
C*^- qyotefia-
BNL-61007 

CRYSTALLINE BEAMS: 
THEORY, EXPERIMENTS, AND PROPOSALS* 

ALESSANDRO G. RUGGIERO 
Brookhaven National Laboratory 

Upton, Long Island, New York 11973 

ABSTRACT 
Crystalline Beams are an ordered state of an ensemble of ions, circulating in a storage 

ring, with very small velocity fluctuations. They can be obtained from ordinary warm ion 
beams with the application of intense cooling techniques (stochastic, electron, laser). A 
phase transition occurs when sufficiently small velocity spreads are reached, freezing the 
particle-to-particle spacing in strings, zig-zags, and helices... The properties and die feasi
bility of Crystalline Beams depend on the choice of the lattice of the Storage Ring. There 
are three issues closely related to the design of the Storage Ring; namely: the determina
tion of Equilibrium Configurations, Confinement Conditions, and Stability Conditions. Of 
particular concern is the effect of the trajectory curvature and of the beam momentum 
spread, since they set the requirements on the amount of momentum cooling, on the 
focussing, and on the distribution of bending in the lattice of the storage ring. The practi
cal demonstration of Crystalline Beams may create the basis for an advanced technology 
for particle accelerators, where the limitations due to Coulomb intrabeam scattering and 
space-charge forces would finally be brought under control, so that beams of ions, more 
dense than normal, can be achieved for a variety of new applications. 

1. Introduction 

Particle accelerators are a mature and modern technology developed during the 
century to fulfill the needs of experimentation in atomic, nuclear, and high-energy physics. 
More recently, the technology has been extended to a variety of other applications, i.e., 
synchrotron radiation facilities, medical, and industrial applications. 

There is no doubt that particle accelerators will also play an important future role 
in the attainment and the control of power from nuclear fusion. Several proposals have 
been made in this regard. The one that we particularly like employs colliding beams of 
protons with ions of boron at low energy l. In order to produce 1 MW of power from the 
nuclear fusion reaction p + B 1 1 -> 3 a, a luminosity of 10 4 2 cm"2 s"1 is required. This is 
a very high luminosity which can be obtained only with very intense and dense beams, 
namely, 1 x 10 1 8 particles / cm3 corresponding to an average particle-to-particle separa
tion of X = 10 nm. The present status of accelerator technology may not yet be capable of 
providing these intense beams. 

Despite the great progress made during this century in the development and engi
neering of accelerators, storage rings, and colliders, we are facing at the moment a very 
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severe limitation which does not allow easily the attainment of very dense beams of ions. 
This limitation is caused by the space-charge effects and by the intrabeam scattering due 
to the Coulomb repulsion among particles. Every design of modern accelerators has built-
in limitations due to space charge, with a significant impact on the size and cost of the 
low-energy injectors, where the effects are more pronounced. Our knowledge of the 
space-charge effects is very limited, hardly extending beyond the rudimentary calculation 
of the depression of the transverse focussing of the accelerator 2 . 

Space-charge forces are so crucial to the performance of particle accelerators that 
it is mandatory that they be closely investigated, and that methods be found to control and, 
eventually, to eliminate them. Occasionally some work has been done in this direction. We 
cite the contribution of the Novosibirsk group 3 who succeeded in controlling the space 
charge in a very intense beam of protons at low energy by electron neutralization. The 
experiment performed, which unfortunately came to an abrupt end, proved that it was pos
sible to store a beam with an intensity nine times higher than the usually accepted space-
charge limit in absence of electron neutralization. It has been speculated that a factor of a 
thousand could have been possible with careful control of coherent effects. 

In this paper we shall address the concepts, the properties, and the demonstration 
of Crystalline Beams. They do represent an interesting and effective method for the elimi
nation or, at least, the control of the space-charge effects. This is done by studying the 
behavior of an intense beam of electrically charged particles at close range. We shall 
explore the possibility of generating very intense and dense beams well beyond the space-
charge limit by applying powerful cooling techniques. The demonstration of Crystalline 
Beams may lead to a variety of applications of which the most notable to us is the applica
tion to the nuclear fusion program. 

2. Wigner's Crystal 

Let us consider an ensemble of electrically charged particles, all identical to each 
other with charge state Q and mass number A. We shall assume that they are point-like 
with no internal structure, and that the only way they interact with each other is by Cou
lomb interaction. In particular let us assume that, as shown in Figure 1, all particles are at 
rest and are equally spaced. Let X be the particle-to-particle separation, the same in all 
three physical directions. Thus, the particles are located in such a way to form a three-
dimensional grid with the lattice spacing X. Moreover, we shall assume that such crystal
line structure extends to infinity in all three directions. 

It is obvious that this structure is an equilibrium configuration. Since particles do 
not move and are equally spaced, from symmetry considerations, it is seen that there is no 
net force acting on any particle, and thus the particles will remain in that configuration for
ever, no matter how small the spacing X. If on any test particle there is a field from a 
neighboring particle, this is compensated by the field of the other particle placed diago
nally opposite to it. Thus, each particle is effectively screened from the electromagnetic 
interaction with the others. In this configuration there are no space-charge effects. All this 
can be expressed in many different ways. For instance, the plasma physicist would con-
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elude that the Debye radius (the range within which particles do interact with each other) 
has been reduced to zero because the particles do not move and the beam temperature is 
zero. At the same time, a particle physicist may conclude that, if any two particles are 
taken and their mutual interaction examined, the largest and smallest impact parameter 
equal each other so that the Coulomb log (the logarithm of the ratio of the two impact 
parameters) vanishes identically. One obtains the same conclusions also if the whole 
structure moves in one direction at constant velocity, no matter how large. This structure is 
called the Wigner's Crystal from the person who first investigated the properties 4 . 
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Figure 1. Wigner's Crystal 

If we take any particle of this idealized Crystalline Beam and displace it by an 
amount d small compared to the spacing X, leaving all other particles unperturbed, it is 
obvious that the test particle will execute stable oscillations, with amplitude equal to d and 
angular frequency co0. Indeed, during the displacement it will get closer to some other par
ticles which will push it back and force it to oscillate. Eventually all particles will oscil
late, but if the amplitude d is small with respect to X, the crystalline structure will vibrate 
and remain stable. It is actually possible to estimate the oscillation angular frequency 
(which a plasma physicist may like to call the plasma frequency): 

2 2 2 2AQ c r 
0) 

0 
0 (1) 
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where r 0 = 1.535 x 10"18 m is the proton classical radius. 
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To each particle we can associate a potential energy: 

U = Q2e2/k (2) 
and a kinetic energy: 

1 2 2 
T = -m 0A(o 0 d , (3) 

where m0 is the proton mass at rest. During the 1980s, Rahman and Schiffer 5 performed a 
series of computer simulations based on the Molecular Dynamics approach, where the 
particle-particle interaction is taken into account. Several initial configurations were stud
ied, obtained by adjusting the potential energy U, by assigning the average spacing X, and 
the initial kinetic energy distribution. It was found that the ratio 

T = U/T (4) 

explains properties of an ensemble of electrically charged particles. For-typical beams in 
existing particle accelerators, the configuration is very dilute leading to T < 1 which cor
responds to a gas-like structure where particles move overtaking each other. By reducing 
the beam temperature Tone obtains values T ~ 1 where an amorphous, fluid-like ordering 
appears. Particles acquire an oscillatory behavior with identifiable centers of oscillation; 
but the amplitudes are still large so that trajectories roll over each other. Reducing T fur
ther to reach T » 1 finally yields to the crystalline structure that we described earlier. The 
amplitude of the oscillations is now considerably smaller than the spacing X. Moreover, an 
ordered configuration appears where particles are indeed equally spaced. The Molecular 
Dynamics computer simulations demonstrated that a crystalline structure corresponds to a 
critical value of T in proximity of a hundred. 

Combining Eq.s 1 to 4 gives: 

r = a/d)2 (5) 

from which we infer that at most the oscillation amplitude d ~ 0.1 X. We plot the oscilla
tion frequency co0 / 2rc and the beam temperature 6 = T /K% * at the transition of phase 
space versus the spacing X, respectively in Figures 2 and 3. Both quantities increase by 
reducing X, though with a different power dependence. Both also increase with the ion 
charge state Q. The beam temperature is independent of the mass number A, whereas the 
oscillation frequency decreases with the square root. As an example, for protons at X = 10 
Hm a temperature of 20 m°K is needed, and the oscillation frequency is of few MHz. 

* KB = 8.62 x 10" 1 4 GeV / °K is the Boltzmann constant. 
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Figure 2. Oscillation Frequency coo / 2n versus the spacing X. 
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Figure 3. The Beam Temperature 0 = T/K% versus the spacing X. 
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3. The Confinement Issue 

The properties we have described of the Wigner's Crystal do not change if the 
crystal is moving in any direction at any constant velocity. In the following we shall call 
longitudinal the direction along the motion, and transverse the two directions normal to 
each other and perpendicular to the direction of motion. The same properties can be gener
alized in the case of anisotropic Crystalline Beams, where the particle spacing may be dif
ferent in the longitudinal and transverse directions. 

We will consider now the fact that any realistic beam, also if it is continuous and 
infinitely long, has nonetheless finite transverse dimensions. This will cause the particles 
at the edge of the beam to spread out, and any crystalline structure to be destroyed. A crys
talline configuration can be maintained with a finite transverse size by applying external 
confining forces as those created by quadrupole magnets or other similar focussing ele
ments which are used in storage rings. The most common restoring forces are those that 
vary linearly with a particle displacement in any of the two transverse directions. In partic
ular, the focussing forces vanish on the axis of the motion which coincide with the beam 
main axis. Hasse and Schiffer have studied this case with computer simulations 6 . They 
imposed on the beam a parabolic external potential of constant gradient along the direc
tion of motion, simultaneously focussing in both transverse directions (an unphysical 
model since it can be realized only in a betatron magnet which causes also bending of the 
motion). Because typical phase-space trajectories are circular, they have found structures 
of Crystalline Beams which are not rectangular but take the shape notably of strings, zig
zags, helices, and any combination of them. The cylindrical symmetry of the transverse 
cross-section is due to the linearity of the focussing forces. Let us describe briefly these 
fundamental structures. 

The simplest structure is the string, a one-dimensional configuration where parti
cles are located on a common axis, equally spaced by the distance X. Small perturbations 
are allowed as long they have an amplitude not larger than a fraction of X. The next con
figuration is a two-dimensional structure: the zig-zag. It can be thought of as two parallel 
strings separated by a distance 2a, each with the same spacing X, but shifted with respect to 
each other by X/2 (see Figure 4). The ratio of the transverse separation 2a to the longitudi
nal spacing X depends on the strength of the external restoring forces. The zig-zag may be 
either vertical or horizontal. More complex two-dimensional configurations are of course 
also possible as shown in Figure 4; for instance, four parallel strings on the same plane, 
divided into two pairs with a minor separation 2b and a major separation 2a. A three-
dimensional configuration is given by the helix which is made of a number of strings par
allel to each other, all with the same longitudinal spacing X, and symmetrically spaced 
along the contour of an ellipse. The aspect ratio depends on the magnitude of the trans
verse components of the external forces. In the simulations done with a constant parabolic 
potential the elliptical cross section reduces to a circle. In studies done later 7 , when alter
nating focussing structures are made of quadrupoles and drifts to simulate more realistic 
storage rings, the beam cross section was truly elliptical. Finally, if the beam is very 
intense, several helices surrounding each other with the same aspect ratio appear. 
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Figure 4. Several Crystalline Beam Configurations: 1) longitudinal, 2) transverse. In gen
eral a configuration is made of a number of identical parallel substrings, all with the same 
spacing k, properly shifted with respect to each other. 
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To study the formation and the properties of Crystalline Beams closely we follow 
a procedure made of four steps: 

i. We have to define an Equilibrium Configuration made of strings, zig
zags, and helices. This will depend on the beam parameters like intensity 
and on the focussing properties of the storage ring. 
//. We shall then search for the Confinement Conditions; that is, the 
requirements on the distribution and magnitude of the external forces to 
maintain the Equilibrium Configuration. Our interest is only in continuous 
beams that do not need longitudinal confinement. 
///. By adding a small perturbation to the motion of a test particle we derive 
the Stability Conditions which have also to be fulfilled by the same exter
nal forces that provide confinement. 
iv. Finally, we determine the temperature level required to achieve the 
phase transition to the crystalline configuration, and express it in the terms 
of the beam momentum spreads and transverse emiltance. 

The aim is to demonstrate whether Crystalline Beams do indeed allow larger ion 
densities and, with proper confinement, reduce the effects of space charge and intrabeam 
scattering with symmetric arrangement of the particles. 

The starting point is always a dilute gas-like beam to which powerful cooling tech
niques, namely: stochastic, electron, and laser cooling, are applied. We shall not deal here 
with the requirements of cooling rates. The storage ring which holds the beam has to pro
vide stability from the dilute state when space charge can be ignored, throughout cooling, 
and when the phase transition occurs. 

4. Experiments 

Recent experiments by H. Walther 8 in a simplified Quadrupole Storage Ring have 
demonstrated the formation of Crystalline Ion structures. 

The Storage Ring had a diameter of only 11.5 cm. The toroidal vacuum chamber, 
with an inner diameter of 5 mm, was made of four circular electrodes parallel to each 
other and arranged to form the shape of a quadrupole. RF voltage is applied between the 
electrodes to generate a radial parabolic potential in which to trap ions. A neutral atomic 
pulse of 2 4Mg was injected into the trap which was maintained at very good vacuum con
ditions. At the point of injection the atoms were partially ionized by a perpendicular beam 
of electrons. Because of their common electric charge, ions would repel each other and 
distribute uniformly along the circumference of the storage ring; at the same time they are 
trapped transversely by the parabolic radial potential, and perform stable transverse oscil
lations. 

A laser beam, tuned to the excitation frequency of the ions, shines along the longi
tudinal direction, causes momentum cooling, and the ions quickly pack toward the central 
value of the velocity distribution. Using the fluorescence emanated from the ions, once 
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high densities were reached with laser cooling, beam crystallization was observed, and 
several structures noticed: strings, zig-zags, and helices. The ion spacing measured was of 
the order of few tens of a micron. 

The interest of the moment is the experimental demonstration and the control of 
Crystalline Beams in Relativistic Storage Rings where the beam moves at a considerable 
fraction of the speed of light. Most fundamental to this purpose is the search for required 
magnet and focussing arrangements of the ring. In the meantime 9 , 1 ° it was proven that the 
most simple storage ring made of a single 360° bending magnet with constant gradient, 
similar to a Betatron, does not provide stability because of the coupling between radial 
and longitudinal motion introduced by the bending of the trajectories. Thus other magnet 
arrangements are to be found with alternating-gradient and strong-focussing properties. 

Considering the larger velocity of the ions, a Relativistic Storage Ring introduces 
an effect crucial to both the confinement and the stability of Crystalline Beams. This is 
caused by the curvature of the trajectory in bending magnets, referred commonly as shear 
effect. The problem associated with it has in the meantime been solved. 

5. Phenomenology of Crystalline Beams 

A storage ring is defined by assigning the sequence of magnetic elements (drifts, 
dipole, and quadrupole magnets) that provide focussing of the particle motion and bend
ing of the trajectory along a closed reference orbit of circumference 2KR. The magnet dis
tribution has an even periodicity P with each period owning a mirror symmetry around the 
middle point. It is assumed that bending takes place only on a midplane where the refer
ence trajectory lies entirely. The betatron tunes are v h v and yt is the transition energy. The 
lattice behavior is described by the amplitude functions (3h v and the dispersion r\. 

The beam of ions is specified by assigning the charge state Q and the mass number 
A of the ions. The particles have a constant kinetic energy to which we assign the conven
tional relativistic parameters P for velocity and y for energy. The total number of particles 
is N. The beam is coasting and completely debunched. We shall define the average particle 
spacing as the ratio X = 2KR IN. 

Let us perform the following conceptual experiment. We begin with a very dilute 
beam, that has a low number N of ions and a large spacing X, for which space-charge 
effects are small and, thus, can be ignored. Cooling is then applied to the beam with a suf
ficiently large rate and in every direction, reducing the temperature of the beam by remov
ing internal energy. At the same time, the amplitude of the particle transverse oscillations 
reduces, bringing particles closer and lowering the overall beam dimensions. Eventually, 
the amplitude of the transverse oscillations becomes comparable to the average spacing X 
and even smaller (see Figures 5). At the start, the momentum spread is large and particles 
drift in the longitudinal direction; those with large momentum value overtake the particles 
at the middle of the distribution; those with lower momentum will lag behind. With cool
ing, the longitudinal momentum spread also reduces. When the spread is sufficiently 
small, particles acquire an aligned configuration, one behind the other (see Figure 6). The 
magnitude of the relative motion will be so small that drifts become oscillations caused by 
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the repulsion between neighboring particles. When the amplitude of the longitudinal oscil
lations has also reduced to a fraction of the spacing, a string has formed. 

It is easily seen that there is no interaction among particles equally spaced on a 
string which are at rest relative to each other. Thus a string, in its equilibrium configura
tion, does not need to be confined with external focussing forces. There are, nevertheless, 
stability conditions to be satisfied **' . 

b) A px>) c) 

x,y 

Px.) 

x,y 

Figure 5. Particle distribution in the transverse phase planes: a) dilute, before cooling; 
beam dimension is larger than average longitudinal spacing X, shown by circle with the 
same radius, b) dense, during cooling; beam dimension is comparable to K. c) phase tran
sition to the string; the amplitude of the transverse oscillations is considerably smaller 
than A. 
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Figure 6. Particle distribution in die longitudinal phase planes: a) dilute, before cooling; 
because momentum spread is large, particles drift, b) dense, after cooling; particles 
acquire equal spacing k and oscillate (as shown by small ellipse). 

A particle performs small-amplitude stable oscillations around the equilibrium 
position. The longitudinal oscillation frequency v / 0 is approximately given by Eq.l, 
whereas the radial and vertical motion have the corresponding betatron frequency v n v f0, 
with f0 the revolution frequency. Suppose that the conceptual experiment is repeated sev
eral times; every time the number of particles N is increased somewhat, i.e., the spacing A 
is reduced. For very large spacing A the space-charge forces are not important and can be 
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neglected; the motion is indeed described by the oscillation frequencies above. As A, 
decreases, from one experiment to the other, the space charge become more effective, with 
the consequence that the longitudinal oscillation frequency increases and both the betatron 
frequencies decrease. At a critical value of X the oscillation frequencies and the revolution 
frequency may be found in resonance. When this occurs the motion becomes unstable and 
the string is destroyed. If the motion is observed in the proper phase space, it is seen that 
the origin becomes an unstable fixed point around which the motion diverges. This is 
accompanied by the appearance of two new stable fixed points located off-axis as shown 
in Figure 7, separated by the distance 2b. This phenomenon is called bifurcation and it is 
always associated to period doubling 12-14 

Px»P> Px>P^ 

«>y 

2b 

Dilute String - -# •# %• # - -• 

Dense String ^ _ _^_ JJ"_ ^ _ ^ _ ~ ^ ^ 

— m — • • _ — . _ • . —m—». Bifurcation with Period Doubling 

Zig-Zag 2b 
2X 

Figure 7. At the limit of stability the string splits in two substrings with double spacing. 

The splitting may occur either in the radial or vertical direction depending on 
which resonance is encountered first during the shift of the oscillation frequencies: 

2 v h v = mP, m = 0,1,2,... 

It is also possible that a momentum bifurcation occurs if the longitudinal resonance 

(6) 

2v c (7) 
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is encountered first. Another possibility is coupling between radial and longitudinal 
motion caused by the curvature of the reference orbit in the bending magnets. The corre
sponding resonance is 

v h + v s = mP, m = 0, 1,2,... (8) 

The longitudinal and coupling resonance cause bifurcation on the radial plane. 
We can estimate to good approximation 1 2 the depression of the betatron tunes v h v 

and exactly the increase of the longitudinal tune v s with the strength of the space-charge 
forces. By tracking the movement of the working point in the tune diagram, it is possible 
to estimate when one of the resonances is encountered, and the string splits into the zigzag 
configuration. The critical value of the spacing is 1 2 

X = c 

1.20 rQR 
1/3 

(9) 

The process of bifurcation and period doubling will repeat over and over generat
ing more-complex structures of Crystalline Beams as shown in Figure 8. The repetitive 
application of the conceptual experiment where, keeping all other conditions unchanged, 
the total number N of particles increases, from one step to the next, will cause the reducing 
of the crystal spacing X also for the zigzag until, due to the encounter with one of the reso
nances described above, a new stability limit is reached. 

We are assuming an ideal storage ring, without magnetic imperfections, where the 
focussing forces are exactly linear; thus bifurcation and period doubling, for symmetry 
reasons, will occur simultaneously for all particles and in the same direction. 

Any structure can be thought of a number n s of substrings parallel to each other 
placed symmetrically around the common axis. The number of substrings is a power of 2, 
and the particle separation X is the same to all of them*. We can write 

n s = 2P (10) 

where p is the order of bifurcation. Also 

P = Pv + Ph 0 ! ) 

where pv is the fractional order of bifurcation in the vertical direction and ph the corre
sponding value for the planar motion. 

It has been shown n " 1 4 that the governing parameter is the critical spacing Xc, Eq. 
9. Every time the particle spacing reaches this value, a bifurcation occurs. The direction of 
the path of bifurcation depends on the periodicity and the tuning of the storage ring; other-

* There is of course always the possibility of an additional substring located on the beam axis. 
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Figure 8. Generation of Crystalline Beam Structures by Bifurcation 



wise the details of the magnets arrangement are not that important. 
The approach described here, which explains the formation of Crystalline Beam 

structures by determining the effect of the space-charge forces by approaching a low-order 
stopband resonance, gives results which are in remarkable agreement with those from 
other studies where the effect of space charge is directly calculated 1 5 in a computer pro
gram like SYNCH 1 6 in order to determine the variation of the storage-ring lattice func
tions. 

6. Equations of Motion 

To understand the generation of Crystalline Beam structures, we need to solve the 
equations of particle motion under very large space-charge forces. It is implied that there 
is a cooling device with sufficiently large cooling rate to maintain the beam at a high level 
of space charge, and to allow crystallization. 

To describe the motion of a particle, we shall refer to the horizontal x and the verti
cal y displacement from a reference trajectory, along which we measure the curvilinear 
coordinate s. Instead of time, we take as the independent variable the pathlength 5 trav
elled by a particle with reference momentum, for which the storage ring has been 
designed. A "prime" denotes derivative with respect to s. The motion is also described by 
the relative momentum error 5 and the difference of path length a. The equations of 
motion are ll: 

y" + Kv{s)y-k0Fy(x,y,a) = 0 (12) 
x" + Kh(s) x-k0 Fh(x, y, c) = h(s) 5 (13) 
o ' = h(s)x - 8/Y2 (14) 

5' = k0Fe(x,y,o) (15) 

where 

k0 = Qr0/eAp2y> (16) 

A"vh(5) are periodic functions, with the periodicity P of the storage ring, which define the 
focussing of the magnet element sequence. h(s), which is also periodic with the same peri
odicity, is the curvature function: zero everywhere except in the bending magnet where it 
equals the inverse of the bending radius. The components of the space-charge forces F^he 

can be derived as the components of the gradient of the space-charge potential tysc

 u . 
The total solution of the system of Eq.s 12-15 can be divided in two parts: a partic

ular solution which describes the envelope of the Crystalline Beam in its equilibrium con
figuration, and a free solution which is oscillatory around the equilibrium configuration. 
To determine the two parts of the solution we let 

x = xn + u 
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y=yn + v 

8= 5„+5 (1.7) 

where xn, yn, a n , and 6̂  describe the equilibrium configuration of the n-th substring and u, 
v, <r, and 5 are perturbations of motion of a test particle on the same substring. 

Inserting Eq. 17 in the expression of the space-charge force and linearizing yield n 

F v = Fv(xn,yn) + -0Fvfdy)x = x a % y s y a v + (18) 

and similar for Fh and F e. 
By separating the contributions from the two parts, we finally derive the following 

two sets of differential equations n : for the Equilibrium Configuration, 

y n " + Ky(s)ya - Ksc^vyn = 0 (19) 
Xn" + Kh(s)xn

 _ Ksc^hxn = Hs)dn' (20) 
o n ' = h(s)xn - 5 n / ^ (21) 
5 n ' = 2 Y

2 K s c C e o n (22) 

for the Perturbation, 

v" + Kv(s) v - Ksc rj v v = 0 (23) 
M " + Kh(s)u - Kscr\hu = h(s)Z (24) 
a' = h(s)u - S/y 2 (25) 
Z' = 2 7 2 t f s c r i e a (26) 

where 

K^. = (2/R2)(Xc/X)3 = h J- (27) L S C ^ ' " ' V ' V C ' , v > " S C 

is the space-charge strength. 
Cv,h,e a n ( l Hv.h.e are f o r m factors which depend on the arrangement of particles 

(substrings) in the Crystalline Beam. For instance, for the simplest configuration: the 
string, Cv,h,e = 0 a n d Tlv^e = *• For more complex geometries, they are functions of the 
coordinates xn and yn. Their definitions are summarized in Figure 9. 

The two systems of differential Eq.s 19-22 and Eq.s 23-26 are written ns times, 
each time for a different substring. Because of the up-and-down and right-to-left symme
tries, only a number equal to the order of bifurcation p is required. 

It is seen that coupling between the radial and longitudinal motion is introduced by 
the product of the space-charge parameter £ s c with the curvature h in the bending magnet. 
The ratio £, = hsc/ h can be used to estimate the magnitude of the coupling: £ « 1 corre
sponds to weak coupling; % ~ 1 corresponds to strong coupling. Usually, the vertical 
motion is decoupled from the other two components. 
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s Number of Substrings: ns 

Longitudinal Spacing on each Substring: X 
Location of n-th Substring: xn, yn, a n 

Define: 

2 [xn-xm [yn-ym 2 2 
nm 2 2 2 2 nm nm 

a - a n m 
X = r nm A, 

^ r 2 2i-n/1 

/ n ( « , x ) = ^ L " + ( / _ x ) J 

-3 
i 

i = 1 
*o = I r ' = L 2 

Form Factors for Envelope equations: 

C, = — y / o ( a ,T )far -JC | n gn^ 3 «/n «m ^ n mj 

C = —y/a(« .* )(? -v 1 
'v g £^J 3 nm nmyn • mj 

^ m 
L = 2x\ (see below ) 

Form Factors for Stability equations: 

\ = r^y [/,(a ,t )-2g(.jL* L 3 nra «m 
" m 

2 
- 3M / . ( a nm 5 nm • ^ 

\ = ^ ~ y F/o(« .x )-
2^ n^wL 3 nm nm 

" m 

2 
-3v / - ( a nm 5 nm '̂ j 

\ ^ ( ^ ^ v ) 

Figure 9. Definition of Parameters and Fonn Factors of Crystalline Beams 
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7. The Betatron as a Storage Ring 

The simplest storage ring is made of a single 360° bending magnet with constant 
focussing gradient described by the field index n\ i.e., a betatron magnet where Kv - nh 
and Kh = (I - n) h2. Can we store a Crystalline Beam in it? The envelope Eq.s 19-22 can 
be easily integrated for this case by simply taking xn and yn constant. At the same time, 
also the momentum spread 5 n is constant and an = 0. The following confinement condi
tions are then to be satisfied: 

nh2 = KscCv(*n.>'n) (28) 

{\-n)h2 = KscChCWn) + h2f . (29) 

These equations can be solved to determine the coordinates x n and yn as functions of the 
field index n. To notice is the appearance of the kinematic term in y2 in Eq. 29; it derives 
from Eq. 21 which relates momentum deviation 8 n and position x n for each substring so 
that the isochronism condition a n ' = 0 is satisfied. 

The stability of the motion in the Betatron is determined by solving the system of 
Eq.s 23 - 26 where the coefficients are all constant. We remind the reader that the usual 
betatron stability condition for a single particle is 0 < n < 1. From Eq. 23 we derive the 
following stability condition for the vertical motion 

n > £ 2 r | v > 0 (30) 

Solving the system of differential Eq.s 24 - 26 for the planar motion is straightforward, 
albeit tedious. We obtain a general solution by inserting e^s and solving the resulting 
eigenvalue problem. The four eigenvalues for |H are the roots of the quartic equation 

\i4 + T 2 n 2 - H 2 = 0 , (31) 

where 

T 2 = h2 ( 1 - n + % n v ) (32) 
H2 = 2 ^ 2 f c 4 r i e ( Y 2 + « - l + £ 2 r i h ) . (33) 

For stability the eigenvalues are all required to be purely imaginary, i.e., the following 
quantity to be real and negative 

2 (i2 = - T 2 ± ( r 4 + 4 H2 ) m . (34) 

It can be shown that the following always holds 1 2 

r 4 + 4 H 2 > 0 , (35) 
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so that we require simultaneously 

T2 > 0 and H2 > 0 . (36) 

That is, for the planar motion to be stable, the field index needs to satisfy 

n < 1 - y2 - £ 2r, h < 0 (37) 

Clearly Eq.s 30 and 36 cannot be satisfied simultaneously and, therefore, the Crystalline 
Beam in a Betatron is unstable against small perturbations. This result 9 , 1 ° requires that 
we consider storage rings with an alternating gradient to store Crystalline Beams. In this 
case one has to allow the size of the beam to vary around the ring. But the variation will be 
small compared to xn and yn and the spacing X, and will take place over lengths compara
ble to the length of magnets. 

8. The Envelope and Stability Conditions 

Several methods are available to solve numerically the system of Eq.s 19 - 22 to 
determine the envelope of Crystalline Beams. Most of these methods make use of a matrix 
notation and of converging iterative procedures, for instance by inspecting the eigenvalues 
of the overall transfer matrix per storage ring period. The exact analytical solution is non-
trivial because of the presence of the nonlinear space-charge term. Both Eq.s 19 and 20 
are similar to the K-V envelope equations 1 7 without the emittance term because the beam 
emittance itself is here zero. 

We shall attempt to describe the solution of the system by using some intuitive and 
fundamental facts. First of all we note that we desire a solution that is periodic, with the 
same periodicity of the storage ring, and that closes, so that period after period we recover 
the same beam configuration. An important issue is the shear of motion between the outer 
part and the inner part of the beam caused by the curvature of the trajectory in the bending 
magnets. In order to maintain a rigid periodic configuration, different parts of the beam 
have to take different momenum values so that the overall motion satisfy the condition of 
isochronism. In particular the path length difference a n also is periodic; namely, integra
tion of Eq. 21 over one period gives no net change. This relates in average the location xn 

of the n-th substring to the momentum deviation 5 n, 

xnIR = 5 n / T 2 (38) 

We need to estimate two limiting values of the crystal spacing, of which the larger 
one, Xj, determines the onset of the structure being examined made on ns substrings, and 
the smaller one, X2, determines the stability limit of the same structure. Thus, 

X2 < X < X{ (39) 
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is the range of existence, with the beam undergoing substantial changes entering and leav
ing it. As X varies within the range, the actual location (jcn, y n) of the substrings also varies. 
The same method is used to determine the limits ?ij and X2 of the range.* 

The space charge causes shifting of the oscillation frequencies until a major half-
integral stopband of the type given by Eq.s 6-8 is met. This will occur at either Xt or X2. 
For the condition of onset of the structure we shall apply the method to the envelope Eq.s 
19-22, and to determine the stability limit the method is applied to the perturbed Eq.s 23-
26.** There is the following exception: since the solution of the beam envelope equations 
is required to be periodic and closed, the Crystalline Beam structure can be triggered 
either by approaching a radial or a vertical stopband 

v h v = mP, m = 0, 1,2,... (40) 

but not possibly by the longitudinal or the coupling resonances which may cause loss of 
stability but do not generate a closed orbit. 

In good approximation 1 5 , the betatron tune depression caused by space charge is 
derived by treating the space-charge term in ATSC as a perturbation; that is, for the envelope 
Eq.s 19-20: 

Av, = i - <t p, K L ds h,v 4n J h, v sc^h, v 
r (x V (41) 
v t , I ^ t 

h, v v ' 
and a similar expression for the perturbed Eq.s 23-24 where C,hv is replaced by r\h v. At the 
same time the longitudinal tune is 

v 2 = 4 s 

a ^3 c 
V ^ J 

r\e . (42) 

Let 8v h v be half of the distance of the original betatron tune v h v from the nearest 
lower integral stopband. By requiring that Avh v = 5v h v, we derive the following relation 
between the form factors £ h v and the spacing X 

( m c ) 3 = £h,v(*n,Vn) C h t V (43) 

* Of course there is only one beam at any one situation and thus only one configuration. It is our "conceptual 
experiment" that allows us to generate a sequence of beams with increasing intensity and varying configu
ration. 

** The structure under examination has the order of bifurcation p. It is the evolution from a previous structure 
of order/; - 1 evolving to one of order p + 1. 
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where 
ch,v = 1 f (vh,v Svh>v) . (44) 

The number of relations similar to Eq. 43 is equal to the order p of bifurcation. 
They can be solved simultaneously to derive the positions (xn, yn) of the substrings as 
functions of the particle-to-particle spacing X. In particular, the value X = Xj at which the 
structure appears is obtained by requiring that for all n s substrings involved 

( V X C >3 < Ch,v(*n=O>.Vn = 0)Ch,v • (45) 

On the other end, stability is lost at X = X2 when 

( X2/Xc )3 > r|h v e c (xn, vn) c h i V A C , (46) 

where the locations of the substrings were previously determined as functions of the spac
ing X by means of Eq. 43. To the stability condition Eq. 46 we add the possibility of los
ing stability by approaching the longitudinal stopband, Eq. 7, or by crossing the coupling 
resonance, Eq. 8, by introducing the factors 

c e = 16 IP2 (47) 
c c = ( r | h / r | e <?v h ) 2 , (48) 

where q is the smallest positive value of 

q = 1 + [ l + T l h ( v h - m P ) / T l e V h ] 1 / 2 (49) 

and 

Tic = Tie • (50) 

It can be shown that typically Xj ~ 2 Ac and X2 ~ A.c. At the stability limit X ~ X2, and the 
transversal separation among substrings is comparable to \ . 

9. Experiment Proposals 

It is of great importance to demonstrate experimentally the production and control 
of Crystalline Beam structures circulating at relativistic velocities in storage rings. Several 
heavy-ion storage rings at relatively low energy are available around the world. Experi
ments have been performed with the Experimental Storage Ring (ESR) of GSI 1 8 . Also 
proposals have been made to attempt demonstration of Crystalline Beams in the TSR-
Ring of Heidelberg 1 9 and in ASTRID, the storage ring of Aarhus University 2 0 . Recently, 
in both of these machines, laser cooling has been demonstrated with relatively high cool
ing rates which is required for the beam phase transition. All these storage rings are also 
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equipped with stochastic and electron cooling, as they may be required for the preliminary 
beam cooling stage. 

Another approach is the construction of a storage ring designed specifically for the 
attainment of Crystalline Beams. Notably it is to mention the CRYSTAL project devel
oped as an international collaboration at the Laboratori Nazionali di Legnaro (INFN) 2 1 . 
The injector to the storage ring is the complex Tandem-ALPI which is currently being 
commissioned 2 2 . Main parameters of the CRYSTAL project are listed in Table 1. The 
storage ring has a relatively weak-focussing lattice with the optimal property of providing 
smooth amplitude and dispersion lattice functions 

With an intensity N of less than 106 circulating ions, a string is expected in the 
CRYSTAL storage ring, which becomes unstable once the spacing X ~ 75 |jm has been 
reached. At that point the string bifurcates in a vertical zigzag which is stable until the par
ticle separation on each substring reaches the value X = 66 Jim. By increasing the number 
of particles, more complicated structure will be found, depending on the actual tuning of 
the storage ring. 

Table 1: The CRYSTAL Storage Ring (Legnaro Proposal) 

Circumference 64.82 m 

Periodicity (P) 8 with Mirror Symmetry 

Lattice Structure of Half-Period L QF QF S QD QD B 

Betatron Tunes: v h / v v 1.9073 / 1.0853 

Transition Energy: yt 1.8493 

Ion Species Gold (Au) 

Mass Number (A) / Charge State (Q) 197 / 51 

Kinetic Energy 4.6455 MeV/u 

Relativistic Factors: (5 / y 0.09951 / 1.00499 

Critical Crystal Spacing, Xc 63.4 |im 

10. Conclusions 

We have determined that Crystalline Beam structures are described by the critical 
particle-to-particle spacing Xc, given by Eq. 9. Actually the quantity Xc~3 is a measure of 
the ion density that can be reached at the limit of crystallization. We should compare this 
value with the density of an ordinary gaseous ion beam at the space-charge limit. This is 
given by the space-charge tune depression which, for a debunched beam, can be expressed 
in terms of the average particle separation Xh 
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nQ r R 
Av. = = — ^ (51) 

h, v 2 3 

from which we can easily derive the relation between the actual particle distance Xb to the 
critical crystal spacing Xc 

fX ^3 1.2 c 
c 

2 
* ' V ~ 1 . (52) 

In conclusion, assuming that Crystalline Beams will be soon demonstrated in rela-
tivistic storage rings, they will certainly provide ordered configurations which can be use
fully exploited in several applications of physics, like colliding beams. Nonetheless, Eq.s 
9, 51 and 52 imply that Crystalline Beams will still have densities comparable to those of 
gaseous beams at the ordinary space-charge limit. 
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