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A Syncopated Leap-Frog Algorithm for Orbit Consistent 
Plasma Simulation of Materials Processing Reactors 1 

J. W. Cobb, J. N. Leboeuf, Oak Ridge National Laboratory 

A b s t r a c t : We present a particle algorithm to extend simulation capabilities for plasma based 
materials processing reactors. The orbit integrator uses a syncopated leap-frog algorithm in cylin
drical coordinates, which maintains second order accuracy, and minimizes computational com
plexity. Plasma source terms are accumulated orbit consistently directly in the frequency and 
azimuthal mode domains. Finally we discuss the numerical analysis of this algorithm. Orbit con
sistency greatly reduces the computational cost for a given level of precision. The computational 
cost is independent of the degree of time scale separation. 
M o t i v a t i o n : Materials processing technologies require increasingly precise control of the phys
ical processes inside reaction chambers. ULSI semiconductor processing roadmaps set a goal of 
a 1/4 micron feature size by 1998[1]. This requires process control to a few percent. Simulation 
studies are needed accurate accurate design tools to facilitate rapid prototyping. This allows de
creased design costs and compressed product cycles. The two competing goals are accurate reactor 
characterization and minimal computational requirements. 

The plasma response to the oscillating electromagnetic field has previously been described by 
the fluid dielectric response[2]. This approach contains important low order effects but cannot 
describe some plasma behavior, such as resonant particle orbits and nonlocal conductivity from 
spatially finite orbits. For cases of interest, the collision mean free path is on the order of the 
device size. Also, the jitter excursion for electrons in the oscillating electric field may smear out 
the power deposition profile. It is conjectured that such effects are important for the operation of 
high density radio frequency inductive (RFI) and helicon plasma sources. 

Our purpose is to investigate the importance of such corrections and incorporate their description 
into design simulations. We also want to minimize the computational demands. As before[2], 
we rely on the recognition that the reactor dynamics divides naturally into two time-scales; a 
fast plasma RF time-scale and a slower transport time-scale. The species densities and RF field 
amplitudes evolve on the slow time scales according to plasma source terms (such as power-input 
and current density). The plasma source terms are calculated in response to terms which vary on 
the transport time scale. We concentrate on describing the fast (RF) time scale and at the same 
time maintain close contact with previous algorithms. 

For computational efficiency, we do not use a fully self-consistent particle simulation. That requires 
1Research sponsored by U. S. Department of Energy, under contract DE-AC05-84OR21400 with Martin Marrieta 
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a simulation length on the transport time scale with a temporal resolution fine enough to capture 
particle orbit effects. Such supercomputer and grand-challenge class problems are useful and 
important, but are inappropriate as an adjunct design tool for industry. 
Trajec tory Integrat ion: We follow particle orbits in three dimensional, time varying 
electromagnetic fields. It is essentially a particle in cell (PIC) simulation method with the exception 
that we do not explicitly specify the field solution. The physical problem is inherently cylindrical. 
The particle's positions and velocities are stored in cylindrical coordinates. A transformation 
technique is used to push the particles in a reversible, second order accurate manner[3,4]. To 
avoid calculating trigonometric functions, we store cos0 and sin# at each timestep for each particle, 
in addition to their radial and axial positions. This allows leap-frog methods used in Cartesian 
coordinates, to be extended to cylindrical geometries. However, there is one complication. In a 
usual leapfrog method[5], the velocities are known at the 1/2 time steps while the positions are 
known at the full time steps. This is a problem since cos0 and sin0 are used to transform the 
velocities from cylindrical to Cartesian coordinates. cos0 and sin0 are only known at the full time 
steps while the velocities are known on the half-time steps. If uncompensated, the time integration 
scheme will be degraded to first order accuracy. This issue has been underemphasized in previous 
treatments[3-6]. One compensation is to integrate the particles in a predictor-corrector fashion[6]. 
The correction achieves second order accuracy in both the push and the coordinate transformation. 
However, the predictor-corrector scheme requires two interpolations of fields to particle positions 
as opposed to only one for leap-frog methods. This doubles the number of indirect addressing 
operations which degrades processor performance. On vector processors, straight vectorization is 
reduced to a gather-scatter operation. On micro-processors, indirect addressing reduces cache hits 
leading to longer effective memory latency times. 

Our approach is to use a modified leap-frog algorithm that preserves second order accuracy(in both 
the push and the coordinate transformations), while requiring only a single field interpolation for 
each push. We call it the "Syncopated Leap-Frog" method. Given X£ y l and V£ y l , X^i 1 and V ^ 1 

are calculated in the following manner: 

V£ax = F(V2yl,sin0",cos0");X2ax = F(Xn

cyhsm8n,cos6n), (1) 

X&r1 / 2 = X ^ + l/2AiV? a r , (2) 
X ^ 1 / 2 = G(Xn

c£/2,sm6"+V2,cos9n+W), (3) 

E c y T = ^ ( X c y T ) ; Bcy*l* = ^ ( X ^ ) , (4) 
E & 1 / 2 = F C E ^ . s i n ^ ^ . c o s ^ 1 / 2 ) ^ ^ = F ( B ^ 1

1 / 2 , s i n ^ + 1 / 2 , c o s ^ + 1 / 2 ) , (5) 

V & 1 = V?ar + ^ ( E c £ / 2 + \{V^ + V& 1 ) x B ^ 1 / 2 ) , (6) 

X ^ = X ^ 1 / 2 + l / 2 A t V ^ , (7) 

X^l = G(X&\sm0» + 1

> cos0 B + 1 ); V ^ 1 = G(V& l

l sin0 B + l

l coB0 B + l ) > (8) 
Here F and G are the forward and reverse coordinate transformations and Is and IB represent the 
cylindrical interpolation scheme. Numerically this is equivalent to conventional leap-frog schemes. 



The difference is that the last 1/2 of the particle push has been delayed until the next push loop. 
It is only a change in what is considered the top of the pushing loop. However, it does allow 
second order accurate calculation of 9 both for time n for the velocity transformation and time 
n +1/2 for the transformation of the fields. 
S o u r c e A c c u m u l a t i o n : The particle orbit integration is fine enough to resolve orbit fea
tures. The particles are used to calculate the plasma source terms (charge density p and current 
density J) . We are usually only interested in the spectral component of p and J at the driving 
frequency UJRF (and perhaps a few harmonics and D.C.) for specific azimuthal modes. The entire 
time history of p and J is not needed, only selected portions of the spectral content. We take 
advantage of this and use a particle accumulator that stores directly into spectral components. 
The integrator gives a discrete particle orbit, {X", V n } , where n is a time step index that runs 
from 1 to Nstep = T/At, the number of particle time steps used in the orbit averaging process. 
The current and charge are calculated in the frequency domain; 

•Wstep 
3{z,r,n,u)= £ _ ._ V n exp(iut n ) exp(-im9)S(r - rn)S(z - zn), (9) 

n = l ^7 r-'Vstep 

where S is the particle shape function derived from the spatial interpolation algorithm. There is a 
similar expression for p. The plasma source is obtained from summation over simulation particles. 

This is a generalization of orbit-averaging, as can be seen by examining the u = 0 case[7]. It 
points to one of the major computational advantages of this scheme. Just as for orbit-averaging, 
this method uses all of the positions of all of the particles. The l/jNpaxt noise is further reduced 

by a factor of l/jNstep, or equivalently, iV s t e p fewer particles can be used to obtain the same level 
of error. For iVsteP ~ 1000, this is a very significant savings. 

Presently, the electromagnetic fields are specified by some external procedure. The source terms 
from particle trajectories can be compared to those from the prescribed fields as a validation test for 
the fluid approach. This comparison will test whether the prescribed electromagnetic field is "orbit 
consistent", by which we mean that the source terms implied by a given field agree with the source 
terms calculated from the orbits. This is a weaker condition than full self-consistency. While a 
standard PIC algorithm recovers this extra physics, it requires orders of magnitude more resources. 
Since finite orbit effects are conjectured to be the primary difference between fluid and kinetic 
treatments, we choose an orbit consistent algorithm to minimize computational requirements. 

At some future time, it may be possible to use the source terms from particle orbits as inputs to 
a field solution algorithm. In this case, solutions that were not consistent might be iterated until 
orbit consistent convergence. This offers the ability to "dial" the level of self-consistency desired 
by varying iV s t e p . The iVstep = 1 case reduces to a standard self-consistent PIC field solver, while 
iVstep —y co corresponds to a monte-carlo orbit integrated equilibrium calculation. Other finite 
values of iV s t e p correspond to intermediate cases. 
Error Analysis, Computational Requirements: As stated above, the objective is 
to develop an algorithm that can capture additional physics relevant to plasma processing without 
significantly increasing computational cost. Here we present a priori scaling argument about the 
level of precision obtained as a function of computational effort. The total computational cost 



is, C = iVgrid-Npart-NstepS', where C, A/god, Npait, N^, and S are the total computational cost, 
the number of grids, average number of particles per grid, number of particle time steps, and the 
cost per particle push, respectively. The error from Gaussian random noise, Es, due to the finite 
number of accumulation data points is given by; Es = l/^NpaitNstep. Together, these imply, 
C = NgndS/E^. This equation exhibits the computational advantage of this algorithm. For a 
given error level, the computational cost does not depend on the time-scale separation of particle 
motion and slower motions. If the driving RF frequency is doubled, the computational cost, in 
principle, remains constant. This is compared to explicit PIC methods where the cost would have 
doubled. This is possible because the orbit consistent approach allows us to trade off number of 
simulation particles with number of time steps. 

There is a limit to this advantage. iV p a r t cannot decrease indefinitely. Obviously, Npait = l/Ngnd is 
the absolute minimum, since this implies only a single particle over all the grids. If the phase space 
trajectories are ergodic, this absolute minimum can be realized. However, ergodicity is absent in 
cases of interest, but the orbits do execute an almost periodic motion in the RF field. iVstep can be 
increased (and iVpart decreased) until this entire periodicity is mapped. Further increases in iV s t e p 

will only cover previous tracks. 

A second error is the accumulated phase error. The numerical frequency will differ from the 
analytic frequency because of finite difference errors. If this frequency difference, 5f is large 
enough, the phase error will accumulate to such an extent that the accumulation algorithm (eq. 9) 
will fail because of phase decoherence. The relation is T5f = Ep, where T is the total simulation 
time, and Ep is the accumulated phase error divided by 2ir. Npei = fT, is the number of periods 
simulated. Numerical analysis gives Sf = af(2irfAt)2 where a is a constant. Together these 
set a lower bound on iV s t e p of Nstep > y/a(2irNpeT)3/Ep. The final issue is the explicit evaluation 
of the constants of proportionality, 5 and a, which is the object of ongoing investigation and 
optimization. 
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