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Abstract. We analyze the interplay between classical and quan
tum dynamics in ionization of atoms by fast charged particles. The 
convergence to the classical limit is studied as a function of the mo
mentum transferred to the electron during the collision, the impact 
parameter, the energy and angle of the emitted electron, and the 
initial state of the target. One goal is to assess the validity of exact 
classical (CTMC) methods and approximate classical models such 
as the Thomson model. Applications to data for electron ejection 
at large angles axe presented. The connection between coUisional 
ionization by charged particles and ionization by half-cycle pulses is 
discussed. 

1. Introduction 

The theoretical understanding of ionization caused by strong and non-
periodic pulses is of fundamental interest. Such pulses can be delivered either 
by the time-dependent Coulomb field of fast ions passing by an atom or by 
ultrashort laser pulses with durations corresponding to a fraction of an opti
cal cycle. For fast ion-atom collisions, well established approximations exist 
at high impact velocities (v„) or small projectile charges (Zp) for which the 
interaction of the target witn the impinging ion can be treated as a small per
turbation. For collision velocities comparable to the orbital velocity of target 
electrons and projectile charges of the order of or greater than the target nu
clear charge (Zt), more elaborate approaches are necessary which can treat 
the target and projectile nuclear fields on equal footing and can account for 
the strong coupling among all reaction channels. It is under these circum
stances that classical trajectory Monte Carlo (CTMC) methods[l-3] have 
become widely and successfully utilized. The principal assumption underly
ing these models is that during and after the collision all interacting particles 
evolve classically in time. Quantum mechanical features enter solely via the 
initial boundary conditions of the evolution, i.e. the atomic initial state. 

A detailed understanding of the range of validity of these methods is of 
considerable interest for both fundamental and application oriented reasons. 
For example, with the availability of state-selectively excited Rydberg states 
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where F4 is the reduced action along the classical path with path index a 
connecting the initial (z) and final (/) states and p°t(i -+ / ) is the classical 
probability for the transition. Eq.(l) contains the socalled "primitive" semi-
classical path interferences when more than one classically allowed path a 
connects the initial with the final state. For illustrative purposes we have 
displayed in Eq.(l) the h dependence of the interference phase to highlight 
the essential singularity of the classical limit as h —• 0. Classical dynamics is 
therefore only recovered upon averaging |S',-_»/|2 over infinitely rapidly oscil
lating phases by averaging (summing) over the initial (final) state variables 
which become continuous in the classical limit. The approach of the classical 
limit involves therefore non-commuting limiting operations of h —* 0 and the 
long-time limit t —> ±00, where from the latter quantization conditions of 
initial and final states are to be recovered. Despite the complexity of this 
task, considerable progress has been made along those lines [9]. 

We choose in the following a different approach which is based on the 
quantum dynamics of the density (or statistical) operator and its correspon
dence to classical phase space dynamics [10.11,12]. The density operator 
satisfies the Liouville-Von Neumann equation 

i&f-fcn- ( 2 ) 
We denote in the following quantum variables by hats to distinguish 

them from the corresponding classical variables. The connection to the 
classical phase space flow is made through the Wigner function fw, the 
Wevl transform of the coordinate representation of the densitv matrix. 
( f - 5 7 2 | p ( * ) | f + i / 2 ) , 

fwir&t) = ^ f J d3s e-^(f-3/2\p{t)\r + s/2)- (3) 

Application of the Liouville-Von Neumann equation to (3) leads to the 
quantum Liouville equation for the Wigner function. 

d f w = Lfw = -P- V?fw + I sin (£vF- VjA fwU (4) 
dt J r r r r j r r h \2 

where the operator V^ in the argument of the sine function is understood to 
act only on U while Vp- acts on fw- Since we are interested in the h —• 0 
limit, we have explicitly displayed the dependence of Eq.(4) on h. 

The Wigner function is related to the diagonal elements of the density 
matrix, i.e. the densities in coordinate and momentum space by [10] 

/5(r,<) = / d3pfw(r,p,t) (5) 

p(p,t) = J d3rfw(f,p,t). (6) 

Furthermore, in the case the density operator represents a pure state, 
the action can be recovered in the semiclassical limit from the momentum 
vector field 



(p)r,t = Vr-5(r,i) = - J__ J dzppfw(r,p,t), (7) 

where 5(r*, i) is the phase of the wavefunction defined by ifr(r, t) = 
\tp(f,t)\ elS(-r,t\ The phase S(r,t) corresponds to the classical action pro
vided the momentum vector field is single-valued. Since, typically, momen
tum vector fields are either multi-valued functions of f or do not even form 
a smooth Lagrangian manifold in non-separable systems, a more useful in
terpretation of Eq.(7) is tha t of a local expectation value of the momentum 
operator at f. 

The classical limit follows now formally from expanding the sine operator 
in Eq. 4 and keeping only the first term. The result is the classical Liouville 
equation 

| £ = L f = -p • Vrf + V,U • Vpf (8) 

where L is the classical Liouville operator and f(f, p. t) is the corresponding 
phase space distribution function of the electron. Note that in natura l units 
this expansion can be recognized as an expansion in ascending powers of ft. 
Accordingly, Eq. (8) neglects terms of the order of 0(h2). Eq.(4) possesses, 
unlike Eq. ( l ) , a convergent classical limit h —> 0 and provides therefore a con
venient starting point for the quantitative analysis of the classical-quantum 
correspondence. However, the complications with the singular behavior and 
the non-commutativity of the limits fr —*• 0, t —>• oo are preserved and reap
pear in the asymptotic initial conditions or final state representations of 
Eq.(4). The proper initial conditions for t —* —oo are stationary quantum 
density matrices which contain h to all orders through, in the semiclassical 
limit, quantization conditions of the form 

\l pdf = 27r(n + 3) (9) 

(3: Maslov index). One consequence of this difficulty is. that the Wigner 
function (Eq.(3)) does not, in general, provide appropriate initial conditions 
for the classical Liouville equation. For example, the Wigner distribution 
for an isolated hydrogen atom becomes dynamically unstable when its evo
lution is calculated using the classical Liouville equation in absence of any 
perturbation. Thus, additional approximations are necessary to describe the 
initial phase- space distribution of the electron. The simplest and most fre
quently used initial phase-space distribution which is dynamically stable is 
the microcanonical ensemble proposed by Abrines and Percival [1]. 

fi(r,p) = k6[E, - p 2 / 2 + l / r ] (10) 

where k = ( — 2 £ , , ) 5 / 2 / ( 2 T T ) 3 is a normalization constant. One of the most 
important properties of this distribution is that it exactly reproduces the 
momentum distribution of a statistical average of states of a given shell 
with principal quantum number n,- and binding energy E{ = —l/(2nf) . Its 



position distribution, however, does not mimic the quanta! probability dis
tribution. The disagreement is most obvious in the classically forbidden re
gion where Eq.(lO) vanishes identically. A better representation of both the 
position and the momentum distributions can be achieved using a superposi
tion of micro canonical ensembles with binding energies around Ei [13,14,15] 
however at the expense of an incorrect initial state energy distribution. The 
CTMC method [1-3] is simply a Monte Carlo technique to solve the clas
sical Liouville equation (Eq.(8)) with compatible initial conditions such as 
Eq.(lO). We refer to the CTMC method as an exact classical method since 
it solves the Liouville equation without involving further approximations to 
the dynamical evolution. 

For short impulsive perturbations by fast collisions another property of 
the quantum and classical Liouville equations (Eq.(5,9)) is of crucial impor
tance: For short interaction times or large collision velocities (v~l —> 0) 
classical and quantum mechanical variations of the position probability den
sity and mean velocity field (i.e. Eqs. 5 and 7) agree with each other up to 
second order in v~x. The solution of the quantum Liouville equation after a 
short-time interaction (from — T to T) with a fast moving projectile is given 
by [11], 

ff\r,p,T) = fq(r,p,-T) + 1 / "" dz'pWq(z'p)fq(r,p,-T) (11) 
vp J-v?T 

with 
Wq{zp)fq = 2sin Q v r • V P J fqUq {\r-b- zpz\). (12) 

where zp = vp,t, b the impact parameter and fq denotes a first-order 
solution in powers of u " 1 and we have used (Lq — Wq)fq(r,p,—T) = 0. 
Consequently, the mean momentum transfer is given by 

1 fVpT 

A p ^ r ) - — lim / dzpVrUp(\r-b-zpz\) (13) 
Vp v„-oo J_VpT 

which agrees exactly with the corresponding classical result. This correspon
dence is completely analogous to the equivalence of the full Feynman prop
agator and the semiclassical Van Vleck propagator for innnitesimally small 
time intervals. As we anticipate from Eq.(13) and will illustrate in more 
detail below, the collisional momentum transfer Ap^1^ plays the role of a 
characteristic parameter in quantitatively elucidating the classical-quantum 
correspondence. 

Tne following simple criteria can be formulated for which the convergence 
to the classical limit is expected. For the asymptotic initial and final states 
with (rationalized) De Broglie wavelength Xjj and radii (r),-,/ we expect 

Kf < (r)i,f (14a) 
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which reduces for hydrogenic states to the requirement of large quantum 
numbers 

nij > 1. (146) 

The dynamical evolution during the collision is expected to proceed clas
sically "on the average" if 

A A P < {r)ij (15a) 

where \&p = 1/Ap is the wavelength of the impulsive perturbation probing 
the internal structure of the atom. For hydrogenic systems Eq.(15a) becomes 

Apn2 > 1. (156) 

If classical dynamics is sensitive to the internal structure of atoms on a length 
scale r c small compared to the mean radius, (r) must be replaced by rc in 
Eq.( loa) . Furthermore, in elucidating the classical-quantum correspondence, 
the classical scaling invariance is very useful. Scaling invariances are based 
on the fact that the classical equations of motion are invariant under the 
scaling transformation f' = r/n2, p' = ph. t' = t/n3 [1,16] where n is in 
general an arbitrary scaling parameter. Our choice of the symbol indicates 
that we will use the principal classical action (principal quantum number) as 
the scaling parameter, i.e. we investigate the n dependence of the scaled dy
namical observable. Upon proper scaling, classical dynamics is independent 
of n. Quantum corrections break the scaling invariance. Any remaining n 
dependence of quantum observables not accounted for by classical scaling is 
therefore a clear signature of non-classical contributions (i.e.. the discreteness 
of n ) . In this context we. introduce the scaled momentum transfer 

A p 0 = Ap/(p),- = n,-Ap (16) 

in units of the average orbital momentum of the initial state. 

3. S l ingshot Effect and Classical Impulse A p p r o x i m a t i o n 

Many features of the classical-quantum correspondence can be intuitively 
understood in terms of the slingshot effect wellknown from planetary science. 
One of the fastest and most efficient ways to transport a space probe (in 
atomic physics, the electron) to the outer fringes of the solar system and 
beyond (i.e., ionization) is to choose such an initial elliptic orbit around the 
sun (the nucleus) after take-off that features a (relatively) close encounter 
with another planet ( the projectile) (Fig. 1). Within this three-body system 
of sun. planet and space probe, a two- body elastic collision between the 
space probe and the planet can lead to an energy gain of the two-body 
system (space probe-sun) such that the space probe acquires enough energy 
to leave the solar system (ionization). This turns out to be the essence of 
the description of ionization in fast collisions within classical dynamics. 



FIGURE 1. The planetary slingshot effect: Kepler ellipse of a space probe 
(i.e. electron) around the sun (nucleus) perturbed by an impulsive momen
tum transfer by Jupiter (incoming charged particle). 

The slingshot transfers energy and angular momentum to the electron 
which are given by 

AE = \{p[r) + Ap)2 - \p[r)2 

! " (17) 
= ^PP[r) + ^P2 

and 
AL = f x Ap (18) 

where Apis the momentum transferred to the electron by the passing by the 
projectile. Eqs.(17,18) correspond to the classical impulse approximation. 
Its validity hinges on the short interaction time T with the projectile on the 
time scale of the orbital period Tn = 2irnz, i.e. 

T/Tn = T 0 < 1 (19) 

In the example of Fig. 1, the valdity of Eq.(19) follows from the small 
mass ratio of Jupiter to sun, Mj/Ms « 1 0 - 3 . Only in the immediate vicinity 
of the Jupiter during a fraction ~ (Mj/M3)ll2 of the orbital period the 
perturbing force by Jupiter dominates over the gravitational attraction by the 
sun during which the momentum (Eq.(19)) is being transferred. For charged 
particle impact, the criterion (21) is satisfied if the collisions are fast (i.e.. 



vp * —• 0). The important feature of the energy gain (or loss) by the slingshot 
(Eq.(17)) is the presence of a term dependent on the coupling of the local 
momentum on the orbit, p\f), at the point of the collision to the momentum 
transfer Ap. This slingshot term is at the heart of both the success and the 
failure of classical approximations of the collisions. Estimating \p(r) | by the 
average momentum (p),- = n,-, this term dominates in the energy transfer 
for small scaled momentum transfers 

Aprii = A p 0 < 1. (20) 

4 . T h e Impuls ive ly Per turbed Hydrogen A t o m 

We analyze first the impulsively perturbed ("kicked") hydrogen atom, 
i.e. a hydrogen atom subject to an instantaneous momentum transfer (or 
"kick") Ap* which occurs at a time t0. The Hamiltonian for this problem 
is[12] 

E = ^ - \ -?-Ap6(t-tQ) (21) 

where p and f* are the momentum and position vectors of the electron and 
we have assumed an infinitely massive nucleus. Eq.(21) can model realistic 
collision systems for fast projectiles for which the duration of the perturbing 
pulse is short compared to the characteristic times (inverse frequencies) of 
the atomic system analogously to the gravitational slingshot discussed above. 
The beauty of the simple model described by Eq. 21 is the availability of ex
act solutions in both classical and quantum mechanics. The correspondence 
can therefore be investigated without resorting to any approximation. If we 
denote by x/>(r.t^) = <Pi(r) the wavefunction of the electron just before the 
kick, the exact wavefunction just after the kick will be 

xb(r,4) = e'^vir,^), (22) 

i.e. the matrix elements of the time evolution operator in the atomic state 
representations reduce to inelastic transition form factors. 

(<pf\U(co,-co)\oi) = (of\exp(iAp-r)\<j>i) (23) 

Analytic expressions for this integral for arbitrary initial and final states 
can be found elsewhere [17]. The corresponding classical problem can be 
solved exactly as well. For ionization of a microcanonical ensemble of a shell 
rii to a final state with energy £"/. the probability per unit energy interval is 
given by 

dP? S ( - 2 E , ) 5 / 2 ( A p ) 5 

dEf 3 7 r [ ( J E / - E , + ( A p ) V 2 ) 2 - 2 ( A p ) 2 £ / ] 3 - ^ > 



This distribution (Eq.(24)) is compared in Fig. 2 with its quantum coun
terpart for a hydrogen atom initially in its ground state. Since the charac
teristic momentum of the electron in the ground state of a hydrogenic atom 
is (p)i = 1 the momenta of this figure can be considered as scaled momenta 
Apo. For Ap = Apo = 0.2 the classical ionization probability is uniformly 
by far too small over the whole spectrum of energies of the emitted elec
tron. On the other hand, for increasing values of Ap the classical ionization 
describes the dominant region of the spectrum increasingly accurate while 
discrepancies in the wings of the distribution persist. 

10u 10 10' 10° 10u 10' 10' 
Electron energy (eV) 

10° 

F I G U R E 2. Quantum mechanical (full curve) and classical (broken curve j 
ionization probability density as a function of the energy of the ejected 
electrons for a hydrogen atom subject to an impulsive momentum transfer 
(Eq.(21)). 

For Apo > 3 the probability density of ionized electrons exhibits a no
ticeable peak at an energy Ef « (Ap) 2 /2 4- E{ corresponding to the mean 
energy transferred to the electron. In a three-dimensional plot of the yield 
of electrons as a function of Ef and Ap, this peak would develop into a ridge 
which is the equivalent of the well known "Bethe ridge" [18-20]. This ridge 
signifies the energy-momentum dispersion relation of a free particle. The fact 
that classical dynamics is able to correctly describe the width of this "binary 
encounter" like peak is due to the fact that the slingshot term p- Ap*(Eq.(17)) 
incorporates the information on the momentum distribution (Compton pro
file) of the initial state into the classical description. By the same token, 
however, the overestimate of the low-energy spectrum for Apo = 10 is also 



consequence of the very same slingshot term. This discrepancy, while quan
titatively unimportant since the dominant region for ionization lies at much 
higher energies, can, nevertheless, give important insights into differences be
tween classical and quantal ionization: We note first that for large Apo, the 
criterion for small wavelength of the perturbation (Eq.(15b)) is well satisfied 
and classical dynamics is expected to be valid "on the average." However, 
in order to produce a kinetimatically unfavored low- energy electron by a 
large pulse Ap, a large orbital momentum p[r) antiparallel to Ap*is required 
in the slingshot term (Eq.(17)). Since within classical mechanics the mo
mentum distribution and position distribution are strongly correlated (via 
the Hamiltonian function) only segments of highly eccentric orbits at small 
distances from the nucleus, rc <C ( r ) n , can furnish the required large local 
momentum. The required distances r c are. for large Ap compared to the 
mean momentum (p), smaller than 

rc < (Ap)-2. (25) 

Such a tight localization is inconsistent with the uncertainty relation 
involving the momentum transfer (Eq.(loa)) in which we must replace (r) 
by r C l 

Ar ~ r c > ( A p ) _ 1 (26) 

The strong classical r — p correlation is weakened in quantum mechanics 
due to dereal izat ion of the electron over the size of the De Broglie wavelength 
associated with the momentum transfer. This leads to quantum suppression 
of ionization. The complete failure of classical dynamics for small scaled 
momentum transfer (Apo = 0.2), on the other hand, is a consequence of the 
violation of the criterion (Eq.(15b)) involving the average size of the charge 
cloud and signifies the lack of dipoie-allowed transitions in classical dynam
ics. In the limit of soft collisions which can be viewed as the absorption of a 
virtual photon by the atom, the momentum transfer is too small and the as
sociated De Broglie wavelength too large to "resolve" the internal structure 
of the constituents of the hydrogen atom. Instead, the virtual photon inter
acts with the atom as a composite system. (Free electrons do not absorb 
or emit photons.) Quantum mechanically, the energy- momentum disper
sion relation satisfied in the transition involves now the recoil of the nucleus 
ra ther than the momentum exchange between the external field ( the "kick" 
or the projectile) and the electron. In other words, for \&p ^> (r) :- almost all 
energy of the virtual photon will be delivered to the electron while the corre
sponding momentum originates from the recoil of the nucleus. By contrast, 
classical dynamics requires energy and momentum transfer to the electron to 
be directly linked through the slingshot expression Eq.(17). Obviously, the 
fact that electron emission with energies large compared to A p 2 / 2 occurs at 
all is due to the coupling term p\r) • Ap which now strongly dominates. 

The resulting breakdown of classical scaling invariance is shown in Fig. 
3 for the ionization probability integrated over all final energies for different 
initial energy levels n = 1,3 and 10 as a function of the scaled momen
t u m transfer Apo = riAp. Note that if classical scaling invariances were to 
hold, results for all n-levels would lie on the same universal curve as clas
sical results do. The larger n the larger the range of momentum transfers 
for which the quantum mechanical curve agrees with the scaling invariant 



classical result. Fig. 3 may be viewed as an illustration of the correspon
dence principle at work. In the limit n —*• oo the quantum results converge 
to the same universal curve which, moreover, coincides with the classical re
sult. The convergence is, however, non-uniform in Ap which is the cause of 
the breakdown of the classical approximation for finite n levels. Eq. (15b) 
gives the estimate Apo > n~l for the region of convergence. In addition to 
this necessary criterion a more stringent criterion can be derived from the 
slingshot relation (Eq.(17)) requiring the classical free particle energy and 
momentum transfer to be sufficient to overcome the energy gap of adjacent 
quantum levels, AE = n~3 ( as n —• oo). This criterion which defines the 
region where the discreteness of the quantal excitation spectrum becomes 
unimportant leads to 

Ap 0 Z ( 1 /n ) 1 / 2 (27) 
in agreement with the results of Fig. 3. 
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FIGURE 3. Quantum mechanical (full curves) and classical (broken curve) 
total ionization probability of a hydrogen atom in different excited levels with 
principal quantum number n as a function of the scaled momentum transfer 
Apo = nAp (Eq.(21)). The classical results reduce to a single curve for all n 
levels. 

5. Impact Parameter Dependence of Ionization 

Fig. 4 displays the ionization probability for 5 MeVp + H(ls) collisions 
as a function of the impact parameter integrated over all energies and angles 
of the ejected electron. The quantum results in the first Born (Bl) approxi-
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F I G U R E 4 . Total ionization probability as a function of the impact param
eter in 4 MeV p + H(ls) collisions. The quantum mechanical B l results (full 
curve) is compared with the CTMC results using an initial micro canonical 
distribution (dotted curve) and the initial distribution of Cohen [15] which 
reproduces the correct radial probability density of the atom (broken curve). 

mation (see e.g. [21]), which is expected to be valid at this energy, is in 
sharp disagreement with the CTMC result over the whole range of impact 
parameters. The well-known failure at large impact parameters is the ob
vious consequence of the lack of dipole-allowed transitions in soft collisions. 
More interesting and less well-known is the equally drastic failure at small 
impact parameters. To verify whether this disagreement is due to the im
proper radial distribution associated with an initial microcanonical ensem
ble, we have also performed CTMC calculations with the initial ensemble 
proposed by Cohen[15] which reproduces exactly the radial distribution of 
H( l s ) . The resulting probabihties are seen to extend beyond the cutoff of 
the microcanonical probabihties at 2 au. However, the disagreement with 
the B l calculations still persists for small impact parameters. The analysis 
of the classical ionization probability at zero impact parameter P(b = 0) for 
different substates in n = 5 (Fig. 5) reveals its relation to the slingshot effect 
and to the classical position-momentum correlation. The ionization proba
bilities are multiplied by the scaled impact energy in order to identify a E~l 

dependence at high impact energies observed quantum mechanically for all 
substates. This dependence should not be confused with the dependence of 
the cross sections at high impact energies which results from the integration 
of the ionization probability over all impact parameters. 
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F I G U R E 5. Total ionization probability times the scaled impact energy 
En2 as function of the scaled impact energy for p + H(n = 5,£, m) collisions 
at an impact parameter b ~ 0: first Born approximation (full curves); CTMC 
method (dotted curves). The numbers in the figure indicate the quantum 
numbers (•£, m) specifying the initial state of the electron within the level 
n = 5. 

Depending on the shape and orientation of the classical orbits associated 
with the initial state of the electron, we find that ionization can be, within 
the CTMC approach, either classically enhanced or classically suppressed rel
ative to the corresponding quanta! B\ result. For the 5s state the ionization 
probability is drastically enhanced and decreases with increasing energy only 
as (E)~ll2. This counterintuitive result is a direct result of the unphysical 
dominance of the p- Ap term of the energy transfer by the slingshot, s states 
corresponding to orbits with eccentricities close to 1 feature segments of the 
orbits close to the nucleus with large local \p(r)\ —»• oo as r —• 0. Zero-impact 
collisions remain therefore effective in ionization despite decreasing Ap with 
increasing collision energy E. This artifact is a direct consequence of the 
strong classical r — p correlation which is absent in quantum mechanics (Eqs. 
(25,26)). The opposite trend can be observed for the state £ = n — 1 = 4 and 

= 4, i.e. for circular orbits with the orbital plane perpendicular to the m 
beam axis. Classical ionization is strongly suppressed compared to quantum 
ionization. The reason is two-fold: the electron does not experience a close 
encounter with the projectile at zero impact and therefore the collision ap
proaches the distant- collision (dipole allowed) limit. Moreover, the residual 



classical momentum transfer Ap becomes at high speeds perpendicular to 
the local momentum of the circular orbit thereby switching off the domi
nant "slingshot" contribution. An interesting intermediate case arises for 
I = 4, m = 0, i.e. for circular orbits lying in the scattering plane. In this 
case, close encounters between the projectile and electron are still possible 
for zero-impact collisions, however, Ap is orthogonal to p{f) at high speeds. 
The coupling term Ap • p in Eq.(17) therefore vanishes, resulting in the 
correct quantum mechanical energy dependence of P n ^(0) . The coefficient of 
proportionality is, however, different. 

It is worth noting that , unlike the exact classical CTMC method ap
proximate classical models such as the Thomson model do not contain the 
slingshot term ~ p- Ap. Remarkably, it is this additional, unjustified approx
imation which has lead, coincident ally, to early successes in the description 
of ionization and of the stopping power [22] in agreement with quantum the
ory. Equally remarkable, the term ~ p- Apis also responsible for the failure 
of exact classical calculations for charge transfer from the ground state at 
high energies [23,24]. This shortcoming appears to be even more surprising 
in view of the fact the wellknown high energy limit of electron capture cross 
section, a ~ v~xx results from double scattering (second-order) contribu
tion which was discovered by Thomas [25] within the framework of classical 
mechanics. In his original work, Thomas neglected the initial momentum 
distribution of the captured electron, (i.e., p\r) = 0), and hence, the sling
shot term ~ p • Ap. In exact classical calculations it is precisely this term 
which gives rise to the first-order OBK-like [26] contribution to electron cap
ture at high energies which relies on matching of the velocity between the 
projectile and the orbital speed. Because of the strong momentum-position 
correlation in the classical dynamics, electrons at small distances near the 
nucleus (r —*• 0) provide strong momentum matching (p(r) —* oo) for arbi
trarily high speeds. Consequently, in exact classical calculations the OBK 
(or velocity matching) contribution overshadows the true classical Thomas 
double scattering contribution and gives an unrealistically large cross section 
at high energies. However, for electron capture from circular Rydberg states 
this contribution is reduced. This leads to an improved agreement with the 
experiment found in a recent CTMC calculation for circular Rydberg states 
[27]. 

6. A n g u l a r Dis tr ibut ion of Ejected Electrons 

The results of the previous sections indicate that ionization becomes 
classically suppressed for small momentum transfers. Thus, an improved de
scription of the spectrum of ejected electrons in ion-atom collisions can be 
obtained by correcting the classical (CI) spectrum for the quantum mechan
ical (QM) portion which is associated with classically suppressed ionization 
due to small momentum transfers [12] 

cPa cPacl d?a^M

r v , 
:(?min < q < Apcr) (28) dEfdQ. dEfdQ. dEfdQ, 



where Apcr is the critical momentum transfer q below which ionization be
comes classically suppressed estimated by Eq.(28) and qmin = (Ef — E{)/vp. 
The conceptual advantage of Eq.(28) is that it combines the "best of two 
worlds" since the quantum corrections come from a regime where pertur
bation theory is expected to be valid but classical dynamics fails while the 
non-perturbative regime can be treated exactly, though classically. 
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F I G U R E 6. Single differential ionization cross section as a function of the 
angle of the ejected electron in 70 keV and 5 MeV p + H(ls) collisions. 
Experiments: atomic hydrogen from Rudd et al [28,29] for atomic hydrogen 
(open squares) and molecular hydrogen divided by a factor two (triangles). 
Theoretical results: CTMC (dotted curve), CTMC plus the small momentum 
transfer contribution of CDW-EIS (full curve) and Bl (broken curve) [12]. 

One application of Eq.(28) is shown in Fig. 6 for the the singly differential 
cross section (SDCS) integrated over all electron energies. We compare the 
experimental data of Rudd et al.[28,29] with theoretical results as a function 
of the electron angle for 70 keV and 5 MeV p+H collisions. We display 
the standard CTMC results and the modified CTMC calculations corrected 
for the quantum contributions for small momentum transfer (Eq.(30)). At 
70 keV all calculations agree with each other at forward angles whereas 
large discrepancies appear at backward angles. Standard CTMC results 
systematically underestimate the cross sections at large angles because of the 
lack of non-classical dipole emission channels. The important point to note 
is that at intermediate energy collisions (70 keV) dipole transitions do not 
constitute the dominant contribution to the total ionization cross section but 
do so only in the kinetically unfavored backward region. Therefore, classical 



dynamics is able to account for the dominant contribution emitted into the 
forward hemisphere, and hence, to the total ionization cross section but fails 
at backward angles. On the other hand, at high energies (5 MeV) the failure 
is uniform over all angles. This is to be expected in view of the fact that the 
mean momentum transfer at this energy (Ap) is small compared to (p),-, i.e., 
outside of the range of validity Eq.(27). This velocity regime closely mirrors 
the situation of Fig. 2a for small scaled momentum transfers A p 0 <C 1 where 
the classical dynamics fails over the whole spectral range. 

7. Ionizat ion of R y d b e r g A t o m s by Half-Cycle P u l s e s 

Very recently, Jones et al.[6] have measured the ionization of Na Rydberg 
atoms by subpicosecond "half-cycle" electromagnetic pulses. The atom is 
subject to a strong unidirectional electrical field confined to a very short time 
interval, whose duration Tp is shorter than or of the order of the classical 
orbital period T n , n being the effective quantum level of the atom. This 
regime is of considerable conceptual interest as it provides a bridge between 
ionization by radiation fields and collisional ionization by charged particles 
at high energies. 

A hydrogen a tom subject to a pulsed electric field is described by the 
Hamiltonian 

H = f " \ ~ F{t)z (29) 

where F(t) denotes an external electric pulse which is directed towards the 
positive z-axis. Comparison between Eq. (29) and Eq. (21) shows the close 
connection to the "kicked" atom to which Eq.(29) converges in the impulsive 
limit of ultrashort pulses Tp < T „ . The corresponding "kick" or momentum 
transfer is given by Ap = J ^ ^ F(t)dt. 

In Fig. 7 we display the data for the 10% ionization thresholds of Ref.[6] 
for different nd (m=0) states in terms of the scaled variables T 0 = Tp/Tn 

and Apo together with our classical and quantum calculations [30). These 
calculations were performed for hydrogen using the fact that the quantum 
defect in d states of Na is very small (8 = 0.01). Classical calculations were 
also performed for Na atoms using realistic core potentials in the electron. 
The quantum mechanical calculations have been performed for n = 5 and 10 
and we display results for the regions of Tp for which convergence has been 
reached with the basis sizes used. 

All classical and quantum calculations for 10% ionization thresholds as 
well as the da ta lie on the same universal curve in the (Apo,T 0 ) diagram, 
verifying the classical-quantal correspondence for ionization by short pulses. 
The limiting case To ^> 1 of this curve which is equivalent to the F a n - 4 

dependence for static electric fields. The coefficient depends, however, on 
the shape of the pulse and the substate populated. In the opposite limit of 
ultrashort pulses (T 0 <C 1) the curve approaches the asymptote A p 0 ^ 0.54 
giving rise to a dependence Ap ~ 0 . 5 4 n - 1 a.u. . It is important to note 
that this asymptote is exact and is given by the evolution operator of the 
"kicked" atom (Eq.(23)), i.e. the inelastic form factor. 
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FIGURE 7. Scaled momentum transfer for 10% ionization threshold of 
H(n. t — 2, m = 0) atoms as function of the scaled pulse duration: classical 
results for inverse parabolic (solid line) and rectangular (dotted line) pulses, 
quantum mechanical result for ionization of lOd (solid triangles) and 5d 
(inverted solid triangles) states by rectangular pulses, and experimental data 
of Ref. 6 for Na(nd) atoms (equivalent to H(n, £ = 2, m = 0) multiplied by 
a factor of 2.5 (open surfaces). 

The almost perfect agreement between exact classical and quantum cal
culation appears surprising since the perturbation operator for half-cycle 
pulse (Eq.(29)) is formally completely equivalent to the dipole coupling to 
an electric field of a distant collision, for which classical dynamics seems to 
fail. The reason is obviously the very different strength of the perturbation, 
i.e. Ap can be sufficiently strong to satisfy the validity criterion for clas
sical dynamics. From Fig.3 it follows directly that 10% ionization (i.e. an 
ionization probability of Pn = 0.1) by ultrashort pulses requires a scaled mo
mentum transfer of Apo = nAp ~ 0.5. Except for very small n, the classical 
criterion (Eq.(27)) is well satisfied. 

Another characteristic difference between short electromagnetic pulses 
and fast charged particle collisions originates from the time dependence of 
the polarization. In a fast charged-particle collision, the time- dependent 
electric fields consists simultaneously of a half-cycle pulse perpendicular to 
the beam axis vp,F±(t), and a full cycle pulse parallel to vp.F\\(t), out of 
phase relative to each other in the limit vp —> oo. Even for correspondingly 
strong perturbations (e.g., distant collisions by multiply charged projectiles). 
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the longitudinal momentum transfer Ap|| can be small compared to Ap± be
cause the two half-cycles of opposite polarity largely compensate each other. 
This may lead simultaneously to non-classical transitions driven by Apii and 
to dominant classical excitation driven by Ap±. Future experimental and 
theoretical investigations of excitation and ionization by short laser pulses 
which can be produced with variable shape, duration, and polarity may 
provide an ideal tool to shed new light on the subtleties of the excitation 
dynamics. 

8. Conc lu s ions 

Our study of classical-quantum correspondence in fast ionization by 
charged particles and half- cycle pulses identifies the momentum transfer 
during the impulsive interaction, Ap as the order parameter delineating the 
border between classical and quantum mechanical ionization. The critical 
momentum transfer Apcr between which classical mechanics fails is found 
to be of the order Apcr ~ n - 3 ' 2 for hydrogenic initial states corresponding 
to a scaled momentum Ap 0 ,cr = Apcr • n ~n~ll2. For smaller momentum 
transfers, the associated De Broglie wavelength is not sufficient to "resolve" 
the internal structure of the atom. Consequently, the atom interacts with 
the collisional perturbation as a composite system rather than in terms of a 
sequence of two-body collisions. The classical suppression of dipole-allowed 
transitions is one well known consequence of this limitation. Since a realistic 
ion-atom collision features to a broad distribution of momentum transfers 
the validity of classical methods depends on the observable under consider
ation. The convergence to the classical limit is non-uniform and is shown to 
depend on the relevant region in phase space. Classical dynamics is adequate 
in regions in phase space when Apo > n - 1 / 2 but fails in other regions when 
the momentum transfer is small. The breakdown of the CTMC calculation 
for ionization at backward angles while providing an excellent description at 
forward angles (see Fig. 6), provides a beautiful illustration of this point. 
It is in this case easily possible to correct the CTMC method for the lack 
of the quantum contribution to ionization, by breaking the differential cross 
sections as a function of the momentum transfer down into the region above 
and below the critical value Apcr where quantum corrections set in. Such a 
method (Eq.(28)) has been shown to remedy the failure of CTMC at large 
emission angles. 
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