle limit _J —- 0. It is convenient to introduce the dimensionless 
parameter £ = h~3 and the thermal de Broglie wave length 

A = j Æ T (10) 
V m 

Then we have that 

/ d ^ J M r ) = f > „ ; „ " / d W " ' * ' ' ' = £ > , ; „ " ( ^ ) * . (II) 

Comparison of e .̂ (11) with eq. (7)gives the following formulae for the cluster 
coefficients in terms of the partition functions, in dimension d = 2. 

b,= ( | ) " ( 2 Z , - Z ? ) . (12) 

i 3 = ( | ) (3Z3 - 32 2Z, + Zf). 

b4 = ( ! ) (iZ4 - 4Z3Z, - 2Z| + \Z,Z\ - Z\). 

Using these, we obtain the virial coefficients from eq. (4). 

^=HgH 2 - i o l + i 6 | - 6 S)- , i3) 
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Note that Planck's constant cancels in the ratio A/{. but reappears in the partition 
functions. 

The limit -• — 0 ensures that we obtain the virial coefficients far five p'irticies. 
The existence of the limit is a far from trivial issue, since the limit for A„ involves 
a singular factor 

G)' (14) 

Cancellation of this singularity depends on the vanishing of the factor containing 
the partition functions to all orders below «,•"""". That .43 is finite as -• — 0. is 
proved in (V), by means of the path integral expression for Z3. 

2.1 Bosons and Fermions 

The one-particle energies determine not only the one-particle partition function 
Z] = Zi(/J). but also the grand canonical partition function 5 = E(3. fi) for an 
ideal gas consisting of either bosons or fermions. by the formula 

lnH = T E M l T - ' o e - d E " ) = ± f ; ^ U ( n J ) . (15) 

Here the upper sign refers to bosons and the lower sign to fermions. This formula 
is valid in any dimension and for any one-particle Hamiltonian with a discrete 
energy spectrum. Comparing with the definition of the grand canonical partition 
function. 

E = 1 + Y. -oZs- (16) 
.v=i 

we get eq. (8) in (V). relating the one-particle and .V-particle partition functions 
for non-interacting bosons or fermions. 

The one-particle partition function for the harmonic oscillator in d dimensions 

Z , ( J ) = 7 77W ( 1 7 ) 

(2sinh(|)) 
with i = fiw'3. as before. By comparing the Equations (7). (11) and (15). as well 
as (17), we get the cluster coefficients for free bosons or fermions in any dimension 
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d. 

- - o ^ \ I n n(A v/n) J 

Note that the ideal gas cluster coefficients are the same for bosons and fcrmions. 
except that the even numbered coefficients 6j. 6 4. etc. have the opposite sign. This 
means that we can formally transform bosons into fermions and vice versa by sub
stituting simultaneously c c, p p and p p. It follows that the virial 
coefficients possess the same symmetry as the cluster coefficients. 

. ^ = (-l)" + ,.-l„B. (19) 

with superscripts "B" for boson and "F" for fermion. 
In particular, the density of the ideal gas of bosons or fermions in dimension 

d = 2\s 
x 1 

p=Tnb„zi = T —lndTJo) . (20) 

Hence the equation of state takes the form 

Bose—Einstein condensation occurs in a three-dimensional ideal gas of bosons: 
above .i certain critical density the extra particles condense in the lowest energy 
level and do not contribute to the pressure. The two-dimensional ideal boson gas 
almost shows the same phenomenon, in fact it has a finite pressure at infinite 
density. 

p~ = W» = vtfr- • l 2 2 ) 

From eq. (21) we get that 

d(3p) _ ±A=> ^ B„ , „ 

where B„ is the n-th Bernoulli number [88]. Thus. 

• 4 n ^ - ( i f r • («) 
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This relation between the boson or fermion ideal gas virial coefficients in luo 
dimensions, and the Bernoulli numbers, has been derived by Sen and by Viefers 
[69, 90]. In particular, the even numbered virial coefficients At, A6. etc.. all except 
.-Ij, vanish both for bosons and fermio/is. Since the odd numbered coefficients are 
the same for bosons and fermions. the only difference is the sign of A:. The lowest 
coefficients are 

- A = - A = - — A A ' ; 

' ' T l ' 3 36' s 3600' T 211680' 
A, = As = Aa = ... = 0. (25) 

3 Summary of the Articles (I) to (V) 
A quantum theory can stand on its own feet, without leaning on a classical theory, 
but most often it is constructed by the quantization of a classical theory. Many 
different quantization methods exist, they may lead to different quantum theories, 
or to different formulations of the same theory, and it may be fruitful to apply 
different methods to the same classical theory. This is the philosophy behind the 
work presented here. 

We may distinguish rc;ghly between two general classes of quantization meth
ods. One class we name alter Schrodinger, who formulated quantum mechanics 
in terms of differential operators and complex valued wave functions defined on 
configuration space. The other class we name after Heisenberg. who formulated 
quantum mechanics in terms of algebraic relations between observable quantities. 
The classical observables of a mechanical system are real valued functions de
fined on phase space. Hence, Heisenberg quantization is a phcse space approach, 
whereas Schrodinger quantization is a configuration space approach. The Feyn-
man path integral formulation of quantum mechanics involves time dependent 
paths in configuration space, and in this sense it falls into the Schrodinger class 
of methods. 

The main subject of the articles (I), (II) and (III) is the Heisenberg quan
tization as applied to a system of t%vo identical particles in either one or two 
dimensions. Heisenberg quantization is not a unique and unambiguous proce
dure, but we have chosen a specific procedure which we find natural because it 
respects the full symmetry in phase space between position and momentum ob
servables. It means that we look for irreducible linear Hermitean representations 
of a Lie algebra isomorphic to the symplectic Lie algebra sp{d, R) (often Cdiled 
sp(2d, R)), where d is the configuration space dimension. 
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We obtain a continuous interpolation between Bose—Einstein and Fermi— 
Dirac statistics in one dimension, which can be equivalent!) understood as the 
result of an inverse square statistics interaction potential. Thus it is different trom 
the interpolation resulting from Schrodinger quantization, which can be described 
by a statistics potential proportional to a Dirac ^-function. 

In two dimensions we get no such interpolation, and the only representations 
of sp (2 ,R) that have straightforward physical interpretations, are the boson and 
fermion representations. However, we find also more general representations, de
scribed by one discrete and one continuous parameter. As discussed in (III), 
they can be realized in terms of many-component wave-functions on a "configura
tion space" which has the physical configuration space as its boundary. It is not 
clear how to impose the additional constraints needed to relate these mathemat
ical representations to the original physical problem, and so we have to conclude 
that this particular version of Heisenberg quantization admits only bosons and 
fermions in two dimensions. The same conclusion will hold in higher dimensions, 
since sp (2 .R) is a subalgebra of sp(d. R) for d > 2. 

In contrast to the vast literature on Schrodinger quantization for identical 
particles, starting with Heisenberg and Dirac [1-3], the Heisenberg quantization 
seems to have been completely neglected. There is however some L'terature on the 
related problem of the one-dimensional inverse square potential and its symmetries 
[91-104]. 

The Heisenberg quantization for systems of more than two identical particles is 
an unsolved problem. However, if the two-particle Keisenberg quantization in one 
dimension is regarded as a special kind of Schrodinger quantization, involving an 
inverse square statistics potential, then it can be immediately generalized to the 
A'-particle case [103. 104]. The iV-particle problem of this kind is again exactly 
soluble, when there is no external or interaction potential besides the statistics 
potential, or when there is a harmonic oscillator potential which is either external 
or defines a two-particle interaction [91-98]. 

Since Heisenberg and Schrodinger quantization are not in general equivalent, 
we have tried in (IV) to relate both the Schrodinger and the Heisenberg quan
tization in one dimension to the Schrodinger quantization in two dimensions. 
We argue that different constraints on two-dimensional anyons may lead to one-
dimensional theories that correspond to either Schrodinger or Heisenberg quanti
zation. One way to make anyons one-dimensional is to confine them to a line by 
means of an external potential. We find that this corresponds to one-dinieiisiojia) 
Schrodinger quantization, with a statistics parameter 7}, measuring the strength 
of the ^-function statistics potential, determined by the anyon phase angle 8. We 
have calculated the relation between 77 and 0 for two different confining potentials. 

14 



and we find very nearly the same relation for the two potentials. Another way to 
make the motion of anyons effectively one-dimensional, is to put them in a strong 
magnetic field, and we find that this corresponds to Heisenberg quantization in 
one dimension. 

The Feynman path integral expansion of the A'-anyon partition function is 
shown in (V). It is used there for A' = 3, in a proof that the third virial coefficient 
is finite, as well as in a numerical calculation by the Monte Carlo method. We 
believe however that it is of much more general interest. 

Since the publication of (V), we have increased the statistics substantially 
in our Monte Carlo calculation of the probablity generating function /"m. The 
newest Monte Carlo data are shown here in the Figures 1 to 4. We have generated 
330 million paths at f = ftujj = 0.25 and 131 million paths at £ = 0.35. We use 
two different values for { in order to verify our extrapolation to £ = 0. Our 
numerical results strongly support the conjecture that 

We have not yet attempted to calculate the fourth virial coefficient A* numer
ically. To do so. we would have to extract sixth order terms in both the three-
and and four-anyon partition functions Z3 and Z 4 , whereas A3 depends "only" on 
fourth order terms in Z3. Given the statistical uncertainties in the fourth order 
terms, as shown in Figures 1 to 4. the hope of extracting reliable numerical values 
for a sixth order term seems small. We conclude that both the calculation of AA 

and the proof or disproof of the conjecture of eq. (26) are problems that call for 
analytical methods. 

15 



References 
[1] W. Heisenberg. 

Mehrkorperproblem und Resonanz in der Quantenmechanik. 
Zeits. f. Phys.. 38:411, 1926. 

[2] P.A.M. Dirac. On the theory of quantum mechanics. 
Proc. Roy. Soc. London (A), 112:661, 1926. 

[3] P.A.M. Dirac. The Principles of Quantum Mechanics. 
Oxford University Press. 1935. 

[4] E.H. Lieb. The stability of matter. Rev. Mod. Phys.. 48:553. 1976. 

[5] M.G.G. Laidlaw and CM. DeWitt. 
Feynman functional integrals for systems of indistinguishable particles. 
Phys. Rev. D, 3:1375.1971. 

[6] M. Nakahara. Geometry. Topology and Physics. 
IOP Publishing Ltd, Bristol, 1990. 

[7] J.M. Leinaas and J. Myrheim. On the theory of identical particles. 
Nuovo Cimento, 37B:1. 1977. 

[8] H. Weyl. Elektron und Gravitation. 1. Zeits. f. Phys.. 56:330. 1929. 

[9] P.A.M. Dirac. Quantised singularities in the electromagnetic field. 
Proc. Roy. Soc. London (A), 133:60, 1931. 

[10] M. Girardeau. Relationship between systems of impenetrable bosons and 
fermions in one dimension. J. Math. Phys.. 1:516. 1960. 

[11] E.H. Lieb and W. Liniger. Exact analysis of an interacting Bose gas. I. The 
general solution and the ground state. Phys. Rev., 130:1605, 1963. 

[12] E.H. Lieb. 
Exact analysis of an interacting Bose gas. II. The excitation spectrum. 
Phys. Rev., 130:1616,1963. 

[13] C.N. Yang and C.P. Yang. Thermodynamics of a one-dimensional system 
of bosons with repulsive delta-function interaction. 
J. Math. Phys., 10:1115, 1969. 

16 



[14] G.A. Goldin, R. Menikoff, and D.H. Sharp. 
Particle statistics from induced representations of a local current group. 
J. Math. Pkys., 21:650.1980. 

[15] G.A. Goldin, R. Menikoff, and D.H. Sharp. Representations of a local cur
rent algebra in nonsimply connected space and the Aharonov-Bohm effect. 
J. Math. Phys.. 22:1664.1981. 

[16] G.A. Goldin and D.H. Sharp. Rotation generators in two-dimensional space 
and particles obeying unusual statistics. 
Phys. Rev. D, 28:830, 1983. 

[17] G.A. Goldin, R. Menikoff. and D.H. Sharp. 
Diffeomorphism groups, gauge groups, and quantum theory. 
Pkys. Rev. Lett.. 51:2246, 1983. 

[18] G.A. Goldin. R. MenikofT, and D.H. Sharp. 
Comment on ""General theory for quantum statistics in two dimensions". 
Phys. Rev. Lett, 54:603, 1985. 

[19] G.A. Goldin and D.H. Sharp. 
The diffeomorphism group approach to anyons. 
Int. J. Mod. Phys. B, 5:2625, 1991. 

[20] F. Wilczek. Magnetic flux, angular momentum, and statistics. 
Phys. Rev. Lett., 48:1144,1982. 

[21] F . Wilczek. Quantum mechanics of fractional-spin particles. 
Phys. Rev. Lett.. 49:957, 1982. 

[22] Ehrenberg and Siday. 
The refractive index in electron optics and the principles of dynamics. 
Proc. Phys. Soc. B, 62:8, 1949. 

[23] Y. Aharonov and D. Bohm. 
Significance of electromagnetic potentials in the quantum theory. 
Phys. Rev., 115:485,1959. 

[24] Y. Aharonov and D. Bohm. Further discussion of the role of electromagnetic 
potentials in the quantum theory. 
Phys. Rev., 130:1625, 1963. 

17 



[25] Y.S. Wu. General theory for quantum statistics in two dimensions. 
Phys. Ree Lett., 52:2103. 1984. 

[26] E. Fadell and L. Neuwirth. Configuration spaces. 
Math. Scand.. 10:111. 1962. 

[27] R. Fox and L. Neuwirth. The braid groups. Math. Scand., 10:119, 1962. 

[28] J.S. Birman. Braids, Links, and Mapping Class Groups. 
Princeton University Press, 1975. 

[29] J.S. Birman. Recent developments in braid and link theory. 
The Mathematical intelligencer, 13:52, 1991. 

[30] C.N. Yang and M.L. Ge, editors. 
Braid Group, Knot Theory and Statistical Mechanics. 
World Scientific, Singapore, 1989. 

[31] F.Y*. Wu. Knot theory and statistical mechanics. 
Rev. Mod. Phys., 64:1099, 1992. 

[32] S.N. Bose. Plancks Gesetz und Lichtquantenhypothese. 
Zeits. f. Phys., 26:178. 1924. 

[33] A. Einstein. 
Sitzungsber. Preuss. Akad. Wiss., page 26, 1924; pages 3 and IS. 1925. 

[34] E. Fermi. Zur Quantelung des idealen einatomigen Gases. 
Zeits. f. Pkys., 36:902, 1926. 

[35] L. Natanson. Uber die statistische Theorie der Strahlung. 
Phys. Zeits., XII:659, 1911. 

[36] A. Kastler. Albert Einstein and the photon concept. In M. Pantaleo and 
F. de Finis, editors, RELATIVITY, QUANTA, AND COSMOLOGY in the 
Development of the Scientific Thought of Albert Einstein, Vol. I. 
Johnson Reprint Corporation, New York, 1979. 

[37] D.P. Arovas, R. Schrieffer, F. Wilczek, and A. Zee. 
Statistical mechanics of anyons. 
A W . Phys. B, 251:117, 1985. 

[38] J.S. Dowker. Remarks on non-standard statistics. -J. Phys. A. 18:3521,1985. 

IS 



(39) A. Comtet, Y. Georgelin. and S. Ouvry. 
Statistical aspects of the anyon model. 
J. Phys. A, 22:3917, 1989. 

[40] D. Sen. Spectrum of three anyons in a harmonic potential and the third 
virial coefficient. Phys. Rev. Lett., 68:2977, 1992. 

[41] D. Sen. 
Some supersymmetric features in the spectrum of anyons in a harmonic 
potential. Phys. Rev. D, 46:1846, 1992. 

[42] A. Comtet, J. McCabe, and S. Ouvry. 
Perturbative equation of state for a gas of anyons. 
Phys. Lett. B, 260:372,1991. 

[43] A. Dasniéres de Veigy and S. Ouvry. 
Perturbative equation of state for a gas of anyons. Second order. 
Phys. Lett. B, 291:130, 1992. 

[44] A. Dasniéres de Veigy and S. Ouvry. Perturbative anyon gas. 
Nucl. Phys. B, 388:715, 1992. 

[45] F. Wilczek. Fractional Statistics and Anyon Superconductivity. 
World Scientific, Singapore, 1990. 

[46] E. Corcoran. Trends in materials: Diminishing dimensions. 
Scientific American, 263(5):74, November 1990. 

[47] M.A. Reed. Quantum dots. Scientific American. 268(1):98. January 1993. 

[48] A.B. Fowler, F.F. Fang, W.E. Howard, and P.J. Stiles. 
Magneto-oscillatory conductance in silicon surfaces. 
Phys. Rev. Lett, 16:901, 1966. 

[49] F. Stern acd W.E. Howard. Properties of semiconductor surface inversion 
layers in the electric quantum limit. 
Phys. Rev., 163:816,1967. 

[50] D.C. Tsui, H.L. Stormer, and A.C. Gossard. 
Two-dimensional magnetotransport in the extreme quantum limit. 
Phys. Rev. Lett, 48:1559, 1982. 

19 



[51] H.L. Stormer, A. Chang, D.C. Tsui. J.C.M. Hwang. A.C. Gossard. and \V. 
Wiegmann. Fractional quantization of the Hall effect. 
Phys. Rev. Lett.. 50:1953. 1983. 

[52] K. von Klitzing. G. Dorda. and M. Pepper. New method for high-accuracy 
determination of the fine-structure constant based on quantized Hall resis
tance. Phys. Rer. Lett, 45:494,1980. 

[53] K. von Klitzing. The quantized Hall effect. Rev. Mod. Phys.. 58:519. 1986. 

[54] R.E. Prange and S.M. Girvin, editors. The Quantum Hall Effect. 
Springer-Verlag, Berlin—Heidelberg, 1987. 

[55] H. Aoki. Quantised Hall efTect. Rep. Prog. Phys., 50:655, 1987. 

[56] T. Chakraborty and P. Pietilainen. The Fractional Quantum Hall Effect: 
Properties of an Incompressible Quantum Fluid. 
Springer-Verlag, Berlin—Heidelberg, 1988. 

[57] A.H. MacDonald, editor. Quantum Hall Effect: A Perspective. 
Kluwer, Dordrecht, 1989. 

[58] R.B. Laughlin. Anomalous quantum Hall efTect: An incompressible quan
tum fluid with fractionally charged excitations. 
Phys. Rev. Lett., 50:1395, 1983. 

[59] R.B. Laughlin. Fractional statistics in the quantum Hall effect. 
In [60], reprinted in [45]. 

[60] Zi-Zhao Gan and Zhao-Bin Su, editors. 
Two Dimensional Strongly Correlated Electron Systems. 
Gordon and Breach, London, 1989. 

[61] B.I. Halperin. Statistics of quasiparticles and the hierarchy of fractional 
quantized Hall states. 
Phys. Rev. Lett., 52:1583, 1984. Erratum 52:2390, 1984. 

[62] D. Arovas, J.R. SchrieiTer, and F. Wilczek. 
Fractional statistics and the quantum Hal] effect. 
Phys. Rev. Lett., 53:722, 1984. 

[63] J.K. Jain. Incompressible quantum Hall states. Phys. Rev. B. 40:8079,1989. 

20 



[64] J.K. Jain. 
Composite-fermion approach for the fractional quantum Hall effect. 
Phys. Rev. Lett., 63:199, 1990. 

[65) J.K Jain, S.A. Kivelson, and N. Trivedi. 
Scaling theory of the fractional quantum Hall effect. 
Pkys. Rev. Lett., 6J:1297, 1990. 

[66] J.K. Jain. Theory of the fractional quantum Hall effect. 
Phys. Rev. B, 41:7653, 1991. 

[67] J.K. Jain and V.J. Goldman. 
Hierarchy of states in the fractional quantum Hall effect. 
Phys. Rev. B, 45:1255,1992. 

[68] Y.J. Chen. Connections between different hierarchies of states in the frac
tional quantum Hall effect. Phys. Rev. B, 46:7941. 1992. 

[69] C.A. Liitken and G.G. Ross. Duality in the quantum Hall system. 
Phys. Rev. B, 45:11837, 1992. 

[70] C.A. Lutken and G.G. Ross. 
Probing the fixed point structure of the quantum Hall system. 
Department of Physics, University of Oxford preprint July 1992. 

[71] C.A. Liitken. Global phase diagrams for charge transport in two dimensions. 
Department of Physics, University of Oxford preprint July 1992. 

[72] C.A. Lutken. Geometry of renormalization group flows constrained by dis
crete global symmetries. 
Department of Physics, University of Oxford preprint August 1992. 

[73] C.A. Lutken and G.G. Ross. 
Derealization, duality and scaling in the quantum Hall system. 
Department of Physics, University of Oxford preprint August 1992. 

[74] R.G. Clark, J.R. Mallett, S.R. Haynes, J.J. Harris, and C.T. Foxon. 
Experimental determination of fractional charge e/q for quasiparticle exci
tations in the fractional quantum Hall effect. 
Phys. Rev. Lett.. 60:1747,1988. 

[75] J.A. Simmons, H.P. Wei, L.W. Engel, D.C. Tsui, and M. Shayegan. 
Resistance fluctuations in narrow AlGaAs/GaAs heterostructures: Direct 

21 



evidence of fractional charge ill the fractional quantum Hall effect. 
Pkys. Rev. Lett.. 63:1731. 1989. 

[76] A.M. Chang and J.E. Cunningham. Transmission and reflection probabili
ties between u = 1 and v = 2/3 quant urn Hall effects and between v = 2/3 
and v = 1/3 effects. Solid State Commun.. 72:651, 1989. 

[.7] A. Khurana. 
Experiments provide evidence for the fractional charge of quasiparlicles. 
Phys. Today, 43(1): 19, January 1990. 

[78] J.G. Bednorz and K.A. Muller. Z. Phys. B, 64:189, 1986. 

[79] J.G. Beduorz and K.A. Muller. 
Perovskite-type oxides — The new approach to high-Te superconductivity. 
Rev. Mod. Phys., 60:585,1988. 

[80] R.B. Laughlin. The relationship between high-temperature superconductiv
ity and the fractional quantum Hall effect. Science, 242:525. 1988. 

[81] K.B. Lyons, J. Kwo. J.F. DiUon. Jr.. G.P. Espinosa, M. McGlashan-Powell. 
A.P. Ramirez, and L.F. Schneemeyer. 
Search for circular dichroism in high-T, superconductors. 
Pkys. Rev. Lett. 64:2949. 1990. 

[82] H.J. Weber, D. WeJtbrecht. D. Brach, A.L. Shelankov. H. Keiter. W. Weber. 
Th. Wolf, J. Geerk. G. Linker. G. Roth, P.C. Splittgerber-Hiinnekes. and 
G. Guntherodt. 
Evidence for broken time reversal symmetry in cuprate superconductors. 
Solid State Commun.. 76:511. 1990. 

[83] S. Spielman, K. Fesler, C.B. Eom, T.H. Geballe. M.M. Fejer. and A. Ka-
pitulnik. Test for nonreciproca! circular birefringence in YBajCu307 thin 
films as evidence for broken time-reversal symmetry. 
Pkys. Rev. Lett.. 65:123,1990. 

[84] B. Goss Levi. The hunt for anyons in oxide superconductors is inconclusive. 
Phys. Today, 44(2):17, February 1991. 

[So] R.F. Kiefl. J.H. Brewer, I. Affleck, J.F. Carolan, P. Dosanjh. VV.N. Hardy, 
T. Hsu, R. Kadono, J.R. Kempton, S.R. Kreitzman, Q. Li, A.H. O'Reilly, 
T.M. Riseman, P. Schleger, P.C.E. Stamp, H. Zhou, L.P. Le, G.M. Luke, B. 

22 



Sternlieb. V.J. lemura. H.R. Han. and K.W. Lay. 
Search for anomalous internal magnetic fields in higli-T, superconductors as 
evidence for broken time-reversal symmetry. 
Phys. Rev. Lett.. 64:2082.1990. 

[86] G.H. Wannier. Statistical Physics. Dover, New York. 1987. 

[87] K. Olaussen. 
On the harmonic oscillator regularization of partition functions. 
Theoretical Physics Seminar in Trondheim, No. 13.1992. 

[88] M. Abramowitz and I.A. Stegun. Handbook of Mathematical Functions. 
Dover. New York. 1970. 

[89] D. Sen. Quantum and statistical mechanics of anyons. 
Nucl. Phys. B. 360:397. 1991. 

[90] S. Viefers. Statistical mechanics of anyons in the mean field approximation. 
Cand. Scient. Thesis. University of Oslo. 1993. 

[91] F. Calogero. Solution of a three-body problem in one dimension. 
J. Math. Phys.. 10:2191. 1969. 

[92] F. Calogero. Ground state of a one-dimensional A'-body system. 
J. Math. Pkys.. 10:2197. 1969. 

[93] F. Calogero. Solution of the one-dimensional jV-body problems with 
quadratic and/or inversely quadratic pair potentials. 
J. Math. Pkys.. 12:419. 1971. 

[94] B. Sutherland. 
Quantum many-body problem in one dimension: Ground state. 
J. Math. Phys.. 12:246. 1971. 

[95] B. Sutherland. 
Quantum many-body problem in one dimension: Thermodynamics. 
J. Math. Pkys.. 12:251. 1971. 

[96] M.A. Olshanetsky and A.M. Perelomov. 
Classical integrable finite-dimensional systems related to Lie algebras. 
Phys. Rep., 71:313, 1981. 

23 



[97] M.A. Olshanetsky and A.M. Perelomov. 
Quantum integrable systems related to Lie algebras. 
Phys. Rep.. 9-1:313. 1983. 

[98] L. Brink, T.H.. Hansson, and M.A. Vasiliev. 
Explicit solution to the A-body Calogero problem. 
Phys. Lett. B, 286:109,1992. 

[99] R. Jackiw. Introducing scale symmetry. 
Phys. Today, 25(1 ):23, January 1972. 

[100] V. de Alfaro, S. Fubini, and G. Furlan. 
Conformal invariance in quantum mechanics. 
Suovo Cimento, 34A:569. 1976. 

[101] B.G. Wybourne. Classical Groups for Physicists. 
John Wiley & Sons, New York, 1974. 

[102] Z.N.C. Ha and F.D.M. Haldane. Models with inverse-square exchange. 
Pkys. Rev. £, 46:9359, 1992. 

[103] A.P. Polychronakos. Non-relativistic bosoni2ation and fractional statistics. 
A'tic/. Phys. B, 324:597, 1989. 

[104] S.B. Isakov. 
statistics in one dimension: Heisenberg and Schrodinger quantizations. 
Mod. Phys. Lett. A, 7:3045. 1992. 

24 



0.036 

0.034-

0.032-

0.03-

0.028-

Figure 1: The third virial coefficient, A3/XA, as a function of 6JT. The fulldrawn curve is the 
Monte Carlo data. 330 million paths at ( = 0.25. The dashed curve is 1/36' + (1/I2r2)s>n*f. 



Figure 2: The fulldrawn curve is the difference between the two curves shown in fig- 1. The 
dashed curve is the calculated imaginary part of the difference, which is non-zero only because 
of the statistical fluctuations. This figure shows that the difference between the curves in fig. 1 
is not significant. 
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Figure 3: This is the same as fig. 1, except that the Monte Carlo data are 131 million paths 
generated at £ = 0.35. 
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Figure 4: The fulldrawrj curve is the difference between the two curves in fig. 3. The dashed 
curve is the calculated imaginary part, indicating the size of the statistical fluctuations. The 
figure shows that the difference is of the order of 1.5 standard deviations. 
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A quantization of the classical theory of a two-vortex system in a superflutd film is carried out. 
This is done by finding the representations of an algebra of observable* which respect ihe fact that 
the vortices are identical objects. The representations depend on an undetermined parameter Q, 
which may be interpreted as defining intermediate types of statistics for the vortices. We relate our 
approach to a previous discussion, where only two values for 8 were claimed to be possible. 

I. INTRODUCTION 

In a two-dimensional world the types of particle statis
tics are not restricted to the two well-known types: 
Fermi-Dirac and Bose-Einstein. Theoretically a continu
um of intermediate statistics appear, which interpolate be
tween the only two types which are possible in three land 
higher) dimensions. We originally showed this in an ear
lier paper, 1 and it has also been discussed by other au
thors . 2 In the last few years this theoretical possibility 
has been related to real physical phenomena in quasi-
two-dimensional systems. In particular, it has been sug
gested that systems that demonstrate the fractional quan
tum Hall effect contain quasiparticle excitations with 
fractional statistics.' 5 Also the quantized system of vor
tices in thin films of superfluid helium has been examined 
from this point of view. 4"" 6 

Cbiao, Hansen, and Moulthrop have analyzed the 
quantization of the classical vortex motion in superfluid 
films, and draw from this the conclusion that the vortices 
satisfy a statistic halfway between the fermion and boson 
cases. 4 However, this result has been disputed in other 
papers . 3 ' 6 In this paper we reexamine the quantization of 
the two-vortex system, to study this question. We restrict 
the discussion mainly to the question of the "correct" 
quantization of the classical motion, with the effect of the 
vortices being identical taken properly into account. The 
microscopic basis for such a quantum description, ad
dressed in Ref. S, we would only briefly comment on at 
the end of the paper. 

From a particle point of view the vortex system is 
somewhat unusual, since, although physically it is a two-
dimensional system, dynamically it is only one dimen
sional. This is so because the two orthogonal coordinates 
in the plane, in a Hamiltonian formulation, are canonical ' 
ly conjugate. Therefore, the general analysis of the wave 
functions of two-dimensional systems, carried out in Ref. 
I, is not so readily applied to the vortex system. For this 
reason we would rather examine the system by studying 
the algebra of observables of the quantized system. The 
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identical-particle effect is .hen introduced by restricting 
the observables to operators that are symmetric under ex
change of particle indices. 

The conclusion we reach is that the quantized system 
contains an undetermined parameter, which is naturally 
interpreted as representing the possible intermediate 
statistics. This agrees with the canonical quantization of 
the two-vortex system in polar coordinates, discussed by 
Chiao et al.* However, in Ref. 4 a canonical quantiza
tion was carried out also in Cartesian coordinates, and 
this quantization introduced a restriction on the statistics 
parameter, to only two possible values. From our point 
of view, the latter quantization scheme is too restrictive. 
This has to do with the fact that the position variables 
are not observables in the sense that they respect the 
identical-particle effect. Another way to state this is that 
the quantization does not take into account the singulari
ty structure of phase space, and therefore is restricted by 
the fact that it conserves more symmetries than are actu
ally present in the physical system. And, as discussed in 
Ref. 1, the presence of the singularities, due to 
identification of particle coordinates, is really the reason 
for the appearance of the generalized types of particle 
statistics, both in one- and two-dimensional systems. 

II. THE TWO-VORTEX SYSTEM 

Following Ref. 4 we consider a two-vortex system, con
sisting of two identical vortices, in a thin, incompressible 
superfluid film. In the approximation where the vortices 
are treated as pointlike objects, the classical motion of 
their relative coordinates is described by the equations 

dx „ 6 # 
x - 7 - = 2 - r — , 

dt By 

at o> 

^ = _ ^ _ | n [ ( x 2 + y - ) / a 2 ] . 
4TT 
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In these expressions a is ft scale parameter and r, is the 
quantized vorticity of ihe superfluid.* The vorttciiy is re
lated to ihe mass m or the atoms in the superfluid, 
H=2jrft/m. IWe assume throughout the paper thai x is 
positive; negative K corresponds to vortices of opposite 
circulation.) The system is thus a Hamilionian one, with 
the two orthogonal coordinates in the plane, x and y , as 
canonically conjugate [but only in a limited sense can the 
system (1) be considered a "classical" one, since Planck's 
constant already appears through the parameter x). The 
Hamiltoman 'H is related to the energy H by 

H**p&t . 121 

with p as the density and 6 as the thickness of the 
superfluid film. (//, then, is the energy relative to the en
ergy for a separation r =a between the vortices.) There
fore the momentum with correct dimension, conjugate to 
x, is 

,.=Zfy. (31 

A standard canonical quantization then gives the follow
ing commutation relation for x and y.* 

The relative coordinates x and y are not invariant un
der interchange of the position of the two vortices: 

{x,y) — \—x,-yi . <5'i 

However the following quantities, derived from x and y-, 
are invariant, 

A ~±v.pbix1+y2) , 

B = \xpbiyl-xl>. 16) 

C = J-xpS(Jf)» -ryx) . 

and therefore represent observables of the system. They 
have the following commutation relations implied by Eq. 
(4): 

\A,B] = ifiC , 

[A,C]~-HIB . (7) 
[B,C]=-i*A . 

Our approach is now to consider the commutation re
lations (71, with the additional positivity constraint 
-4>0, as the fundamental relation* which define the 
quantization of the system. These relations replace the 
commutation relation (4), which deals with operators that 
are not necessarily represented within the algebra of ob
servables. 

III. QUANTIZATION 

The commutator algebra of the operators A, B, and C 
is identical to the algebra of the group SL(2..R). To 
quantize the system means to find irreducible representa
tions of this algebra, with inequivalent representations 
then meaning inequivalent quantizations of the system. 

The irreducible representations are most easily found 
by considering the common eigenvectors a,y > of A 
and the Casimir operato. 

r=A2-B2-C- . i8) 

A \a,Y )=*a&\a,y) , 

T\a,y) = yh- a,y) . 

If y is calculated by use of the commutation relation (4), 
we find y= — £ . However, in the present case, with (7) 
as the fundamental commutation relation, y is not re
stricted to this value. 

The operators 
B^=B±K (10) 

raising and lowering operators in the spectrum of A-, as 
shown by the commutation relations 

[A,B.] = T*B. , 
111) 

{B+,B_]=-2fiA . 

We consequently have 

B± iaty>=BJa,y)fi:a=l,y> . 1121 

with 

Bja,y)=BJa-lty]m . (131 

The functions &- are determined by the second of the 
commutation relations in Eq. (Ill, when we fix their 
phases by convention. 

PJa,y)-v'aia+l)-y . 
114) 

f}_(a,y) = v aia- 1 i - y . 

In general, the spectrum of A is unbounded both from 
below and above. The spectrum is bounded from below 
only if A has a minimum eigenvalue aQ, where the corre
sponding eigenvector is annihilated by B _, 

/ ? _ ( a 0 , ) ' ) = 0 . (15) 

This gives 

or^-L+ly + A) 1 -' 2 . 
[161 

y = o t 0 ( a 0 - l ) . 

As shown by the equation, the possible eigenvalues of r 
then are restricted by y> — \. Positivity of A further 
gives the restriction a 0 > 0. 

The parameter aQ now characterizes the inequivalent 
representations of the algebra (71, and therefore ine
quivalent quantizations of the system. (The representa
tions may alternatively be characterized by y , but then 
there are two inequivalent representations for each y in 
the interval — j < y < 0 . 1 The value of aQ has physical 
implications through the eigenvalues a„ of A and the cor
responding energies E„, 
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a.=laa+n>&, n =0 ,1 ,2 , . . . , 
117) 

EH = -~-pf>\n\ia./xpba2). 

In the following we shall denote the corresponding eigen
vectors by |n,o 0>. rather than by \a,y). which has 
been used above. 

IV. THE ̂ -REPRESENTATION 

The operator A generates rotations in the plane and 
thus represents (except for a sign) the relative angular 
momentum of the two-vortex system. This operator can 
be given the standard representation 

—Hi-
by introducing the following representation *P(ø) for the 
state vectors ' * ) . 

¥(<*>=-]- £ e - 2 , t a ° + f l , V a o | ¥ > . (19) 

In this representation the operators 5 = get the form 

^ ± = e £ ' * [ ^ : - ( a 0 - i ) J ] m e ± ' * , (20J 

and if we consider the classical limit, where [A,6)—*0 
and A » a 0 , we find the following expressions for B and 
C: 

B ~ A cos2# , 
(21) 

C = - A sin2rf . 

This shows that 4> indeed represents the polar angle of the 
relative position of the two vortices. [To be precise 
*-f-ir/2 is the standard polar angle. The additional angle 
IT/I comes from our phase convention in Eq. (14).] 

The wave functions V{&) satisfy the periodicity condi
tion 

*(* + 7T)=e"2"r0°*[d) . (22) 

The parameter 6=2ira0 then corresponds to the parame
ter which determines the (generalized) statistics of the 
particles in the case of two identical particles in the 
plane.1 In the present case, with the commutation rela
tions 17) as the fundamental relations for the quantized 
system, there is no restriction on the possible values of 8 
(except $>0). This is different from what would happen 
if (4) were assumed to be the fundamental quantization 
relation. Then we would have y= — ~, and therefore 
aQ=± or £, so that the parameter 8 would have only two 
possible values, 

e = ^ , 3 y , (23) 

as was discussed also in Ref. 4. 
A naive comparison between the periodicity condition 

(22) and the corresponding condition for a two-particle 
system in the plariv may lead to the conclusion that the 
following 9 values correspond to the boson and fermion 
cases, 

0=0 mod 2i7 (bosons! . 
7) 124) 

d=ir mod 2v (fertnions). 

The values (23) then would be midway between the boson 
n* and fermion values. However, as pointed out in Ref. 1. 
H the phase factor which determines the (generalized) 

statistics of particles in two dimensions, does not only de
pend on symmetry properties of the wave functions, bui 
in part also depends on the form of observables, like the 
Mamiltonian. Thus for any value of $ the wave functions 

I may be transformed to a symmetric fonn, but the 6 pa-
I r rameter will then instead appear explicitly in the expres-
I I sion for the observables. Since the dynamics of the iwo-

vortex system is genuinely different from the dynamics of 
a two-particle system, this introduces an ambiguity in the 
identification of certain values of 6 as corresponding to 
the boson and fermion cases. We shall return to this 

e point. 
One of the characteristic differences between the two-

vortex system and the two-particle system in the plane is 
'' seen by considering the spectrum of the angular momen

tum operator A. For the two-particle system, the angu
lar momentum is unbounded both from above and below. 
An increase in the value of Q lifts the spectrum, but when 

" 6>-»0+2jr, each level is simply moved into the position of 
•j the next level one step higher up. In fact all observables 
, have a similar periodic dependence on 6, and the physics 

thus only depends on the phase factor e'6 which charac
terizes the statistics of the particles. 

For the two-vortex system, however, the spectrum of 
) A is bounded from below. I Negative values of A would 

correspond to vortices of opposite circulation, K——x.) 
A change 6-~*8+2ir therefore lifts all the levels into the 
position of the next level one step higher up, but the spec
trum of A is not restored, since the lowest level of the 
original spectrum now is missing. The expression (20) for 
the operators B= shows that these operators also have a 
nonperiodic dependence on 8. As a consequence of this 
there is a series of dynamically different quantizations for 

I each value of the phase factor e'e

t whereas by the naive 
argument these should all define particles with the same 
generalized statistics. 

The above discussion points out some similarities and 
differences between the two-vortex system and a system 
of two identical particles in two dimensions. However, as 
already pointed out. the two-vortex system has dynami
cally the character of a one-dimensional system. There
fore, one may, perhaps more naturally, analyze the sys
tem as consisting of two identical particles moving in one 
dimension. This we will do in the next section. 

V. THE* REPRESENTATION 

As already stated, we do not consider the variables x 
and y as representing observables of the system, since 
they do not respect the identification 

(x,y)=l-x,-y) , (25) 

which represents the fact that the two vortices are identi
cal. However, if x is restricted to positive values, we may 
define the observable 
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=ix2\l/2= 
Hfi6 

A~B)\ (26) 

This is well defined, since A -B is a positive definite 
operator for a 0 > 0 . Interpreting the variable x as 
describing the configuration space of the system, we note 
that the restriction of x to the positive half line is the 
same restriction as found for the relative motion of two 
identical particles in one dimension.1 The ixy) plane, 
with the identification (25), indeed, is identical to the 
phase space (of the relative motion) of two identical pani
cles moving on a line. 

We may now introduce a set of basis vectors | JC > and 
the corresponding JC representation ¥ U ) of the state vec
tors | * ) by the relations 

-^-IA-B)\x)=x2\x) , 
XpO 

(x | x ' > = 5 U - x ' ) , (27) 

*(*)=<* !*> . 
The x representation of the operators A,B, and C can be 
found from the commutation relations (7). For C we find 

with e as a parameter for the transformations generated 
by C. This implies 

which implies/ —fix1). 
The third of the commutation relations implied by <7> 

can be written as 

With C given by Eq. 132), this gives the following equa
tion for/, 

x&+2f=0. 1361 
dx 

This equation has the solution 

f = \ , (39) 
j r* 

with A as a parameter which is undetermined by the com
mutation relations (7). The expression for y2 then is 

(xpd)2 

JL 
' dx2 

e'tC\x> = Me,x)le-t*/2x) , 

and for A and B this gives the following x representa
tions: 

. 1 4* 1 d- , 4* 1 A , - J 
8 xpb dx^ xpb xl 

„ 1 4 # d2 4fiz A . j 
8 xpb dx2 xp6 x2 

with Nie,x) as a normalization factor. This factor is 
determined from the normalization of the I x ) vectors. The parameter A, which introduces a (1 /JC ^-"potential" 
and choosing A'(e.x) to be real we find 

A ' l e , x ) = < ? - r f / 4 . 130) 

Equation (29), in the x representation, then reads 

< e , e C ¥ ) U ) = < ? r f / 4 V ( e r t / ! x ) . (31) 

Expanding this to first order in e we find the following ex
pression for C: 

-, ifi \ d d , ,- , 
C = — —- J C — + —-x . (32) 

4 \ dx dx \ 

in the expressions for A and B, is in fact directly related 
to the parameter cr0. This can be seen by evaluating the 
Casimir operator 

r = ^ - ( A - U 
4 

which gives 

A = 4y + -j 

= 4 ( a 0 - | ) ( a 0 -

142) 

The operator 

y2=~^~iA+B) 
TtpO 

has the following commutator with x2: 

Writing y2 as 

y 

l* \_jL + f\ 
x/aS dx2 

\) . (43) 
K i I ) In the same way as for the é representation, the param

eter 0 = 2 i r a o can be interpreted as defining intermediate 
types of statistics, interpolating between the boson and 
fermion cases. To see this we consider the asymptotic be-

[33) havior of the eigenfunctions of A as x approaches the 
singular point JC = 0 , 

Wx)~xZa°-w2 . (44) 
1 This x dependence, which shows that the analytic con

tinuation of l '(x) has a branch point singularity at x = 0 , 
also implies the following symmetry property when the 
wave function is continued to the negative real axis, 

* ( - x ) = e" , J * ( x ) . (45) 

we get from Eq. (34), Interpreting symmetric functions as describing bosons 
and antisymmetric functions as describing fermions, we 
then have 
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while other values of 6 define something in between. The 
curious fact now is that the interpretation (46) does not 
agree with the corresponding "two-dimensional" inter
pretation 124). In particular, the two special values 
0 = JT/2 and 0-3n-/2, singled out by Chiao et a!.* [Eq. 
(23)], in the present interpretation are the boson and fer-
mion cases, respectively. The relation (43) between \ and 
an now offers an explanation of what is special about 
these values of 6. For 0 = ir/2 and 0 = 3JT/2 the parame
ter X vanishes. The singular potential k/x2 then disap
pears and the wave functions Wix) have a nonsingular be
havior at x =0. 

VI. CONCLUDING REMARKS 

The approach we have chosen for the quantization of 
the two-vortex system shows that an undetermined pa
rameter 9 is present, which may be interpreted as 
representing possible "intermediate statistics" for the sys
tem. We have found no restriction on the possible values 
of 0 lexcept 0>O). since we have allowed a singular be
havior of the wave functions at the singular point x =0 of 
the configuration space. 

We have pointed out that there is a certain ambiguity 
in identifying what values of 8 that correspond to the bo
son and ferm ion cases. This is related to the fact that the 
distinction between the effects of "statistics" and "dy
namics" is not completely unambiguous in one and two 
dimensions. In the JC representation the values 8 = ir/2 
and (?=3-n-/2 seem most natural identified as describing 
bosons and fermions. The singular potential h/x- then 
vanishes and the wave functions can be continued to neg
ative x, to give symmetric and antisymmetric wave func
tions, respectively. On the other hand, in the 6 represen
tation it seems more natural to consider 6=0 and 8 = v 
as the 6 values for bosons and fermions. The spectrum of 
the angular momentum operator A is then correct (for 
A > 0), as compared with the relative angular momentum 
of a two-particle system in the plane. 

The presence of an undetermined parameter 8 
represents the ambiguity which in principle is always 
present in the quantization of a classical theory. Often 
this ambiguity is reduced, or eliminated, by requiring cer
tain symmetries to survive the quantization. As already 
noticed the canonical quantization rule (4) is more re
strictive than (7), which we have used for the quantiza
tion. However, since the point x =y =0 is a singular 
point already at the classical level, there seems to be no 
reason to respect iranslaiional invariance in the quantiza
tion. This is done by the commutation relation (4), while 
(7) only respects the rotational symmetry in the ix,y) 
plane. Let us also point out that there are other ways to 
quantize Che system, in its x-space representation, than 
the one we have used here, [n Ref. 1 intermediate types 
of statistics were introduced by the boundary condition 

~=H>¥ f o r x = 0 , 
ax 

where p is an interpolating parameter characteristic for 
the system. If we had adopted this rule her*, and as
sumed Å=0, this would have given a different way of in
terpolating the spectrum of A between the boson and fer-
mion cases. The reason for ruling out this quantization 
scheme here is that it does not respect the rotaiional sym
metry in the \x,y) plane. This symmetry is present at Ihe 
classical level, and there seems to be no good reason why 
ihe quantization should break it. 

However, the question of what is ihe correct quantum 
description of the vortex motion for a physical superfluid 
film, like He 4, cannot be decided at the level where the 
vortices are treated as pointlike objects. At this level, for 
example, the value of & is completely undetermined. To 
determine the physical value of 6, or more generally to 
determine what is really the correct quantum description 
of the vortex system, one should consider the lower 
"microscopic" level, where the atomic structure of the 
superfluid is taken into account. This is the approach 
taken by Haldane and Wu.~ Our conclusions agree with 
much of the general discussion in their paper, including 
the point that the statistics parameter 0 cannot be deter
mined from the long distance ("classical") properties of 
the theory. But the way they relate the statistics parame
ter to the Berry phase8 of the localized vortex stales we 
do not find totally convincing. Let us point to the fact 
that the Berry phase has significance for the dynamics of 
the system only when the system is constrained to move 
in the submanifold of states for which the Berry phase is 
calculated. For adiabatic motion this is obtained when 
the motion is slow on the time scale set by the energy 
splitting of the slates of the manifold. In the present case 
the vorlex motion cannot be considered as slow in this 
reFpect, since the motion is induced by the same term in 
the Hamiltonian which lifts the energy degeneracy of the 
localized vortex states. Adiabatic motion, therefore, has 
to be induced by some external potential, which controls 
the motion of the vortices. But then the connection to 
the statistics parameter which is associated with Ihe free 
vortex motion is no longer so clear. 

In our opinion the core effects discussed in Ref. 5 
mainly have to do with corrections to the vortex-vortex 
infraction. Such corrections can be included in the ex
pression for the Hamiltonian, and they do not necessarily 
have to make the 8 parameter (which appears only impli
citly through the spectrum of r2) ill defined. However, 
since the & dependence in the Hamiltonian (1) is 
equivalent, for large r, to the presence of a ^-dependent 
\/r~ potential, such other corrections may very well 
dominate the 8 effect, and make it difficult to see it as a 
real observable effect. Let us therefore finally suggest 
that a further examination of the microscopic basis for 
the quantized vortex motion would be of interest, in or
der to see if it really is possible to ascribe a well-defined 
value to the statistics parameter 6 of the vortex system. 
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We recall some of the arguments which led us Co the concept of fractional statistics in one 
and two dimensions. This concept has been much studied and is well understood in terms 
of Schrodinger quantization. Heisenberg quantization is an equally natural approach to 
the same problem, it is not equivalent, and it leads to many interesting open questions. 

1. Introduction 

The most amazing fact about fractional statistics must be that the discovery took 
fifty years. In fact, all the concepts involved were known already around 1930. 
Considering this, one may wonder what treasures still lie awaiting discovery inside 
quantum mechanics. We hope that our story may remind students of physics that 
they have to think for themselves, that "old truths" are never true merely because 
they are old, or well established, or even self-evident. We also want to emphasize 
that the idea of fractional statistics — or intermediate statistics as we have called 
it — was the result of a discussion between us, and this is therefore a good example 
of a fruitful collaboration. We have tried to recall some of the main points that we 
discussed. Some ideas mentioned here very briefly are discussed in more detail in 
our paper. 

We were both to some degree troubled by the "proof** of the "boson-fermion 
theorem", that wave functions of identical particles must be either symmetric or 
antisymmetric, at the time when we first learnt quantum mechanics or somewhat 
later. At first we buried our doubts and accepted the theorem, if not the proof, 
for the veiy common but not very good reason that so many wise people had 
already thought about the problem. Fortunately, in 1974-75 we discovered that we 
both shared the uneasy feelings, and we agreed to try to formulate our objections 
more precisely. By then we had learnt about Weyl's concept of gauge invariance 
("Eichinvarianz"), Dirac's magnetic monopoles, the Aharonov-Bohm effect, and 
last but not least the Gibbs paradox, all of which influenced our way of thinking. 

Our main problem was with the vaguely defined concept of a permutation of 
identical particles. In mathematics we learnt that a transformation is defined by 

2573 
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the result it produces. Dut if so, a permutation of identical panicles is just an iden
tity transformation — how can anyone tell that the particles have been permuted 
if they really are identical'7 And if one identity transformation, a transposition 
of two particles, can change the phase of the wave function, how come a double 
transposition cannot? 

Another objection we had was that the "proof in question stressed the im
portance of the symmetry properties of wave functions regardless of the distance 
Y ?tween the identical particles. Of course, if the particles are light years apart, it 
is totally irrelevant whether the wave function is symmetric, antisymmetric or nei
ther, but the argument did not reflect the irrelevance. We felt therefore thai it made 
sense to look for some deeper principle from which the symmetry or antisymmetry 
could be derived. 

One of the first questions we asked ourselves was what, if anything, makes the 
concept of identical particles more important in quantum mechanics than in classical 
mechanics. After all, identical particles are no less identical in the classical case. 
If classical mechanics is different, it is because classical identical particles follow 
continuous trajectories and can be distinguished by the initial conditions defining 
those trajectories. The particles are identical but still distinguishable in a sense. 

However, the Gibbs paradox shows that it does make a difference even in classical 
mechanics whether particles are identical or not. If the one-particle system has the 
configuration space X and the phase space U, then one is led to conclude that the 
system of N identical particles has the configuration space XN/S& and the phase 
space XJN/Si*. To construct these spaces, take the Cartesian products X ^ and U N 

of the one-particle spaces and identify points which differ only in the numbering of 
the particles. The "division by the symmetric group 5Jv"resolves the Gibbs paradox 
because it reduces the phase space volume by a factor N ! 

Having identified the true configuration space as X J V /S& instead of X 1^, we 
had to examine the consequences for the quantization of the theory. The simplest 
example is the one-dimensional case, and it is easily solved. The configuration 
space of two identical particles on a line is the half plane, e.g. the half plane with 
i = i(j) — T(2) > 0, where X(j) and x^) are the two one-particle coordinates. That 
is, we define always the particle to the right as "particle 1". 

To quantize, we need a linear boundary condition on the wave function ip along 
the boundary of the half plane, x = 0. The obvious condition is that the normal 
component of the probability current should vanish on the boundary. The current 
is derived from the Hamiltonian and is quadratic in the wave function, but in the 
usual, non-relativistic case a possible linear boundary condition is that 

•~ = ^ for x = 0 ; (1) 

with an arbitrary real constant T). Translational invariance requires T) to be in
dependent of the center of mass position, and the superposition principle requires it 
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to be independent of the wave function ti». IJ = 0 corresponds to symmetric wave 
functions, with ^ ( - x ) = c(x), and 1/n = 0 corresponds lo antisymmetric wave 
functions, with v ( - x ) = -ø (x ) . 

The one-dimensional example established two important results. It showed that 
the symmetry condition on wave functions was indeed not fundamental, but could 
be replaced here by a boundary condition. It also showed that the "boson-fermion 
theorem" was wrong, that a continuum of different symmetry conditions intermedi
ate between full symmetry and full antisymmetry was conceivable, at least in this 
particular cas». 

The quantization in dimensions higher than one required more thought. We did 
not know that the problem had already been addressed by Laid law and DeWitt.7 

Using the Feynman path integral approach they had found that symmetry or an
tisymmetry could be derived rather than postulated for particles moving in three-
dimensional space. They noted that the two-dimensional case was different, but 
did not work out the consequences. We rediscovered their solution, although in a 
different setting. Since we started with the one-dimensional case, it was natural 
for us also to examine two dimensions in some detail. We were motivated to look 
explicitly for the possibility of fractional statistics, which we knew already from one 
dimension. 

In higher dimensions a boundary condition is not enough, simply because the 
"boundary". where two or more particle positions coincide, has too low dimension. 
These points instead have the character of geometrical singularities of the configu
ration space. The identification of points in X A has the effect of wrapping the space 
around the singular points so that they become centres of infinite curvature. The 
question was what this geometrical structure implied for the quantum mechanics 
based on this space. Requiring wave functions to be single valued on the config
uration space X A /5 /v would clearly be too strong a constraint, since that would 
exclude fermion wave functions, which are double valued (unless a singular vector 
potential is introduced). 

The solution we arrived at was inspired by Dirac's theory of magnetic mono-
poles.3 Dirac analysed the quantum mechanics of charged particles through the 
use of path-dependent phase factors. Such phase factors, which can be interpreted 
geometrically as due to a special type of parallel transport, were later used and 
generalized in the context of non-abelian gauge theories. In our context they made 
it possible to give a definite, physical meaning to the concept of a permutation 
of identical particles, not as a discrete transformation, but as a continuous inter
change of the positions of the particles. In general, a permutation where each 
particle is moved along a continuous path will give rise to a "statistics phase fac
tor" in the wave function. This does not change under continuous deformations of 
the continuous paths, as long as the singularities are avoided. Therefore the path 
connectivity of the configuration space, with singularities excluded, is of central 
importance. Our analysis in terms of these phase factors confirmed the conclusion 
that three-dimensional identical particles must be either bosons or fermions. But 
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in two dimensions "nnyons", as they were called by Wilczek,4 might exist. 
In our approach the description has the form of a gauge theory for identical 

particles. However, the gauge field is not a dynamical one, and the path dependence 
of the phase factors is discrete, since these depend only on the winding number of 
the paths around the singularities in the configuration space. With real gauge 
fields present in addition to the statistical one, there is an additional continuous 
path dependence. One can usually make an unambiguous separation between the 
two effects, but in special situations they may mix in a non-trivial way. This was 
shown by one of us for the case of bound pairs of charged particles and magnetic 
monopoles.5 

2. Heisenberg Quantization 

The approach to the problem that we published originally, and the approaches that 
others have published (see e.g. Ref. 6), may be classified as Schrodinger quantiza
tion, since the configuration space plays the central role. However, when we were 
looking for a way to quantize the system of identical particles, we were also con
sidering other possibilities. We spent some time trying to understand the system 
from the point of view of Heisenberg quantization, where attention is focused on 
the phase space instead of the configuration space. We did not publish these ideas 
then, because we felt that our understanding was too incomplete. We have taken 
up the problem again, but are still far from a complete understanding. Nevertheless 
we would like to sketch here this alternative approach to the quantization. 

The classical observables of a system of N identical particles are the real-valued 
functions on the iV-particle phase space U^/Sjy, o r equivalently, they are the sym
metric real-valued functions on U^ . Every observable must be symmetric as a 
function of the N one-particle phase space variables, because if there exists a non-
symmetric observable, it can be used to distinguish between particles. This funda
mental principle was adopted from the beginning as the basis also for the quantum 
theory of identical particles, 7 , 6 and it is the symmetry of the quantum mechani
cal observables which ensures that there is no mixing between the symmetric and 
antisymmetric wave functions. 

In genera! terms, Heisenberg quantization consists of the following steps. First 
identify the classical observables. They form a Lie algebra under the Poisson 
bracket. Look for linear representations of this Lie algebra, such that classical 
observables A and B are represented by Hermitean operators Å and B on some 
Hiibert space, and the Poisson bracket C = {A, B) is replaced by the commutator, 
in the usual way, 

C= ±.[A,B} = ±-(ÅB-BÅ). (2) 

Besides the Poisson bracket, in the classical case we have the pointwise product, 
which is associative and commutative. We write D = AB, meaning that D(u) = 
A{u)B{u) for every u e U^ . If the observables A and B are compatible, which 
means that their Poisson bracket vanishes and the operators A and B commute, 
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then the classical point w ise product must correspond to the operator product, such 
that D - AB = BA If the observables are not compatible, the quantized relation 
is true only modulo Planck's constant 2irh, hence the operator ordering problem 
which often makes the quantization procedure ambiguous. In the following we will 
use the same notation A, B,... for the classical observables and the corresponding 
operators. 

The quantization of a system of jV distinguishable particles follows directly from 
the quantization of the N one-particle systems. Let us introduce here some termi
nology. An observable which refers to one single particle in the A-patticle system 
we will call a singU-paritcle observable. More generally, a sum of single-particle 
observables we will call a one-particie observable. By definition, two single-particle 
observables are compatible if they refer to two different particles. The observables 
of the TV-particle system can be built up as polynomials in the single-particle observ
ables (or limits of polynomials), and the construction carries over from the classical 
to the quantum theory. 

There is a similar result in the case of N identical particles, although not quite 
as simple. There no longer exist single-particle observables. However, there do exist 
one-particle observables. Being symmetrical, they must have the form 

4 ( u ( i ; , U ( 2 ) l . . . , u ( J V J ) = ^ ( o ( u ( l ) ) + a ( u ( a ) ) + - - - + a ( u ( J V ) ) ) • (3) 

where u ( i ) ,U( 2 ) , . . . ,u ( / ( / ) e U are phase space variables of the one-particle system, 
and a is a real function on U (a single-particle "non-observable"). The one-particle 
observables are general enough to generate all observables. Moreover, they form a 
Lie algebra under the Poisson bracket, isomorphic to the Lie algebra of observables 
of the one-particle system. Thus, the problem of quantizing the ^-particle system 
is almost reduced to a one-particle problem. 

Unfortunately, the reduction is not complete. To see what is missing, consider 
for example the symmetric polynomials of degree k 

sk = ak

(l) + af2) + • • • + ajvj , (4) 

where a^-j is any quantity referring to particle j , for example a coordinate or a 
momentum. The first N polynomials 5i,S2,..- ,sjv determine the N values a^j , 
a(2)f- .fl(N) uniquely, in arbitrary order. Hence for every k > N there is an al
gebraic relation expressing Jt a s a function of si, S2, • •• >sjv, and the relation must 
be preserved in the quantization, since all these symmetric polynomials are com
patible observables. Similar algebraic relations involving incompatible observables 
will have to be preserved modulo powers of h. The fewer the particles, the more 
algebraic relations there are restricting the quantization. 

In order to quantize if N = 1, it is enough to represent the coordinates x and 
momenta p as operators. Once that is done, the operators representing polynomials 
in x an'! p are given by the classical algebraic relations modulo powers of ft. If 
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N = 2, we have to represent not only the one-particle observables corresponding 
to x and p, but also those corresponding to quadratic homogeneous polynomials in 
x and p, since they are algebraically independent of the linear polynomials. With 
no more than quadratic polynomials we still have a finite dimensional Lie algebra 
under Poisson brackets. However, for N > 3 we have to include cubic polynomials, 
and the Lie algebra becomes infinite dimensional. We have studied the case N = 2, 
but not the representations of the infinite dimensional Lie algebras arising when 
AT>3. 

2.1. Two Particles in One Dimension 

Vortices in a film of superflujd helium have been proposed as anyon candidates, 
on the basis of an approximation where the equation of motion is of HamiKonian 
form with the two spatial coordinates of a vortex centre as canonically conjugate 
quantities.9 The claim is controversial, 1 0 , 1 1 but the simple model has some interest 
in itself. It is formally the same as a system of identical particles in one dimension, 
and we have studied the Heisenberg quantization of the two-vortex model. 1 2 

The relative coordinate x = ar(ij— Z{2) of the two particles was introduced above, 
and we define the relative momentum as p = (p(j) — p(2))/2. We may redefine x and 
p as the dimensionless variables x/£ and pifh, where £ is an arbitrary length scale. 
If the two particles are not identical, then the dimensionless x and p are observables 
and satisfy the canonical relations, either classical or quantum mechanical, 

{*,?} = 1, [* l P] = «\ (5) 

If the particles are identical, x and p do not exist as observables, since they are 
antisymmetric under exchange of particle indices. Observables are, for example 

A = i ( p 2 + x7), B = i ( p 2 - x 2 ) , C = j ( x p + p i ) . (6) 

This is a convenient set of basic observables, because they are compatible with the 
centre of mass position (x ( 1 j + £(2))/2 and the total momentum p^ij + p(2)- They 
can of course be expressed in terms of one-particle observables, for example, 

* 2 = 2 ( z 2

1 ) + x (

2

2 ) ) - ( x ( 1 ) + x< 2 ) ) 2 . (7) 

The classical observables A,B,C satisfy the relation T = 0, where 

T = A2-B2-C2. (8) 

The Poisson brackets {A,B] = C,{A,C) = -B,{B,C) = -A define the Lie 
algebra sp(l ,R) = si(2,R) of the real symplectic group 5p(l,F.) = SI (2 ,R) . 

After quantization, the operators A, B, C shot'ld satisfy the commutation rela
tions 

[A, B] = iC, [A, C] = -iB, [B, C] = -iA. (9) 
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In the linear representation of the Lie algebra T is a Casimir operator, and the 
canonical commutation relation, Eq. (5), implies that T = —3/16. However, for 
identical particles x and p are not observables, the fundamental observables are 
rather AyB,C, and there is no reason to impose either of the conditions that T = 0 
or r = -3/16. 

Since A ± B are squares, in order to have reasonable physical interpretations 
they should have non-negative spectra. We find that a physically acceptable ir
reducible representation of the Lie algebra may be defined by orthonormal basis 
vectors |0), |1), |2) , . . . such that 

,41») = {ao + n)\n). (B ± iC)\n) = Mn ± i + 0 (n ± \ - I + 2 a 0 ) |n ± 1) . 

(10) 
Here ao* the minimum eigenvalue of A, is an arbitrary constant defining the rep
resentation, the only condition is that it must be positive (ao — 0 is a degenerate 
case). The Casimir operator T has the eigenvalue 7 = ao(c*o — 1). 

Since 2A is the Hamiltonian of a harmonic oscillator, we know that the eigen
values of A for either a boson or a fermion system, i.e., for wave functions that are 
either symmetric or antisymmetric in z, are a 0 + "> with n = 0,1,2, . . . and with 
Qo = 1/4 f° r bosons, QQ = 3/4 for fermions. These two values of ao are precisely 
the ones that give the canonical eigenvalue 7 = —3/16 for the Casimir operator, 
consistent with the existence of operators 1 and p satisfying Eq. (5) and Eq. (6). 

Thus we recover bosons and fermions as special cases in our Heisenberg quan
tization. In addition we get a continuum of intermediate cases, as we did in 
the Schrodinger quantization. However, the "intermediate statistics" we get with 
Heisenberg quantiration is different from what we get with Schrodinger quantiza
tion. In fact, the boundary condition imposed in the Schrodinger case has the same 
effect as a fi-function potential. Adding a ^-function potential to the harmonic os
cillator potential in a boson system implies that the intervals between energy levels 
are no longer constant. The constant energy level intervals, which is what we get 
in the Heisenberg quantization of the harmonic oscillator, is also equivalent to the 
effect of a potential, but in this case the potential is of the centrifugal form X/x2, 
where 

A = 7 + ^ = ( a o _ i ) ( a o _ 3 j . ( 1 1 ) 

If we separate out the angular dependence in a two-dimensional, two-anyon prob
lem we get exactly such an additional centrifugal potential due to the shift in the 
angular momentum eigenvalues. Thus it appears that Heisenberg quantization in 
one dimension corresponds to Schrodinger quantization in two dimensions, 

2.2. Two Particles in Two Dimensions 

In any dimension d the quadratic homogeneous polynomials in coordinates Xj and 
momenta pj, j = 1,2,... , d, form a Lie algebra under Poisson brackets isomorphic 
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to sp(d, R), the Lie algebra of the real symplectic group Sp(d,K). This is so be
cause they are the infinitesimal generators of linear canonical transformations of the 
coordinates and momenta. By direct generalization from one dimension we see thai 
the Heisenberg quantization of a system of two identical particles in i dimensions is 
equivalent to the study of a certain class of linear representations of the Lie algebra 
sp(d, R). Certain restrictions have to be imposed on the representations so that 
the theory has a reasonable physical interpretation. We will discuss in a little nore 
detail the case d = 2. 

To exhibit the structure of the Lie algebra sp(2, R) it is convenient to express 
the observables in terms of the complex quantities 

« ;±= j2&i±i*}). J = 1,2. (12) 

If they are defined at all in the quantized theory, they satisfy the commutation 
relations 

[aj+,at+] = [a ; _,a t _] = 0, [ o ; _ , a t + ] = ijt , (13) 

establishing them as harmonic oscillator raising and lowering operators. We stress 
that i and p are not observables and serve only to define the Poisson brackets 
or commutators of the basic observables, which are quadratic in x and p. The 
generalized one-dimensional observables A,B,C may be expressed as 

-[aHaj. + aj.aj+), Bj± = Bj ± iCj = -a)± . (14) 
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Fig. 1. T h e roo t d iagram of the Lie algebra sp{2, I t ) , and the lower left corner of t h e infinite 
weight d iagram of a representat ion. The lowest weight ( a io , 030) is marked with a. 

In addition we have two-dimensional observables, contained in 

(15) 
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It should be remembered that the Lie algebra we speak of is primarily the 
classical algebra of functions defined on phase space, and it is only after quantization 
that the elements become operators on a Hilbert space. The observables Ai.A^ 
span a Cartan subaJgebra of sp(2,R) r and together with the raising and lowering 
"operators" Bi±,B-2±,D±,E± they form a Cartan basis. The corresponding root 
diagram is shown in Fig. 1. There are three su bal ge bras of the type sp( 1,R), 
spanned respectively by A\,B{±, by A%,B2± or by Ai + A2,D±t and there is one 
5u(2) subalgebra, spanned by J4 2 — A\, E±. The «(2) algebra contains in particular 
the relative angular momentum 

L = xlP2 - I2P1 = i(E+ - E.) . (16) 

After quantization, the operators >II,J42 a n < * Ai ± A\ have eigenvalues which 
change by ±1 under the raising and lowering operators. Now a physically inter
esting irreducible representation of sp(2, R) has a basis where the basis vectors are 
eigenvectors of Ai and A? with positive eigenvalues ai and at. A pair of eigen
values {Q : , 02) is called a weight, and a typical weight diagram is shown in Fig. 1. 
As illustrated there, the weight diagram must contain a "lowest weight" (ajo,Q2o) 
with the property that the corresponding basis vector, which we call |Q), is unique 
and is annihilated by all the "—" eleiaents of our Cartan basis. An irreducible 
representation is uniquely defined by its lowest weight. 

We next define tte vectors \n} = £"+10) with n = 0,1,2, . . . . Only a finite 
number of them, JO), |1) , . . . , \K), can be non-zero, since E+ reduces &i by 1/2 and 
a i has a lower bound. These are the basis vectors of an irreducible representation 
of the su(2) subalgebra lying "at the bottom" of the weight diagram. As n increase 
from 0 to K, the eigenvalue of Ai — A\ increases in integer steps from Q20 — ttio — 
-K/2 to K/2. 

In general one can show that the vectors B^B^D^\n) with j , k , m > 0 and 
n = 0 , 1 , . . . , A' span the whole representation. It follows that the weight diagram 
must be symmetric about the diagonal a\ — Q2- It also follows that there is no 
degeneracy along the edges of the weight diagram, that is, there is only one basis 
vector corresponding to each weight on the edge. However, in the interior there is 
usually degeneracy, the higher the farther from the edge, depending on the number 
of combinations of j , k,m,n giving the same weight. 

To study the degeneracy we need the scalar product. It is uniquely fixed by the 
normalization of the lowest weight vector, (0|0) = 1, and by the requirement that 
physical observables must be represented as Hermitean operators. Thus, the "+" 
and "—" operators should be Hermitean conjugates of each other. The scalar prod
uct must be positive definite in order to give an acceptable physical interpretation. 
In contrast to the one-dimensional case, positivity implies a non-trivial constraint, 
that a 2o > 1/4, and hence ai > 1/4, a 2 > 1/4 for every weight (0:1,0:2) of a 
representation. 

Introduction of a positive definite scalar product may reduce the degeneracy, 
since vectors of zero norm are then defined to be zero. We find that there are exactly 
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two cases without degeneracy. One is when a 1 0 — a^o — 1/4, which corresponds 
to bosons, with wave functions either symmetric in x* and x2 or antisymmetric in 
both. The other is when a l 0 = 3/4, o 2o = 1/4, which corresponds to ferm ions, 
with wave functions of opposite symmetry in x^ and r 2 . All representations apart 
from the standard boson and fermion representations are degenerate. 

Degeneracy is a major problem for the physical interpretation, not only because 
it means that the Hilbert space contains too many states as compared to the boson 
and fermion cases, but also because it means that some of the more sacred algebraic 
identities of the classical theory are violated. For example, the relation x\z\ = 
(xi^s) 2 between the compatible observables x\,x\ and X\x^ no longer holds as an 
operator identity. Unless it is possible to make sense of these rather unorthodox 
quantizations, we apparently have to conclude that Heisenberg quantization in two 
dimensions can accommodate only bosons and fermions. 

So where did the anyons go? We get a hint of the answer by looting at the 
relative angular momentum L, the eigenvalues of which are shifted away from integer 
values in the anyon case. In our Heisenberg quantization we have represented L as 
a member of an su(2) Lie algebra. The su{2) commutation relations imply that L 
can only have integer eigenvalues, and this is a proof which belongs in any basic 
course in quantum mechanics. Hence, if we consider a two-anyon system with L 
taking non-integer values, we have to conclude that the classical sp(2, R) algebra of 
observables that are quadratic in x and p, is not represented, presumably because 
the operators do not have a sufficiently large common domain of definition. 

However, in the anyon case there exists a different classical algebra, of observables 
which is represented. It is again isomorphic sp(2,R), but instead of the physical 
angular momentum L it contains V — L — Ao, where XQ is a constant chosen so 
that V has integer eigenvalues. The shift in L is equivalent to the introduction of 
an interaction in the form of a singular vector potential. Thus, in order to get the 
Cartan basis A', B', D', E' of the alternative sp(2, R) algebra we simply replace px 

and pT in the definitions of A, B, D, E by 

p[ = pi + \Q~, P2 = P2 - A0 — , (17) 

with r 2 = x\ 4- x | . The replacement preserves commutation relations, except that 
it introduces singularities at r = 0. 

In this way we can find a place for anyons also in the Heisenberg quantization 
scheme, but the solution seems a little bit artificial and raises more questions than it 
answers. We see that in order to get anyons with a given statistics parameter AQ, we 
have to quantize one particular subalgebra of the infinite dimensional Lie algebra of 
classical observables. The selection of observables in the subalgebra depends on AQ. 
All these different subalgebras are isomorphic to the same abstract algebra sp(2, R), 
and we always use either the boson or the fermion representation of the abstract 
algebra. The obvious question then is why we should choose to quantize one or the 
other of these subaigebras. And more generally, do there exist other subalgebras 
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we could have used, either finite or infinite dimensional, maybe leading to entirely 
different quantizations? 

3 . I n C o n c l u s i o n 

To summarize, let us stress the difference between the two approaches to the quan
tization of systems of identical particles. The Schrodinger approach emphasizes 
geometry. Fractional stat ist ics in two dimensions is characterized by a continuously 
variable parameter which defines non-trivial geometric phase factors. In the Heisen-
berg approach group theory is impor tant . T h e basic assumption is t h a t a par t icular 
classical Lie algebra is represented also at the quan tum level. For two particles in 
one dimension this leads in a natural way to fractional stat ist ics characterized by 
a continuous parameter , but the one-dimensional Heisenberg quantization is most 
closely related to the two-dimensional Schrodinger quantization. 

For two particles in two dimensions we have found representations of the Lie 
algebra we have considered tha t are classified by a continuous parameter 020 and a 
discrete parameter A'. Since boson and fermion representations belong to different 
discrete classes A" = 0 and A* = 1, there is no continuous interpolation. The contin
uous parameter which defines anyons has to be introduced in an entirely different 
way. It defines a family of different but isomorphic classical Lie algebras, and by 
quantizing those we get different physical interpretations of the same mathemat ical 
representation, so that the s tandard boson and fermion representations may both 
represent anyons. 

However, in Heisenberg quantization the list of questions is much longer than 
the list of answers. For example, how to select the subset of observabies to be 
quantized? Are there other interesting possibilities besides the one considered here, 
leading for example to fractional statistics in three dimensions? And is it possible 
to make physical sense of the many representations of sp(2, R ) with degeneracy? 
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We show that the algebraic quantization method of Heisenberg and the analytical method 
of Schrodinger axe not necessarily equivalent when applied to systems of identical parti
cles. Heisenberg quantization is a natural approach, but inherently more ambiguous and 
difficult than Schrodinger quantization. We apply the Heisenberg method to the exam
ples of two identical particles in one and two dimensions, and relate the results to the 
so-called fractional statistics known from Schrodinger quantization. For two particles in 
d dimensions we look for linear, Hermitian representations of the symplectic Lie algebra 
sp(rf, R). The boson and fermion representations are special cases, but there exist other 
representations. In one dimension there is a continuous interpolation between boson and 
fermi systems, different from the interpolation found in Schrodinger quantization. In 
two din. -Oons we find representations that can be realized in terms of multicomponent 
wave functions on a three-dimensional space, but we have no clear physical interpreta
tion of these representations, which include extra degrees of freedom compared to the 
classical system. 

1 . I n t r o d u c t i o n 

It is well known that the two original formulations of quantum mechanics by 
Schrodinger and Heisenberg are equivalent versions of the same theory, at least 
when applied to systems of one particle or of two or more distinguishable parti
cles. The Schrodinger formulation is a configuration space approach, because it 
emphasizes the role of the wave functions, which are complex-valued functions on 
the classical configuration space of the system. The Heisenberg formulation on the 
other hand is a phase space approach, because it emphasizes the role of the ob-
servables, which in the classical case are real-valued functions on the phase space. 
Heisenberg quantization treats positions and momenta on an equal footing, whereas 
Schrodinger quantization breaks the basic symmetry in phase space by assigning a 
special status to the coordinates in configuration space. 

'Supported by the Norwegian Research Council for Science and the Humanities, NAVF. 
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It is rather surprising to find that the two formulations may be in equivalent 
when applied to systems of identical particles. Traditionally, the quantum theory 
of identical particles has been based on Schrodinger quantization, starting with the 
basic work of Heisenberg1 and Dirac2 and including the more recent work leading to 
the concept of fractional (or intermediate) statistics in one and two dimensions 3 - 6 

(for recent reviews see e.g. Refs. 7-9). Two-dimensional particles obeying frac
tional statistics are known as anyons and they have found a place in, for example, 
the theory of the fractional quantum Hall effect. 1 0 - 1 2 We have previously13 applied 
Heisenberg quantization to a simplified model of vortices in superfluid helium, 1 4 - 1 6 

equivalent to a system of identical particles in one dimension. We want to dis
cuss here Heisenberg quantization in a more general context. Many of the results 
presented here were summarized in Ref. 17. 

The inequivalence of Schrodinger and Heisenberg quantization does not neces
sarily mean that one is always correct and the other is always wrong. The two 
philosophies are rather different and may correspond to different physical situa
tions. We have tried to illustrate this point in Ref. 18 by an example where the 
motion of anyons is constrained in two different ways. 

If the one-particle system has the configuration space Xi and the phase space 
Ui , then the proper configuration space for a system of N identical particles is 
Xjv = Xf/S/v, a n < ^ t n e P f t a s e space is V^ = Uf/Sjv, where SN is the symmetric 
group consisting of all permutations of particle labels. To construct these spaces, 
take the Cartesian products Xj* and U f of the one-particle spaces and identify 
points which differ only in the numbering of the particles. The identification of 
points reduces the phase space volume by a factor AT!. It furthermore introduces 
singularities in the spaces at the points where two or more particles have the same 
position (in configuration space), or the same position and momentum (in phase 
space), and it changes the global properties of the spaces. But away from the 
singularities there is no change in local properties. 

For classical particles this identification of points is of little consequence. In 
a sense, classical identical particles are distinguishable because they follow contin
uous trajectories and can be distinguished by the initial conditions defining their 
trajectories. But in a statistical description, which does not take into account the 
trajectories of individual particles, this is no longer quite true, and the reduction of 
the phase space volume by the factor N\ is in fact necessary to resolve the Gibbs 
paradox in classical statistical mechanics. 

The recognition of Xjv = X f / S N instead of X$ as the true configuration space 
is the key to the Schrodinger quantization, opening up the possibility of fractional 
statistics in one and two dimensions. The global structure of the configuration 
space is much more important in quantum mechanics than in classical mechanics, 
because the wave function is an extended object, whereas a classical particle is 
sharply localized. 
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Similarly, the recognition of Ujv = U^/S^r as the true phase space is the 
key to the Heisenberg quantization in systems of identical particles. In general 
terms, Heisenberg quantization consists of the following steps. First identify the 
classical observables. In our case they are the real-valued functions on the phase 
space UjV) and they form a Lie algebra under the Poisson bracket. Look for linear 
representations of this Lie algebra, such that classical observables A and B are 
represented by Hermitian operators A and B on some Hilbert space, and the Poisson 
bracket C = {AtB} is replaced by the commutator, in the usual way: 

C=±[A,B)=:jj:(AB-BA). (1) 

Besides the Poisson bracket, in the classical case we have the potntwise product, 
which is associative and commutative. We write D = AB, meaning that D(u) = 
A(u)B(u) for every u € Ujy. If the observables A and B are compatible, which 
means that their Poisson bracket vanishes and the operators A and B commute, 
then the classical pointwise product should correspond to the operator product, such 
that D — ÅB = BÅ. But if the observables are not compatible, algebraic relations 
of this kind can not be exact after quantization. There must be correction terms 
where Planck's constant h enters through the commutator [J4 ,B] , and a precise 
definition of the quantization must include a specification of these correction terms. 
One should be aware that even the correspondence between Poisson brackets and 
commutators, Eq. (1), can in general hold only modulo correction terms involving 
Planck's constant. This is illustrated for a simple example in App. A. 

In the following we will use the same notation, A1B1...1 for the classical ob
servables and the corresponding operators, since it will usually be clear from the 
context whether we speak of one or the other, or both. 

The nonexistence in general of an unambiguous quantization prescription is 
known as the operator ordering problem. Such ambiguities are to be expected, 
since classical mechanics is supposed to be an approximation to the more basic 
theory of quantum mechanics. The classical limit of a given quantum theory ought 
to be unambiguous, but there is no reason to expect that there should be onlv 
one quantum theory corresponding to a given classical theory. In this sense, our 
philosophy is wrong when we start with a classical theory and try to quantize it. 
Nevertheless this is the traditional approach, which is justified by its success, and 
we take the same approach here. 

The usual solution to the operator ordering problem is to represent faithfully 
a small subalgebra of the infinite-dimensional Lie algebra of observables, and to 
tolerate the remaining ambiguities. For n on re] at j v ist i c particles the standard privi
leged subalgebra is the Heisenberg-Weyl algebra spanned by the coordinates, their 
canonically conjugate momenta, and the constant 1. In our treatment of identical 
particles we also choose a particular subalgebra to be represented faithfully, but 
the Heisenberg-Weyl algebra no longer exists, so that we have to make a different 
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choice. The choice of algebra should reflect somehow the symmetry of the problem. 
We adopt here the point of view that we want to preserve the full phase space 
symmetry between coordinates and momenta. In the two-particle case, which we 
discuss here almost exclusively, this principle leads us to choose the symplectic Lie 
algebra of observables that are quadratic in the relative coordinates aud momenta. 
For simplicity, we restrict our discussion to the case of spinless particles in Euclidean 
space. 

The dimension of the Heisenberg-Weyl algebra (excluding constants) equals the 
dimension of the phase space, so that there are no constraints that reduce the 
number of variables. The symplectic Lie algebra, on the other hand, is too large, so 
that there remain a number of constraints in the form of classical algebraic relations. 
Some of these algebraic relations correspond to the eigenvalue equations for the 
Casimir operators of the Lie algebra. By accepting only irreducible representations, 
we make sure that ail the Casimir operators take constant values, and this is a 
natural way to quantize the corresponding classical constraints. In general, however, 
some constraints do not correspond to Casimir operators, and it may not be so 
obvious how to treat those in the quantization. 

The outline of this paper is as follows. In the next section we formulate the 
general problem of quantization of a system of N identical particles, and relate it 
to the quantization of the one-paiticle system. In our formulation, the essential 
complication when JV > 1 is that the number of independent one-particle observ
ables increases with N. We do not know how to treat the general mathematical 
problem, as formulated here, when N > 2, but we discuss the quantization of the 
two-particle system in one and two dimensions, based on the symplectic Lie algebra. 
We do not discuss the three-dimensional case, since it appears that the essential dif
ference is between one and two dimensions, not between two and three dimensions 
as in Schrodinger quantization. 

First we review the one-dimensional case in Sec. 3. Here the general represen
tation depends on a continuous parameter giving in a natural way a continuous 
interpolation between boson and fermion systems. 

The two-dimensional case is rather different, as discussed in Sec. 4. Here we 
find no continuous interpolation between bosons and fermions, but there is one 
discrete and one continuous parameter that may both take more general values. As 
compared to the boson and fermion representations, all other representations have 
extra degeneracy which may be interpreted as due to two extra degrees of freedom, 
one discrete and one continuous. This is discussed in detail in Sec. 5. The extra 
degeneracy arises because certain classical algebraic identities involving coordinates 
only, or momenta only, are violated in the quantized theory, and in this sense it is 
a new kind of operator ordering problem. This fact in itself is not sufficient reason 
to reject these unconvential quantizations, since operator ordering problems are 
unavoidable in any quantization of a classical theory. However, we are not able to 
give any convincing physical interpretation of other mathematical representations 
than the standard boson and fermion representations. 
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The anyonic interpolation between bosons and fermions in two dimensions, well 
known from Schrodinger quantization, does not appear in our Heiscnberg quanti
zation, and we comment on this in Sec. 6. We summarize the discussion briefly in 
Sec, 7. Mathematical background material, partly new and partly old, is collected 
in Appendices. 

2. Observables for Identical Particles 

The classical observables of a system of TV identical, spin less particles are the real-
valued functions on the TV-particle phase space Ujv = XJ^/Sn, or equivalently, 
they are the symmetric real-valued functions on Uf. Every observable must be 
symmetric as a function of the TV one-particle phase space variables, because if there 
exists a nonsymmetric observable, it can be used to distinguish between particles. 
This fundamental principle is no new insight but was adopted from the beginning 
as the basis also for the quantum theory of identical particles. 1 , 3 Indeed, boson 
and fermion quantization arise as separate possibilities because the symmetry of 
the quantum-mechanical observables ensures that they do not mix symmetric and 
antisymmetric wave functions. 

Before we consider identical particles, let us recapitulate very briefly the quan
tization of a system of TV distinguishable particles. The following terminology is 
useful. An observable which refers to one single particle in the TV-particle system 
we will call a single-particle observable. More generally, a sum of single-particle 
observables we will call a one-particle observable. By definition, two single-particle 
observables are compatible if they refer to two different particles. Hence there are 
no operator ordering problems, more than are already present in the one-particle 
case, and the quantization of the TV-particle system follows directly from the quan
tization of the TV one-particle systems. The classical observables of the system of 
TV distinguishable particles can be built up as polynomials in the single-particle 
classical observables, or more generally limits of polynomials, and the construction 
carries over from the classical to the quantum theory. 

There is a similar result in the case of TV identical particles, although not quite 
as simple. There can exist no single-particle observable, since it would distinguish 
one particle from all the others. However, there do exist one-particle observables 
that are symmetric under renumbering of the particles, and they have the form 

v4(u ( 1 ) ,u< 2 ) l . . . , u ( N ) ) = - ( a { 1 ) + a ( 2 ) + - - • + a ( ; v ) ) , (2) 

where U(j), U(2), • • •, U(N) € Ui are phase space variables of the one-particle system, 
a^-j = a(u(j)), and a is a real function on Uj . 

The one-particle observables in a system of identical particles are general enough 
to generate all observabies. At least this is true in the classical case, as we show in 
App. B. They form a Lie algebra under the Poisson bracket in the classical theory, 
or the commutator product in the quantum theory, essentially isomorphic to the 
Lie algebra of observables of the one-particle system. In fact, if 
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J = I >=i »=i 
(3) 

then 
C=~[A,B), (4) 

Note that the "TV-particle Planck's constant" is hJN instead of ft, so that the 
limit N — oo corresponds, at least formally, to the classical limit h —• 0. With 
this convention, the quantization of the TV-particle system is almost reduced to a 
one-particle problem. However, the reduction is not complete, because there exist 
algebraic relations between one-particle observables that have to be relaxed as the 
number of particles is increased. Examples of this are shown in App. B. In the N-
particle system a set of one-particle observables general enough to generate all other 
observables may be chosen among the polynomials in coordinates and momenta of 
degree no higher than N. 

Let us summarize briefly the quantization problem for a small number N of 
spinless particles in d-dimensional Euclidean space. In order to quantize the system 
if N = 1, it is enough to represent the coordinates x and momenta p as operators. 
Once that is done, the operators representing polynomials in x and p are given by 
the classical algebraic relations modulo powers of h. The coordinates and momenta 
are independent observables, so that there are no extra constraints to complicate 
the quantization. 

If N = 2, we have to represent not only the one-particle observables correspond
ing to x and p, but also those corresponding to quadratic homogeneous polynomials 
in x and p, since they are algebraically independent of the linear polynomials. With 
no more than quadratic polynomials we still have a finite-dimensional Lie algebra 
under Poisson brackets. However, from d coordinates and d momenta we can make 
d(2d + 3) linearly independent one-particle observables that are either linear or 
quadratic polynomials, whereas the phase space for N = 2 has only dimension 
Ad. It follows that this set of one-particle observables is overcomplete, and there 
exist d{2d — 1) constraint equations in the classical theory. Of these equations, d 
correspond to Casimir operators and thus give no trouble, whereas the remaining 
2<f(d — 1) may exclude representations that are otherwise acceptable. 

For N > 3 we have to include cubic polynomials, and the Lie algebra becomes 
infinite-dimensional, with infinitely many constraint equations. We have not studied 
the representations of these infinite-dimensional Lie algebras. 

Our approach here is the simplest possibility, or at least the one that we find 
natural to try first, but we want to emphasize that there may be many other ways 
to treat the Heisenberg quantization of systems of identical particles. For example, 
polynomials are "nice" functions that everybody is familiar with, but it is quite 
conceivable that we could find sets of nonpolynomial functions of z and p that 
could play a similar role in the quantization. Furthermore, in a Lie algebra the 
commutator of two operators is always given by a linear function of the operators 
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in the algebra, but we might generalize so as to accept also nonlinear defining 
relations. In that case, one could have a finite-dimensional algebra for any number 
of particles. 

The so-called "quantum groups" are examples of nonlinear generalizations of 
Lie algebras; see e.g. Ref. 19. Another example, discussed below in Sec. 5, is the 
su(2)-like algebra of the matrices Q, R, S needed to define the general coordinate 
representation of sp(2,R), with the commutation relations (79). 

3. Two Particles in One Dimension 

To demonstrate the application of Heisenberg quantization to systems of identical 
particles, we turn first to the simplest possible example, which is the system of two 
identical particles in one dimension. We review here results from our discussion 
of a simple model for vortices in a film of superfluid helium. 3 3 Such vortices have 
been proposed as anyon candidates, on the basis of the approximation where the 
equation of motion is of HamilIonian form with the two spatial coordinates of a 
vortex center as canonically conjugate quantities.1 , 1 The validity of the simplifying 
assumption has been questioned, 1 5 , 1 6 but our interest here is the general method of 
quantization and not the specific model. 

It is convenient to introduce a unit system such that the coordinate x and 
momentum p are dimensionless, and h = 1. This means that we introduce an 
arbitrary length scale £Q and replace x and p by the dimensionless variables x/£ 0 

and pio/h. In the following we will use the dimensionless x and p, which satisfy the 
canonical commutation relations, either classical or quantum-mechanical: 

{x,p} = l , [z,p] = i. (5) 

To describe the two-particle system it is convenient to introduce the relative 
coordinate and momentum, 

r = x m - x(2), p - ~(P(i) - P(2)). (6) 

where the subscript (j) refers to particle j . If the two particles are not identical, 
then the dimensionless relative z and p of the two-particle system are observables 
and satisfy again the canonical commutation relations given in Eq. (5). But if 
the particles are identical, x and p do not exist as observables, since they are 
antisymmetric under exchange of particle indices. Observables are, for example, 

A = \{p2 + *2), B = ~{pi-xi), C=\{xp + px). (7) 

This is a convenient set of basic observables, because they are compatible with the 
center of mass position and the total momentum, 

x = 2(*e> + * ( * > ) > P = P(D + P(2)- ( 8 ) 



3656 J. M. £<»••> 8 X M»r*tim 

They can of course be expressed in terms of one-particle observables; for example, 

* 2 = 2[(x, „)» + (* ( 2 )) !] - (*(„ + * ( 2 ) ) 2 . (9) 

The classical observables A, B, C satisfy one constraint equation, 

r = A2 - B2 - c2 = i [ * y - (ip)2] = o. (io) 

The Poisson brackets 

{A,B} = C, {A,C} = -Bt {B,C} = -A (11) 

define the Lie algebra sp(l ,R) = sI(2,R) of the real sym p lee tic group Sp(l.R) = 
SL(2,R). 

A natural way to quantize the system is to postulate the following commutation 
relations for the operators A, B and C: 

[A,B] = iC, [AtC\ = -iB, [B,C\ = -iA. (12) 

In the linear representation of the Lie algebra, r = A2 — B2 — C2 is a Casimir 
operator, and the definition in Eq. (7) together with the canonical commutation 
relation, Eq. (5), imply that T = —3/16. However, for identical particles x and p 
are not observables, the fundamental observables are rather A> B, C, and there is no 
reason to impose either of the conditions that T = 0 or T = —3/16. This exemplifies 
the point that a classical constraint need not hold exactly in the quantum theory. 

In the way which is familiar from the theory of angular momentum, or from the 
general theory of Lie algebras, we find that the operators 

B± = B±iC (13) 

are raising and lowering operators for the eigenvalues of A, 

[A,B±] = ±B±i [B-,B+) = 2A. (14) 

A physically acceptable irreducible representation of the Lie algebra may be defined 
by orthonormal basis vectors Ictoi"), n = 0,1,2,. . . , which are eigenvectors of T and 
of A, as follows: 

r |ao,n) = a 0 ( a 0 - l ) | a 0 , n ) , 

^ |ao,n) = ( a 0 + n ) | a 0 , n ) , 
t (15) 

B+\a0s n) = ^/(n + l)(n + 2a 0 ) )a 0 ) n + 1), 

B_|ao,n) = y/n(n - 1 + 2oo)|ao,» - 1) • 

Here ao, the minimum eigenvalue of A, is an arbitrary constant defining the 
representation; the only condition is that it must be positive (arj = 0 is a 
degenerate case). 
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The positivity condition on ao is necessary for the physical interpretation of 
the observable A, which is a sum of squares. But it is also necessary for an even 
more fundamental reason. The probability interpretation of quantum mechanics 
requires a positive definite scalar product. We define the "vacuum" vector |0) to be 
normalized, (0|0) = 1, and then the norm squared of the vector \a) = B+\0) is 

<a|o) = {Q\B-B+\0) = (0|[5_,S+]|0) = (0|2v4|0) = 2a 0 . (16) 

Thus, it is enough to demand that the operator A should have a smallest eigenvalue 
oe0; then positivity of the scalar product implies that ao > 0. 

Each of the operators x2 = 2(A — B) and p2 = 2(A + B) should also be positive 
definite, but this gives no further restriction on a 0 . In fact, if 

oo 

M = I>nl«o,n) <17) 
n=0 

is arbitrary and if ao > 0, then 
• oo 

(tJ>\(A±BM = T^Wn + 2aoCn±VZT\cn+l\2>0. (18) 
1 n=0 

Since 2A is the Hamiltonian of a harmonic oscillator, we know its eigenvalue 
spectrum for either a boson or a fermion system. In the coordinate representation, a 
boson wave function is symmetric in x and a fermion wave function is antisymmetric. 
The corresponding eigenvalues of A are ao -f- n, with n = 0,1,2,. , . , and with 
a0 = 1/4 for bosoDs, ao = 3/4 for fermions. These two values of ao are precisely the 
ones that give the canonical eigenvalue —3/16 for the Casimir operator T, consistent 
with the existence of operators x and p satisfying Eq. (5) and Eq. (7). 

Thus we recover bosons and fermions as special cases in our Heisenberg 
quantization. In addition we get a continuum of intermediate cases, as we did 
in the Schrodinger quantization. However, the "intermediate statistics" we get 
with Heisenberg quantization is different from what we get with Schrodinger 
quantization. 4 , 2 0 

In the Schrodinger case the natural way to proceed is to impose a boundary 
condition on the wave function if/, that 

dtb 
-j- = q$ at x~Q, (19) ax 

with a constant rj which in principle could have any real value (including oo, but 
excluding negative values if we do not want negative eigenvalues of p 2 = —d2fdx2). 
A boson system has TJ = 0 and a fermion system l/rj = 0. A system with this bound
ary condition (and rj finite) is equivalent to a boson system with an additional 6 
function potential. Adding a 6 function potential to the harmonic oscillator poten
tial in a boson system implies that the intervals between energy levels are no longer 
constant. In fact, the eigenvalues a of the operator 
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(20) 

acting on wave functions defined for x > 0, with the boundary condition Eq. (19). 
are given by an equation involving the Euler T function, 

- * ( - £ • • • ) • 
I for x > 0, 
»g the E>ile 

'6-) 
(21) 

Figure 1 shows how this formula interpolates between the boson and fermion spec
tra. We get the fermion spectrum in either of the two limits n —* ±oo, but the 
lowest eigenvalue goes to -oo as rj —* -co . 

Fig. 1. The lowest eigenvalues of the operator A = (p 2 + x 2 ) /4 as functions of the statistics 
parameters T/ = 2 arctan TJ/JT (Schrodinger quantization, left) and oo (Heisenberg quantization, 
right). Bosons have r\' — 0 and oo = 1/4, fermions have ij' = ±1 and oo = 3/4. With Schrodinger 
quantization (left plot) the level spacing is constant only for bosons and fermions. 

The constant energy level intervals, which is what we get in the Heisenberg 
quantization of the harmonic oscillator, is also equivalent to the effect of a potential, 
but in this case the potential is of the centrifugal form A/x 2. We have 

3 ' 
= 4 7 + )-«(-S)(-S). 

get a a 
iplicati 

(22) 

with 7 = a0(o(Q — 1) the eigenvalue of T. Thus, we get a coordinate representation 
of the operators A, B and C such that z2 is a multiplication operator and 

2 d2 X J d d . 
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The one-dimensional Heisenberg quantization discussed here can be related to 
anyon systems in two dimensions in two different ways. If we separate out the 
angular dependence in the two-anycn problem we get exactly such an additional 
centrifugal potential, as given in the expression for / r , due to the shift in the 
angular momentum eigenvalues. The operator 2A then represents the harmonic 
oscillator Hamiltonian of a two-anyon system for given angular momentum. Also 
for two anyons in a strong magnetic field the algebra of the A, B and C opera
tors is represented if the system is confined to the lowest Landau level, x then 
represents the "guiding center" of the relative motion and 2A the relative angular 
momentum. 1 8 As shown by these examples, Heisenberg quantization in one dimen
sion is more closely related to Schrodinger quantization in two dimensions than in 
one dimension. 

The inverse square potential is discussed, for example, in Chap. 18 of Ref. 21 
and in Refs. 22 and 23. It has an interesting SO(2,l) symmetry group containing 
time-dependent conformal transformations. 2 4 , 2 5 The conformal so(2,l) algebra is 
different from the sp(l ,R) algebra studied here, although the two Lie algebras 
are isomorphic. It is noteworthy that a similar SO(2,l) symmetry exists for free 
anyons. 2 6 

4. Two Particles in Two Dimensions 

In any dimension d we may describe the two-particle system by relative coordinates, 
in the same way as in one dimension. The quadratic homogeneous polynomials in 
relative coordinates XJ and momenta p;-, j = 1,2,... ,d, form a Lie algebra under 
Foisson brackets isomorphic to sp(rf, R), the Lie algebra of the real symplectic group 
Sp(d, R ) . a This is so because they are the infinitesimal generators of linear canonical 
transformations of the coordinates and momenta. In the standard classification 
scheme of Lie algebras, sp(<f, R) is called Cd-

By direct generalization from one dimension we see that, in the approach that we 
have chosen here, the Heisenberg quantization of a system of two identical particles 
in d dimensions is equivalent to the study of a certain class of linear representa
tions of the Lie algebra sp(d, R). Certain restrictions have to be imposed on th< 
representations so that the theory has a reasonable physical interpretation. We wil 
discuss in more detail the case d—1. 

To exhibit the structure of the Lie algebra sp(2,R) it is convenient to expres: 
the observables in terms of the complex quantities 

aji^-Lip^ixj), j = 1,2. (24 

If they are defined at all in the quantized theory, they satisfy the commutatioi 
relations 

[aj + ,ak+] = fo_,afc_] = 0, [<X;_,a*+] = 6jk , (25 

^Unfor tunately , different nota t ions are in use: the symplectic g roup with configuration space c 
dimension d a n d phase space of dimension 2d is often denoted as Sp(2d, R ) . 
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establishing them as harmonic oscillator raising and lowering operators. We stress 
that x and p are not observables and serve only to define the Poisson brackets 
or commutators of the basic ob&ervables, which are quadratic in z and p. The 
generalized one-dimensional observables A, B, C may be expressed as 

Aj = - ( o j + 0 j - + 0 j _ a i + ) , B ) ±=B i±>C > = i(a > ± )
s . (26) 

In addition we have two-dimensional observables, which are the real and imaginary 
parts of 

A t = D „ ± ; £ > i m = a , ± a 2 ± , E± = E„± i£lm = a 1 T a s ± . (27) 

For example, the relative angular momentum is 

L = xip2-x2pi = t ( £ + - E _ ) = - 2 B i m , (28) 

it is contained in an su(2) subalgebra of sp(2, R). 
It should be remembered that the Lie algebra we speak of is primarily the classi

cal algebra of functions defined on phase space, and it is only after quantization that 
the elements become operators on a Hilbert space. We make the basic assumption 
that the quantum theory is defined by a linear representation of the classical Lie 
algebra of the (complex-valued) functions A, Bt C, £>, E just defined. With this 
assumption it is straightforward to work out the commutation relations that the 
corresponding operators A, B, C, D, E have to satisfy. 

4.1. .Roots and weights 

The root diagram in Fig. 2 is a graphical representation of the commutation rela
tions. It shows how the different operators change the eigenvalues of the commuting 
operators Ai and A2, which span a Carian subalgebra of sp(2,R), and are repre
sented by the two circles at tbe center of the root diagram. Ai and A2 together 
with the raising and lowering operators B\±, Bz±, D±, E± form a Carian basis for 
sp(2, R). 

B,. ^ ^ - # . + 

D. J E. 
B-i-

0 0 0 0 

0 0 0 

0 0 0 0 

0 0 0 

0 0 0 0 

0 0 0 

• 0 0 

-f-
Orio " " O l 

Fig. 2. The root diagram of the Lie algebra sp(2,H.), and the lower left corner of the infinite 
weight diagram of a representation. The lowest weight (aiOiCrøo) is marked with •, 
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Horizontally and vertically in the root diagram there are two sp(l ,R) algebras 
M> B[± and J4 2 . B2± that mutually commute and satisfy commutation relations 
as in Eq. (14): 

[Aj, Bj±] = ±Bi± , [fl , . , fli+] = 2At, 3 = 1,2. (29) 

Along the two diagonals in the diagram there is a third sp(l ,R) algebra A\ + A2l 

D± and onesu(2) subalgebra A? — A\, E±, with the sp(l,R) commutation relations 

[Ai + A2, A t ] = ±D± , [ 0 . , D+) = 2(^1 + ^2) (30) 

and the su(2) commutation relations 

[A2 - AUE±) = ± £ ± , [£?_,£+] = -2(>i 2 -A,). (31) 

Even though 
Mi + A2) E±] = [A2 - Au D±) = 0 , (32) 

the two diagonally ortented subalgebras do not mutually commute, because of the 
commutation relations 

[E., D+] = 2B1+ , [D-, E+] = 2Bi _ , 
(33) 

[£+, £>+] = 2B 2+ , [/>_,£-] = 2 S 2 - • 

The remaining nonvanishing commutators are 

[E„,B2+] = [E+,B1+] = D+1 

[S-,fl ,_] = [£?+, B a_] = - D - , 
(34) 

[Z?_ l S J + ] = - [ D + , B 2 _ j = £:_ 1 

[D-,Bi+] = -[D+,Bl-) = E+. 

Consider now an arbitrary representation of sp(2, R), and let \a) be an eigen
vector of the commuting operators A\ and A2: 

^i |a) = Q ] |a) , A2\a)=a2\a). (35) 

The pair of eigenvalues (01,03) is called a weight o( the representation. By operating 
on \a) with sequences of raising and lowering operators B, D, E we generate new 
eigenvectors of Ai and A2t and the corresponding weights form a weight diagram, 
which is a lattice where the neighboring points are separated by the root vectors 
(±1,0), (0,±1), (:&£,£) and ( ± | , —|) . A typical example of a weight diagram is 
shown in Fig. 2. 

4.2. The lowest weight vector 

An important observation is that all of the operators i?i_, B 2 _ , D- and E± lower 
the eigenvalue of at least one of A\ and A2 by either 1/2 or 1. Hence, because all 
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eigenvalues of both A\ and A% must be positive, any common eigenvector of A\ and 
A? must be annihilated by some finite power of any one of the operators Bi_, B 2 _ , 
D-. or E±. 

Start now with the arbitrary eigenvector |o) of A\ and A2, and operate on it 
with £L as many times as possible without annihilating it. Then we get a vector 
|6) ^ 0 such that £_|t) = 0. Next, operate on |6) repeatedly with B 2 _ so as to 
produce a vector \c) jt 0 such that B 2 _ |c) = 0. Operate on |c) with £>_ to produce 
a vector \d) ^ 0 such that D-\d) = 0. Finally, operate on )d) with B x _ to produce 
a vector |0) ^ 0 such that J3i_ |0) = 0 . It is easy to prove that 

B, _ |0) = D. |0> = B 2 _ |0) = £_ |0) = 0, (36) 

using the fact that all the operators Bj_ , B 2 - , D- and £_ commute, with the only 
two exceptions that [£_,D_] = - 2 B 2 _ and [£_,B]_] = -£>_. 

The vector |0) is called a lowest weight vector. We denote its weight by (aio, «20), 
that is, 

4, |0) = a,o|0), vt2|0) = a 2 0 | 0 ) . (37) 

As already noted, there must exist a nonnegative integer K such that 

(E+)
K\0)?0, ( £ + ) * + 1 | 0 ) = 0. (38) 

We may use the commutation relations to rearrange any finite product of the 
operators A, B,D, E into a standard form, which is a linear combination of products 
'vhere the factors appear in the "normal order". We are free to choose any normal 
order we like, and for our purposes it is useful to put the operators By-, B^--, £>-, 
E_ to the right, defining, for example, 

B1+ < B2+ < D+ < E+ < Å! < At < B^ < B2~ < D- < £L . (39) 

According to the Pcincare-BirkhofF-Witt theorem, 2 7 the standard form of a given 
product is unique. See App. C. 

Using Eqs. (36)-(38), together with the Poincare-BirkhofT-Witt theorem, it is 
easy to verify that the vectors 

\jkmn) = (Bi + y(B^)k(D+r(E+r\0), (40) 

with j , k, m = 0,1,2, . . . and n = 0 , 1 , . . . , K, span a representation of the whole 
Lie algebra. In particular they are eigenvectors of Ai and Ai: 

Aiijkmn)- (a,0 +j+ ^—^\\jkmn), 

/ m + » \ ( 4 1 ) 

Ai\jkmn) = I am + k + —j—pjkmn) • 

The weight diagram of this representation has the typical form illustrated in Fig. 2, 
with the lowest weight at one corner of the lattice. 

file:///jkmn
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Clearly an irreducible representation has one and only one lowest weight vector, 
it is generated from its lowest weight vector in the way indicated here, and it is 
uniquely defined by its lowest weight (aio, 030)- Eq. (41) shows that there is no 
degeneracy along the edges of the weight diagram of an irreducible representation, 
that is, there is only one basis vector corresponding to each weight on the edge. 
However, in the interior of the weight diagram there is usually degeneracy, higher 
the farther from the edge, depending on the number of combinations of j , fc, m, n 
giving vectors \jkmn) of the same weight. 

The vectors 
jOOOn) = (£+) n | 0 ) , n = 0 , 1 , . . . , K , (42) 

lying in the lower left corner of the weight diagram, are the basis vectors of an 
irreducible representation of the su(2) subalgebra At — A\, E±. In particular, using 
the rules given above we may compute 

E-(E+)n\0) = [£L,(£+) n]|0> = • - - = n(2(« 1 0 - * 2o) - n + i ) ( £ + ) n _ 1 | 0 > . (43) 

Taking n = K + 1 we have that (£+)"|0) = 0, ( J E + ) " - 1 | 0 ) f 0, and hence 

2 ( a , 0 - a 2 0 ) = K • ( 4 4 ) 

Thus, as n increases from 0 to K, the eigenvalue of Ai — A\ increases in integer 
steps from —K/2 to K/2. It follows that the weight diagram must be symmetric 
about the diagonal ot\ = a j . 

4.3. Casimir operators 

Like in the case of sp(l ,R), there exists a quadratic Casimir operator commuting 
with all the operators of sp(2,R): 

A<2» = j ( r , + T 2) + i [ ( £ « ) 2 + ( E i m ) 2 - (£>„)* - (D i m ) 2 ] 

= | [(>li) 2 + (A2)2 - A ^ 2A2 - B i+B, - - B2+B2-} 

+ 1-{B+E.-U+D.). (45) 

Here Fi and r2 are the sp(l,R) Casimir operators, as defined in Eq. (10). 
Since the Lie algebra sp(2, R) has rank 2, there exists also a second independent 

Casimir operator A^*\ of fourth order. 2 1 ' 2 8 An explicit expression for it is given 
in Eq. (84). For sp(2,R) [but not for sp(l,R)] we use Racah's definition of the 
Casimir operators. See App. C-

The Casimir operators take constant values in an irreducible representation: 

A ( 2 > = i [ ( o i o ) 2 + ( a 2 o ) 2 - a i o - 2 a 2 0 ] 

= ^1(4*20+ K - 3 ) 2 + (tf + l ) 2 - 1 0 ] , (46) 

file:///jkmn
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A«> - 1-(&W? = ^ I t f 4 + 4(2* 2 0 - 1)A"3 + 8 a 3 0 ( 2 a 2 0 - \)K2 

+ 8(2a 2 0 - \fK + 1 6 a 2 0 ( 2 a 2 0 - 3)]. (47) 

4.4. The scalar product 

To study the degeneracy in a general irreducible representation we need the scalar 
product, it is uniquely fixed by the normalization of the lowest weight vector, 
(0(0) = 1, and by the requirement that physical observables should be represented 
as Hermitian operators. The last condition means that the operators A\ and Ai 
should be Hermitian, and that the "+" and " - " operators should be Hermitian 
conjugates of each other, (U±)* = (/ T , where U = B\, Bi, D, E. These conditions 
are consistent with the commutation relations in the Lie algebra. 

The scalar product 

(pgrs\jkmn) = < 0 | ( £ . ) ' ( D . ) ' ( B 2 - ) « ( B 1 . ) ' ' ( f l 1 + ) ' ( S 3 + )
t ( D + ) " ' ( £ ' + n O ) (48) 

may be computed by the normal ordering of the operator product, when we use 
Eq. (36) and its conjugate, 

<0|B 1 + = (0 |D + = (0 |B 2 + = (0|£+ = 0, (49) 

as weil as the eigenvalue equations of-4i and A%, Eqs. (37). It follows from the 
Poi n c aré- B irk hoff- Witt theorem that the result of the computation does not depend 
on the way it is carried out. 

The two states \pqrs) and \jkmn) have a nonzero scalar product only if they 
have the same weight, that is, only if 

2p + r — s = 2 j + m — n, 
(50) 

2q + r+s~2k+m+n. 

Their scalar product is a polynomial in &10 and 0:20 with rational coefficients, since 
all the structure constants of the Lie algebra, as defined here, are rational (in fact 
integer or half-integer). 

The scalar product must be positive definite in order to give an acceptable phys
ical interpretation. In contrast to the one-dimensional case, positivity implies non-
trivial constraints on the lowest weight (aioitt2o) of a representation, stronger than 
the conditions that A\ and Ai must have positive eigenvalues. In some marginal 
cases, where no vectors have negative norm squared but some have zero norm, we 
may make the scalar product positive definite by simply defining vectors of zero 
norm to be zero. When we do so, we reduce the degeneracy. See App. D. 

We have examined the positivity constraints and the reduction of degeneracy for 
the weights that are close to the lowest weight (aio,a2o)- The two most important 
examples are presented in App. D. We prove in App. E that the scalar product is 
positive semidefinite when K = 0 and 0:20 > 1/4, and in fact positive definite when 

file:///pqrs
file:///jkmn
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<*20 > 1/4, with no reduction of degeneracy due to the scalar product. Although 
we have no proof for K > 0, we believe that the two examples in App. D give all 
the positivity restrictions there are. 

To summarize: we conclude that positiv i ty of the scalar product requires that 
azo > 1/4 if K = 0 or K = 1, and 020 > 1/2 if K > 2. There is always degeneracy, 
except when a^o = 1/4 and either K = 0 or K = 1. In fact, the only two repre
sentations with a positive definite scalar product and no degeneracy are the boson 
representation, with K = 0 and OI\Q — Q 2 0 = 1/4, and the fermion representation, 
with K = 1 and O10 = 3/4, 020 = 1/4-

The inequalities for 0:20 imply for the Casimir operator A ' 2 ' that 

A< 2' > I ! (51) 

4.5. Bosons and fermions 

Like in one dimension, we get bosons and fermions as special cases of the Heisenberg 
quantization in two dimensions. In the coordinate representation, a simultaneous 
eigenfunction of A\ and -42 in a two-particle system consisting of either bosons 
or fermions must have a definite symmetry in each of the relative coordinates xi 
and x2. A boson eigenfunction must either be symmetric in both x\ and x 2 or 
antisymmetric in both, and this corresponds to the weight diagram with the lowest 
weight aio = CK20 = 1/4. A fermion eigenfunction must have opposite symmetry 
in x\ and X2, which corresponds to the weight diagram with the lowest weight 
ct 1 0 = 3/4, Q2O = 1/4- Thus, 

0 for bosons, 
Kzz2(a10-a2o) = i ° , , • (52) 

for fermions. 
Like in the one-dimensional case, the Casimir operators do not distinguish between 
the boson and fermion representations. In fact, A ( 2 ) = —5/24 and A ( 4> = -5/3456 
in both representations. 

The weight diagrams of the boson and fermion representations are shown in 
Fig. 3. We know from the usual solution of the Schrodinger equation by separation 
of variables that in the boson as well as the fermion system there is no degeneracy: 
to each weight in the weight diagram there corresponds exactly one physical state. 
The boson and fermion representations together form a representation of the relative 
coordinates and momenta x\, x 2 , pi, p 2i s u c n that the operators A, B, D, E are 
quadratic homogeneous polynomials in x and p. This factorization implies many 
operator identities, for example that Tj = T 2 = —3/16, and 

D+(4A! - 1) -4Bi+E+ = 0, 
D+(4A2-\)-4B2+E. = 0, (53) 

(D+)2~4Bl+B2+=0. 
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O + O + O + O 
+ O + O + O + 
O + O + O + O 
+ O + O + O + 
O + O + O + O 
+ 0 + 0 + 0 + 
C * O + 0 + O 

Fig. 3. The lower left comer of the weight diagrams of the boson representation (o) and the 
fermion representation (+) of the Lie algebra sp(2, R). The lowest boson weight is marked with 
•, and the lowest fermion weight with «. 

Consider for example the last one of these identities. Since the standard basis 
vectors have the form 

\jkmn) = ( B 1 + ) ' ( B 2 + ) l ( D + n < > 0 0 n ) , (54) 

with j , k, m > 0 and n = 0 , 1 , . . . , K, and since the operators B i + , B 2 + and D+ 

commute, the identity holds in a given representation if and only if 

|fi) = [{D+f - 4Bi +B 2 +]|000n> = 0, (55) 

for n = 0 , 1 , . . . , K. To check whether some vector vanishes, we compute its norm. 
Thus, if K = 0 we have 

(0|6) = 24a 2 0 (4a 2 0 - 1). (56) 

And if K = 1 we have 

<6|0) = <1|I) = 12(2o 2 0 + l ) (4a 2 0 - 1). (57) 

We see that all three seal-* products vanish when a 2 o = 1/4, and this proves the 
operator identity (D+) 2 — 4 B i + B 2 + = 0 in the boson and fermion representations. 

4.6. Implications of degeneracy 

Degeneracy is a major problem for the physical interpretation, not only because it 
means that the Hilbert space contains too many states as compared to the boson 
and fermion cases, but also because it means that some of the more basic algebraic 
identities of the classical theory are violated. For example, the relation 

( * l ) 2 ( * j ) 2 = ( z t * 2 ) 2 (58) 

between the compatible observables (*i) z , ( x 2 ) 2 and t m , no longer holds as an 
operator identity. 

file:///jkmn
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In our notation we have 

( i > ) ' = 2 i l j - B f + - B f _ , j = 1,2, 

2 i | i ! = E+ + E.- D + - D. . 

We have, for example, 

4 [ ( i , ) 2 (* 2 ) 2 - (*,I2)2]|0> = 2 ( 2 a M + tf)(4a20 - 1)10) - |o> - |6) - |c> - \i), (60) 

with 

!«) = ( £ + ) 2 | 0 ) , 

\b) = [(8020 + 4 * - 2 ) B 2 + - 2D + £ + ] |0> , 

|c) = [ ( i ) + ) 2 - 4 B ] + B 2 + ] | 0 ) , 

W = (8«2o-2)B 1 + | 0 ) . 
The five vectors on the right hand side of Eq. (60) belong to five different weights, 
hence they must all vanish if Eq. (58) is to hold as an operator identity. One 
necessary condition is obviously that a 2 o = 1/4- Another is that K = 0 or K — 1, 
so that \a) = 0. The only two possibilities are therefore the boson and fermion 
representations, which we know to be nondegenerate, and where we know that 
Eq. (58) holds. 

As long as we insist on imposing the classical identity of Eq. (58) »« ** operator 
identity, we have to conclude that Heisenberg quantization in two dimensions, the 
way it is understood here, can accomodate only bosons and fermions. If on the other 
hand we decide to give up Eq. (58), as well as other identities of a similar kind, this 
may be seen as a new kind of operator ordering problem. The new feature is that 
the violations of the classical identities introduce new degrees of freedom. However, 
since operator ordering problems of one kind or another can never be completely 
avoi<hdy we want to take seriously the general representations of sp(2,R) and try 
to understand their possible physical interpretations. For this purpose we look for 
a coordinate representation. 

5. Coordinate Representat ion 

The observables (xi ) 2 , (x?)2 and x\Xi as defined in Eq. (59) are three mutually 
commuting elements of the Lie algebra sp(2,R), but they do not span a Cartan 
subalgebra and so cannot play roles exactly like those of A\ and A% in the con
struction of representations. Nevertheless we may use them to define a general 
coordinate representation. 

Let us define the coordinates 

If = ( n ) 2 + ( x 2 ) 2 , V = (Xj) 2 " (X2)2 , tu = 2X!X2 - (62) 
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For an arbitrary angle a we have 

u + v eos(2a) + w sin(2a) = 2(xi cos a + x 2 sin a)2. (63) 

This observable is part of an sp(l ,R) subalgebra of sp(2,R), and it is positive 
definite (the argument given in Sec. 3, Eq. (16), applies here after we decompose 
the representation of sp(2, R) as a direct sum of representations of sp(l, R)]. It 
follows that the observable 

u 2 - v2 - w2 = 4[(*i) 2 (x 2 )
2 - (x,* 2 )

2 ] (64) 

is positive (or nonnegative) definite. 
This suggests, for example, the use of some kind of polar coordinates r, 8, $ 

such that 

u=zr2 , v = r 2 sin 9 cos(2#), w = r2 sin 6 sin(2<£). (65) 

Note that <fr and <f> + ir represent the same configuration. We may interpret <f> as 
the relative angle of the two particles, so that the transformation # *-* <f> -f v is an 
interchange of the particles. 

We take the angles 9 and ^ to be in the intervals 0 to ir/2 and 0 to 7r, respectively, 
with <f> = 0 and <f> = IT identified. Thus the domain of definition of our wave functions 
is one quarter of R 3 if we interpret r, $, <j) as polar coordinates. Motivated by the 
"natural metric," Eq. (80), we choose to normalize the wave function \fr such that 

f d4> (Z dø sin 0 f drr2\t!>(r,9,4>)\2 = 1. (66) 
Jo Jo Jo 

Note that & is fixed to TT/2 in the boson and fermion representations. They are 
therefore defined only in the half-plane, or more precisely in the plane with opposite 
points identified, which is a boundary of our three-dimensional space. 

Take now the angular momentum L = i(E+ — E-) = xip2 —x2pi as an example. 
It commutes with the coordinates u, v, w as follows: 

[L, u] = 0, [L, v] = liw, [L, w] - -liv , (67) 

and is therefore represented by the first order differential operator 

This definition of L makes it Hermitian with respect to our scalar product. We 
have the freedom to add to L an arbitrary real function of r, 9, <t>, but this would 
be no generalization, because we may always eliminate such a vector potential in 
this one operator by a local gauge transformation, which may however have to be 
multivalued as a function of 4>- Note that we have so far made no assumption that 
the wave functions should be single-valued. 
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Three more observables, 

Ci = - j ( B i + 
•Bj-)= ^XjPj+pjZj), > = 1,2, 

M : ->(£>+ - £ > - ) = ziPi + xsp,, 
(69) 

are represented as first order differential operators, whereas the remaining three 
observables, 

(pj)
1 = 2Ai + Bj+ + Bj-, j = 1,2, 

2pip 2 = E++E- + D+ + D-, 

have to be represented as second order differential operators. Define 

(70) 

U = (p,) 2 + (p 2 )
2 , l ' = (p.) 2 •te) 2 W = 2 p l P 2 . 

(71) 

The operators U, V, W commute and could be used in place of u, v, w; then we 
would get a momentum representation. The fallowing table of commutator products 
defines the Lie algebra sp(2, R) in terms of our present basis: 

(72) 

It turns out that in the general case the wave function 4> cannot be just a scalar 
function of the coordinates u, v, w. This is so because there exist operators, con
structed from the operators in the Lie algebra, that commute with the coordinates 
but not with the whole Lie algebra. For example, the operator 

C, Cd i M u V w 

c, 0 0 0 0 —iu —IV — IW 

cd 
0 0 -iM -iL —iv —iu 0 

L 0 M 0 -4iCd 0 2iw -2iv 
M 0 iL HCj 0 -2iw 0 -2 iu 
U -iU -iV 0 -2iW -8iC, -UCd -MM 
V -iV -iU -2iW 0 -SiCd -iiC, ML 

W -iW 0 2iV -2iU -MM -ML -8 iC , 

uL - vM + 2wCd 

Vu2 -v2 — ws 
(73) 

commutes with all the operators u, t>, w, C,, Cd, L, M, but not with the remaining 
operators U, V, W. We may take S to be represented by a diagonal, real J X J 
matrix: 

/Si 0 ... 0 \ 
0 S2 ••• 0 

(74) 

\ 0 0 . . . Sj I 
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It is related to angular momentum since it equals L when ti = w = 0, and could 
be thought of as a kind of intrinsic "spin." The dimension J of the internal "spin" 
space will turn out to be related to the integer K, which we have previously used 
to label irreducible representations; in fact J = K + 1 except in some special cases. 

We find the following representation of the Lie algebra, involving one arbitrary 
constant fx and three different J x J matrices Q, R and S: 

2Ct = cos{2<t>)C„ - sin(2^)C^, 

M = sin(2^)C, + cos(2.j>)C>, 

when we define 

Finally, 

C, = - <'£-i)-«—£ 
sin 6 0$ 

(75) 

(76) 

4 
3r s i n * a r - ^ + < C * > 2 + S 2 

with 

n 1 \ d 

li-2S2 +sin 9Q 31 
+ c f̂l + 4J' (") 

V = cos(2^)V„ - sin(2^)V* , 
W = sin(2^)V, + cos(2«)V* , 

q + sing(p-2S»)1 
S P 1 J' ( 7 8 ) 

The matrices Q, R and S satisfy the su(2)-like commutation relations 

[S,Q] = -2iR, 

[S,R] = 2iQ, (79) 

[QtR] = -8iS(tt-2S2). 

Note that the main part of —V is the Laplacian operator with respect to 
the metric 

ds2 = dr7+- d92 + r 2 sin2 B dtf . (80) 
4 
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It differs from the flat Euclidean metric by the factor 1/4 in the middle term. With 
this metric, which is a natural choice, our three-dimensional space has positive 
scalar curvature R, = 6/r 2 . Note the curvature term R,/& in the operator U. 

5.1. Casimir operators 

As is easily verified, the su(2)-like algebra of the matrices Q, R, S has the 
Casimir operator 

&<}>>* =Q2 + R2 +Up-4)S2-4S\ ( 8 1 ) 

which is in fact a Casimir operator of the whole sp(2, R) algebra. 
Let us introduce the following rotationally invariant operators: 

O, = u 2 - v2 - w2 , 

0 2 = U2 - V2 - W2 , 

03 = v.U + vV + wW, 

0 4 = L2 - M2 - 4 ( d ) 2 , 

Os = 4(C,)2 + 12iC,, 

0 6 = uL - vM + Iwd , 

07 = LU + MV -1CdW, 

O g = u(2CdV + MW) + (2vCd + wM)U + L(wV - vW). 

Then the second and fourth order Casimir operators defined in Eq. (45) and in 
App. C may be expressed as 

A « = i ( 0 3 + 0 4 - 0 5 ) = ^ , (83) 

A«> - ±(A' 2>) 2 = ^ [ ( O s ) 2 -0j02 + 40607 - 4 0 5 0 4 - 8 0 5 + 40O4 

(82) 

- 4(2C, + 3i)(0s - liuU) + ti{C, + t ) 0 3 ] 

AQRS + 8p - 64 
6912 

(84) 

Comparing with Eq. (46) and Eq. (47), we find the following relations between 
the parameters p and A ^ ^ of the coordinate representation and the parameters 
c*2o and K used to classify the irreducible representations of sp(2,R): 

U = (4a 2 0 + K - 3) 2 + (K + l ) 2 - 2 

= K(K + 2) + (4<*20 + K- 2)(4a 2 0 + K-4), (85) 

A<5R S = 4K(iC + 2)(4a 2 0 + K- 2)(4a 2 0 + if - 4). 
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Thus, Eq. (51) is equivalent to the inequalities 

'' \ V<2 if K 
= 0, 
> I . 

(86) 

5.2. The matrices Q, R, S 

When the wave function ^ is a spinor, we have to interpret |t//|2 in the definition of 
the scalar product, Eq. (66), as the sum of the absolute squares of the components 
of ift. The constant fi should be real, and the matrices Q, R, S should be Hermitian, 
in order that alt the operators be Hermitian. See App. F for a discussion of the 
Hermiticity conditions. 

It is easy to construct irreducible matrix representations of the commutation 
relations for Q, R and 5, by standard techniques, and the construction yields both 
finite and infinite dimensional representations. However, it is not our purpose here 
to derive the most general representations, since we will need only a certain class 
of finite-dimensional representations. 

The most trivial example is the one-dimensional representation, where the com
mutation relations are simply the equations 

Q = R=S(n-2S2) = 0. (87) 

S = 0 is one possible solution, giving A®RS — 0. According to Eq. (85) and 
the positivity conditions discussed in Subsec. 4.4, there are three ways to make 
AQRS = 0: take (i) K = 0; (ii) K = 1 and crjo = 1/4 or 3/4; (iii) K = 2 
and O2o = 1/2- F° r a given fi > 0 we have two more possible solutions of the 
commutation relation, S = ±i/fi/2, giving A^RS — fi(p - 8). There are only two 
possible ways to satisfy this equation and make S ^ 0: (i) take Q^O = 1/2, so that 
S = ±A"; (ii) take a 2o = 3/2, so that S = ±(K + 2). 

In the following we consider matrix representations of finite dimension J > 2. 
We take S diagonal, Eq. (74). The first two commutation relations are satisfied if 
the eigenvalues of S are 

Sk = SQ-2k, A = 1,2 J, (88) 

with So an arbitrary real constant, and if Q and R are tridiagonal, of the forms 

0 0 \ 

Q = 

/ 0 Qj 0 . 
« i 0 Q j . 

O Q j O . 

0 0 0 . . . 0 Qj-, 
\ 0 0 0 ...Qj-i 0 . 

(89) 
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R = i 

/ 0 Q, 0 . 

-<3i 0 Q2. 
0 -Qi 0 . 

0 

0 

0 

0 

0 

0 

0 0 0 . 

v 0 0 0 . 

0 

-Qj-
QJ-

i 0 

(90) 

We take the matrix elements Qk to be real, so that Q and R are Hermitian matrices. 
In fact there is no loss of generality if we assume that Qk > 0. If we define Qo = 
Qj = 0, then the third commutation relation is the recursion relation 

(Qk)2-(Qk-i)2 = 4Sk[v-2(Sk)
2], fe = l ) 2 , . . . , J . (91) 

The Casimir operator, Eq. (81), is 

A « * s = 2 [ ( Q t . , ) 2 + (Q0 2 ) + 4tø - 4 ) (5 t )
2 - 4(S*) 4 • (92) 

The last two equations have the unique solution 

(Qkf = 1-&QRS + 2nSk - (p - 4)(Sk)
2 - 4(S*) 3 - (Sk)* 

= (5* + K)(Sk - /f - 2)(5'A + 4 Q 2 0 + A' - 4)(J 4 - 4 a 2 0 - /if + 2). (93) 

The simplest way to satisfy the conditions Qo = QJ ~ 0; in fact the only way 
except for special values of 0:20 is then to take So = K + 2 and Sj — So — 1J — —K, 
implying that J — K + \. It turns out that the assignments J = K + 1 and 
So = K + 2 = J -I- 1 are always acceptable, although they imply that the J-
dimensional matrix representation for the matrices Qt R, S becomes reducible for 
special values of K and Q20-

The simplest example is K = 0, where we have seen that we may take J = 1 
and S — S\ = 0 . 

The next simplest example is K = 1, corresponding to J = 2, Si = 1, S'2 = — 1, 
and 

(Q,) 2 = 16(2a 2 0 - l ) 2 . (94) 

We see that arjo = 1/2 is a special case, because then Q\ — 0 so that the two-
dimensional matrix representation is reducible and splits into two one-dimensional 
representations, which we recognize from our discussion above. 

Assume now that K > 2, and that J = K + 1 and So = K + 2. As we have seen 
in Subsec. 4.4, positivity of the scalar product requires then that 0:20 > 1/2. This 
inequality ensures that {Qk)2 a s given by Eq. (93) is nonnegative for —K + 2 < 
Sk < K > ie . for k = 1,2 J — 1. Again a^o = 1/2 is a special case, giving that 
Qx = Qj„i — 0 so that the representation is reducible and splits into three parts: 
two one-dimensional representations with S = Sj = K or S = Sj = — K, and one 
representation of dimension J — 2. 
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5.3. The wave functions 

The above differentia] operators define a representation of the commutation rela
tions of the Lie algebra sp(2, R), but there are additional constraints on the matrices 
Q, R, S following from the fact that we consider Hermitian representations with 
a lowest weight state. We examine these constraints by constructing explicitly the 
lowest weight state in the coordinate representation. 

For this purpose it is convenient to introduce a different Cartan basis for the 
Lie algebra. That is, we denne an automorphism X *-* X of sp(2,R) such that 

Åi = ±(A1+A2)-'-(E+-E-), 

Å, = ~(Al+Ai) + ^(E+~E.), 

B2± = ~[D±^i(Bl±-B2±)}, 

D± = B,± + B 2± , 

É± = V(Ai-A2)+
l-(E+ + E-). 

The advantage of this new basis is that the common eigenvectors of A\ and Ai are 
also eigenvectors of the angular momentum L. In our coordinate representation 
we have 

A2 = i(tf + u + 2L), 
o 

B1± = ie*2i*[VV - 2C P ± i(V„ + 2C* - r 2 sin «)], 
O 

B%± = ;e ± 2 , '*[V^ + 2C, T HY, - 2C* - r 2 sin $)], 

(96) 

5± = j(t/-«)±iC,, 

We now define the lowest weight state i/> = i/>o by the six equations 

{Åi - al0)il> = (A2 - a20)tl> = B,_ti = B2->l> = D.rj> = E.1> = 0. (97) 

Strictly speaking these equations are not independent, since the two equa
tions Bi_ii = E_t/> = 0 imply that D-t/> = B2-<ji = 0, by the commutation 
relations. There is also a seventh condition to be satisfied, for some integer K = 
0 ,1 ,2 , . . . , that 

(£ + )
K <<>*0, ( £ + ) * + l V = 0. (98) 
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We use three equations from Eq. (97) to express the first order partial derivatives 
of 4> in terms of t/t itself. The remaining three equations are then purely algebraic 
relations involving the eigenvalues orio and a^o, the constant fi and the matrices Q, 
R and 5, as well as the wave function rp. 

First we get from Eq. (97) the eigenvalue equation for angular momentum, 

Lt), = 2{Å2 -Åi)i> = 2 ( o m - «icW = -M > (99) 

^ = -«rø- 000) 
The second relation we get from Eq. (97) is 

fiC, -i.^\^ = (Å:-i-Å2- b.)xp = «*0*. (101) 

or 

when we write 
K 

<*o = «to + <*20 = 2or2o + Y • (103) 

The third relation is 

(iCp + Cp + r 2 sin 0)if> = K W *(45 a . . - 2É-)i> = 0 , (104) 

or, when we use the above expressions for the derivatives with respect to <j> and r, 

H = [(1 _ a 0 ) tan 9 + ^ r r - = - £ - = 1 * . (105) 
00 L ' sin(20) 2 sin 0j v ; 

When we use Eqs. (100), (102) and (105), the remaining three equations from 
Eq. (97) can be simplified as follows. One equation is the relation between /i, orjo 
and Q2Q given in Eq. (85). Finally we have the equations 

(Q + iR)i> = 2 cot ( °- ) (S + 2a 0 - 2)(S - ff)tf, 

m ( 1 0 6 ) 

( g - i f l ) ^ = 2 t a n f - j ( 5 - 2 a 0 + 2)(5 + K)V'. 

Equations (100), (102), (105) and (106), together with the commutation rela
tions of Eq. (79), imply that the general basis states generated from if> = ^o have 
the form 

• i f . = (Bi + y(Bv.)k(D+)
m(É+r,l> = £ a , j t m „ ( r , M ) S V . (107) £ 
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That is, they are generated from tp by polynomials in S having coefficients a,jtmn 
that are functions ofr, 6 and <t>. The highest power of 5 occurring is J' — 1, where 
/ ' < J is the number of nonzero spinor components of $ in a representation wher! 
S is diagonal. In fact, higher powers of S can be reduced by means of the identity 

] J ( S - S«hl> = 0 , (108) 
a 

where the product includes the J' eigenvalues Sa of S such that the corresponding 
components of tp are nonzero. 

5.4. The lowest weight state 

In our representation with the matrix 5 diagonal, Eqs. (74) and (88), the solution 
of Eqs. (100), (102) and (105) is that $ has the components 

MrJ,<i>) - c f c r
2 a D - < 3 ' 2 > e - r a / 3 ( c o s 0) f t ' - 1 ( tan e)K'2{cot($f2)]s'-t2e-ix+ , (109) 

with each ck constant. Equation (106) is then equivalent to the two recursion 
relations 

Qt - i c* . ! = (S t + 2<*0 - 2)(Sfc - K)ck , 
(110) 

QkCk+i = (Sk - 2a 0 + 2)(Sk + K)ck , 

with k = 1,2, ...,J and with Qjt > 0 given by Eq. (93). These two recursion 
relations for the coefficients c* are consistent because the coefficients multiplying 
et and cjt+i form a vanishing 2 x 2 determinant, 

Qk {Sk+i + 2a0-2)(Sk+1-K) 

(St - 2a 0 + 2)(S t + ff) Qk 
(111) 

It remains for us now only to verify Eq. (98). Using all of the equations (100), 
(102), (105} and (106), we get for n = 1,2,3 

/ i e 2 i * \ " 
' ^ " ^ U r T f l ) P n ( W ' ( H 2 ) 

with the polynomials 

P l ( S ) = - /< + cosØS, 

p2(S) = K(K - 1) - 2(/C - I) cos 9S + cos2 9{S2 - K), 

p3(S) = -K(K - 1)(K - 2) + 3(K - 1)(K - 2) cos fl S 

- 3(K - 2) cos2 9(S 2 - K) + cos 3 0(S 2 - 3K + 2)S. 

(113) 

We see that if K = 0, then Eq. (98) holds if and only if S^ = 0. Equation (106) 
then implies that also Qtff — Rip — 0. We recognize this as the J = 1, S = 0 
representation of the matrices Q, R, 5. 
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If K = 1, Eq. (98) holds if and only if (S 3 - 1)T/> = 0. We recognize this as the 
representation of dimension J = 2, with eigenvalues S\ = 1, 52 = — 1-

If K = 2, Eq. (98) is equivalent to the condition that (S2 - 4)5^ = 0. This is 
the representation of dimension J = 3. 

Although our proof is complete only for K = 0,1,2, this indicates quite clearly 
that all the representations of sp(2, R) we have constructed earlier can be realized as 
three-dimensional coordinate representations, when we allow multicomponent wave 
functions, In every case, at (east for K ~ 0,1,2, the dimension of the matrices 
Q, Rt S is J = K + 1. Exceptional cases occur when J > 2 and the parameter 
fi = 24A' 2 J -f- 8 attains its lower limit 2K2, then the representation of matrix 
dimension J splits into three parts of dimensions J — 2, 1 and 1. Exceptions are 
also the standard boson and fermion representations, which have the well-known 
scalar coordinate representations in two spatial dimensions. 

5.5. Examples 

Let us show explicitly the simplest examples, when the number of components of 
the wave functions, J = K + 1, is either 1, 2 or 3. We have 

I ( 4 < * 2 0 - 3 ) 2 - l if K = 0, 

( 4 a 3 o - 2 ) 2 + 2 if ff = 1, (114) 

( 4 a 2 D - l ) 2 + 7 if K=2. 
Bosons and fermions both correspond to the limit 4Q2O -* I + , or y. —* 3—, with 
A" = 0 for bosons and K ~ 1 for fermions. 

If /C = 0, the matrices Q, R, S are just numbers, and Q = R = 5 = 0. The 
lowest weight state has the scalar wave function 

Mr,e,<t,) = N0r,"'-<3'»i!-'''3(cas 0) 2»«-> , (115) 

with a normalization constant No. 
If A" = 1, then we have the 2 x 2 matrices 

'-(::)• «-(JU - U ? ) ' "" 
with 

Q, = 2 ^ / ^ 2 = 412*20-11- (117) 

The lowest weight state has the two-component wave function 

Mr,6,4) = N> r*°»-W»e-''»(cos 0)*«»-» e - '* ( " " ^ l ) , (118) 
\ f sun*/ 2)/ 
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with the normalization onstant N\, and with < the sign of 1 — 2o2o- Note that the 
case »2D = 1/2 is degenerate, in the sense that Q = R = 0 and the two components 
of the wave function become independent. In other words, when «20 = 1/2 we get 
two one-component representations instead of one two-component representation. 

We see that in the boson or fermion limit, Aa^o —• 1+, the wave function is 
singular as 0 — )r/2 in such a way that Ng —» 0. As a result, in the boson 
or fermion limit the wave function of the lowest weight state vanishes everywhere 
except on the boundary where 9 = ir/2. On this boundary the K = 1 wave function 
has two equal components, hence it is equivalent to a one-component wave function. 

If K = 2, then we have the 3 x 3 matrices 

/ 2 0 0 \ / 0 0 , 0 \ / 0 Q, 0 \ 

S = 0 0 0 , Q = « , 0 Q2 , R = i\-Qi 0 Q, , (119) 

\ 0 0 - 2 / \ 0 Q2 0 / \ 0 - f t 0 / 

with 
Q\ = Qi = 2 ^ 2 ^ - 8) = 8v'o2o(2o2o - 1) • (120) 

The square root should be real, and therefore it is necessary that 0120 > 1/2. The 
lowest weight state has the three-component wave function 

0o(r,0,tf) = W a r
4 o » + f 1 ^ c - r a / a ( c o s Ø ) ' * " - ^ - * * _ ,y (2a 2 0 - 1) sin ff , 

\ -/aao (1 — cos &) } 
(121) 

with the normalization constant JVY This wave function is always nonsingular in 
the limit B —* TT/2, because of the restriction that 0:20 > 1/2. Note that the case 
fi = 8, »20 = 1/2 is again degenerate, in the sense that Q = R = 0 and the three 
components of the wave function are independent (however, the middle component 
vanishes in the limit or 20 —* 1/2)-

6. Anyons in He i sen berg Quantization 

As shown above, quantization of the two-particle system in two dimensions, in 
the algebraic approach we have followed, leads to new possibilities, different from 
the boson and fermion cases. It is clear that these possibilities do not correspond 
to anyons, well known from the standard approach to intermediate or fractional 
statistics. One way to see this is to note that bosons and fermions in our approach 
belong to two different, discrete classes of representations, characterized by K = 0 
and K = 1 respectively, whereas anyons interpolate continuously between bosons 
and fermions. Another important characteristic of anyons is that they have non-
integer relative angular momentum L. In our Heisenberg quantization we have 
represented L/2 as a member of an su(2) Lie algebra, and the su(2) commutation 
relations imply that L can only have integer eigenvalues. Hence, if we consider 
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a twoanyon system with L taking noninteger values, we have to conclude that 
the classical sp(2, R) algebra of observables that are quadratic in x and p, is not 
represented at the quantum level. 

This conclusion may at first sight look somewhat mysterious. One may vary 
the statistics of a two-particle system solely by varying the statistics angle i? in the 
boundary condition on the wave function V, 

tf(r,0+ir) = « M ^(r ,«) , (122) 

without changing the form of the operators expressed as differential operators. 
Therefore the commutators between the operators do not depend on i5, at least 
not formally. In spite of this, the eigenvalue spectra of the observables of the two
anyon system do not agree with the spectra found in the algebraic approach. 

To study this point a bit further we may consider the eigenvalues of the operators 
corresponding to Å\ and Å? for the any on system. These operators are proportional 
to the Hamiltonians for particles in a magnetic field, the two operators differing only 
by the sign of the field. The corresponding spectra are welt known, and we represent 
them graphically in Fig. 4 for "semions," midway between bosons and fermions, with 
i? = JT/2- This diagram should be compared to Fig. 3. The anyon lattice, shown in 
Fig. 4 together with the boson lattice, has a defect along the diagonal line L — 0. 
It can be obtained by a shift of every point of the boson lattice halfway towards a 
point of the fermion lattice. The upper half of the boson lattice, corresponding to 
L > 0, is shifted upwards, whereas the lower half, corresponding to L < 0, is shifted 
towards the left. 

+ + + + 
o o o o 

+ + + 
o o o 

+ + + 
o o o +o 

+ + 
o o +o 

+ + 
o o +o +o 

+ 
o +o +o 

+ 
o +o +o +o 

Fig. 4. The lower left corner of the boson lattice (o) and the semion lattice (+). Note the defect 
line L - 2(a 2 - a\) = 0. 

Since the wave functions of the two-anyon system are known, we can check ex
plicitly the effect on these states of the differential operators corresponding to the 
quadratic observables. The raising and lowering operators of the algebra connect 
states corresponding to neighbouring points of the lattice, as they should, but this is 
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true only for points away from the defect line. When this line is reached, the opera
tors map normalizable eigenvectors of the operators A \ and Ai into nonnormalizable 
eigenvectors. Thus, the diiferential operators cannot be considered to represent ob-
servables on the full Hilbert space spanned by these states. They can be redefined 
to do so, for example by projection on the space spanned by the eigenvectors of 
A\ and A2. But this redefinition will introduce corrections to the commutators 
between the operators. The inevitable conclusion is that for the anyon system the 
classical sp(2, R) algebra is not represented at the quantum level. Thus the basic 
assumption of the Heisenberg quantization scheme which we have investigated does 
not hold in this case. 

7. Conclusions and Further Questions 

The algebraic Heisenberg quantization scheme, which we have discussed --\ this pa
per, is an alternative approach to the quantum description of identical particies, as 
compared to the more standard Schrodinger approach. For the two-particle system, 
which we have considered in some detail, it leads to the (.Tohlem of representing 
correctly the 5p{d,R) Lie algebra of observables that are quadratic in the relative 
coordinates and momenta, where d is the dimension of the Euclidean configuration 
space. Bosons and fermions appear as special cases, but there are other repre
sentations of this algebra in one as well as in two space dimensions. Most likely 
this is still true in higher dimensions, although we have not tried to construct such 
representations. 

In one dimension a coordinate representation can be given of the quadratic 
operators such that intermediate types of statistics appear in the form of a singular 
1/ar interaction potential. The strength of this potential is given by a statistics 
parameter that vanishes for bosons and fermions. This parameter is different from 
the statistics parameter which appears in a natural way in the Schrodinger quanti
zation, giving the strength of a 6 function interaction between the particles. 

An algebraic approach to the quantization problem for three or more particles 
leads to the problem of representing correctly the infinite-dimensional Lie algebra of 
symmetric polynomials in coordinates and momenta. We have not tried to attack 
this general problem, but we note that in one dimension the two-particle theory 
can be extended to an TV-particle theory simply by the introduction of a singular 
potential l/(x(j)—£(fc))2 for every pair of particles. The TV-particle operators defined 
in this way seem to satisfy the commutator relations of the infinite-dimensional Lie 
algebra, for any value of the statistics parameter of the two-particle system. 2 2 , 2 9 

Perhaps the most relevant applications of the one-dimensional Heisenberg 
approach are for two-dimensional systems with a vortex-like dynamics, as has been 
pointed out previously. The approach was originally discussed in connection with 
the quantum description of vortices in superfluid films.13 There are reasons to 
believe that it may not be so relevant in that particular example, but it may be 
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more relevant in other vortex-like systems, for example systems of charged particles 
orbiting in strong magnetic fields.30 For anyons in a magnetic field this has been 
explicitly shown. 1 8 

For two spinless particles in two Euclidean dimensions the quantization 
problem leads to the problem of constructing irreducible representations of the 10-
dimensional Lie algebra sp(2,R). We have carried out the construction by m ans 
of raising and lowering operators, and found representations depending on one con
tinuous and one discrete parameter. There is no continuous interpolation between 
bosons and fermions in this case, because the two representations correspond to 
different values of the discrete parameter. The boson and fermion representations 
are also somewhat special limiting cases of the general representations. 

We have shown explicitly how the general representations of sp(2, R) can be 
realized as coordinate representations. The boson and fermion representations are 
realized in the familiar way by scalar wave functions on a two-dimensional space, but 
in all other cases, three "oordinates rather than two are needed, and in addition 
there is a discrete, spin-like internal variable. The two extra degrees of freedom 
create problems for the interpretation of these representations and cast doubt on 
the correspondence with the classical system which was the starting point of the 
quantization. Nevei theless, we want to keep an open mind on the possibility that 
interesting applications may exist even for these unfamiliar representations. 

The appearance of extra degrees of freedom is related to the fact that we have 
chosen to neglect, in the quantization, certain constraints in the form jf algebraic 
relations between the classical observables. This can be seen by cord ting the in
dependent observables. The sp(2,R) algebra has dimension 10, whereas only four 
variables are needed to describe the phase space of the relative motion. Hence there 
must exist six algebraic relations. Two of these constraints are automatically taken 
care of in the quantization, because the two Casimir operators are constant in an 
irreducible representation. By ignoring the remaining four constraints, we quite 
naturally get two extra degrees of freedom. 

A modification of our approach would be to represent only some subalgebra 
with the correct dimension to fit the four phase space dimensions, rather than the 
full sp(2, R) algebra. One example of a suitable subalgebra is the one spanned 
by the observables v, w, L and Cs, in the nutation of Sec. 5. This is the Lie 
alg^ura of translations, rotations and dilations in the plane. An interesting point 
is that this subalgebra has representations which can be interpreted as the f ami Mar 
anyons. Obviously, these anyonic representations cannot be extended to become 
representations of sp(2,R). 

This last point underlines the fact that there is a certain ambiguity when we 
talk about Heisenberg quantization. There are alternative choices of Lie algebras 
to be represented, and there are different ways to treat algebraic relations between 
classical observables. We have chosen to represent all observables quadratic in 
relative coordinates and momenta. This is a natural choice, especially since it 
preserves the phase space symmetry between coordinates and momenta. But clearly 
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there exist other possibilities leading to quantum descriptions different from the ones 
we have discussed here, 

Acknow ledgment s 

We want to thank Hans Hansson and Kåre Olaussen for useful discussions. 

Appendix A. Operator Ordering Ambiguity 

The inevitable ambiguity in quantization is well illustrated by the simplest 
possible example, tbe canonical commutation relation [x,p] = tfi of coordinate x 
and momentum p. 

If we want to extract a Hermitian operator from an operator product AB of 
two Hermitian operators, apart from the quantized Poisson bracket, Eq. (1), then 
in general we have to use the symmetrized (Jordan) product 

AoB = UÅB + BA), (123) 

which is commutative but not associative. Lack of associativity means that the 
Jordan product alone is not an unambiguous prescription for quantizating products 
of z and p. For example, the quantum-mechanical representation of the classical 
observable x2p2 is ambiguous; it could be 

(x o x) o (p o p) = -{x2p2 + p V ) , 
1 (124) 

x o (z o (p o p)) = - ( * y + P

2 x 2 + h 2 ) , 

or one of several other possibilities. It remains ambiguous if we try to define it by 
means of the commutation relations. For example, the classical relation 

xV =${**,I?) = ±{*7,i*2,p'}) (125) 

is inconsistent with the quantized commutation relations 

(126) 

Appendix B. One-Particle Observables 

In this appendix we consider classical observables in a system of identical particles. 
We want to show that the one-particle observables are complete, so that every 
observable may be expressed as a function of one-particle observables. With N 
identical particles in d dimensions, the phase space has dimension 2Nd, and there 



Ht i jen kerf Quantization før Sfstem* of Jdentictl Partietti 3683 

are exactly 2Nd independent one-particle observables. We give some examples of 
the algebraic relations that exist between the one-particle observables because the 
number of particles is finite. 

B . l . Completeness 

Examples of one-particle observables are the symmetric polynomials of degree Jb, 

st = («<i))k + («<«)* + -•• + («(*))* . (127) 

where a^) is any quantity referring to particle j , for example a coordinate or a 
momentum. It is a well known fact that the first Ar polynomials s\,s2.-.. ,s^ 
determine the N values a(ij,a(2)>- - ^a(N) un^uely, in arbitrary order. 

To prove this, write the polynomial in the variable z having z = a^,a(2), • • •• 
d(jv) as roots: 

(z - a{l)){z - a ( 2 ) ) . . .{z - a ( J V ) ) = zN + cxz
s~l + c2z

N'2 + • • • 4- cN . (128) 

Introduce the function 

/ ( r ) = ( l - r a ( 1 ) ) ( l - r a C 2 , ) . . . ( l - r < i w ) = l + c 1 7 - + c 2 r
2 + - - + C A ' r ; s r , (129) 

so that 

ck = — — . (130) 

For sufficiently smali r we may use the identity 

l - r 0 = e x p ( - f ; I ^ ) (131) •(-£") 
to show that 

/(T) = exp(-f;^). (132) 

It follows that 

+ 4^ . 033) 
partitions i=l ' 

urn is over all partitions of k such that 

] T Kiki = h, ki > «b2 > • • • > km > 0, all K{ > 0. (134) 
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For example, 

c 4 •• 

- S i . 

2 2 ' 
*> «2Sl ( * l ) 3 

3 2 6 ' 
Si S3S, [S2)2 

4 + 3 8 
s 2 (*i ) 2 (*i) 4 

4 24 

(135) 

We see that the JV symmetric polynomials s\,..., s/v determine the coefficients 
c i , -• • ,CN, which in turn determine the roots z — flfi),. •. (<3(N)-

An immediate generalization is to take the single-particle quantities a ^ , . . . , 
a(N) to be complex, for example a - Uj + iu^, where Uj and u* are any two 
single-particle phase space coordinates. Complex coordinates in a two-dimensional 
phase space have been used, for example, to describe identical vortices; see Ref 31. 
The real and imaginary parts of the complex symmetric polynomials s i , . . . , s^ are 
2N real one-par tick observables that determine uniquely, apart from the ordering, 
the N pairs of coordinates (fl(i),-,«(i)tj, (u(2)j."f2)*) up to («(//),,«(^v)*)- Since 
we may choose (j,k) — (1,2), (1,3), (2,3), etc., it is clear that the single-particle 
phase snice points u ( i ) , u ( 2 ) up to U( N ) are uniquely determined, apart from the 
ordering, by the set of all one-particle observables. Therefore we know the value of 
every observable of the system of identical particles if we know the value of every 
one-particle observable. 

B.2. Algebraic relations 

On the other hand, the one-particle observables are not independent. For exam
ple, when Ci is defined by Eq. (130) and Eq. (132), then there are algebraic rela
tions cjv+i = C/v+2 = • • • = 0 expressing s* for every k > N as a polynomial in 
Si,s2, - - • ,Stf. The classical relations ought to be preserved in the quantization, 
either exactly or modulo powers of A, depending on whether noncompatible ob
servables are involved. There may exist also other algebraic relations between the 
one-particle observables. The fewer the particles, the more algebraic relations there 
are restricting the quantization. 

For example if N = 1, we have ci = c^ = C4 = • • • = 0, or, equivalently, 

sk=ak = {Sl)k. (136) 

If N — 2, we need not have c 2 = 0; hence s\ and $i are independent variables. 
The identity C3 = 0 gives 

_ Zs2$\ (sif 
«3= - 3 J - , (137) 

and the further identity c4 = 0 gives 

s, = —— + - ^ *2(Si) + - g — = — — + S2(S|) — , (138) 
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and so on. 
If N > 3, we have to relax the identity C3 = 0 so that £3 becomes independent 

of si and s 2 , if N > 4 we no longer have C4 = 0, and so on. 

Appendix C. The Universal Enveloping Algebra 

There is a close connection between our construction of representations of 
the sytnplectic Lie algebras and the fundamental -oncept of the universal 
enveloping algebra. We want to make this connection clear because it is a way 
to prove the consistency of the whole construction. Therefore we review here some 
of the mathematics involved. 

Given a Lie algebra C with basis elements Xi,X-2,... ,XL, defined by the 
commutation relations 

L 
[*.-.*;] = £ c r - X r . (139) 

The commutator product is bilinear, it is antisymmetric, [Ut V] = — [V,£/], and it 
satisfies the: Jacobi identity, 

[</, [V, W}\ + [V, [W, U}] + [W, [U, V]} = 0. (140) 

For example, the elements of £ may be linear operators on a vector space, with 
[[/, V] = UV - VU, . hey may be functions on the phase space of a classical 
mechanical system, witn [U,V] the Poisson bracket of U and V. 

We define, arbitrarily, a normal order X} < Xi < • • • < XL of the basis elements 
in C, and we define a standard monomial of degree n a s a (formal) product, 

X = XitXi3...Xin1 (141) 

of n basis elements which are ordered so that *i < 2*2 < • • • < in. 
From the Jacobi identity follows the Poincaré-Birkhoff-Wilt theorem,27 which 

states that every monomial in the basis elements of the Lie algebra has a unique 
expansion as a linear combination of standard monomials, when the factors are 
rearranged in accordance with the commutation relations (139). This means that 
the identity / together with all the standard monomials of degree n = 1,2,... form 
a basis for an associative algebra, called the universal enveloping algebra U of the 
Lie algebra C. 

The (generalized) Casimir operators are elements of U that are invariant in the 
sense that they commute with all of £ and hence all o(U.2l,2d Racah's mth order 
invariant for a semisimple Lie algebra is 

A < m ) = ]C £ cii*hc*lh • ••ciLi-xilxi* • x i m > 0^2) 
* i . ,1™ j i . - j ™ 

where the basis elements of C with upper indices are defined such that 

Y^CiiC
i,jX' = Xr. (143) 

«J.» 
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In the special case of the symplectic Lie algebra sp(d, R) there are d independent 
Casimir operators, which may be chosen as A< 2\ MA\ ..., A^2dK 

The Lie algebra C has a linear associative representation on its universal en
veloping algebra U such that the elements of £ act by left multiplication. Starting 
with this representation one may construct new representations as follows. By def
inition, a subset 1 c U is a. left ideal if UJ G I whenever J/6W and ./ G Z. Choose 
any left ideal Z C U, and consider the quotient space U/X, obtained by identifying 
any two elements U, V G U such that U — V G Z. In particular, every element of X 
is identified with the zero element 0 £ W. The representation on U now also defines 
a representation on U/2. 

All the representations of sp(l ,R) and sp(2,R) that we consider here are ex
amples of this kind of construction. In particular, when we introduce the lowest 
weight vector |0) satisfying the Eqs. (36)-(38), this is equivalent to introducing -
left ideal, 

10 = {J eti\J\Q) = 0}, (144) 

spanned by the following basis elements: all standard monomials ending in one 
of the factors E-, £)_, f?2-, &i- or (E+)K+i, aud all expressions of the form 
aioVi — Y\A\ or 0:20^2 — Y2A2, where Vj and Yj are standard monomials such 
that Y\A\ and Y2A2 are also standard monomials. The proof that this actually 
defines a left ideal depends upon the commutation relations, and upon the relation 
K — 2(aio — Q2o)- We leave it as an exercise. 

Appendix D. Positivity and Degeneracy 

In this appendix we examine the positivity condition on the scalar product and 
the reduction of degeneracy by the identification of vectors of zero norm with the 
zero vector. Our purpose is first to argue that the identification does not lead 
to inconsistencies, and then to derive positivity constraints on the parameters a 2o 
and K defining a general representation. We believe that the positivity constraints 
derived here are complete, but we have no proof except in the special case K — 0. 

A scalar product is said to be singular if there exists some nonzero vector that is 
orthogonal to every vector, including itself. The singular vectors that are orthogonal 
to all vectors form a subspace of the whole vector space. A singular scalar product 
is made nonsingular when we go to the quotient vector space where the subspace 
of singular vectors is "divided out," that is, when we identify every singular vector 
with the zero vector. 

The identirication process is consistent with the representation of the Lie algebra 
C if the action of an arbitrary operator U G C is such that (<£|(/|^) = 0 for all tø) 
whenever {<j>'\$) = 0 for all tø'). To see that this is always true, simply define 
tø') = t/ttø). Note that we have defined here first the Hermitian conjugal [/* 
of every operator U G £, such that the usual relations hold, for example that 
(£/*)* = £/and [[/, V]t = [V* ,(/*], and afterwards we have defined the scalar product 
so as to be consistent with the Her mit i an conjugation. 



Heitenberg Quantization for Systems of Identical Partielt» 3687 

In terms of the universal enveloping algebra U, when our scalar product is sin
gular and we make it nonsingular by identifying all singular vectors with the zero 
vector, this means that we enlarge the left ideal Xo defining the representation (see 
App. C). In order to describe the new, enlarged left ideal 1\ we define 

J = {J€U){Q\J\Q) = Q). (145) 

The subset J c U is neither a left nor a right ideal. It consists of those elements 
J — X + V eU such that X €ZQ and Y^ e IQ (the proof is easy when we expand 
the arbitrary element J € J in the basis of standard monomials). Then we may 
define 

l ! = {7€ J \UJe J VU€U). (146) 

It follows immediately from this definition that 1\ is a left ideal and that Io C T\ • 
It follows also that IQ = 1\ if and only if the scalar product is nonsingular. 

A scalar product is positive definite if every nonzero vector \$) has a positive 
norm squared (V'lV')- I* is positive semidefinite (or nonnegative definite) if every 
vector has a nonnegative norm squared. In both these cases the Schwarz inequality 

KfWI2 < (WWW (147) 
holds for any two vectors |^) and J^), and implies that the vectors of zero norm are 
singular vectors that are orthogonal to the whole vector space. Hence we may make 
a positive semidefinite scalar product positive definite by identifying the vectors of 
zero norm with the zero vector. 

The strongest positivity constraints that we have found come from the following 
two special cases. 

D . l . The weight ( « I O , «20 + 1) 

This is the weight where we find the strongest positivity constraint for general values 
of K = 2(a 1o — o;2o)- The corresponding subspace is at most three-dimensional, 
and is spanned by the vectors 

|a) = 10100) = B 2 + 10), 
|6) = 11011) = £)+£+10>, (148) 
\c) = 11002) = B 1 + ( £ + ) 2 | 0 ) . 

We have the scalar products 

Ho) = -- <0|[Bj-,fl 2 +)|0) = 2 a 2 0 , 
(W = = K(4a 2 ( > + * ) , 
<c|c) = --1K(K - l)(2a 2o + K- 2), 
(a\b) = -- m = K, 
(a\c) --= <«w = 0, 
(b\c) --= Mb) = 2K(K-l). 
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Note that some of the scalar products vanish when either K — 0 or K — 1, reflecting 
the facts — which are independent of the scalar product — that |6) = |c) = 0 for 
K = 0 and |c) = 0 for K = 1. 

The condition that the scalar product in this subspace be positive definite, is 
equivalent to the condition that the real and symmetric 3 x 3 matrix 

Ha\a) (a\b) (a\c)\ 
C 3 = {k\a) <6|6) (*|c) (150) 

\ (c | a ){c |6 ) (c |c ) / 

be positive definite. 
Consider first the case K > 1. We see that the matrix G$ is positive definite 

when Q20 is l&rge, since it is then nearly diagonal with positive diagonal elements. 
Hence it remains positive definite when 020 decreases, as long as its determinant, 

det Gz = 2K2{K - l)(2a 2o - l)(2o2o + K)(4ft 2 0 + K - 2}, (151) 

remains positive. That is, as long as 

a 2o > j . (152) 

When aao = 1/2, the scalar product in this subspace is only positive semidefinite, 
and in order to make it positive definite we have to identify somr vector with zero, 
thereby reducing the degeneracy. When 0 < 020 < 1/2 there exi-'ts some vector 
with negative norm squared, and this case is not physically acceptable. 

In order to cover the case K = 1, where \c) = 0, we have to consider also the 
2 x 2 matrix 

/W«)(o|i>\ 
0 j = U w <*!»>;• ( } 

with the determinant 
det G 2 = K[8(aw)2 + 2Ka20 - K]. (154) 

Since the diagonal elements of Gi are positive, Gt is positive dePnite if and only if 
its determinant is positive. In particular, the determinant is positive if K > 0 and 
"20 > 1/2. 

This proves that the degeneracy can never be completely removed when K > 1. 
In fact, we have seen that positivity requires that 020 > 1/2, in which case there 
are at least two linearly independent basis vectors of weight (010,020+ 1) 

Now consider the case K = 1. Then 

de t G 2 = (4a 2o-l)(2c<20 + l)- (155) 

Hence the scalar product in the subspace spanned by the vectors \a) and \b) is 
positive definite for 

<*2o>j. (156) 
4 
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When the strict inequality holds, there is always degeneracy. In the marginal case 
«20 = 1/4 the scalar product in our subspace is positive semidefinite and is made 
positive definite when we "define away" the degeneracy by identifying the vector of 
zero norm with the zero vector. 

In fact, we know already that there exists a physically acceptable representa
tion with K = 1 and 020 = 1/4, with a positive definite scalar product and no 
degeneracy, since this is the fermion representation. 

D.2. The weight ( a J 0 + l , a 2 0 + 1) 

The case we discussed above seems to include the strongest positivity constraints 
in all cases, except when K = 0. In order to see the strongest constraint for K — 0 
we have to consider the two vectors 

|a> = 10100) = B , + B J + | 0 ) , 

|6) = 10011) = (D+f\0). ( S > > 

There is one more vector of the same weight when K = 1, and two more when 
K > 1, but we need not include them here. We have the scalar products 

(a|a) = (0 | [ f l 1 - ,£ 1 + ] [B 2 _,B 2 + ] |0) = 2a M (2e , 2 0 + K) , 
(b\b) = 2(4o20 + K)(4a70 + K + 1), (158) 
(a\b) = (b\a} = 2{2c20 + K). 

The positivity condition is that the 2 x 2 matrix 

/(ala) la\b)\ 
C » s , . . , . ' (159) 

must have a positive (or nonnegative) determinant, 

det G 2 = 4(2a 2 0 + /f)(16(a 2o) 3 + (8Å- + 4 ) (a 2 0 )
2 + (K2 + K - 2 )a 2 0 - K). (160) 

The most interesting special cases are 

J l 6 ( a 2 0 )
2 ( 4 c , 2 o - l ) ( 2 c . 2 „ + l) if K = 0, 

d e t G 2 = \ 4 ( 4 a 2 0 - l ) ( 2 « 2 „ + l f if K = l . ° 6 , ) 

Both for K = 0 and for K = 1 positivity is ensured when 

02Q>-. (162) 

With the strict inequality there is always degeneracy. In the marginal case O20 = 1/4 
the scalar product in our subspace is positive semidefimt-? and is made positive 
definite when we define away the degeneracy. 

We recognize of course the boson representation, with K = 0 and 020 = 1/4, 
with a positive definite scalar product and no degeneracy. We see that the boson 



3690 J. M. Ltinaai & J. Myrheim 

and fertnion representations, with arjo = 1/4 and either K = 0 or K = 1, are the 
only representations with a positive definite scalar product and no degeneracy. 

Appendix E. Proof of Positivity When K = 0 

In the boson-Hke case K = 0 we are able to p/ove that the scalar product is positive 
semidefinite when <*2o > 1/4. For this purpose we replace our usual basis vectors 
\jkmO) by the vectors 

|p,r> = ( £ + ) P ( B , + ) « ( F + r | 0 ) , (163) 

where we have defined 
F± = (D±)2-4Bl±B2±, (164) 

and where q, r = 0 ,1,2, . . . and p = 0 , 1 , . . . ,2q. It suffices to show that these 
vectors span the whole vector space, that they are orthogonal, and that the norm 
squared (pqr\pqr) is always non negative when a 2o > 1/4. 

The operator F+ is useful because it commutes not only with the operators 
Bi+, B%+, D+, but also with E±. In fact, 

[E±,F+] = [E±,F-) = Q. (165) 

Further useful commutation relations are 

[Bi_ ,F + j = -2(4.4, - l)B2++2D+E+ , 
[B^,F+] = -2(4A, - 1 )B 1 + + 2 D + E - , 
[£>_,F +] = 2 ( 2 ( > ! 1 + J 4 2 ) - 3 ) I > + - 4 B 1 + E + - 4 B : , + £ _ , { ' 

[F_, B 1 + ] = -2(44 , + 1)B2_ + 2 D . £ _ . 

To show that the vector space spanned by the vectors \pqr) is the whole space, 
it is enough to show that it includes the standard basis vectors \jkmO). In fact, we 
may start from the vector 

|; = /b = m = n = 0) = |p = 4 = r = 0) = |0). (167) 

Then we operate with B 1 + 1 £2+ and D+, using the formulas 

fll+bp).[1__iT(1.i^)]^f+M_!^ih,_Jlt_lir+I>. 

B ' + ^ r ) = (2, + l)(2, + 2 ) | p + 2 ' ? + 1 ' r » - 4 ^ I P ^ - ' ' r + 1 > ' ( , 6 8 ) 

0+lp*r) = ^ ( . - ^ ) | P + l , , + l,r) + ^ | P - . , , - . , , . + 1>-

file:///jkmO
file:///jkmO
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This will give \jkmd) as a linear combination of the vectors \pqr). Equation (168) 
can be proved from the identities 

|p + l,q + l ,r) = (£ + ) ' [ £ + , (B , + )»+ l ] (F + ) ' | 0> 
= (, + l ) ( £ + ) » ( B 1 + ) « D + ( F + r |0), 

(169) 
\p + 2,q+ l ,r) = (q + !)(£+)" [ t f + 1 ( f l i+ ) ' 0 + ] (F + f |0) 

= (9 + l)(«|p, j - l , r + 1) + (4, + 2 ) B 2 + | p 9 r » . 

It remains for us only to compute the scalar products. By the commutation 
relations we have 

£_|p ? r) = p ( 2 « + l - p ) | p - l , « r ) . (170) 

In particular E- \0qr} = 0, so that ]0qr) is the lowest weight vector of an irreducible 
representation of the su(2) subalgebra of sp(2,R). It follows that (p'?V|pgr) = 0 
whenever p' ^ p, and that 

(p,V \pqr) = p! f f l (2? - s ) | <0 9V |0«r). (171) 

In a similar way, we have (Oq'OlOqO) = 0 when q' ^ q, and 

, - i 

(0o0|0«0) = q\ H(2<»20 + «) • (172) 
1=0 

Again using the commutation relations, we get 

£,_ |00r) = - 2 r ( 4 a 2 0 + 2r - 3)B 2 + |00, r - 1), 
B 2_|00r) = - 2 r ( 4 a 2 0 + 2r-3)jBi + | 0 0 , r - 1), (173) 
D_ |00r) = 2r(4a 2 0 + 2r - 3)D+|00, r - 1). 

Therefore 

F- |00r) = 2r(2r + l ) (4o 2 0 + 2r - 3)(4a 2 0 + 2r - 2)|00, r - 1), (174) 

2r-2 
(00r|00r) = (2r+l ) ' . J J (4a 2 0 + s). (175) 

s = - l 

More generally, we have 

F-|0?r> = (fl, + )«F_|00r) - 2}(4a 2 0 + 4r + 2? - l)I.Bi + ) < ' - 1 B2-\00r) 

= c , r | 0 T , r - l ) (176) 

when we define 

<V = 2r(4a 2 0 + 2r - 3)[(2r + l ) (4a 2 0 + 2r - 2) + 2j(4a 2 0 + 4r + 2q - I)]. (177) 

file:///jkmd
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This gives (Qq'r'\Qqr) ~ 0 if r 1 j - r, and 

(Og'riOgr) = (f[ c 9 , W o | O g O ) . (178) 

in summary: we find that {p'q'r'\pqr) = 0 \f either p' •£ p, q' ^ q or r' j£ r, 
and that 

( > 0 if a 2o > 1/4 , 
(pqr\pqr) l>0 if a 2 0 = 1/4 and r = 0, (179) 

1 = 0 if c*20 = 1/4 and r > 1. 

Appendix F. Boundary Conditions 

We discuss here the Hermiticity conditions for the differential operators defined 
in Sec. 5. We do not examine these conditions in complete generality, but show 
that certain boundary conditions on the wave functions are sufficient to ensure 
Hermiticity. These boundary conditions are satisfied by the explicit wave functions 
given in the text, corresponding to the lowest weight in the simplest representations. 

The Hermiticity condition for an operator O is a condition on two general mul-
ticomponent wave functions x — x(r>^^) a n ( ^ V1 = V , ( r ^, ^) . that 

/ d<f> f' dBsinØ f drr2\xKOx{>) ~(Ox)^] = 0. (180) 
Jo JQ JO 

We may rewrite the volume integral as a surface integral if we are able to find a 
current density J such that 

ir» sin %'«W - (0X)VJ = £ t + ^ + U . (181) 

The appropriate conditions are then the boundary conditions that 

Jr(r, 0,<t>)—*0 as r - » 0 or r—* oo, 

, / j ( r , M ) - » 0 as 0 — 0 or 0-> | , (182) 

• / • ( r . M ) = J<,{r,e,<t) + ir). 

The periodic boundary condition on ^ as a function of tfi means only that J# is 
a si'igle-valued function of the configuration (u,v,w). This is a very reasonable 
condition to impose on Jr and 3s as well. 

Let us define 
jo = r 2 sin $x*il>, 

* = - " • ( * * - • £ - * ; • 
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We define also 
j T p = sin 0(sin 6 j r + cos 8ji), 

UP = sin 0(cos 8jT — sin 8 it), 

j,+ = U + 2 cos Bx^S^p , 

j H = - 2 sin fl^S^. 

The following current densities correspond to the operators defined in Sec. 5: 

Jr/r Js/2 Jit, 

c, Jo/2 0 0 
Ca sin 8 cos(2<p)i0/2 cos 8 cos(2^)j'o/2 -sin(2^)j ' 0/(2sin 8) 
L 0 0 jo 
M sin 8 sui">-b)j0 cos 8 sin(2^)jo cos(2<f>)jo/ sin 8 
V sin 9jT sin 8 jt ; r * / s in 8 
V cos(2<j>)jrf - sin(2^)>* cos(2<l>)jep - sin(2i^)j«^ - COS(2^)JV - sin(2^)j' r 

W sin(2<^)jrp + cos(2(6)j'r* sin(2^)jS ( P + cos(2^)jj^ -sin(2<j>)jf + cos(2^)j r 

(185) 

The periodic boundary condition on Jø is satisfied if every wave function ø 
satisfies a periodicity condition of the form 

4>{r,0,4> + TT) = e w tf(r, 0, tf), (186) 

where i? is an arbitrary "statistics angle," the same for all wave functions. The 
periodic boundary conditions on Jr and JQ imply that # must be independent ofr 
and 6. This periodicity condition on wave functions holds for the representations 
we have found in Subsec. 5.3, with e1"* = {—l)K. 

The boundary conditions on Jr lead to the following conditions on wave func
tions. The condition that TJQ —*• 0, for arbitrary wave functions x ar»d V*. means 
that for every V, 

r f y - + 0 as r - > 0 or r —oo. (187) 

Usually, this condition is precisely what is needed to make the wave functions nor
mal iz able. However, there is a stronger condition in the limit r —* 0, following for 
example from the condition that rj$ —• 0. For reasonably "well-behaved" wave 
functions, such as wave functions with separable r and $ dependence, the condition 
on j$ means that, for every tj>. 

y/r$-*Q as p — 0 . (188) 

Assuming "well-behaved" wave functions, these boundary conditions on wave func
tions in the limits r —* 0 and r —* oo are sufficient to ensure that the boundary 
conditions on Jr hold for all the currents listed above. They are indeed satisfied by 
the lowest weight state given in Eq. (109). 

The boundary conditions on Jg constrain the behavior of the wave functions 
as 9 approaches 0 or v/2. At 0 = 0 it is sufficient to impose the quite reasonable 
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coodilkra thai the ware function» be regular. However, at the plane * = * /3 , which 
a the boundary of the three-dimensional region in which the wave function* k 
defined, regularity u not auffleient. Moreover, wave functions may well be singular 
there: this it so, for example, with the wave function of the lowest weight state, 
Eq. (109). 

Let us examine the listed cases of the current Jt. One condition is that cot tjo — 
0, or, equivalenlly, 

V /Mn(29)0(r,»,*)-O ai « - > 0 or * — 5 (189) 

This boundary condition in the limit t — r/2 is again closely related to the condi
tion that ø should be normaliiable. As already remarked, in the limit * —• 0 the 
condition is easily satisfied. 

There are two more conditions of a more subtle nature, that sin Sjt —• 0 and 
j„ — 0. The condition sin 9j$ — 0 holds in the limit f -> 0 if both ø and di>/d9 
remain bounded as 8 —> 0, but the limit 9 — */2 needs a more careful treatment. 
Let us assume that, in this limit, 

0(r, » , < * ) = ( * - § ) 0 o ( r , ( » ) + ( 9 - j ) 0 , ( r , 0 ) + . . . . (190) 

for some constant K. Normalizability, or equivalent^ Eq. (189), implies the condi
tion that K > —1/2. With the same asymptotic form for x w e have 

j , = - 2 i ( » - | ) ( X o ^ - x l ø o H . . . . (191) 

The boundary condition on a general wave function ø as 9 —• */2 is therefore that 
either K > 0, or else ø t = nøo for some Hermitian matrix n which must be the 
same for all wave functions. In principle, if could be a function of r and ^, but that 
would break either rotational invariance or scale invariance, or both. If for example 
ø is the lowest weight state, Eq. (109), then Eq. (109) holds with n = - 5 / 2 and 
K = 2c<2o — 1. Since 0:20 > 1/4, we have K > —1/2, as required. 

The last condition, U* — 0, holds trivially if K = 0, since then 5 = 0. If K > 0, 
take again as an example the lowest weight state, \ ~ ø = øo- Using the explicit 
forms given in Subsec. 5.5, we get for K — 1 

j t 4 , = - 2 sin Søt50 = -2|AM 2 r 8 o » - 1 e - ' ' sin tf(cæ 6)*""-1, (192) 

and for K = 2 

j , t = -16|JV2!2c<2o^*"»+1e-^, sin «(cos *)"<"»-> . (193) 

Since 4a 2o — 1 > 0, both these expressions vanish in the two limits 9 —• 0 and 
B — x/2. 
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Fractional statistics in one space dimension can be defined in two inequivalcnt ways: (»> By 
re striding the wave function for (he relative two-body problem to the halfline x > 0, and 
imposmc the boundary condition *, -1/«* at r - 0. lii) By quantizing the soil. R) algebra of 
observable» x2 ± p~ and xp+ px. and noticing that the irreducible hermitian representations 
arc labelled by a real parameter u.. We show that both these cases can be obtained by a 
dimcnwonal reduction of a system of anyons in two dimensions. Case one corresponds to 
restricting the motion of the anyons to a line by a confining potential, and we give TJ as a 
function of the statistics parameter 9 for two different potentials. The second case corresponds 
to anvons in a magnetic field restricted to the first Landau level, and we find a linear 
relationship between ft and 6. We also construct coherent states corresponding to anyons in the 
lowest l-andau level, and calculate the corresponding Deny connection. The statistics phase 9 is 
shown to equal the Berry phase corresponding to an interchange of two anyons. thus generaliz
ing previous results for bosons and fermions. 

1. Introduction 

It is now welt established that in one and two space dimensions the concept of 
quantum statistics is more subtle than in three and higher dimensions. In these two 
cases intermediate types of particle statistics can be defined, which interpolate 
continuously between the boson and fermion cases [1-5]. This is related to the fact 
that the true configuration space of a system of identical particles, i.e. the space 
with identification of points corresponding to different numbering of the particles, 
includes singular points, the points where the position of two or more particles 
coincide. The presence of these singularities allows the wave functions to be 
multivalued, so that a non-trivial phase factor is picked up when a closed path is 
traversed which encircles one of the singularities. For particles in two dimensions 
the situation is similar to that of a single charged particle moving in the field of a 
singular magnetic flux tube, as described by the Aharonov-Bohm effect. 

* Supported by the Swedish Natural Science Research Council. 
* * Supported by the Norwegian Natural Science Research Council. 

0550-3213/92/505.00 £ 1992 - Elsevier Science Publishers B.V. All rights reserved 
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More generally it is the topology of the regular pan of the configuration space 
which is important for (he possibility of non-trivial statistics phase factors. The 
multivaluedness is determined from topology by the demand that the wave func
tions belong to an irreducible, one-dimensional unitary representation of the first 
homotopy group. The elements of (his group, i.e. the closed loops in configuration 
space, correspond to the various possible ways of interchanging the identical 
particles. In the much studied two-dimensional case, the first homotopy group is 
the so called braid group which is larger than but homomorphic to the symmetric 
group. The one-dimensional unitary' representations are characterized by an arbi
trary phase factor e" which is precisely the statistics phase factor associated with 
interchange of two identical particles. In three and higher dimensions the first 
homotopy group is identical to the symmetric group, which only has two inequita-
lent one-dimensional unitary representations - the completely symmetric one 
describing bosons, and the completely antisymmetric one describing fermions. 

In one dimension the situation is special, since panicles have to pass through 
each other in order to be interchanged. One way to introduce statistics is to notice 
that the singular points where the particles coincide in this case define boundaries 
of the configuration space, and then to impose boundary conditions on the wave 
function in such a way that the hamiltonian remains hermitian. The general 
boundary condition is characterized by a real parameter, n. which determines the 
statistics [1]. In another approach one notices that only those operators that are 
invariant under permutations of identical particles are to be considered as observ-
ables. This excludes operators like the relative coordinate and momentum x and p 
but allows e.g. x: and p1 [6]. In the two-particle case the quadratic observables 
form an sp(l. R) = su(I. 1) algebra, and one can quantize by finding irreducible 
hermitian representations of this algebra. Again one finds a real parameter, ii. 
that naturally can be interpreted as describing the statistics, but there is no 
connection to the TJ describing the boundary condition in the first approach. The 
two schemes also differ dynamically in that they yield different spectra for the 
same potential. 

There are at least two ways in which one-dimensional systems are of direct 
relevance for physics. The most direct possibility is of course to have a real system 
where the configuration space is effectively one-dimensional, like a long molecule 
or a very thin wire. The second example is two-dimensional eleciron systems 
subjected to a strong magnetic field - i.e. the quantum Hall effect set-up. To the 
extent that transitions between the Landau levels can be ignored, this system is. 
from the point of view of the phase space, effectively one-dimensional, as will be 
discussed in some detail later on. 

The aim of this paper is to clarify the nature of statistics in one-dimensional 
systems, by performing a dimensional reduction from two dimensions. Our main 
results are the following: 

When two (two-dimensional) anyons are restricted by an external potential to 
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move along a line, the resulting one-dimensional quantum system will be character
ized by a boundary' condition where the parameter TJ. alluded to above, can be 
related to the statistical angle 8 of the anyons. Although this relation is not very 
simple - it depends on the shape of the "confining" potential - it is periodic in the 
angle 8. 

If the anyons instead are subjected to a strong magnetic field, and we consider 
only the lowest Landau level, the corresponding one-dimensional quantum system 
is identical to the one obtained by quantizing the algebra of (quadratic) observ-
ables. which in this case is sp(l. R). Here there is a simple linear relation between 
the parameter fi describing the one-dimensional fractional statistics, and the 6 
angle characterizing the two-dimensional system. Since the relation is linear, the 
periodicity in 8 is apparently lost, and we will comment upon this. 

The anyons in the lowest Landau level define a set of vortex-like states, much 
like real vortices in a thin superfluid film or localized quasi-particle states in the 
quantum Hall effect. Berry phases associated with these states previously have 
been calculated and identified with the statistics parameters of these excitations 
[7J. But. as pointed out [8]. such an identification needs to be justified, since the 
dynamics of such a system is one-dimensional rather than two-dimensional. We 
show that when the localized vortex-like states are defined as coherent states of 
the sp(l. Js) algebra, the Berry phase associated with such a state is indeed related 
in a simple way to the statistical angle 6. This extends and clarifies an earlier 
discussion which was restricted to bosons and fermions in the lowest Landau level 
[81. 

These three main results will be derived in sects. 2-4. At the appropriate places 
we also review some known material about quantum statistics in one dimension, 
basically following refs. [1] and [6]. to make the paper reasonably self contained. 
Some technical material is collected in appendices. 

.Although only the two-particle system is worked out explicitly, we believe that 
our conclusions are of relevance for the many-body problem, and we comment on 
this at a couple of places. Our results for anyons in a strong magnetic field should 
be of relevance for the understanding of the quantum Hall effect, and we also 
make some comments to this effect. 

2. Dimensional reduction in configuration space - anyons on a line 

In this section we consider two non-interacting anyons in the (x. y) plane which 
are constrained to move only in the x direction by a strong potential V{y). When 
the energy splitting in the potential is large compared to the energy EA=p~/2m, 
and the particles are far apart, the problem separates, and we can ignore all but 
the lowest energy eigenstate in the y direction. As the particles approach each 
other the statistics interaction, because of its singular nature, becomes important 
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and we get an admixture of excited states. We assume that we can separate oul the 
cm. coordinate and discuss only the relative two-particle problem (we shall 
comment more on this later). 

We define a complete set of > -dependent states hy 

where m is the reduced mass. The attractive potential V is assumed to be even 
under reflections so the eigenstates have good parity. 

* . * ( - y ) - + * / ( > • ) . (2) 

A general energy eigenstate for the full hamiltonian with energy 

k* 
E=E; + —, (3) 

can be decomposed for x > 0 as, 

<l/(x, y) =a„ cos(kx+ &)&,*{>•) 

+ £ [a„ exp( -*»<*„*(>') -ib„ exp( -*„-*)(!*-(>•)]. (4) 
n - l 

where 

K? = ^2m(E„~ -E) n f e l . (5) 

and A: is the momentum p x when the particles are asymptotically far apart. Note 
that we have separated out the positive-parity ground state, i£,7 from the sum. 
Since by our assumptions, KI > 0, 'his is the only state with oscillatory behaviour 
for large x. 

We impose ^-statistics on the particles by constructing wave functions with the 
correct multivaluedness, 

ø ( r , * + i r ) = e w ø ( r , < * ) , (6) 

as expressed in relative polar coordinates r, <t>. Remember that the configuration 
space for two identical particles is obtained by identifying the points (jr, y) and 
(-jr, —y). In our case a convenient realization is to restrict the wave function to 
the half-plane x > 0 with the points (0, y) and (0, —y) identified. The anyonic 
wave functions and their ^-derivatives defined in the half-plane must satisfy the 
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following boundary conditions, 

•HO, y) - +e''<jr(0, - y ) , 

0,(0, y) - - e ' V , ( 0 , - y ) y > 0 . (7) 

Substituting the expression (4) for the wave function yields the following set of 
equations: 

a 0 cos S *„ (y) + £ a > „ + ( y ) + c o t ( - | £ *>."(y) - 0 , 
n - l V ' / „ - l 

fl0*sin«*„*(y)+ E«;i>;(v)-iii- E«;y;w=o. 
We now project on the orthonormal set (ifr„*} using the relation 

r d y ^ ( y ) ^ ( y ) = i«m n, 
A» 

and the definition 

to get 

a„„ = 2fdy<l,-(y)<ll:{y), 

ie\ ' 

a0 cos 8 = -cot — JL amt>bm 

a 0 4 sin S = tanl - J £ *„„«-&, 

" / m= 1 

a. = —cot| — I 2, a„„b„ 

9\ 
(c*o„ = t a n | - J] o „ y „ 

- ' m=\ 

Similarly, by projecting on the set bl/~), we get the inverse equations 

a„0a0 cos 8 + £ o „ « , 
m - l 

K~b„ = COtl U )r"° a ° U s i n S + £ <*<"»"""" 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 
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We have introduced the dimensionless variables A ™ kd and Z — xd where d is a 
characteristic "confinement" length in the y-direction. If the confining potential 
scales with d as V(y)- P(y/d)/d2, then K is a function only of A -kd. and to 
first order in å it is constant, K -- K + CXA2). 

Before continuing, we would like to compare with the description of identical 
particles in one dimension. Due to identification of configurations the wave 
functions are defined for relative coordinate x restricted by x > 0, and for free 
particles satisfying a standard Schrddinger equation the restriction on jr is a 
boundary condition [1] 

^ ( x = 0) = 7,^(^ = 0). (18) 

Here v is a free parameter, independent of the wave function ifi and of the cm. 
coordinate. It interpolates continuously between the boson value n = 0 and the 
fermion value n"' = 0 and characterizes the statistics of the particles. The form of 
the boundary condition (18) guarantees that there is no probability current through 
the boundary x = 0 and therefore that the hamiltonian stays hermitian. For the 
free-particle energy eigenstates, which have the form cos(fct + 8), the boundary 
condition is reflected in the ^-dependence of the phase shift S. It has the form 

k tan B = - i j . (19) 

For two anyons in a confining potential the dimensionally reduced wave 
function clearly corresponds to the ^-dependent coefficient of the ground state 
wave function ^ ( y ) . The equations (12) and (13) give the phase shift, 

k tan S = - - t a n 2 - -=^a (20) 

L amObm 

This equation has the same form as eq. (19) provided the right-hand side is 
^-independent. In general it is not, but it can be seen to depend on k only through 
the dimensionless parameter A =kd, and only to second order in A. Therefore it 
is effectively ^-independent for sufficiently small d. In order to see this 4-depen-
dence, recall that «^ are functions of A with a second-order 4-dependence. Then 
note that if we choose to normalize our wave function such that a0A sin 5 = I, as 
we are free to do, the coefficients bm are determined as functions of K^ via eq. 
(17) and eq. (14). 

We compute the function 7)(0) by solving the two equations (17) and (14) 
recursively, with a„ = 0 as starting values. Details about this solution method are 
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discussed in appendix A. For values of 9 close to IT il gives 17"' as a power series 
in cot-(»/2), 

H--««* 1 (5 )£^ ! - . . . (2D 

We may define a dimensionless function /(«) such that 

v(er' = dj(e)coi-^, (22) 

and / ( - ) = 1. This defines a new scale parameter da, which it is convenient to 
separate out when we want to compare different potentials. 

To actually calculate v we must pick a particular potential. The simplest choice 
of the potential Ky) is an infinite square-well of size d. The corresponding wave 
functions are 

/ T / (2n + l ) iry \ 
*;(?) = y ^ c o s i - — - — j , (23) 

C(y) = /}sin(^j, (24) 

and 

K* = 2ir V B(n + l ) , (25) 

li-n=2^n--\. (26) 

A simple calculation gives 

* m2-{n + k)~ 

Substituting (26) and (27) in (21) yields to lowest order in cot(S/2) 

J6\ 2 * m- IB\ 

(27) 

(28) 

which shows that d0 = 0.147d. The upper line in fig. 1 shows f(B), defined in eq. 
(22), as calculated numerically. 

The above example is a bit unphysical in that we put in an infinite square well in 
the relative coordinate. The more realistic case of putting the two particles in an 
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Fig. t. The function / - / ( f l ) relating the one- and two-dimensional statistics parameters n and fl. The 
abscissa is Ø/17. The fermion expansion is used, and infinite sums are truncated to N terms. The upper 
curve is for a square-well confining potential, with N - 400. The lower curve (dotted) is .Fov a harmonic 

oscillator potential, with A" - 600. 

external well is much more complicated to handle since the cm. coordinate no 
longer separates out. It is fairly obvious, however, that nothing very much should 
depend on the actual form of the potential V( y). To demonstrate this we have also 
considered the case of a harmonic oscillator potential V(y) = l m u ! y : . where the 
cm. motion does separate. In terms of the Hermite polynomials, HJ.x), the 
eigenfunctions take the form 

K(y) =N2„-,d"/2H2„_t(y/d) e">' s ' 2 ' \ 

(29) 

(30) 

corresponding to it * = 2]fn and K~ = 2y'n - \ respectively. The scale parameter 
is given by d = (moj )" ' / z and the normalization constant by Nn = (vTr2"n!)~' / 2. 
For the special case n = 0 we find 

, = (-')' irv'2r(2m) i 
( - l r - ^ i m r ) -

Substituting this in eq. (21) we get 

V •- 0.538d cot ID-

(31) 

(32) 

We see that d0 = 0.538d. The function /(f)) for this potential is shown by the 
dotted lower line in fig. 1. We notice that it is very similar to the corresponding 
function for the square well potential, in fact our calculation is not accurate 
enough to exclude the possibility that the two functions are actually identical. 
From the calculation we would expect them to be different, and the fact that they 
are so nearly equal is rather surprising. 
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The scale parameter d„ is a characteristic length scale of a given potential, and 
it can be compared to other length scales of the same potential, for example the 
f.m.s. extension, y r j n t , of the ground state wavefunction IAJ. We find thai 
<io = 0.814y t r a^ for the square well potential, and da = 0 .762y r m t for the har
monic oscillator potential. The ratio of the two scale parameters does depend on 
the shape of the potential, but it is pleasing that this dependence is not very strong. 

3. Dimensional reduction in phase space - anyons in a strong magnetic field 

In this section we consider anyons in a magnetic field. This is a much studied 
problem since it is of direct relevance for the hierarchical states in the quantum 
Hall effect [9,10]. If we restrict our attention to the lowest Landau level (ap
propriate for very strong magnetic fields, or a dilute gas of weakly interacting 
particles) the /V-anyon problem is in fact exactly solvable. This is most likely 
related to the fact that the system is effectively one-dimensional, a point that will 
be elaborated below. 

We start from the one-particle hamiltonian, 

H=^[p-eA{r))\ (33) 

where the vector potential, in radial gauge, is related to the magnetic flux density 
B„ by A = B0 V / 2 (using the notation V = (—y, *)). It is useful to introduce the 
guiding center coordinate R defined by 

m 
* = r - - V , (34) 

which is a constant of motion. In r&dial gauge this definition can be expressed as 

R-ir-^-P. (35) 

In quantum mechanics, the corresponding operator is still a constant of motion, 
but its components are non-commuting, 

[ X , y ] = - ^ . (36) 

If we define 

leBr, 
(37) 
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a and a' become standard annihilation and creation operators. 

[a,a']-l. (38) 

In the following we shall use a complex notation, 

^]J-~(.' + iy)- (39) 

In the lowest Landau-level, i.e. in the degenerate ground state of the hamiltonian 
(33), the algebra (38) then is represented by 

d ' 
a — — + -=£> and a*-»2, (40) 

where the bar denotes complex conjugation. These operators act on functions 
/(z)e" ; " / 2 , where /(z) is holomorphic. The lowest Landau level is spanned by the 
complete set of states 

*, = Af,z'e- i-"'' !, N,= [ i r / V + l ) ] ~ 1 / 2 . (41) 

Here t is a non-negative integer, it is the eigenvalue of the angular momentum 
operator 

L = i(eB 0 J? ; - l)=a , a=z£>. (42) 

Although the motion of the particles takes place in two dimensions, the system 
is effectively one-dimensional since the Hilbert space is generated by the single 
Heisenberg-Weyl algebra (36). Since the operator R is a linear combination of the 
original positions and momenta we can think of this dimensional reduction as 
taking place in phase space, rather than in configuration space. 

We now study the two-particle system in some detail. The problem is transla-
tionally invariant so we can separate out the cm. motion, and the resulting 
hamiltonian for the relative coordinate r is identical to (33) if we substitute 
m -»m/2 and eB0 -»eB0/2. In addition there is now a symmetry constraint on the 
wave functions, that tHe'^z) = e"ty(z), which expresses the fact that the particles 
are identical. 

As already mentioned, for identical particles the relative coordinate and mo
mentum, x and p, or equivalents X and Y, are not observables, since they do not 
respect the symmetry constraint on the wave functions. However, the quadratic 
operators do respect the symmetry, in particular this is true for the operators 

A = \eB<l(X2 + Y*) = 'i(cfa+aar), (43) 

B = | eB 0 (A ' 2 -y 2 ) = K« 2 + ' ' , ^ ) • (44) 

C = ieB0(XY+YX) = ii(a2-ai'). (45) 
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which satisfy the spil. R) algebra * 

[A.B]-iC. lB.C]--iA. [C. A)-iB. (46) 

The corresponding "raising" and "lowering" operators B.-B±iC satisfy 

[A,B.]- ±Bt, [B.. B . J - - 2 / 1 . (47) 

and are simply related to a and a' via 

B , - i ( a ' ) 2 , B.-iaK (48) 

The above expressions for the operators A, B and C are valid for a two-particle 
system of either bosons or fermions. However, the algebra formed by these 
operators may more generally be considered as the basic algebra which defines the 
quantum mechanics of two identical particles in one dimension. This is the 
approach taken in ref. [6] and which has been referred to as Heisenberg quantiza
tion of the two-particle system [11]. The sp(l. R) algebra of quadn..ic operators 
then replaces the fundamental Heisenberg-Weyl algebra of linear operators for 
the system of non-identical particles. 

In the general case the hermitian irreducible representations of the sp(l, R) 
algebra which are of interest belong to the so called discrete series. Such a 
representation is infinitely dimensional and determined by 

,4|ft,M> = (*+ /* ) l* .K>, (49) 

r\k,lL)=v.(i-\)\k,v.). (50) 

where r=A2 -B2-C2 =A2 - HB+B.+ B.B±) is the quadratic Casimir opera
tor, u. > 0 and k = 0 ,1 ,2 , . . . Different values for the real parameter ft correspond 
to inequivalent representations *'. With appropriate phase conventions the com
mutation relations (47) imply 

fl+ I ft, jt> = y'(A + l)(ft + 2M) I * + 1, n), (51) 

B . l*,M> = v't(fc + V - l ) l * - l , / i > . (52) 

" The notation for the symplectic groups and algebras varies in the literature. This algebra is often 
refen-ed to as sp(2, R) instead of sp(l, R). 

" The discussion here always concerns the Lie algebra which is the same for the groups SpU, R>. 
SU(1. 1). SCX2. I) and S U 2 . R). For unitary representations of these groups the parameter y. is 
restricted to non-negative integers or half integers. For the universal covering group the restriction is 
only M > 0. as for iiermitian representations of the algebra. 
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Using (42) and (43) tine have, for the two panicles in the lowest Landau level. 

A-i(L + i)-i(zD + i). (53) 

Comparing with (49), we see that u - i for bosons, with f-0.2,4 while M - S 
for fermions. with / - 1, 3. 5 as discussed in ref. |6|. 

The wave functions of the lowest Landau-level (41) have trivial generalizations 
to "anyonic" wave functions 

+;-Nnt~,*ik*"e-!":. (54) 

with the integer k restricted by 2k + v » 0 in order to have regular wave functions 
at the origin. The energy eigenvalues of these functions are independent of the 
parameter v. This parameter, which is related to the statistics parameter of the 
anyons by 9 = irv, gives rise to a shift in the angular momentum eigenvalues. 
t=>2k + v. By a redefinition, v->v + 2n, n integer, v can be restricted to the 
interval 0 < f < 2 with A: taking the values 0, 1, 2 This is convenient for 
comparison with eigenvalues of the abstract sp(l, R) algebra and will therefore be 
used in the following. The shift in / implies a shift in the eigenvalues of the 
operator A which, after the redefinition of », can expressed as 

u = }* + A. (55) 

This indicates that anyons in the lowest Landau-level are equivalent to one-dimen
sional particles with sp(l. R) quantization and the parameter M shifted relative to 
the boson and fermion cases. However, in order to demonstrate this explicitly one 
needs to show that the raising and lowering operators &+, as well as A , arc 
represented on the space of anyonic wave functions. Clearly the expressions (48) 
for B . no longer are valid, since B_ fails to annihilate the vacuum state but 
rather creates increasingly singular wave functions by repeated action. Instead 
modified expressions can be defined by use of the general expressions (51) and 
(52). 

From eq. (54) we have 

z 2 « - TT^M-*. -1'<2* + » + 2)(2* + » + 1) ft.,. (56) 

Putting 4/x = 2 K + 1, according to eq. (55), and comparing eqs. (51) and (56) we 
deduce 

B T«=k 2y 
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where K is defined as the square root of the operator 

^-'-(L^u'U)-1-""-1^"0''- < 5 8 ) 

which is positive and hermitian. We can proceed in a similar way lo construct B.. 
In summary, the whole algebra is represented by 

/1-l(zD + i), B.-iz2K. B.-hKD2. (59) 

and it is easy to check that 

r _ i ( - 2 + „ ( „ - l ) ) (60) 

as expected from eqs. (50) and (55). This completes the construction. We have thus 
shown that the system of two anyons in the lowest Landau-level is equivalent to a 
system of two fractional statistics particles in one dimension, quantized through 
representations of the sp(l, R) algebra. These are irreducible (and hermitian) 
representations, since all states in the lowest Landau-level are generated from the 
lowest angular momentum state by application of the raising operator of the 
algebra. 

The linear relation (55) between the parameter v and the one-dimensional 
statistics parameter p. may seem to break the periodicity in S which is present in 
the two-dimensional system. However, this is not the case thanks to the restriction 
on the values of v which effectively constrains y. to the inverval j<M < \. ix 
depends discontinuously on 6 at the endpoints of this interval in such a way that 
when 0 is continuously increased through the bose value 2-. fi jumps from the 
value j back to the value j . This discontinuous behaviour is expected, if we 
remember how periodicity in 6 is realized in the radial gauge. As 6 is increased all 
states recede from the origin, so that at 0 = 2v the 4th state is transformed into 
the (k + l)th. At that point one single state comes down from the second Landau 
level and replaces the lost / = 0 state. Thus, counting the states up to some fixed 
k, we see that the total angular momentum jumps discontinuously at the Bose 
points e = 2irn. 

There are some heuristic reasons to believe that the equivalence we just proved 
for the two-body problem also extends to the JV-body case. First we recall that the 
one-dimensional harmonic oscillator in a 1/x2 potential 

d 2 , •, Å • • * H=-—1 + \x-+-1=o,a+i- + —, (61) 
ax* x* " x-
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constitutes an explicit realization of the sp(I. R) algebra (43M45), if we identify 
[6,12] 

A - iH. (62) 

l.-if'f-jp- (63) 

B.-ia2-Jp. (64) 

where we use (he standard expressions a - ix + ip and a* - ix - ip. It is straight
forward to show that 

r - J ( A - i ) - (65) 

Thus, the harmonic oscillator with an additional l/x1 potential can be interpreted 
as describing a two-particle system of identical particles with fractional statistics in 
one space dimension. The sp(l, R) representation then gives an explicit mapping of 
the two-anyon problem in the lowest Landau level to this one-dimensional two-
particle problem, if we identify A = viv - 1). The hamiltonian H of the one-di
mensional problem then translates to to the angular momentum, L, in the 
two-dimensional case (more precisely we have H -* L + \). 

As we already mentioned, in the lowest Landau level we can solve the Af-anyon 
problem. The solution reads 

*(*,. f , )=S[z , ]n(z , -* , )"exp - i E f , 2 , , (66) 

where 5[z,] is an arbitrary symmetric and homogeneous polynomial. This solution 
is an eigenfunction of L = E,A«ii., with the eigenvalue 

/-n + ̂ vN{N-l), (67) 

where n is the degree of the polynomial 5. The hamiltonian (61) corresponds to 
the relative two-body problem where we have set the mass m and the oscillator 
frequency u> both equal to 1. The corresponding N-body problem given by 

//= £(*>, + 4 ) + E A

 2 , (68) 

was exactly solved by Calogero [13,14] (see also papers by Sutherland [15,16]) who 
found the spectrum 

£„ = £„b + ±N(N - 1)(1 + Vl + 4A ) (69) 
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where £* are the energy levels of N bosons with the hamilionian (68) for A - 0. If 
we substitute A - v(t> - 1) in (69) we get (67) for v > 1/2. except for a constant 
shift N/2 '. It should be clear that also the degeneracies of the two spectra are 
the same. Thus for the bose case v - 0 the degeneracy, in both cases, is deter
mined by the number of solutions to the equation 

.v 
n - £ m . < (70) 

i - i 

where (m,) is an ordered set of non-negative integers (i.e. 0 < m, < m,,,). By 
continuity the degeneracy then is the same also for other values of v. 

Thus, even in the JV-particle case the energy spectrum and degeneracies of the 
one-dimensional model coincides with the spectrum and degeneracies of the 
angular momentum operator in the two-dimensional model. We have not been 
able to directly map the problems on each other, but we have all reasons to believe 
that this is possible **. In this connection we should mention that, using certain 
assumptions, Polychronakos has shown that also the Af-particle hamiltonian (68) 
can be interpreted as describing fractional statistics particles in one space dimen
sion [17], and in a recent paper he in addition noted the similarity between the 
solutions (66) and Calogero's solutions for the hamiltonian (68) (18). Finally, we 
should also mention that recently Haldane [19,20] and Shastry [21] constructed and 
solved a discrete version of the model (68) which can be mapped onto a cyclic spin 
chain. It is tempting to speculate that some model of this kind is equivalent to 
anyons in the lowest Landau level on a torus [22.23]. 

4. Berry phases from coherent states of anyons 

In this section we shall use coherent states for the algebra sp(l. R) to describe a 
maximally localized pair of anyons in the lowest Landau level. The (overcomplete) 
set of coherent states is parametrized by a complex parameter p which is related 
to the relative position of the two anyons. We then construct the connection on the 
parameter space, calculate the Berry phase corresponding to interchange of the 
positions of two anyons and show that this phase is equal to (minus) the statistics 
phase 9 plus the phase due to the enclosed magnetic flux. 

" Exact correspondence between the two expressions, for all v> - 1 / 2 . is obtained if we modify the 
energy formula (69). replacing V1+4A by - vT+4A~ when - 1/2 < v < I/2. 

*" In fact, using an idea due to Perelomov [12] we can construct two operators fl_ and 5„ that 
together with H form an spU. Si) algebra even for the N-body problem. By considering representa
tions with u. * 0, we can again obtain IV anyon solutions and map them on solutions to the 
one-dimensional problem (68). In the two-body case, this generated the whole spectrum, but in the 
N-body case we only get a subset of the solutions. 



574 T.H Hansson ttmi / Anyon Sjrsltmi 

For bosons and fermions, our result agrees with those derived in ref. [8], and it 
is instructive (o rederive those results using the formalism of coherent states, 
before treating the general anyon case. The derivation given here is also consider
ably simpler. First we consider the one-particle coherent states defined by 

fl|a)-a|o>, (71) 

which are explicitly given by 

| o > - e x p ( - i l a | 2 + ao')|0>, (72) 

where 10} is the zero angular-momentum state centered around the origin. We 
shall also need the overlap 

<ttla'> = e x p ( - i | a | 2 - i | a ' | 2 + Sa')- (73) 

It is easy to verify that in the coordinate representation 

< ( j ) = < i l « > = W 0 e x p ( i ( a 2 - ^ I ) ) e x p ( - l l z - a l 2 ) . (74) 

Apart from the first exponential which gives the phase of the wave function, this is 
simply the / = 0 wave packet originally centered around the origin, but now 
translated to the position Rc, where 

leB0 jeBa 

The last formula corresponds to eq. (37), thus Xc -1%. is the eigenvalue of the 
operator X - iY. Note that when we apply this formula below to the relative wave 
function of the two-particie system, we have to substitute the reduced quantity 
eB0/2 for eB0. 

For two identical particles we construct the following symmetric and antisym
metric linear combinations of coherent states 

la, ±> = N ± ( | a > + l ~ « » , (76) 

corresponding to bosons and fermions respectively. One easily finds 

I A f ± I — = , . (77) 
v'2(l±e- 2""-) 

We can now simply take N+-= \N+\, but some care is needed in determining the 
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phase of /V'_ because of the branch point at a - 0. By demanding la, - > to be 
single valued, we find 

N . - T ^ - I / V . I. (78) 
la l 

We can now calculate the Berry connection corresponding to the polar angle 
* - <ic in eq. (75) as follows: 

A$-i<a, ± | a „ | a , ± > - <a, ± \(ada -ads)\a, +> (79) 

= al /V ± l 2 «al±<-al)« , ( l<*> + l - « » - - 4 - . (80) 

where we used eqs. (76) and (72), and the last term comes from acting with Ss on 
N_. Using (77), the conjugate of (71), and (75) with eBa/2 substituted for eB0. we 
finally obtain 

eB0 , jeB0 \ 
A* = -^-R"; t a n h l - ^ * M , (81) 

eBB , leB0 \ 
Ai--^Rlcctti^—Rlj-\. (82) 

for bosons and fermions respectively, in agreement with ref. [8], 
For R; much larger than 4 /eB 0 the above result corresponds to the following 

expressions for the geometrical phase, 6B = / 0" d* A^,, associated with the inter
change of the particle positions, with Rc fixed: 

(eBa/A)vR\ (bosons) 
(eB0/4)irR^ — Tr (fermions). 

Since the area of the closed loop formed by the particle positions under inter
change is TTR\/4 the term depending on B0 can be identified as the (single-par
ticle) contribution to the geometrical phase resulting from the motion in the 
external magnetic field. The remaining part is the two-particle contribution, which 
is zero for bosons and — ir for fermions, and thus, in these two cases, identical to 
minus the statistics phase of the particles. 

Note that the interchange referred to here is a purely formal operation defined 
by shifting the position of the coherent state. For real interchanges there are 
additional complications which are associated with the one-dimensional dynamics 
of the system. We refer to ref. [8] for a more general discussion of this point. 

We now turn to the case of anyons. Here we can not form coherent two-particle 
states by a simple linear combination of one-particle states, but it turns out that 
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there is a very natural generalization of the above results based on the coherent 
states Tor the algebra spO, R). To understand the rationale for this construction, 
one should notice that I a, ± > arc eigenstates of a 2, 

a2\a, ± > - o 2 | o , ±>, (84) 

so it is very natural to consider the sp(l, R) coherent states defined by [24] 

B_|0,(*>«0I0,M>- (85) 

From eq. (52) follows directly that 

l g . M > - W , £ , * • • , ! * • " > • (86) 
*.o i*ir(* + 2 .̂) 

The normalization factor iV̂  may be chosen real, and is then given in terms of a 
modified Bessel function as 

It is clear from eq. (48) that we should take 0 = jar which implies id9 = 2(/}d/3 -
$dg). Using this, we can now calculate the anyonic generalization of A% as * 

< » = 2 < / J , M l ( ^ - ^ ) l i S , M > - 2 | p l ^ ^ | j . (88) 

Using relations between the modified Bessel functions of half-integer order and 
the hyperbolic functions, it is easy to check that for ii = j and p = \ this 
expression reproduces the results (81) and (82) for bosons and fermions respec
tively. For general y. we can use the asymptotic expansion 

e* ( 4 c 2 - 1 \ 
/»(•») ~ - S = l - - S + ••• (89) 

V2TTX \ SX J 

to obtain 

AW=e-^-R\-{2».-\) (90) 

in the limit RQ » l/eB0. With /x and v related by eq. (55), this formula shows that 

* In deriving eqs. (87) and (88) we used the series expansion /„(2jr><=£fc.0 x2k*"/kir(k + t> + l). 
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for widely separated particles one obtains, in addition to the contribution from the 
magnetic field, a geometrical phase —itv= -8 when the two particles are 
interchanged. But this is nothing but (minus) the statistics phase, as already 
advertised. 

The relation between the geometrical and statistics phases discussed above is 
not totally unexpected. In a previous paper we established a similar connection for 
the case of two anyons trapped in two well-separated, narrow potential wells which 
are interchanged adiabatically [25). However, one should be aware that the 
situation here is somewhat more complicated. For particles in the potential wells 
the argument was based on two general features of the wave function. First that it 
depends on the (relative) anyon coordinate r only through the combination r-Jt. 
where if is the (relative) position of the two wells. (Actually, there are two 
contributions to the wave function, one depending on r — R and the other on 
r + R. but they give equal contributions to the Berry phase.) Second that the 
expectation value of the velocity operator v = -iV — a is zero (where a is the 
statistics vector potential and m = 1). For the particles in the magnetic field, due 
to the localized nature of the coherent state wave functions, it is clear that the 
expectation value of the velocity operator (which is now v— —iV-a —eA) will 
vanish exponentially for large separations Rc. But it is not clear whether the wave 
function for large Rc can be expressed as a function of z - a only, since 
translational invariance has a more complicated form in a magnetic field than in 
free space. In particular the wave function does not have this form in the radial 
gauge. 

The connection between the statistics and geometrical phases may be of interest 
for the quantum Hall effect, since the calculation of the Berry phase of the 
quasi-particle excitations of the Laughhn state, as done by Arovas et al. [7], is 
usually given as an argument for the excitations being anyons. There clearly is a 
similarity between these quasi-particle states and the anyon states in a strong 
magnetic field [9], and this suggests that a similar relationship holds also there. We 
would like to comment that the one-dimensional parameter fx might be more 
relevant than the two-dimensional parameter 8, since there are no fundamental 
anyon coordinates associated with the quasi-particle wave functions. However, in 
order to show this connection explicitly in a way similar to what we have done for 
anyons in a magnetic field, one must show that the quasi-particle states can be 
represented as coherent states of an sp(l, H) algebra, defined by quadratic position 
and momentum variables. This remains to be done. 

Appendix A. Numerical calculation 

By eqs. (19) and (20), 7j is known as a function of 8 as soon as the coefficients 
bm are known as functions of 8. We may think of the computation as an expansion 
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either around the boson value 0 — 0, with i - tan(fl/2) as an expansion parameter, 
or around the fermion value 9 - TT. with £ - cot(fl/2) as expansion parameter. 

In the "boson expansion" we may iterate the set of equations (16) and (IS), 
starting with the approximation a, - a 2 - •.. - 0. The normalization of the coeffi
cients does not matter, and we fix it arbitrarily so that a 0 cos 6 = 1. Using the 
lowest approximation for bm, 

K = -{<>n*, (A.l) 

and the fact that the coefficients a„„ define an orthogonal matrix, we get the 
approximation 

V-Zt2 L ( « m o ) 2 ^ - (A.2) 
d m~\ 

Unfortunately, this infinite sum diverges in the two cases we have studied, which 
shows that the boson expansion is not a good approach. 

In the "fermion expansion" we iterate the set of equations (17) and (14), fixing 
the normalization such that a0A sin S = 1. This gives the lowest-order approxima
tion 

bm'~: (A.3) 
Km 

and eq. (21) follows. The infinite sum in eq. (21) is obviously much better behaved 
than the one in eq. (A.2), which indicates that the fermion expansion is the good 
approach. We have used mainly the fermion expansion, but we show for compari
son some numerical results obtained by the boson expansion. 

We truncate the infinite sums to finite sums, and rewrite the equations in the 
following form, which is convenient for iterative solution 

N 

a„ = wa„- (1 -w)i Y. <*mnbm, (A.4) 

f / N \ 
bm = WK + (1 -w) — \"m0+ Y.am„K^a„\. (A.5) 

We may start iterating from the approximate solution given in eq. (A.3). 
By iterating eq. (A.4) and eq. (A.5) with iv = 0 we get each bm as a power series 

in £, and the iteration procedure converges whenever all the different power series 
converge. The weight factor w enables us to compute the solution outside the 
convergence r:.dii of the power series. When f = cot(0/2) is large, «,• must be 
chosen close to 1, whereas for small £ we may take w = 0 (a formula such as 
w = 1 - sin(S/2) works most of the time). 
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Take N = 1 as a simple example, then we have the explicit solution 

* > , - • 
«i +{1{aufi<~, 

(A.6) 

For any real value of (, this solution exists and may be computed by our "weighted 
iteration" scheme, even though the power series expansion in ( has only a finite 
radius of convergence. 

We have computed the function f(8) as defined in eq. (22), for the square-well 
potential and the harmonic oscillator potential discussed in sect. 2. With the 
harmonic oscillator potential we have the recursion relation 

j2m-\ 
(A.7) 

which together with eq. (31) defines the coefficients a„„. 
The fact that the series in eq. (A.2) diverges for both these potentials, indicates 

that /(0) = 0 for both. Note that the divergence is slow, especially in the harmonic 
oscillator case, where it is logarithmic so that as many as 10" terms still gives 
/(0) = 0.25. 

Fig. 1 shows approximations to the function f(0) for the two potentials, 
calculated with the fermionic expansion. The upper line is for the square-well 
potential, with the infinite sums truncated to N = 400 terms. The dotted lower line 
is for the harmonic oscillator potential, with /•/ «• 600 terms included. The differ
ence is everywhere smaller than 0.03, and is of the same order as the estimated 
error in the calculation. We consider it unlikely that the exact curves are identical, 
but we would need a more precise calculation in order to exclude the possibility. 

Fig. A.l. shows different approximations to the function /((?) for the square-well 
potential. The boson expansion is seen to approximate / from above, with a very 

Fig. A. l . Different approximations to / ( 0 ) for a square-well confining potential. The upper curves are 
calculated by the boson expansion wilh N = 100 (top) and N = 200. The lower curves, almost 

coinciding, are calculated by the fermion expansion with W = 100 (bottom) and N = 400. 
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slow convergence, although it gives a good approximation to / in a certain range of 
8-values close to TT. The fermion expansion approximates / from below, v/ith a 
much faster convergence. 
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We use a path integral representation for the partition function of non-interacting anyons confined in a hannonic oscillator 
potential tn order to prove that the third vjrial coefficient of free anyons is finite, and to calculate it numerically. Our results 
together with previously known results are consistent with a rapidly converging Fourier scries in the statistics angle. 

1. Introduction 

The two-dimensional "fractional statistics" of an
yons [ 1 -3 ] is not yet a particle statistics in the same 
sense as Bose-Einsictn or Fermi-Dirac statistics. Not 
much is known even about the gas of free anyons, be
yond the second vinal coefficient A2{8) [4,5]. As 
usual, 8 denotes the angle defining the particle statis
tics. One known exact result for the third virial coef
ficient A${8) is that it is symmetric under the substi
tution 8-*x-d. This follows from the existence of a 
certain "supersymmciry" transformation [6,7]. Fur
thermore, according to perturbation theory there is 
no variation of A3(0) to first order in 6 or \0\ near 
the boson point 8=0. or in 0— n or \8— n\ near the 
fermion point $=TI [8-10], but there is a second or
der variation at both points [11,12]. 

It is not entirely obvious to us that A3 should be a 
different iable function of flat 8=0 or 8=n, or indeed 
anywhere. But if it is analytic, then it ought to be well 
approximated by only a few terms from the Fourier 
series, 

Ay(8)=x4 4:+ —-^sm2d+c4sinad+cc,sin68 
\ \IK~ 

+ • • • ) • ( 1 ) 

This series is consistent with periodicity and "super-

' Supported by the Norwegian Research Council for Science and 
the Humanities, NAVF. 

symmetry", and with the second order bosonic and 
fermionic perturbation expansions. We find it rather 
remarkable that already the first two terms give a good 
approximation to our numerical data, with no free 
parameter. If this lowest order approximation is in
deed exact, which is not totally excluded, then there 
should be hope of calculating i' exactly. 

Following Laidlaw and DeWiu [13], we consider 
the path integral representation for the partition 
function of a system of identical particles in an exter
nal potential. This approach emphasizes the connec
tion between topology and particle statistics [13.1. 
14]. Our path integral formula is reminiscent of (and 
was inspired by) the cycle expansion for si.ange at-
tractors [15]. The partition function of three anyons 
in a harmonic oscillator potential in the limit of zero 
frequency gives the third virial coefficient of free an
yons [9-12,16]. The two-anyon harmonic oscillator 
problem is trivial, it was solved in ref. [ 1 ]. and the 
solution yields the second virial coefficient [9,10]. 
In the three-anyon problem the complete energy 
spectrum is not known, but the lowest levels have been 
calculated numerically [17,18], or perturbatively 
near the boson and fermion points, and an infinite 
number of exact solutions are known with energies 
linearly dependent on 8. See e.g. refs. [7,19,20] and 
references given there. The path integral representa
tion gives the partition function directly without ex
plicit knowledge of the energy levels. 

One non-trivial result we obtain beyond the nu
merical values, is a proof that the third virial coeffi
cient of free anyons is always finite. This has so far 

0370-2693/93/$ 06.00 © 1993 Elsevier Science Publishers B.V. All rights reserved. 267 
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been known only 10 second order in perturbation the
ory [11.12). A more detailed account of our work 
will be given elsewhere [21). 

2. The partition function 

By reformulating the trace as a path integral, we get 
the following formula for the partition function of A' 
anyons in the external potential i\ 

ZK(/S.g) = Trexpl-/)/i) 

= Sn7T^X f f ( * T , , e x p ( - f ) 
xexp(-iflG). (2) 

Here H is the hamiltonian operator. R— 
(r^ri,.... rN JeR2"denotes the iV-particle configura
tion, with ryeR :. and Jf(r) denotes an A'-particle path 
as a function of the imaginary time r = — ir, with 
0<t<Æ£ &(K(T)) is the path integral measure, and 

is the action in imaginary time, with m the panicle 
mass. 

The trace is obtained by integration over closed 
paths. With -; lentical particles, a closed A'-particle 
path may induce a permutation P of the particles. The 
trace includes a sum over alt permutations PeS v. 
which reduces to a sum over all conjugation classes 
& c SN. Here S,v is the symmetric group, and the con
jugation class & is characterized by a partition of Ar, 
i.e. a sequence of non-negative integers vx, v2,... such 
that Xi vLL=N. Every permutation Pe@ may be 
factored as a product of commuting cycles with vL 

cycles of length L, and the sign of P is sgn (P) = 
(— 1 ) N ~ " , where v=. J,L vL is the number of cycles. 
Ineq. (2). %{&) is the set of A'-particle paths induc
ing an arbitrary, but fixed permutation Pe P. Q de
notes the winding number of the path R(T). Q is al
ways an integer, it is even when the permutation Pis 
even, and is odd when P is odd. 

The path integral in eq. (2} with 0=0 is 

J <?(*(T» «p(-|V Bg[Z 1(IjJ)r. (4) 

This relation holds because a factorization of the per
mutation f e * into disjoint cycles implies a corre
sponding factorization of the path integral, and the 
path integral for one cycle of length L is Zi (Lg) . In 
fact, the path integral for L bosons, when the permu
tation is cyclic, equals ".he path integral for one par
ticle over L limes as long a time interval. 

Extracting from the path integral a normalization 
factor given by eq. (4) ,we write 

(5) 

where F, is a probability generating function. 

FA&8)= 1 PA0.Q)<*p(-iBQ), (6) 

and PAP> Q) is the probability of the winding num
ber Q, given Uie partition * and the weight exp( - S/ 
ft) of each path. Since PAP. -Q)=PAP, Q), for 
the reason that the probability distribution of paths 
is time reversal invariant, and since Q is even/odd 
for an even/odd permutation, the following relations 
hold: 

FAfi,S) = FAH.-B) 

=sgni-?)FAP.*-B)- O) 

In particular, the boson and fermion v* lues are 
FAP- 0) = 1 and FAP- J r )=sgn( .?) = ( - I ) * — . 
Thus for A" non-interacting bosons or fermions we 
have that 

Z,.(/i) = <±l)"l[]^(±^P)"], (8) 

with the upper sign for bosons and the lower for fer
mions. This relation is valid in any dimension, as can 
be proved from the grand canonical partition func
tion, where E„ is the energy of the mh level in the 
one-particle system, 

^ ( & r ) = n [ l + _-exp(-0£ n)]*' 

= I :NZA0). (9) 

The proof is by exponentiation cf the formula 
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lo[i'<A . - ) ] « + £ I 
1 Lml 

(z:)LwH-LfiE.) 

= I 
t - l 

(JDMiZ.)/./?)] (10) 

3. The harmonic oxcillator 

In order to compute the virial coefficients, it is 
convenient to confine the particles by (he harmonic 
oscillator potential L\r) = {mu2\r\2 and lake the 
limit w-»0. The well-known one- and two-particle 
partition functions depend on the dimensionless pa
rameter <;=ftajfi. 

Z,(^) = [2sinh(Jf)]- : !. (II) 
Z,(£9) = HZ,(M) 2F,,(0.9) + !Z,(2/r)F,(ft9) 

cosh[( l -gK] 
[2sinh(K)] 2-2sinh :{' (15) 

Here a=a(0) is a '"sawtooth'" function. o(9) = 
Ixl/itwhen B—x+2nx, \x\ ̂  it and n is an integer. 
We get for the even partition 1 + 1=2 and the odd 
partition 2=2 that 

f„(J?.0)= X />„(£Q)exp(-i0f2) 
eveoQ 

cosht(a-iK) 
cosh(J?) ' 

F2(P.B)= I /M/?,e>exp(-i«0) 
odd(? 

_ sinh[(a-lK) 
sinh(jc) 

from which follows that 

,, t f l m 2^tanh(^) 

*MAG)' 
2ccoth(jQ 

(13) 

(14) 
r+(*G> 2 ' 

The three-anyon partition function is 
z3(p,e)=UzAB))iFul(p,8)+iz1ofi)F^p.e) 

+ {Z,(mZ,{fi)F!l(fi,B). (15) 

There are two even partitions, 1 + 1 + 1 = 3 and 3 = 3 , 
and one odd. 2 +1 = 3. The unknown pans of Z 3 are 

the probability generating functions F„.F> and f-,. 
which we are only able to calculate numerical!), ex
cept that the pan of Zj which is odd under the reflec
tion 9—x-B is known from the supenymmetry ar
gument of Sen [6.7 ] . In our notation. Sen's result is 
(hat 

F2,(A9)-f,(3£fl) = sinh((a-!)3J) 
SiiMK) (16) 

The distribution of winding numbers can be found 
numerically by Monte Carlo generation of paths ac
cording to an exact multi-dimensional normal distri
bution. For this we need the imaginary-time one-par
ticle propagator for the two-dimensional oscillator. 

ff(i,rr) = <s|exp[-(r/*)/?]|r> 

met) f mw 
2jrtsinh(«T) 

+co!h(i<irt)|j-r| 

xpf-

•0-

4ft Itanh(!wr)lj+r| : 

(17) 

The common staning and ending point r = r ( 0 ) = 
r(LhP) of a random closed path over the interval r = 0 
to v=Uifi has a probability density proportional lo 
<J(r, r, LAB). This defines a normal distribution of 
mean zero and standard deviation 

a^yPn 
-coth(iLf)- 1 

,-a K'mLoj2^' 
(18) 

Given three times T„<r<r 4 and the two points 
r(ra)=ra and r{ib) = rb on the path, the position 
r ( r ) = r has a probability density proportional to 
G{r„, rr s - r )C?(r . r«:r—i,). This defines a normal 
distribution of mean 

_ s i n h [ t i ) ( T t - r ) ] f a + s i n h [ a ) ( t - T a ) ] r t 

sinh[cu(rj-r„)] 
and standard deviation 

% sinh[tu(T-T a )] s inh[cu(T t - t ) ] 
ma»sinh[w(Ti — x„)\ 

"- 0 yj m(r»-r„) (20) 

We use these formulae to generate random A'-par-
ticle paths. Given a value of fi and a partition 
I t vLL=K, we treat one cycle at a time. A cycle of 
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length L corresponds 10 an L-panicle path over an 
imaginary-time interval *A or equivalently a closed 
one-panicle path o er the interval Ui0. We generate 
Tint the common starling and ending point of this 
one-panicle path, and then a successively finer sub
division of the r-inierval. We count the windings by 
counting sign changes of the relative coordinates. 

4. The third virial CMflkieat 

The second and third virial coefficients are, with 
X—h%ln0jm the thermal wavelength, 

= 1 2 U - i O - « ) J ] . <21) 

+ 16Tza?)]* ~6Tzkl)?)- {-2) 

In the limit to—0. eq. (18) imi."'-s that the starting 
and ending point of an I-particJe loop is located in
side a region of area inversely proportional to w2. 
Furthermore, eq. (2) implies that the area covered 
by the L-particle cycle tends to a non-jero. finite limit 
as w-»0. The probability that particles belonging to 
two different cycles wind around each other, is there
fore proportional to u)2. The probability that three 
cycles overlap simultaneously, is proportional to w*. 
These estimates imply for the function Flu that the 
windings of the three pairs of particles are uncorre
cted up to terms of order oi4. Hence, 

Fi i i (M) 

= [fi i(p\ff)] 3 [l+f i i i W f + O K ' ) ] . (23) 

Similarly, for the function F2t only the two-cycle con
tributes to the windings up to terms of order w2. 
Hence. 

F^f.8) 

=FA0.eni+Ft,2>(e)? + O(V)} . (24) 

The explicit formula in eq. (16) is of this form, with 

F5?>(fl) = -J + 3 ( « - i ) 2 - (25) 
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We write also 

F,lfi.0)mF!/»m+OW. (26) 

These expansions imply the non-trivial result that 
.-litØ) is finite for all ft Explicitly it is 

/M9) = ; . * ; £ + , ( a - D ' - J l a - j ) ' 

-F|fl<«>-W<»> 
+ !<a-!>U> r jT , (e>+l-'»<a-!> : ]). (27) 

Note that all the three functions F\'l.Fl<" and 
FJi' are even under the reflection e-n-9. Thus we 
see that A, is even if and only if eq. (25) holds. 

5. Numerical results an discission 

Due to statistical fluctuations, the Monte Carlo es
timates P"c(ø. Q) for the probabilities will usually 
violate the symmetry P(Q)-H-Q),so that the es
timated probability generating function F^c{f.8) 
becomes complex. We may then use the imaginary 
pan as a measure of the statistical uncertainty in the 
real part. 

For a given 4= fuofl. F5?c is exact at $ = 0 and 8= jr. 
One way to check it against some theoretical predic
tion is therefore the check the derivative with respect 
to 6. In fig. 1 is plotted a 3F?!C/39 versus 67 IT, based 
on 10* paths generated at 4= 1. We plot only the in
terval 0 ̂  $ ̂  J 7t, because of the periodicity and sym
metry relations. The imaginary part is plotted in or-

Fig. 1. Real and imaginary parts of jr8FJ|c/30. al £=]. versus 
Sin. The smooth curve is the exact result due to Sen. 
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der to indiidtc the statistical uncertainty. The smooth 
curve is the denvalive of eq. (16), it is antisymme
tric about 0=0 and obviously discontinuous. In ad
dition to statistical fluctuations, there is a systematic 
deviation of the Monte Carlo generated curve from 
the exact curve. We interpret this as an example of 
the Gibbs phenomenon, which is unavoidable when 
a discontinuous function is approximated by a finite 
Fourier series. It is characteristic that the finite series 
"overshoots" close to the discontinuity. Allowing for 
statistical and systematic errors, we conclude from fig. 
I that our Monte Carlo simulations agrees with the 
theoretical result due to Sen, eq. (16). Thus the com
parison serves to verify both. 

Fig. 2 shows n df^c/ 80 as a function of 6/n, to
gether with the straight line 9 ( a - l ) . 2X105 paths 
were generated at w=0. i.e. in the exact free-particle 
limit. Based on this figure, in comparison with fig. 1. 
we conjecture that the straight line is indeed the exact 
derivative of F 3 in this ̂ -interval, which would mean 
that 

F¥»{8) = -l + l(a-i)2. (28) 

This formula is at least a very good approximation, 
if not exact. 

The most difficult quantity to extract from Monte 
Carlo data is the fourth order term F\Vi(0). Our re
sult- based on 1.8 x IO7 paths generated at £=0.25. is 
plotted in fig. 3. The imaginary part is also plotted 
and shows that the statistical uncertainty is relatively 
large. We have verified the c? dependence and thus 

Fig. 2. Real and imaginary- pans of x dF^c/d8. at £=0. versus 
0/JT. The real pan is consistent with the straight line 9 ( a - 1 )• 

-0.002 J 

Fig. 3. Real and imaginary parts of F i T ' M C . as computed at 
4=0.25. versus Bin. The iwo curves correspond to the twocurves 
in fig. 4, 

Fig, 4. The third virial coefficient. Ail).* as a function of din, 
compared to eq. (I \ uiih either Ct = c 6 = ...=0 or c 4=0.0065S. 
c 4 = -0.00583. 

the extrapolation to £=0 by comparison with Monte 
Carlo simulations at <;=0.5 and £=0.75. In the figure 
are also plotted two curves corresponding to the two 
curves in fig. 4. 

Fig. 4 shows the numerically calculated third virial 
coefficient ,43(0). compared to eq. (1). One theoret
ical curve represents the first two terms in eq. ( 1 | . 
with no free parameter, the other curve is a two-pa
rameter least squares fit and has c* = 0.00658. 
c6 = -0.00583. We conclude from this figure and 
from fig. 3 that the Fourier components <r4. ft.... are 
small, but we cannot tell with certainty whether or 
not they vanish exactly. 
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One further comment is in place. The asymptotic 
fonn \JQ- of Ihe Lorentz distributions of winding 
numbers ineq. (14) is typical of all winding number 
distributions, thus the probability of high winding 
numbers is not negligible. In our Monte Carlo simu
lation the high winding numbers occur at extremely 
small distances, in fact we simulate distance down to 
10" w 0 . which is of course entirely unrealistic. It would 
be much more realistic to introduce some hard core 
repulsion between the anyons. This would cut off the 
tails of the winding number dislributions and thus 
guarantee that the «-dependence is analytic. See e.g. 
refs. [22.23]. 
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PHYSICS LETTERS B 

Erratum 

The third virial coefficient or free anyons (Phys. Lett. B 299 (1993) 267) 

J. Myrheim and K. Olaussen 

On page 269, the first line, second column, Fu should read F | M . 
On page 270. four lines below eq. (22) , the reference to eq. (2) should read 

eq. (20). 
In eq. (27). the term - J ( a - ) ) ; should read + j ( « - ! ) " • 
In section 5. the second line, Pn should read Ps-
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