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Abstract

The details of a Monte Carlo code for computing the penetration and en-
ergy loss of electrons and positrons in solids are described. The code, in-
tended for electrons and positrons with energies from ~ 100 eV to ~ 100
keV, is based on the simulation of individual elastic and inelastic collisions.
Elastic collisions are simulated using differential cross sections computed by
the relativistic partial wave method applied to a muffin-tin Dirac-Hartree-
Fock-Slater potential. Inelastic collisions are simulated by means of a model
based on optical and photoelectric data, which are extended to the non-zero
momentum transfer region by means of somewhat different algorithms for
valence electron excitations and inner-shell excitations. This report focuses
on the description of detailed formulae and sampling methods.



1 Introduction

This is a report on the theoretical and technical details of a Monte Carlo code for
the low-energy electron and positron transport in solids, based on the simulation of
a succession of individual elastic and electronic inelastic scattering events. We disre-
gard radiative energy losses. We also disregard directional effects due to the lattice
structure of the solid. The simulation is performed by sampling from numerical (tabu-
lated) differential cross sections (DCS). Elastic scattering is computed using the partial
wave method applied to the Dirac equation for an electron (or positron) scattered in
an atomic potential modified by the solid-state environment [1]. Inelastic scattering of
electrons is computed using the optical-data model described in refs. [2,3]. The model
includes relativistic corrections so as to extend its validity up to energies of ~ 100 keV.
In appendix A, the basic equations for inelastic scattering are repeated and extended to
positrons. In the random sampling of the scattering angle and energy loss in individual
interactions, interpolation techniques which are described in appendix B are used.

2 Inelastic scattering

The energy loss model in the present Monte Carlo code is based on the inelastic scat-
tering of electrons or positrons with kinetic energy £ in a medium characterized by
its optical oscillator strength (OOS) df(W')/dW. Here, W is a "resonance energy"
(excitation energy in the optical limit) corresponding to an optical frequency u> = W'/h
[2,3]. In terms of the optical dielectric function e(u>) of the medium, the OOS is defined
by

df{W) 2W'. . , . , .,.
~dH^~ = ^ Z I m ( - 1 / c ) ' ( 1 )

where

is the K v inal plasmon energy corresponding to the total average density of electrons in
the s-i * (gaussian units). N is the number of scattering centers (atoms or molecules)
per \ A volume, Z the number of electrons per center, e the absolute value of the
elec % ,\ charge and m the electron mass. The OOS distributions have been derived
from t.ptical and photoelectric data by methods previously described [2].

Tl <: OOS, as presently defined, describes the interaction between the scattered elec-
tron ; • r positron) and the medium in the limit of zero momentum transfer. More gen-
eral]}, each inelastic event will be described in terms of the "recoil energy" Q, which is
a meaMire of the momentum transfer (see appendix A), and the energy transfer W. We
extrapolate the OOS to non-zero recoil energies (i.e. to a generalized oscillator strength)
by means of simple dispersion relations W — W(Q) between recoil energy and energy
transfer. Each resonance energy interval {W, W' + dW7) together with its extrapolation



to non-zero momentum transfers is referred to as an ''oscillator", and carries the oscilla-
tor strength (df(W)/dW)dW. Different dispersion relations are introduced for those
parts of the OOS which can be attributed to weakly bound (valence) electron excitation
and those due mainly to inner-shell excitation [2,3].

The inelastic DCS per atom (or molecule) obtained from this model is written in the
form [2,3]

dQdW Jo dW dQdW iw% dW dQdW ' K '

The factors d2<nM(W')/{dQdW) and d2as{W')/(dQdW) are the "one-electron" DCSs,
i.e. the DCSs for the excitation of a unit-strength oscillator with dispersion relation
W = W(Q) and with resonance energy W = W(0), according to the two-modes (TM)
model of a free-electron jas and to the ^-oscillator model for inner-shell excitation,
respectively [2,3]. For brevity, the dependence on Q and W (and E) in the one-electron
DCSs is implicitly understood. We have chosen the resonance energy W», where a
switch is made from the TM to the 8 model, to be equal to the smallest bound shell
(core electron) binding energy [2].

Explicit formulae for the one-electron DCSs are given in ref. [3]. For the sake of
completeness, they are reproduced in this report, including Ochkur's exchange correction
as well as relativistic corrections. Apart from minor details, the notation used here is
the same as in refs. [2,3].

The one-electron DCS for excitations of a ^-oscillator with resonance energy W
consists of contributions from "distant" (Q < W) and "close" (Q > W) collisions:

d>vt{W') = d V ^ U ) d V c ^ t t )
dQdW dQdW dQdW ' l '

The total cross section a^(W) and the stopping cross section a^(W) for excitations
of an oscillator with resonance energy W > Wt are given by (see appendix A)

) = JdWWnJdQ d ^ 7 = <T£(W) + o£(Vn- (5)

The one-electron DCS for excitations of a TM model oscillator with resonance energy
W consists of contributions from "plasmon" excitations (Q < Qc), "hard" (Q > Qc)
electron-hole excitations and "soft" (Q < Qc) electron-hole excitations (Qc is the plas-
mon cutoff recoil energy, eq. (67)):

dQdW dQdW dQdW dQdW ' K '

The dispersion relation W = W{Q) in the TM model is thus two-valued for Q < Qc, i.e.
there it consists of two branches, modelling plasmon excitation and soft electron-hole
excitation. The total cross section a^°\W') and the stopping cross section a^(W) for



excitations of an oscillator with resonance energy W < W, are given by (see appendix
A)

(7)

The total cross section a'0' and the stopping cross section cr^ per scattering center
are given by

and
r~Af(W>\

The inelastic mean free path Â , and the stopping power 5 are given by

and S{E) = N<r{l\ (10)

respectively.

The inelastic DCSs presented above for electrons are modified to describe positron
scattering by taking into account the following differences: (i) the projectile is now
distinguishable from the electrons in the material, so that the Pauli exclusion principle
does not operate (this will change some of the integration limits), and (ii) the DCS
for collisions with free electrons at rest is given by the Bhabha DCS instead of the
Möller DCS. As in the case of electrons, the different contributions to the DCS for the
interaction of a positron with kinetic energy E with an oscillator with resonance energy
W can be expressed in closed analytical form. Formulae are summarized in appendix
A.

To exemplify, inelastic mean free paths and stopping powers for electrons and posi-
trons in Al, Si and Cu have been computed from the present optical-data model, using
the OOSs described in ref. [2]. The calculation is performed as a step-wise analytic
integration of eqs. (8) and (9), in which the OOS has been obtained by linear log-log
interpolation between tabulated data (with a tolerance of 1%, see below). Results are
summarized in tables 1 and 2. Notice that kinetic energies are referred to the Fermi
level; the values used for the Fermi energy Ep are 11.7, 12.5 and 7.0 eV for Al, Si and
Cu, respectively [2]. The values chosen for the switch energy W, are 73, 99 and 74 eV
for Al, Si and Cu, respectively [2].



Table 1: Calculated inelastic mean free paths A^ (in Å) of electrons and positrons with
kinetic energy E in Al, Si and Cu.

E-Ef
(eV)

1.0E+2
3.0E+2
1.0E+3
3.0E+3
1.0E+4
3.0E+4
1.0E+5

Al
electron

5.033E+0
8.984E+0
2.124E+1
5.125E+1
1.405E+2
3.503E+2
8.740E+2

positron

4.565E+0
8.512E+0
2.073E+1
5.076E+1
1.400E+2
3.499E+2
8.738E+2

electron

5.376E+0
9.744E+0
2.309E+1
5.577E+1
1.529E+2

3.814E+2
9.515E+2

Si
positron

4.885E+0
9.272E+0
2.258E+1
5.527E+1
1.524E+2
3.810E+2
9.513E+2

Cu
electron

5.738E+0
7.251E+0
1.560E+1
3.615E+1

9.677E+1
2.383E+2
5.894E+2

positron

4.751E+0
6.604E-K)
1.498E+1

3.553E+1
9.619E+1
2.378E+2
5.891E+2

Table 2: Calculated stopping powers 5 (in eV/Å) of electrons and positrons with kinetic
energy E in Al, Si and Cu.

E-EF

(eV)
1.0E+2
3.0E+2
1.0E+3

3.0E+3
1.0E+4
3.0E+4
1.0E+5

Al
electron

4.307E+0
3.676E+0
2.111E+0
1.048E+0

4.438E-1
1.957E-1
8.503E-2

positron

5.475E+0
4.534E+0
2.505E+0

1.203E+0
4.940E-1
2.118E-1
8.872E-2

electron

4.083E+0
3.180E+0
1.844E+0

9.174E-1
3.90IE-1

1.725E-1
7.508E-2

Si
positron

5.110E+0
3.901E+0
2.186E+0

1.052E+0
4.345E-1
1.863E-1
7.836E-2

Cu
electron

5.131E+0

7.775E+0
4.811E+0
2.620E+0
1.165E+0
5.312E-1
2.364E-1

positron

7.534E+0
9.851E+0

5.780E+0
3.056E+0
1.312E-K)
5.800E-1
2.478E-1



2.1 Simulation of inelastic collisions of electrons

In the present model, the basic idea in the simulation of an inelastic event is to first
sample the excited oscillator (i.e. the resonance energy W), and then to sample the recoil
energy Q and the energy loss W in accordance with the corresponding one-electron DCS
(TM mode) or ^-oscillator). For this, we adopt a procedure which combines different
sampling methods (see refs. [4,5] and appendix B).

The probability of exciting an oscillator with resonance energy in the interval

(11)

which is normalized, as seen from eq. (8). The E dependence in the right member is
entirely contained in the (7<°)(W')/a<0> factor.

Evidently, the bivariate (normalized) probability distribution function (PDF) of Q
and W in an inelastic collision can be written in the form

Fm(E; Q, W) = f°° PoK(E; W')Pl(W'; Q, W) åW, (12)
Jo

where
1 d2<7TMor<(W') M .

(13)
is the (normalized) PDF of Q and W for excitations of an oscillator with resonance
energy W.

The PDF given by eq. (12) is amenable for random sampling by the composition
method [4,5]: once the excited oscillator has been selected from the PDF given by eq.
(11), Q and W are sampled from the PDF given by eq. (13) (i.e. by using eq. (4) if
W > Wt or eq. (6) if W < W,). The random sampling of Q and W is simplified by
the fact that each contribution (dis, clo; pi, heh, seh) is represented by a single-valued
dispersion relation W — W(Q). This means that we may integrate the DCS over one
of these variables to obtain the (unnormalized) PDF of the other. A value of this other
variable is sampled. The value of the first variable is then simply obtained from the
dispersion relation.

2.1.1 Sampling of the excited oscillator

The sampling of the resonance energy (i.e. the excited oscillator) from the PDF given
by eq. (11) can be performed by using the inverse transform method [4,5]. The 0 0 S is
usually known in numerical form. From an initial table of 0 0 S values df(W)/dW at
given resonance energies W, the 00S is evaluated by linear log-log interpolation, i.e.
by linear interpolation of ln(d/(W)/dW'") as a function of In W.

To sample the resonance energy of the excited oscillator, the PDF given by eq. (11) is
tabulated on a grid of resonance energies Wj (independent of the energy of the projectile)



from which the function pomQ(E; W) is obtained by linear log-log interpolation. Since
<T(0)(W") is a slowly varying function of W except near E,1 the PDF p«c(£; W) has a
shape similar to that of the OOS except for a rapid decrease at resonance energies near
E due to the decrease of cr(0)( W) when W approaches E (see fig. 1). Therefore, the grid
of resonance energies W} where Po»c(£; W7) is tabulated must be selected in such a way
that: (i) the OOS obtained by linear log-log interpolation from a table of OOS values
ai the points of this grid does not differ significantly from the input OOS and (ii) the
grid is dense enough to properly reproduce the rapid decrease of a^(W') for W values
approaching E. In the simulation program we use a grid of NT = 300 resonance energies
W'j determined so as to fulfill these requirements. First, the grid of the input OOS table
is "cleaned" by discarding those data points which can be obtained by interpolation
between neighbouring points with an error less than a given "tolerance" (typically a few
percent). This cleaning reduces the number of grid points considerably. The remaining
points, say JVj, are concentrated in the regions where the OOS varies rapidly (as can be
seen in fig. 1). The grid is then completed, by linear interpolation on a log-log scale, with
iV2 = Nt — N\ points at resonance energies logarithmically distributed in the interval
from P.5 eV to 500 keV. The final grid is dense enough to follow the rapid variation
of PaarJ £', W') near the maximum possible W value at a given energy E. Fig. 1 shows
explicitly the tabulated values of p<»c(.E; W') for 1 keV electrons in Al.

The arrays \^1 (Ei) and Pomc(Ei'} Wj) (j = 1 , . . . , NT) are computed before starting the
simulation and stored in the computer memory at the same energies Ei as in the grid on
which the elastic scattering PDFs are tabulated (see below). For a given random number
£, let W'(E,£) denote the resonance energy sampled from the PDF potc{E;W') given
by eq. (11) as obtained by the inverse transform method (using the subroutines SANPLO
and SAMPLT described in appendix B). Evidently, W'(E,£) is a continuous function of
£ , which however is tabulated only at the energies E,. For a given energy E, such that
E, < E < Ei+t, the resonance energy of the excited oscillator is obtained by linear
log-log interpolation, i.e. as

W'(E,0 = exp {in W'(f<U) + [InVT(

It may be noted that subroutine SAMPLT performs exact random sampling from the
distribution p^iEs, W) defined by linear log-log interpolation in the Po*c{Ei; Wj) table.
Hence, the only numerical errors introduced by the present sampling procedure arise
from the interpolation between successive energy grid points made in eq. (14). An
example of sampling results is shown in fig. 2.

'There is also a small discontinuity at W = W, due to that the é-oscillatoi model and the TM
model give slightly different one-electron total cross sections; see fig. 1.
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Figure 1: The dashed curve shows, for Al, a representation of the OOS
(in eV"1). The dots are the remaining original OOS data after "cleaning", as explained
in the text, with a tolerance of 5%. The dashed curve consists of straight lines between
these dots, i.e. it is obtained by lineai interpolation on a log-log scale. The continuous
curve shows the ratio a^(W')/^0) (see eq. (11)) for the case of 1 keV electrons. For
the same case, the crosses show the tabulated values of the PDF p<»c{E; W') (in eV"1).
Note the small discontinuity in <rW{W)/aW at W = W..
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Figure 2: PDF of excitation of an oscillator with resonance energy W for 1 keV electrons
in Al. The continuous curve is the interpolated p<mc{E;W) distribution. Crosses are
values of the PDF obtained from 106 sampled W values. Statistical uncertainties (3
standard deviations) are given as error bars.



2.1.2 Sampling Q and W with a ^-oscillator

If the resonance energy (V of the excited oscillator is larger than W,, the one-electron
DCS is given by eq. (4). The probabilities of distant and close collisions are proportional
to the integrated cross sections <r^ (eq. (58)) and a^ (eq. (60)), respectively. These
probabilities are used to select the kind of interaction.

Consider the simulation of distant collisions. The (unnormalized) PDF of Q is (see
eq- (52))

Pi(Q) = ^RAQ) (15)

with

A W ) - 1 - § + ( § ) , (16)
which is defined in the interval (Q-(W),W). The function R\(Q) equals unity at
Q - 0 and Q = E and, whithin this interval, it has a unique minimum at Q = E/2,
where Ri = 3/4. Hence, R\(Q) is a valid rejection function and random values of Q can
be generated by means of the rejection method [4,5] with an efficiency which is higher
than 0.75. The sampling algorithm for Q and W is as follows:

(i) Sample Q with PDF oc Q~x by using the sampling formula (inverse transform
method)

•"•(&•

(17)

(ii) Generate a new random number £•

(iii) HE >*,((?) , go to (i).

(iv) Deliver Q and W = W.

Consider next the simulation of dost collisions. The (unnormalized) PDF of W is
(see eq. (54))

1 f / W \2 (l-a)W aW2 ]
[1+ ) + \

with W in the interval (W, Wc^<mtx). Random sampling from this distribution can be
performed by using the method described in ref. [6]. We consider the (unnormalized)
PDF

{E

wnere W*r> (20)
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and

are (normalized) PDFs in the interval (W\ W,*,,^). It can be shown that *(W) >
Pi(W) within this interval and, hence, random values of Q and W can be generated by
using the following rejection algorithm:

(i) Sample W from v(W) by using the composition method, i.e. select the value of
the index i = 1 or 2 according to the relative probabilities wj and u/2 and sample
W from the PDF ^(W) using the sampling formulae (inverse transform method)

if i = l ,
1 - {(1 - W'/W*,^) ' ( 2 2 )

W + a ^ d o . ^ - W) if i = 2.

(ii) Generate a new random number £.

(iii) I f ^ ( H ^ ) > p 2 ( V n g o t o ( i ) .

(iv) Deliver W and <? = W.

The polar angular deflection, cos 9, is obtained from the generated values of Q and
W by using eqs. (50) and (51).

2.1.3 Sampling Q and W with a TM model oscillator

When the resonance energy W of the excited oscillator is less than W., the one-electron
DCS is given by eq. (6). The probabilities of plasmon, hard electron-hole and soft
electron-hole excitations are proportional to the integrated cross sections <7 '̂ (eqs. (72)
or (73)), (7J£j. (eq. (75)) and aj^ (see comment after eq. (76)), respectively. The kind of
interaction is sampled according to these probabilities.

In plasmon excitations, the (unnormalized) PDF of W is (see eq. (62))

with
(W - W')3

= i - c
 D + w ' (24)

which is defined in the interval (Wp|tmin, VVpinuu,). The function /^(W) equals unity at
W = W and decreases monotonically with W; therefore, it is a valid rejection function.
Random values of Q and W can be generated by using the following rejection algorithm:

11



(i) Sample W from the PDF

\irt\xr t i / / \ ' K™)

using the sampling formula (inverse transform method)

- i • » ni.ni&x • * r ' ui.iiLui i • • Lu.inin »*

W p , i n l - W^'j 'pl^nin
(26)

(ii) Generate a new random number £.

(iii) U (>R3(W), go to (i).

(iv) Deliver W and Q = (W - W')/B.

The simulation of hard electron-hole excitations is analogous to that of close colli-
sions. The (unnormalized) PDF of W is (see eq. (68))

with W in the interval (Qc, Wheh,max)- We consider the (unnormalized) PDF

^ +
where

^ = 7T " W^—' WJ = | | ( ^ ^ - « - <?c) (29)

and

MAheh,m« - Vc W2 Whihjwu - Qc

are (normalized) PDFs in the interval (Qc, Wheh.max). It can be shown that n(W) >
J>A(W) within this interval and, hence, random values of Q and W can be generated by
using the following rejection algorithm:

(i) Sample W from t(W) by using the composition method, i.e. select the value of
the index i — 1 or 2 according to the relative probabilities u>i and u>2 and sample
W from the PDF v,(W) using the sampling formulae (inverse transform method)

' (31)

if i = 2.

(ii) Generate a new random number £.

12



(iii) U^(W)>p4(W), go to (i).

(iv) Deliver W and Q = W.

In soft electron-hole excitations, the (unnormalized) PDF of W is (see eq. (70))

Ps(W) = WR5(W) (32)

with
\ W ( W \21

+ feriF)]' (33)
which is defined in the interval (0, W/

Kh,m«x)- Clearly, i2s(VT) is a valid rejection function.
Random values of Q and W can be generated by using the following rejection algorithm:

(i) Sample W with PDF oc W by using the sampling formula (inverse transform
method)

W = e/2W^^. (34)

(ii) Generate a new random number £.

(iii) U (>R6(W), go to (i).

(iv) Deliver W and Q = W.

The polar angular deflection, cos 0, is obtained from the generated values of Q and
W by using eqs. (50) and (51).

2.2 Simulation of inelastic collisions of positrons

The random sampling of the oscillator (i.e. W) is performed in the same way as in
the case of electron scattering. The energy loss and scattering angle in collisions of a
positron with a specified oscillator are sampled from the DCSs given is appendix A.

The sampling algorithms described above for distant collisions, plasmon excitations
and soft electron-hole excitations can be readily adapted to simulate positron scattering:
we only need to omit exchange corrections and consider the energy loss intervals that
are allowed in positron scattering. The PDF for plasmon excitation by positrons is given
by eq. (23) with the Wpitmax value defined in eq. (86). The PDFs for distant collisions
and for soft eiectron-hole excitations by positron impact are still given by eqs. (15) and
(32) with

1 and Ä5(VV) = ^ ~ ^ . (35)

The (unnormalized) PDF of W in positron close collisions (allowed energy losses in
the interval (W',E)) and hard electron-hole excitations (allowed energy losses in the
interval (Qc, E)) is given by the Bhabha DCS (see eq. (78))

2 (36)

13



with
W fW\2 /W\3 /W\*

MW) = 1 - t,T + i, y - 63 y + 6, (¥) . (37)
It can be shown that R$(W) is positive and less than unity in the respective interval and,
therefore, it is a valid rejection function. Random values of Q and W can be generated
by using the following rejection algorithm:

(i) Sample W with PDF oc W~2 by using the formulae (inverse transform method)

y-i-«i"V/g) (38)

for close collisions (cf. eq. (22)) or

for hard electron-hole excitations (cf. eq. (31)).

(ii) Generate a new random number £.

(iii) Ut>Re(W),ff>to(i).

(iv) Deliver W and Q = W.

The polar angular deflection, cos 9, is obtained from the generated values of Q and
W by using eqs. (50) and (51).

14



3 Elastic scattering

The angular deflection in elastic scattering events is described by the polar and azimuthal
scattering angles 0 and <f>. Owing to the assumed spherical symmetry of the scattering
potential, the scattering is axially symmetric around the direction of incidence and,
hence, the azimuthal scattering angle is uniformly distributed in the interval (0,2ir). As
a consequence, the DCS for elastic scattering (per scattering center, atom or molecule)
is independent of <j>. For simulation purposes, it is convenient to consider the DCS as a
function of the variable

which varies from 0 (forward scattering) to 1 (backward scattering). Notice that a set
of points (6,4>) uniformly distributed on the unit sphere transforms into a set of points
(fi,4>) uniformly distributed on the rectangle (0,1) x (0,2n).

The DCS for elastic scattering of electrons or positrons with kinetic energy E can
be written as

jj ; M), (41)
where a^ is the total elastic cross section and pd(E;fi) is the (normalized) PDF of the
angular deflection fi in single scattering events (cf. eq. (12)).

For the energy range of interest, reliable DCSs can only be calculated by the partial
wave method. The DCSs have been computed by using the PVADIR code (DIRac Partial
Wave Analysis) [1]. The PUADIR code has been slightly modified to produce a table of
total elastic cross sections and single scattering distributions for a given bidimensional
grid of energies E, and angular deflections /i*.

The scattering potential is a muffin-tin potential [1] based on the analytical Dirac-
Hartree-Fock-Slater field for free atoms given in ref. [7], which provides a conveniently
simple approximation to account for solid state effects. The muffin-tin radius is chosen to
be equal to the radius of the Wigner-Seitz sphere [1]. When the projectile is an electron,
exchange effects are introduced by means of the local exchange potential proposed by
Furness and McCarthy [8].

The elastic mean free path Â  and the (first) transport mean free path Atr are given
by

\ä1(E) = N<jd and \Zl(E) = Na« = N / ' 2/i^d/z, (42)
./o d/i

respectively (a^ is the transport cross section).

To exemplify, tables 3 and 4 show elastic mean free paths and transport mean free
paths calculated for electrons and positrons in Al, Si and Cu. The adopted values of the
muffin-tin radius are 1.582, 1.684 and 1.411 Å for Al, Si and Cu, respectively, according
to eq. (7) in ref. [1].
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Table 3: Calculated elastic mean free paths Aj (in Å) of electrons and positrons with
kinetic energy E in Al, Si and Cu.

E
(eV)

1.0E+2
3.0E+2
1.0E+3
3.0E+3
1.0E+4
3.0E+4
1.0E+5

electron
4.885E+0
8.252E+0
1.786E+1
4.077E+1
1.151E+2
3.104E+2
8.493E+2

Al
positron

6.221E+0
1.016E+1
2.064E+1
4.517E+1
1.214E+2
3.180E+2
8.581E+2

Si
electron

5.085E+0
8.604E+0
1.818E+1
4.076E+1
1.130E+2
3.023E+2
8.244E+2

positron
6.663E+0
1.056E+1
2.083E+1
4.483E+1
1.190E+2
3.097E+2
8.331E+2

Cu
electron

4.684E+0
5.974E+0
1.047E+1
1.883E+1
4 042E+1
9.139E+1
2.286E+2

positron
5.509E+0
7.813E+0
1.257E+1
2.139E+1
4.386E+1
9.602E+1
2.346E+2

Table 4: Calculated transport mean free paths Atr (in Å) of electrons and positrons with
kinetic energy E in Al, Si and Cu.

E
(eV)

1.0E+2
3.0E+2
1.0E+3
3.0E+3
1.0E+4
3.0E+4
1.0E+5

electron

8.535E+0
2.767E+1
1.444E+2
8.060E+2
6.308E+3
4.428E+4
3.675E+5

Al
positron

2.472E+1
7.395E+1
2.889E+2
1.214E+3
7.608E+3
4.856E+4
3.911E+5

electron

9.219E+0
2.965E+1
1.544E+2
8.529E+2
6.596E+3
4.608E+4
3.817E+5

Si
positron

2.697E+1
7.848E+1
3.085E+2
1.298E+3
8.043E+3
5.089E+4
4.082E+5

Cu
electron

7.235E+0
1.066E+1
3.690E+1
1.687E+2
1.102E+3
6.923E+3
5.419E+4

positron

1.639E+1
3.559E+1
9.898E+1
3.186E+2
1.560E+3
8.488E+3
6.270E+4
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3.1 Simulation of elastic collisions of electrons and positrons

During the simulation, the inverse mean free path ^(E) and the angular distribution
Pd(E;n) for the required values E and /J are obtained by linear log-log interpolation
within the table computed by the modified PUADIR program. Thus, the inverse mean
free path is evaluated as

(43)

if Ei < E < Ei+i. This procedure will introduce a certain interpolation error, which
can be kept below reasonable limits by simply selecting the grid of energies and angles
adequately. For the energy range from 50 eV to 500 keV, a logarithmic grid of energies
with 20 points per decade suffices to yield interpolated inverse mean free paths accurate
to within 0.1%.

The same interpolation procedure is used to obtain pd(E,;fi) as a continuous func-
tion of n for the energies in the grid. It is worth noting that this is the interpolation
scheme adopted in the inverse transform method for random sampling from a numer-
ical distribution described in appendix B. Hence, fj, values generated by this sampling
method follow the interpolated distribution pei(E,;fi) exactly. We use a grid of 150 /x
values, unequally spaced in the interval (0,1) with a higher density near ft = 0, for which
the error in the sampled angular deflection is less than 0.1%. Given a random number
£, let fi{E,() denote the random value generated by the inverse transform method from
the distribution p^(E;fi) using this random number. Clearly, fi(E,() is a continuous
function of E (since so is pd(E; /*)). For a given energy E, the angular deflection (i(E, £)
can be obtained by means of linear log-log interpolation between the values ji(Ei,{) for
the grid energies closer to E. Explicitly, if Ei < E < Ei+i,

(44)

Notice that (i) the polar deflection ji is generated from a single random number and (ii)
when sampling of (i from p,j(.E,;/i) is carried out by using the subroutines SANPLO and
SAMPLT (see appendix B), the required interpolations along the \i axis are automatically
performed by these subroutines.

Fig. 3 shows the angular distribution of 1 keV electrons after single elastic scattering
in Al obtained from 106 random values of/J generated with the present sampling method.
Apart from statistical uncertainties and the finite bin width used to tally the simulated
distribution, the agreement with the original interpolated numerical PDF is satisfactory.
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Figure 3: Angular distribution of 1 keV electrons after single elastic scattering in Al.
The continuous curve is the interpolated pa(E;fi) distribution. Crosses are values of
the PDF obtained from 106 sampled n values. Statistical uncertainties (3 standard
deviations) are given as error bars.
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4 Program organization

Program language is FORTRAN 77. The main program (written, in principle, by the
user according to chosen requiremen ts) defines the geometry, controls the track evolution
and keeps score of the relevant quantities. The evaluation of the elastic and the inelastic
mean free path and the simulation of single scattering events (sampling of scattering
angle and energy loss) is performed by the subroutines listed below. (Several other
subroutines are used, but those shown below are the only ones which have to be called
from the main program.) A simple example of a main program is shown in table 5.

(i) SUBROUTINE START
reads the scattering database (i.e. a file containing the tabulated elastic PDFs and
OOSs) and performs "cleaning" and interpolation (see previous description). It
also computes tables of elastic and inelastic inverse mean free paths.

(ii) SUBROUTINE CROSS(E, CSEL.CSIN)
delivers (by interpolation) the inverse mean free paths (in cm"1) for elastic and
inelastic scattering (CSEL and CSIN, respectively) of electrons or positrons with
kinetic energy E (in eV). When CROSS is called, the energy E is made available to
subroutines RSELAS and RSINEL through a common block.

(in) SUBROUTINE RSELAS(COSTH)
delivers a value COSTH = cos 6 sampled from the elastic scattering DCS for electrons
or positrons with the energy E entered in the last call to subroutine CROSS.

(iv) SUBROUTINE RSINEL(DE,COSTH)
delivers values of the energy loss DE = W and COSTH = cos0 sampled from the
inelastic scattering DCS for electrons or positrons with the energy E entered in
the last call to subroutine CROSS.

SUBROUTINE DIRECT (COSTH, PHI, U,V,W) performs the usual trigonometric calcula-
tion of the new direction of motion (U,V,W) after a collision using the polar and azimuthal
scattering angles COSTH and PHI. FUNCTION RAND is the random number generator, e.g.
the one described in appendix B.
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Table 5: FORTRAN 77 example of main program.

CALL START
c THE SIMULATION OF A TRACK BEGINS HERE.
1000 CONTINUE

C ************ INITIAL POSITION, DIRECTION AND ENERGY.
1=0.ODO
Y-O.ODO
Z-O.ODO
U=O.ODO
V=O.ODO
W=1.0D0
E-EO

C •**•*•*•••*• NEW TRACK SEGMENT.
1001 CONTINUE

C ************ INVERSE MEAN FREE PATHS.
CALL CROSS(E.CSEL.CSIN)
CSTOT-CSEL+CSIN

C •**•***•**•* FREE PATH TO THE NEXT SCATTERING EVENT.
1002 S*-DLOG(RAND(0.ODO))/CSTOT

C ************ NEW POSITION.
X=X+U»S
Y=Y+V*S
Z=Z+W*S

C ************ POSITION CHECK.
IF(Z.GT. THICK) THEN

C *••• TRANSMITTED.
IFLAG=1
GO TO 1004
ELSE IF(Z.LT.O.ODO) THEN

C *••• BACKSCATTERED.
IFLAG=2
GO TO 1004
ENDIF

C **••••*••*** KIND OF COLLISION.
IF(RAND(O.ODO)*CSTr , GT.CSIN) GO TO 1003

C ************ INELAST1- COLLISION.
CALL RSINEL(DE,COSTH)

C •*•* NEW ENERGY.
E=E-DE
IF(E.LE.EABS) THEN
IFLAG-3
GO TO 1004
ENDIF

C **** NEW DIRECTION.
PHI=TVOPI*RAHD(O.ODO)
CALL DIRECT(COSTH,PHI,U,V,W)
GO TO 1001

C ************ ELASTIC COLLISION.
1003 CONTINUE

CALL RSELAS(COSTH)
C **** NEW DIRECTION.

PHI-TWOP I*RAND(O.ODO)
CALL DIRECT(COSTH,PHI,U,V,W)
GO TO 1002

C THE SIMULATION OF THE TRACK ENDS HERE.
1004 CONTINUE
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Appendix A. Inelastic cross section formulae

A.I Kinematic relations

Let p and pf be the magnitudes of the linear momenta before and after an inelastic
event, respectively. The relativistic recoil energy Q is defined by

Q = [c2(p2 + pn - 2pp' cos 6) + mV] 1 / 3 - me2, (45)

where 6 is the polar scattering angle and the momenta p and p1 are given by

(cp)2 = E (E + 2mc2) and {cp')2 = {E - W) (E - W + 2mc2) . (46)

Here, c is the velocity of light in vacuum. For a given energy loss W, the minimum Q
occurs for forward scattering (cos 8 = 1) and is given by

Q-=\ (yjE{E + 2mc2) - y/{E - W)(E -W + 2mc2)) * + m2c* | - me2. (47)

When W 4C E, this expression reduces to

^ ( 4 8 )

where /9 is the velocity of the projectile in units of c,

= U (£ + mc^ l yj

Eq. (48) is numerically accurate when W <&. E, unlike eq. (47).

The polar angular deflection in a collision with energy loss W and recoil energy Q,
derived from eq. (45), is given by

which for excitations on the Bethe ridge (Q = W) simplifies to

A.2 Cross sections for electrons

A.2.1 ^-oscillator cross sections

The momentum transfer DCS (i.e. the DCS with respect to Q) for distant collisions is
given by [3]
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where 6 is the Heaviside step function and

^ 27re4

(53)

The factor within square brackets in eq. (52) accounts for Ochkur's exchange correction.
The allowed recoil energies in distant collisions lie in the interval (Q_(W), W).

The energy loss DCS for close collisions is given by the modified M0ller formula [3]

1 = C_Lfl4 ( W V
y W* [ \E + W - W)AW

E + W - W {E + W'¥\ V h K '

where

a = i1^) = (E + TTJ) (55)

with

(56)

The allowed energy losses in close collisions lie in the interval from W to

O = min {E - EF, (E + W')/2} , (57)

where E? is the Fermi energy of the material.

The one-electron total and stopping cross sections for distant and close collisions are

[3]

k H i i j ] * ' (58)

(59)

•Son = 6[-w+Ffrä

^ W I (E + W')>\w, K '

and

") = g\\nW
+ W-W

. w' - W) 4- — — . (61)
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A.2.2 TM model oscillator cross sections

The energy loss DCS for plasmon excitations is given by [3]

where

dW ~\W(W-W) W{D + W)J'

A and D = (B - 1)W.

(62)

(63)

The parameters A and B are functions of the variable a» = (W'/eV) x^ given by [3]

A(W) = 2/3 if W < 0.62, (64a)

A{W) = 0.9069 + 0.3577a;2 - 1.565a;3 + 1.478a;4 - 0.4524a;5 if W > 0.62 (64b)

and
B(W) = 0.2598 + 0.3532a;-1. (64c)

Plasmon excitations can only be produced by electrons with E > (B+1)W; the allowed
energy losses lie in the interval from

2

I if E < 10 keV

(65)

if E > 10 keV

to

(

VE-y/E-(B

B + l

where

•') =min i E - EF,W + BQC,W + B I E + \E & + l>W '\ I
I V B + 1 I)

= rV '

(66)

(67)

is the plasmon cutoff recoil energy.

The energy loss DCS for hard electron-hole excitations is given by the Möller DCS

[3]
dtn+jW) J _ f / W \2 _ (l-a)W oW l̂ ,

dW W 2[ \ E - V y / £ - W J?2 J' ( '
The allowed energy losses in hard electron-hole excitations lie in the interval from Qc to

'') = min{£-£ ; F , £72} . (69)
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The energy loss DCS for soft electron-hole excitations is [3]

w r ! w ,
dW * Wl2W' + W\ E-W

/ yr V
\E~WJ

A \ W 1 / W3 W2 W2 \
9 W* [w + w + E + w \(E - wy ~ w + w ~ E - w)

1 / W3 V/3 \\
+ {E + wy \w + w + E-W)\' ( '

The allowed energy losses in soft electron-hole excitations lie in the interval from 0 to

) = min {Qc, W^^W')}. (71)

The one-electron total and stopping cross sections for plasmon excitations and hard
electron-hole excitations are [3]

+ ̂ ^ ( 7 ^ ) ^ ! "Dt* (72)
' p i , I

or

(73)

a$?(W) = (

' i V V p l m", (74)

and

I F n

lalT + ̂ f ^ + (2-a)ln(E-W) + ̂ . j . (76)
The one-electron total and stopping cross sections for soft electron-hole excitations axe
too lengthy to be given here explicitly; they are programmed in the subroutines listed
in ref. [3].
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A.3 Cross sections for positrons

A.3.1 ^-oscillator cross sections

In the following, cross sections for positron inelastic scattering will be denoted by c to
avoid confusion.

The momentum transfer DCS for distant collisions is given by (cf. eq. (52))

w- <77>
The allowed recoil energies in distant collisions lie in the interval (Q_(W), W).

The energy loss DCS for close collisions is given by the Bhabha formula (cf. eq. (54))

_ i L . w •
dW

where

__
7

_ /7- lV 3(7+ !)* + !
" \~T) (7 + 1)2 '

7 - l V 27(7-1)
)

The allowed energy losses in close collisions lie in the interval (W, E).

The total cross section <;^(W) and the stopping cross section <;^(W) for excitations
of a ^-oscillator with resonance energy W are

P (80)
The integrated one-electron cross sections can be evaluated analytically. We have

(82)

1 It. W W W* W31E

= G
w . w2 w3V
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and
W W2 W3 W41

^ f c 6 j. • 2 ^ - f c 3 F + 6 < 4Fj B . / (84)

A.3.2 TM model oscillator cross sections

The energy loss DCS for plasmon excitations is (cf. eq. (62))

(85)
dW * \W(W-W) W(D-

The allowed energy losses in plasmon excitations lie in the interval from Wpitinin(W
7)

(given by eq. (65)) to (cf. eq. (66))

{VE + JE(B + I)W\\
) = min {E, W + BQC, W' + BI ^ - ^ '— ) ) , (86)

where Qc is the plasmon cutoff recoil energy (given by eq. (67)).

The energy loss DCS for hard electron-hole excitations is given by the Bhabha for-
mula (cf. eq. (68))

h + b { ) \- (87)

The allowed energy losses in hard electron-hole excitations lie in the interval (QC,E).

The energy loss DCS for soft electron-hole excitations is (cf. eq. (70))

dW v W'2 W' + W

The allowed energy losses in soft electron-hole excitations lie in the interval (0, Qc).

The total and stopping cross sections for excitations of a TM model oscillator with
resonance energy W,

W(W) =JdWW"JdQ ^ ^ = $(W) + ?ii(W) + <2(in (89)

can again be evaluated analytically. The expressions for plasmon excitations (still given
by eqs. (72) to (74)), hard electron-hole excitations and soft electron-hole excitations
are

W
w)\\w

pi,min
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or

[ i W —

- W) -

Wtim"

W)2 - 2D(D + W) + D2

and

"

(91)

(92)

(94)

(95)

(96)
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Appendix B. Random sampling methods

The essential ingredient of a Monte Carlo calculation is the numerical sampling of ran-
dom variables with specified probability distribution functions (PDF). In this appendix
we describe some techniques relevant to this report for generating random values of a
variable x distributed in the interval (a, b) according to a given PDF p(x). A detailed
description of sampling methods can be found in the textbooks of Rubinstein [4] and
Kalos and Withlock [5].

B.I Random number generator

In general, random sampling algorithms are based on the use of (pseudo-)random num-
bers £ uniformly distributed in the interval (0,1). These random numbers can be easily
generated in the computer by using any of the many generators available (see e.g. refs.
[4,5,9]). In our simulation code, we adopt so far the simple multiplicative congruential
generator

Rn+t = tR» (mod 231 - 1), U+i = fUi/(2 3 1 - 1), (97)

which produces a sequence of random numbers £„ uniformly distributed in (0,1) from a
given "seed" RQ (< 231 — 1). This generator is believed to have good random properties
[10]. (Improved generators are easily implemented [9].) The sequence is periodic, with
a period of the order of 231, which in most cases is large enough to prevent reinitiation
in a single simulation run. The FORTRAN 77 source listing of this generator is given in
table 6. Each call to function RAND delivers a new random value £ uniformly distributed
in (0,1). The argument DUMMY is a dummy variable.

B.2 Random sampling from numerical distributions

The inverse transform method can be adopted for random sampling from a PDF p(x)
given in numerical form. We assume here that the function p(x) is finite in the interval
(a,b), and that the values />, = p(x,) of the PDF at the grid points 0 < a = X\ < Xj <
... < XJV = b are given. For the sake of simplicity, we assume that the grid points are
given in strictly increasing order. However, repeated grid points ij = XJ+I will be needed
to properly represent discontinuous PDFs; this case must be considered separately when
programming the algorithm. Also, to avoid computer errors the valuv s x, and p, have to
be strictly larger than 0 (but as small as needed to reproduce the actual PDF with the
required accuracy). If the domain (a, b) where p(x) does not vanish includes negative x
values, it will be necessary to shift the PDF, i.e. to introduce a shifted random variable
x' = x + a' (a' > —a) with PDF p(x') = p{x), so as to avoid taking the logarithm of
negative numbers (see below).

In what follows we consider that the actual PDF p(x) can be accurately reconstructed
from the given table (x,,pt) by us;ng linear log-log interpolation. Explicitly, we assume
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Table 6: FORTRAN 77 random number generator.

C * * * • * * * • • • * • • • * * * • * * * • * * * • • • • • • * • * * * • • * • * * * * * * * • * • * * • * * • • * * * * •
C FUNCTION RAND
C * • • * • * • • * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

FUNCTION RAND (DUMMY)
C
C THIS FUNCTION GIVES PSEUDO-RANDOM NUMBERS UNIFORMLY DISTRI-
C BUTED IN THE INTERVAL ( 0 , 1 ) OBTAINED FROM A MULTIPLICATIVE
C CONGRUENTIAL RANDOM NUMBER GENERATOR. THE 'SEED' RND MUST BE
C INITIALIZED IN THE MAIN PROGRAM AND TRANSFERRED THROUGH THE
C NAMED COMMON BLOCK /RSEED/.
C

IMPLICIT REAL*8 ( A - H , O - Z ) , INTEGER*4 ( I )
COMMON/RSEED/RND
IRND-RND+0.5D0
RND*DMOD (1 .6807D4*IRND, 2 . 1 4 7 4 8 3 6 4 7 D 9 )
RAND-RND * 4 . 6 5 6 6 1 2 8 7 5 2 4 5 7 9 D - 1 0
RETURN
END

that the actual PDF can be approximated as

p(x) = p, (J^j ' if Xi < x < x.+i, (98)

which gives a piecewise linear function when plotted on a log-log representation. Clearly,
any PDF can be approximated in this form to a given accuracy if the grid points x, are
suitably spaced. The parameters a, are determined by the condition

ft+i = P. ( — ) . (99)
\ X /

which gives

=

The cumulative distribution function of the interpolated PDF is

v(x)=p,+ rPi(-)' d̂ , (ioi)

where the index i satisfies the conditions x, < x < x,+\ and

P, = 0, Pi+1 = Pi + T ' ' ' pi (—) dx' if i > 0. (102)

The integrals in eqs. (101) and (102) can be evaluated analytically to give

Mi[(*/*,)<•<-i] i f N > i o - » ,
Pi(~) dx'={ fl. (103)

Pix,ln(i/x,) if \ai\ < 10-12,
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where the switch value 10 12 has been introduced to avoid computer errors when a, is
close to zero. Notice that, when |a,| > 10~12,

/•*•+! h'V''1 1
P l+ I -P,= Pi[-) dx' = - (pi+Hi+i - p,x,). (104)

Jxi \X,J di

To obtain the sampling formula for the interpolated PDF, eq. (98), we use the inverse
transform method. Introducing the result given by eq. (101) and considering that the
input PDF p(x) may be unnormalized (i.e. PN ̂  1), we get

J!Pi[x~) dx' = tP" (105)
or, equivalently,

rx /X'\ai~l

I Pil-) dx' = t(Pw - />.), (106)

where

and the index i is such that

Pi<tPN<Pi+i. (108)

Notice that 0 < t < 1. Using the results given by eqs. (103), (104) and (99), eq. (106)
can be solved for x giving

Xi
X ~ <

x. ( — V if kl < 10-".

Thus, to sample an x-value from the interpolated PDF we can adopt the following
algorithm:

(i) Generate a random number £.

(ii) Determine the value of the index i that satisfies the conditions (108). The number
of comparisons needed to find i can be minimized using the binary search method
described below.

(iii) Compute the value of t from eq. (107).

(iv) Obtain the random value x using the expressions (109).

This sampling algorithm is completely specified by the quantities x,, a, and Pi (i =
1,...,N), which are the only ones that need to be stored in the computer memory.
Moreover, the algorithm is exact, i.e. the PDF of the generated x values coincides
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with the interpolated PDF given by eq. (98). The source listings of the FORTRAN 77
subroutines SANPLO and SAMPLT that perform the random sampling from a tabulated
PDF according to this algorithm are given in tables 7 and 8.

The algorithm for binary search, for a given value of £, proceeds as follows:

(i) Set i; = 1 and j = N.

(ii) Set* = [(t+j)/2].

(iii) If Pk < £, set i — k; otherwise set j = k.

(iv) If j — i > 1, go to step (ii).

(v) Deliver t.

When 2" < JV < 2n+1, i is obtained after n-J-1 comparisons. This number of comparisons
is evidently much less than the number required when using purely sequential search.
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Table 7: FORTRAN 77 initialization routine for random sampling from a tabulated

PDF. The input arguments are the arrays X(I) = x< and PDF(I) = pi and the number

of grid points H = N, as defined in the text.

Q +*m+m++*******************************************************
C SUBROUTINE SAMPLO
C **************************************************************

SUBROUTINE SAMPLO(X ,PDF,N)
C
C INITIALIZATION ROUTINE FOR RANDOM SAMPLING FROM A TABULATED
C PDF, UHICH IS TRANSFORMED INTO A CONTINUOUS FUNCTION BY MEANS
C OF LINEAR LOG-LOG INTERPOLATION. THE PROGRAM IS ABORTED WHEN
C THE INPUT ARRAYS DO NOT FULFILL THE ASSUMED CONDITIONS.
C
C INPUT ARGUMENTS:
C X(I) GRID POINTS (STRICTLY POSITIVE AND IN NON-
C DECREASING ORDER),
C PDF(I) VALUE OF THE PDF AT X(I) (STRICTLY POSITIVE),
C N NUMBER OF GRID POINTS .
C

IMPLICIT REAL*8 (A-H.O-Z)
PARAMETER (EPS-1.OD-35, NMP=500)
DIMENSION X(NMP),PDF(NMP)
COMMOH/CSAMP/XL(NMP),P(NMP),A(NMP),NTAB

C
NTAB-N
P(1)=O.ODO
XL(1)=DLOG(DMAX1(X(1),EPS))
DO 1 I»1,NTAB-1
XL(I+1)*DLOG(DMAX1(X(I+1),EPS))
DXL»XL(I+1)-XL(I)
IF(DXL.LT.O.ODO.OR.PDF(I+1).LT.O.ODO) STOP 1
DPL-DLOG(DMAX1(PDF(I+1),EPS))-DLOG(DMAX1(PDF(I).EPS))
IF(DABS(DXL).GT.l.OD-14»DABS(DPL)) THEN
AA-l.ODO+DPL/DXL
IF(DABS(AA).GT.1.OD-12) THEN
DP-(PDF(I+1)*X(I+1)-PDF(I)*X(I))/AA

ELSE
DP*PDF(I)*X(I)*(XL(I+1)-XL(D)
AA-O.ODO

ENDIF
ELSE

DP-O.5DO*(PDF(I+1)+PDF(I))*(X(I+1)-X(I))
AA-l.ODO

ENDIF
A(I)-AA

1 CONTINUE
A(NTAB)-O.ODO
RETURN
END
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Table 8: FORTRAN 77 routine for random sampling from a tabulated PDF. Tlie quan-
tities in the common block CSAMP are the arrays XL(I) = ln(i i ) , P(I) = P<, A(I) = a,
and the integer NTAB = TV, as defined in the text. These quantities are set by subroutine
SAMPLO.

Q **************************************************************

C FUNCTION SAMPLT
C **************************************************************

FUNCTION SAHPLT( DUMMY)
C
C RANDOM SAMPLING FROM A TABULATED PDF.
C

IMPLICIT REAL*8 (A-H.O-Z)
PARAMETER (NMP=5OO)
COMMON/C SAMP/XL(NMP),P(NMP),A(NMP),NTAB

C **** POINTER.
PT«RAND(0.ODO)*P(NTAB)

C •*•• BINARY SEARCH.
I«l
J-NTAB

1 K=(I+J)/2
IFCPT.GT.P(K)) THEN
I-K

ELSE
J*K

ENDIF
IF(J-I.GT.l) GO TO 1

TN-PT-P(I)
IF(TD.GT.1.OD-12*TN) THEM

T-TN/TD
IF(DABS(A(I)).GT.1.0D-12) THEN

S-DLOG(1.ODO+T*(DEXP(A(I)*(XL(I+1)-XL(I)))-1.ODO))/A(I)
ELSE

S-T*(XL(I+1)-XL(I))
ENDIF
SAMPLT«DEXP(XL(I)+S)

ELSE
SAMPLT«DEXP(XL(D)

ENDIF
RETURN
END
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