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ABSTRACT

The role of complex polarizations is emphasized as providing coordinate-free approach
to creation and annihilation operators needed for particle interpretation. With their help a
proposition is made for explanation of BRST extension of the phase space due to fixing to
zero the number of particles corresponding to constraint functions. The procedure treats
the case when no group action is assumed and does not require any form of supersymmetry.
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1 Introduction

Geometrical constraint algorithm [lj is known to produce a final constraint submanifold
Mc {the unique maximal submanifold on which the dynamical flow is tangent to it) which
in general is not symplectic. If we want to perform quantization, it seems natural to
associate a symplectic manifold to our constrained system because their quantization is
somewhat better understood (e.g. in the context of geometrical quantization [2]). One of
the routes to do this is to reduce the final constraint manifold by the kernel of the presyni-
plcctic form: ke.ru s {X € TMC | w ( X, Y) = 0 for any Y € TMC] , provided this
kernel has constant dimension and the factor is a manifold in a natural way. In finite di-
mensions and in many cases in infinite dimensions the Hamiltonian is also reducible (for
a counterexample see [3]) and we obtain a well-defined unique dynamical system "ready
for quantization". A popular version of this route is applicable when the kernel is exactly
spanned by the fundamental vectors of a group action and we reduce by this action to
obtain again a symplectic manifold. This reduction does not necessarily coincide with the
Marsden-Weinstein one [4], even when the latter exist. The proper use of this method
requires an analysis to find whether there is such a group with such an action and the
answer is not obvious from the beginning. Another—opposite—route is to imbed our
final constraint submanifold in a symplectic manifold MCIt and after quantization of the
latter to impose conditions which will recover the quantized constraint system (hoping
that the results will be identical, which was rigorously proved for a very restricted class
of cases [5, (i, 7)). For example we may restrict our Hilbert space to a subspace which
is annihilated by the operators corresponding to the (quantizable) constraint functions.
(For a discussion on the "observables" and "physical states" in this context see e.g. [8].)
An well known obstacle on this route was pointed by Dirac [9]. Translation of imbeddizigs
into properties of structures of different kind, like operators in Hilbert space, may run into
inconsistencies e.g. if we have second class (i.e. with nonzero mutual Poisson brackets)
constraint functions. After imposing the condition that the commutator of the operators
corresponding to them annihilates the sought-for subspace we obtain that this subspace
should consist of the zero vector only. For this reason the possible imbeddings Mc —> Mczt

in this route may be only coisotropic (i.e. with first class constraint functions <p,). It is
an important result in this connection [10, ll] that coisotropic imbeddings always exist
(the proof is constructive) and all possible such imbeddings are locally/neighbourhood
equivalent. In BRST approach we have ad hoc imbedding in an even larger symplectic
space and it is still an open question to justify this imbedding rigorously. Current practice
often employs objects which do not have clear geometrical meaning and one may wonder
whether results include coordinate artifacts and whether we are really obliged to desert
the well established notions of symplectic dynamics. The necessity of super geometry, for
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example, has been already questioned in [12, 13].

2 Polarizations, particle counting and BRST

The purpose of this paper is to demonstrate that a BRST type of extension may follow
from the requirement that all two-point Wightinan Functions {tpi ipj ) should vanish (i.e.
the number of particles corresponding to the constraints must be zero) and that there is no
any need of supersymmetry (or Grassman parities, or "supersymplectic" forms) to do this.
For simplicity we shall treat here only the bosonic case. As a prerequisite we shall need a
reminder on polarizations which are best known in the context of geometric quantization
[2] but have a much wider importance- actually they determine the conjugation in our
theory.

The transition from classical dynamics to particle interpretation requires a transition
from </,p variables with [q,p] = i to a,aT ones with [a*,a] = 1. In terms of these we
can define N = a*a with the obvious properties [W,a] = a and [N,at] = —a' which
makes possible to interpret the corresponding to jV, a,<J operators as particle number
operator with discrete spectrum consisting of positive integers, and mutually conjugate
particle creating/annihilating operators. The well-known introduction of a and a' by
the formula:

is not unique—many other linear combinations can do the job. The need for classification
of these choices and generalization are just few of the many reasons to look at complex
structures and polarizations which are the tools for rigorous treatment of the problem.
By definition complex polarization P of a 2n-dimensional fymplectic manifold (M,u) is
a complex integrable Lagrangian distribution. (More precisely, for every m £ M, Pm

is a complex Lagr&ngian subspace of T^M; there is a neighbourhood around m and a
collection of smooth complex functions [zl,.... zn] such that P is spanned there by the
Hamiltonian vector fields X2,; and Pm n Pm 0 TmM has constant dimension for all m.)
There is a naturally defined Hermitian form on P by

{(X,Y)) = AILU{X,Y) X,Y e P.

If the signature of this form, say with r ones and a minus ones, is the same at every
rn, P is said to be of (r, s) type and furthermore it is positive if 3 = 0 and Kahler
if r + s = n. There is a one-to-one correspondence between Kahler polarizations and
complex structures J on M compatible with ui (i.e. J is an automorphism of TM such
that J2 = - 1 and UJ(JX,JY) = ui(X,Y) ). Not every symplectic manifold admits
complex structure but we shall not discuss here this problem and its possible alleviations
like requiring almost complex structures.

Given a J it makes M into a complex manifold with local complex analytic coordinates
j ; such that

and we will have different analogs of eq.(l) i.e. different definitions of "creation and
annihilation" variables by picking coordinates which diagonalize the Hermitian form (or
equivalently, the connected with it form 2u{X, JY) for X,Y e TmM). As an example
of a Kahler polarization of (1,1) type we can take one defined locally by z\ = <jj -f- ipx

and z-i = q2 — ipi and with creation and annihilation variables;

~

- (q2 - ip 2 == (fla

One is free to choose J and usually the first choice is among the positive ones (i.e. with
s = 0 in the corresponding form). Actually, we will see below that there are assumptions
which could fix the signature of J.

Let's note that in the majority of QFT applications we work with Fock (or more
generally with coherent) states which are characterized by the conditions a? |0) = 0 (or
more generally |0) being an eigenstate of a, ) for all t-s, for a suitable vacuum state |0). We
shall not elaborate here on the properties, existence and uniqueness of this vacuum state,
but shall only mention that these conditions allow us to calculate Wightman functions
by mere commuting and to "count" particles in different states labeled by i (see [14] for
a rigorous treatment of this matter). These conditions cannot be nontrivially met for
any time t if we have a dynamics which mixes a,-s with a^-s. Guided by such heuristic
arguments we shall require in what follows to assume only dynamically stable polarizations
(which is a global version of the statement that a,- (() should be expressed only by a (0)-s
and without any Oj(O)-s). Of course, one could easily recognize that the assumption for
existence of a dynamically stable polarization means that we are dealing with an integrable
system (or with completely integrable one if the polarization is Kahlerian). This is a rather
strong assumption but we stress that without it one could not have Fock/coherent states
and consequently particle counting.

When written in the natural coordinates for the assumed stable Kahlerian polarization
the Hermitian form is automatically diagonalized with the diagonal being occupied by the
first integrals (or the radii of invariant tori). Associated with the initial stable polarization
we have a family of polarizations which are again stable but with different signature of
the Hermitian form (i.e. with changed signs of the first integrals on the diagonal). It is
known that in this case we can rewrite the Hamiltonian by a canonical transformation
into a normal form which is a linear combination of the first integrals (see e.g. [i5] for a
review on normal forms). Consequently, even if the Hamiltonian function is not positive
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we can always choose a compatible complex structure (or Kahlerian polarization with

suitable signature from this family) such that

= w,ai a. with ail u, positive

and hence we shall have a positive operator H after quantization. The introduction of
various (quasi)particles, "Bogolyubov transformation", "Dirac sea" etc. may be looked at
as illustrations of this type of phenomena.

Suppose we already have a. coisotropically imbedded constraint submanifold and we
assume a "physical" Hilbcrt space H such that ipx \H) — 0 and hence f, |0) = 0. This
assures that (y>,-) = 0 but in general there is no guarantee that all (î ,- tpj) will vanish
i.e. the number of particles corresponding to the constraints will be zero. The point is
that, we have fixed only one variable of the canonical pair and tp is not obliged to be real
(i.e. ifi = ip*) according to the chosen J, and in principle [fi,{p3 ] will not be zero. If we
insist to work in a theory with particles, we could extend our phase space with one degree
of freedom for every constraint and choose such a polarization in the extended space which
would provide opposite signs in the signature for constraints and newcomers. Then we
can impose the condition for a zero total sum of constraints' and newcomers' particles
on H, This is to be contrasted to the case when different "ghost numbers" are assigned
to the variables within one canonical pair. So, we will have instruments to subtract the
contribution of the unwanted particles presented in the familiar terms of creation and
annihilation operators. This could be a justification of the BRST recipe for extension
which does not rely on existence of any group/symmetry properties. (The author was
actually inspired by Theorem 1 in [16],)

3 BRST — the group action case

It is interesting to mention (and compare) the situation when we have a group action
spanning the kernel of presymplectic form on the constraint submanifold. This case was
worked out in application to YM theory in [17] which we briefly follow. Now the fiber of
the kernel may be identified with the Lie algebra Q of a group G and locally the kernel
looks like Mc x Q. To construct coisotropic embedding according to [10] we take the
dual of the kernel V = [kerw)* which is isomorphic to Mc x Q*. There exists a natural
symplectic form in V and a natural lift to V of the group action on Mc. This lifted group
action is the natural candidate for explaining the BRST transformations (when the gauge
group action is the lifted one) and the ghost fields i ; £ 5 * appear naturally as a result
of the coisotropic imbedding. A momentum mapping was also identified for the action
of G on "P as J : V —* Q* being the projection on the second factor and the constraint

manifold of this example was exactly the zero level set of J} (We shall skip here any
technicalities like which group actions admit momentum map, J4c/*-equivariance, regular
values, clean intersections etc.)

The general case when we have a momentum mapping such that Mc = J"~'(0) and the
reduction to Mvh = Mc/keru coincides with the Marsden-Weinstein reduction [4] has
been studied (even not always in the BRST context) in a series of papers e.g. [5. 6, 12] and
due to the presence of more structures there are more "hard" results. Also the specific
features in the case of a non-unimodular group when the right condition on the "physical"
space "H is not <p; \H) = 0 has been identified and successfully tackled [6. 12].

A new suggestion was proposed in [18] to explain the BRST extension. It assumes
reduction of J~x{ii) with any )i € Q*, If [s, is not invariant under the coadjoint action
J"'( / i) is no more a coisotropic submanifold but the reduction J~J(fi)/Gv where G^ is
the isotropy group of // still makes sense. It is well known that one can easily convert this
case into the generic reduction with fi — 0. Let Ou is the coadjoint orbit through /; with
its natural symplectic structure up and hence the momentum mapping of coadjoint action
on it gives p.. If O~ is the same orbit but with symplectic structure -UJQ its momentum
mapping will be —pi. O~ is now used to subtract the unwanted contribution by replacing
the initial momentum mapping J : M -* Q* by J : (M x O ^ f f " where

J(M x o;) = J(M) + J(O~) = J(M) - ii

Now we have J'l(ft)/GM = J~l{0)/G and the enlargement by OV is interpreted as BRST
extension.

There are various arguments for avoiding the case /* ^ 0. Generic reduction with /i — 0
guarantees that we will work with an invariant value of p,, j ~ ' ( 0 ) will be coisotropic,
we will reduce by our "initial" group G. Also one may invoke the results of [19]—the
only type of reduction with explicit results—where in the case of invariant but nonzero
ji, principal G-bundle Q —+ N and momentum map J : T*Q —* Q* the reduced phase
space is T*N but the symplectic form may not be the canonical one for T*N. One of the
sequences of this fact is that dynamics on this reduced space could not be described by a
Lagrangian on TN.

As a final remark, one may speculate whether the similarities between the subtraction
realized by J and the subtraction in Section 2 done by changing the signature of .1 are
just coincidence.

Strangely enough, this paper received almost, no attention, or at least citations.
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