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ABSTRACT 

Recent general attention has been directed to the phenomenon of identical bands 
in both normally deformed and superdeformed nuclei. This paper discusses the 
possiblility that such behavior results from a dynamical symmetry of the nuclear 
many-body system. Phenomenology and the basic principles of Lie algebras are 
used to place conditions on the acceptable properties of a candidate symmetry. We 
find that quite general arguments require that such a symmetry have a minimum 
of 21 generators with a microscopic fermion interpretation. 

1. Introduction 

It has long been known that rotational bands in heavy nuclei having adjacent 
particle numbers can be very similar. Recently, particular attention has been de
voted to such behavior because of the discovery of identical bands in superdeformed 
nuclei 1 , 2, and the discovery (or rediscovery) that similar behavior can also be found 
for normally deformed nuclei3. There are various kinds of identical bands, but for 
our purposes in this paper we will define them loosely to be rotational bands in dif
ferent nuclei that exhibit similarities well beyond that expected from general liquid 
drop behavior. 

There- have been many attempts to explain such bands in terms of a cancel
lation mechanism among competing polarization effects as the particle number is 
changed. I find such explanations to be less than satisfying. Apart from being 
extremely uninteresting as a physical explanation, I believe that the identical band 
phenomenon is too widespread to suggest that it results from completely accidental 
cancellations. Even if such behavior can be "explained" in terms of cancelling polar
izations, one has the feeling that the cancellations are dictated by a deeper principle 
that only appears to be accidental at the mean-field level where most discussions 
are conducted. 

In most fields of science, striking regularity is invariably found to be associated 
with an underlying symmetry. It is unlikely that nuclear physics differs fundamen
tally in this regard, and I take it as obvious that identical bands are associated with 
a symmetry. More precisely, any correct explanation of identical bands is equivalent 
to an explanation in terms of a symmetry. However, this observation alone does 
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Figure 1: Low-spin members of ground-state rotational bands for some actinide 
nuclei. The right column shows the multiplet structure that results if each state of 
a given spin is interpreted as a member of a representation multiplet of a weakly-
broken symmetry. 

not get us very far in the understanding of identical bands for two reasons: (1) 
We must still identify the responsible symmetry, and (2) We must also understand 
quantitatively the amount and nature of the breaking of this symmetry, because not 
all bands are identical. 

Thus, a candidate symmetry (or set of symmetries) for explaining identical bands 
must have a microscopic basis that allows predictive power concerning the behavior 
of important symmetry-breaking terms. A phenomenological symmetry as an expla
nation of identical bands is not really an explanation but rather a parameterization: 
it can account for identical bands, but it cannot at the same time accommodate the 
observation that most bands are not very identical. 

Since nuclei at low energy are made of fermions, we shall assume that the sym
metry in question is a fermion symmetry, and that it derives from a microscopic 
nuclear model. In this paper I wish to show that one can use the basic phenomenol
ogy of identical bands and the general properties of Lie algebras to place surprisingly 
strong constraints on the nature of such candidate symmetries. Furthermore, I will 
demonstrate that theories satisfying the minimal constraints are already known. 
Thus, our argument will deal with necessary conditions for an identical band sym
metry to obey; whether these conditions are also sufficient for the explanation of 
identical bands can only be answered by detailed calculations and comparisons. 
However, this approach provides powerful criteria for selecting the most promising 
symmetries for such analysis. 
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Figure 2: Energies for some states in superdeformed even-even Hg isotopes. An
gular momenta are not known for any superdeformed states, but it is thought that 
they can be estimated with an uncertainty of 1-2 units in cases like this. The an
gular momenta assumed here are those in the compilation of Han and Wu4, where 
references to the original data may be found. The energies are normalized at the 
assigned 16 + state for each band. The right column shows the multiplet structure 
that results if each state of a given spin is interpreted as a member of a representation 
multiplet of a weakly-broken symmetry. 

2. Similar Rotational Bands in Adjacent Even-Even Nuclei 

Let us address a very simple subset of the problem: similar rotational bands in 
even-even nuclei differing from each other by two neutrons 5. An example of such 
bands for normally deformed actinide nuclei is shown in Fig. 1, and a corresponding 
example for superdeformed mercury nuclei is shown in Fig. 2. The angular momen
tum assignment in Fig. 2 is uncertain by at least 1-2 units since angular momenta 
have not been measured for superdeformed nuclei. Therefore, in the subsequent 
discussion let us take Fig. 1 as representative. 

In Figs. 1-2 we have shown on the right side of the figure the result of grouping 
all the states of the same angular momentum but in different nuclei into the same 
spectrum. The resulting nearly degenerate multiplets are extremely suggestive of a 
symmetry Unking states with the same angular momentum but differing in nucleon 
number. We now wish to consider Fig. 1 in terms of such a symmetry. 
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Example: Isotopic Spin 

B = Baryon Number N^ + P^ Pa 

neutron Pf =af 

1 "proton 

{pa,p;}={Na,N;}=8^ 

Bilinear Products Conserving Baryon Number: 

pfP Ntpi pfN 

Form Linear Combinations: 

B=PIP+NIN„ 

N'P 
a a 

'a'a ' a 'a 
T =PfN 

T =NfP„ T3=1

2(PX-KNa) 

Figure 3: Isotopic spin symmetry for neutrons and protons. 

3. An Example: Isotopic Spin 

Let us illustrate our approach by examining a simple approximate symmetry 
of the strong interactions that is known to link states in different nuclei: isotopic 
spin as applied to neutrons and protons. Isotopic spin formulated in terms of 
fermion creation and annihilation operators for neutrons and protons is illustrated 
in Fig. 3. The corresponding commutators and group structure are illustrated in 
Fig. 4, and the multiplet structure implied by this symmetry for the 2-nucleon 
system is displayed in Fig. 5. 

We note the following points from this simple isospin example: 

• The nn, np(T = 1), and pp states of the 2-nucleon system are approximately 
degenerate by virtue of a symmetry. This degeneracy occurs because they are 
in the same SU2 irrep (multiplet). 

• The actual 2-nucleon spectrum is well described by a dynamical symmetry cor
responding to the group chain SU2 D Uj3 and a Hamiltonian 

H = a + bT2 + cT3 

The corresponding spectrum is illustrated in Fig. 6 with M = T3. 

• If the symmetry were only U^ instead of the full isospin symmetry SU2, all the 
irreps (multiplets) of the symmetry would be one-dimensional, and the near 



Calculate Commutators: 

[T3,T±\. 

=2T3 

= ±T± J 
I su2 

[B,T±\----{B,T3\- =0 

Group Structure: 

U2 => Ufx SU2 ZD Uf xU? 
(B) • (T) (T3) 

Isospin Invariant Hamiltonian: 

H=aB+bT2 (Isospin Symmetry) 

Figure 4: Commutators and group structure for isotopic spin. 
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Figure 5: Isotopic spin multiplet structure for the two-nucleon system. 
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Figure 6: A dynamical symmetry for an SU2 D U\ system. 

degeneracy of nn, np{T = 1), and pp would not be ensured by a symmetry 
and could only be enforced through a special choice of parameters (the choice 
a = 0.) 

The degeneracy ensured by the symmetry requires that there being generators 
that connect the multiplet members by changing their neutron and proton 
number (generators that do not conserve certain particle numbers). 

4. A Parable and an Hypothesis 

Imagine the following hypothetical, but conceivable, story. Suppose angular 
momentum were known experimentally, but we did not know that it was associated 
with a symmetry. We could then imagine a theoretical approach developing where 
single-particle contributions to the angular momentum in a composite nucleus were 
summed like the contributions to a quadrupole moment in present deformed mean-
field theories. Notice that there would be no Clebsch-Gordan coefficients and other 
simplifying angular momentum algebra because we do not know that there is an 
SU2 symmetry involved in our hypothetical scenario. 

Now suppose that rapid experimental advances led to the discovery of a large 
number of high-spin collective states, with whole groups of these states that are 
completely degenerate (the 27 + 1 degeneracy of the magnetic substates associated 
with each value of the angular momentum 7, but remember that we do not expect 
this degeneracy because we do not know about the symmetry. That would be 
identical bands with a vengeance, and one can imagine that a similar consternation 
would arise among the mean-field angular momentum theorists as commonly arises 
among mean-field identical band theorists today: How can we possible sum the 



(say) 238 single-particle angular momenta of a composite nucleus precisely enough 
to get these degeneracies (remember, the sum is not analytic because we have no 
Clebsch-Gordan coefficients). 

The answer in this case is obvious, of course. We don't give a second thought 
to the enormous and exact degeneracy associated with magnetic substates of a 
given angular momentum because a symmetry ensures this degeneracy. One might 
argue that there is a difference between our little fable and the identical band 
case: the conservation of angular momentum is associated with an exact symmetry, 
but identical bands are clearly not really identical, even in the best cases, so the 
symmetries responsible for them are not exact. But that is not a serious objection; 
even in the presence of a weak external magnetic field which breaks the rotational 
symmetry and partially lifts the degeneracy of the angular momentum multiplets, 
the idea of a symmetry as an explanation of the approximate degeneracy is still a 
powerful one, as we illustrate in Fig. 6. The similarities between the right hand side 
of Fig. 1 and the Zeeman effect illustrated in Fig. 6 are clear. Thus, we are led to 
the following hypothesis concerning identical bands: 

Identical bands are a consequence of a microscopic symmetry that is weakly 
broken in some nuclei and strongly broken in others. An acceptable expla
nation of identical bands would be provided by identifying the symmetry and 
understanding the pattern of symmetry breaking microscopically. 

Notice the importance of the symmetry generators having a microscopic structure. 
The symmetry that we seek is not exact, so only if the symmetry-breaking terms 
are understood microscopically can identical bands be explained as a consequence 
of a symmetry. 

5. Constraints on Acceptable Symmetries 

We now consider the constraints that can be placed on candidate symmetries 
to explain identical bands using their phenomenology and the properties of groups 
and algebras. First, we shall assume that the symmetry that we seek is associated 
with a compact Lie algebra. Second, we assume the generators of this algebra to 
be bilinear in shell model operators: 

G~a]aj [Gi,Gj] = ifijkGk (Lie Algebra) 

In Table 1 we illustrate some minimal requirements on members of the set of gen
erators: 

• Identical bands are associated with strong quadrupole collectivity, implying 
the presence of at least 5 quadrupole operators Qm = Q.2m-

• The states in such bands conserve angular momentum and particle number, 
implying at least one number operator n and 3 conserved angular momentum 
operators Lm. 



Table 1: Physical constraints on the generators of identical band symmetries. 

Observation Requirement # Generators 

Quadrupole 
Collectivity 

Conserve Angular 
Momentum 

Conserve Particle 
Number 

Multiplet States in 
Adjacent Nuclei 

Commutation of Q with 
S Will Give D Pairs 

LAaH 

sU[aJaf\ 

m L ' U • 

2m 

lm 

00 

00 

10 

TOTAL = 21 

Allowed Number of Generators for Lie Groups 

SU(N): 4 
15 

_ 5 _ ^ ——~+t—"* • • • 

SO(N): 5 7 9 11 13 
10 ® 36 55 78 

SO(N): 8 10 12 14 16 
(28) 45 66 91 120 

Sp(N): 6 8 10 12 14 

© 36 55 78 105 

Figure 7: Number of generators for some low-order Lie algebras. 



• The multiplets shown on the right side of Fig. 1 contain states lying in nuclei 
differing in neutron number by two; thus, the generators of the symmetry must 
include operators that contain the combinations a t a t and aa. The simplest 
are the two monopole pair operators S and S^. 

• The requirement that we close an algebra in order to define a symmetry im
plies that we must introduce at least angular momentum 2 pairs, because the 
commutations of the quadrupole operators with the 5-pair operators will pro
duce such pairs. Thus, we must add least 10 D-pair operators Dlm and D ^ 
to the set. 

Thus, the minimal algebra consistent with the observations will require a total of 
21 generators (of course, the required symmetry may be much larger; our present 
attention is directed toward placing a minimal requirement on the algebra). Fur
ther, the inescapable requirement that some of the generators contain a t a t factors 
means that the symmetry cannot be unitary. Thus, theories such as the Elliott SU3, 
pseudo-SUj, or the normal form of the interacting boson model are disqualified as 
a microscopic explanation of identical bands in terms of a symmetry—if identical 
bands are obtained in such theories, it is because of constraints other than the 
symmetries of the theories. 

6. Candidates for the Minimal Algebra 

We may now turn to a classification of Lie algebras to see whether any satisfy 
these constraints. The number of independent Lie algebras having a small number 
of generators is highly limited, as we illustrate in Fig. 7. Excluding the unitary 
algebras for the reasons given above, we see that two algebras have 21 generators: 
SOj and Spe- The only other algebra with fewer than 36 generators that satisfies 
the minimal conditions is SO%. 

It is gratifying to know that such algebras are already known: the Ginocchio 
model 6 and its extension to the fermion dynamical symmetry model 7 ' 8 employ Sp(, 
symmetries having strong rotational character and with precisely the microscopic 
interpretation of generators implied by Table 1. (These models also employ an 
SO& symmetry that might play a role in identical band physics, and an SOj sym
metry that does not have the proper phenomenology to be useful in the present 
discussion5). Thus a candidate minimal algebra exists. 

7. Subgroup Structure and Dynamical Symmetries 

We can go further. Our considerations to this point define a minimal highest 
symmetry. By themselves, such symmetries would give too much degeneracy in the 
physical spectrum. For example, we illustrate in Fig. 8 the spectrum that would be 
expected for even-even actinide nuclei if they were invariant under the FDSM Spe 
symmetry. Realistic actinide spectra clearly have a much lower level of degeneracy. 
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u=0 

(All states with two broken pairs) 

(All states with one broken pair) 

(All states with no broken pairs) 
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Figure 8: Spectrum expected for Spe symmetry in the FDSM. 

The degeneracy can be broken by a subgroup structure 

GiDG2D . . . D G„ 

and a corresponding dynamical symmetry 

H = aC(G0 + bC(G2) + ... + cC(Gn) 

Where C(Gi) is a Casimir invariant associated with the group G,-. For example, the 
dynamical symmetry 

Sp6 D SU3 D SU2 

associated with axially symmetric rotational motion in the FDSM and in the Ginoc-
chio model gives rise the the more realistic spectrum illustrated in Fig. 9. 

Finally, I now admit to a small subterfuge in the Fig. 1. The energy levels 
there are plotted with the ground states in different nuclei placed at the same 
energies. However, the more realistic situation is illustrated in Fig. 10: the spectra 
are actually displaced by the ground-state mass difference between the different 
nuclei. Only when these ground-state mass differences are subtracted out do we 
obtain the near degeneracies of Fig. 1. Thus, the symmetry that we seek must also 
have the property that it gives the correct ground-state masses of the different nuclei, 
without spoiling the spacing of the rotational bands. This is a highly nontrivial 
requirement. I don't have the space to discuss it here, but I will conclude by pointing 
out that the Spe D SU3 D SU2 dynamical symmetry of the FDSM satisfies these 
conditions: the spectrum is of the form shown in Fig. 9 and is in excellent agreement 
with observed spectra in the actinide region. Furthermore, it has been shown that 
this symmetry leads to ground state mass formulas in excellent agreement with the 
data for actinide nuclei9. 

The minimal properties required of a dynamical symmetry to describe identical 
bands are summarized in Fig. 11. These properties place non-trivial conditions both 
on the highest symmetry G\, and on the properties of the subgroups such as GQ in 
the dynamical symmetry chain. 
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Figure 9: Spectrum expected for a Sp6 D SU3 D SU2 dynamical symmetry in the 
FDSM. 
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Figure 10: Illustration of the mass shift between the rotational bands shown with 
coinciding ground states in Fig. 1. 
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1. Highest group must have 
irreps that lie in different 
nuclei. 

2. Must have number 
non-conserving generators. 

3. Cannot be a unitary group. 

4. Simplest Possibilities are 
SO(N) N>1 
Sp(N) N>6 

1. Subgroup GQ must contain 
the generators of angular 
momentum. 

2. Must produce rotational 
bands with moment of inertia 
independent of particle number. 

3. Obvious minimal candidate 
is SU(3). 

GROUP CHAIN MUST DESCRIBE MASSES QUANTITATIVELY 

Figure 11: Summary of minimal properties required of a dynamical symmetry 
describing identical bands in adjacent even-even nuclei. 

8. Conclusions 

I have proposed that any valid explanation of identical bands will be equivalent 
to a description in terms of a dynamical symmetry based on microscopically defined 
fermion degrees of freedom. Empirical observations and general properties of Lie 
algebras have been employed to place constraints on the minimal symmetry that 
could be responsible for identical bands. We have concluded that the minimal sym
metry must have at least 21 generators, and be based on a Lie algebra that cannot 
be unitary. This leaves othogonal and symplectic algebras as candidates, and ex
cludes a symmetry-based explanation of identical bands in Elliott 5173, pseudo-SL/3, 
or IBM models that are based on unitary groups: if identical bands find explana
tion in these theories, it it not a consequence of the symmetries associated with 
the theories. Additional strong constraints are placed by the subgroup structure 
required of the dynamical symmetry by the identical band phenomenology. It has 
been pointed out that the simplest dynamical symmetries satisfying these general 
constraints are based on the Ginocchio algebras and are employed in the fermion 
dynamical symmetry model. This provides a candidate symmetry for the descrip
tion of identical bands, and a proof that symmetries with relatively small numbers 
of generators exist that meet the minimal requirements. It may be hoped that 
these considerations will encourage an investigation of whether there are additional 
symmetries meeting these requirements, and whether such symmetries can provide 
a quantitative and microscopic interpretation of identical bands. 
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