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ABSTRACT: Mixture experiments are presented as a means to
develop cementitious waste forms. The steps of a mixture
experiment are (1) identifying the waste form ingredients;
(2) determining the compositional constraints of these
ingredients; (3) determining the extreme vertices, edge
midpoints, and face centroids of the constrained
multidimensional volume (these points along with some
interior points represent the set of possible compositions
for testing); (4) picking a subset of these points for the
experimental design; (5) measuring the properties of the
selected subset; and (6) generating the response surface
models. The models provide a means for predicting the
properties within the constrained region. This article
presents an example of this process for one property:
unconfined compressive strength.
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i. INTRODUCTION

Solidification/stabilization is one of the most popular
means of waste disposal and remedial actions [!,_,_].
Formulations for cementitious waste forms (grouts) can be
developed on the basis of the experience of "grout experts,"
or quite often off-the-shelf formulations are used. Any
suggested formulation must be tested with a given waste
because of the interactions between waste and cementitious

formulations. Any deficiencies in performance are corrected
by certain rule-of-thumb adjustments in formulation.
Performance is not optimized, and the operating window is
not well defined; rather, the objective is to meet a set of
criteria. With this general approach, the effect of
compositional changes is qualitatively known by experts, but
quantitative predictions are not possible.

A statistical mixture experiment approach provides for
understanding the effect of compositional changes on
performance and enables prediction and optimization of
performance [4]. A mixture experiment involves varying the
proportions or amounts of the components according to a
statistical design and measuring the values of properties of
the resulting mixtures. Often, lower and upper bounds on
mixture components (or on ratios or linear combinations of
mixture components) apply, in which case the compositional
region to be studied is an enclosed multidimensional
polygon. Mixture experiment designs often consist of the
vertices, edge midpoints, and face centroids of the bounded
compositional region. The number of possible points quickly
becomes large with the number of components, so techniques
for selecting a subset of the possible points can be applied
to keep the number of experiments reasonable. The objective
of a statistically designed mixture experiment is to
generate data for fitting a mechanistic or empirical model
to predict performance within the bounded compositional
region. The minimum number of design points is the number
of terms in the model, but more points should be selected.
Points inside the compositional region should be used in .
addition to points on the boundary to improve the
interpolative predictive powers of the model. Replicating
some points is also desirable to provide an estimate of
experimental and measurement uncertainty, which is useful
for detecting lack-of-fit in fitted property models. This
approach was used in developing a cementitious waste form
for a liquid low-level radioactive waste. Several
properties were measured and modeled during this
development, but, to illustrate the mixture experiment
approach, this article presents only the unconfined
compressive strength results. The complete grout
formulation development is presented in an Oak Ridge
National Laboratory (ORNL) report [5]. This article
presents the mixture experiment design, the resulting
response surface model, and the model validation results for
unconfined compressive strength.



2. EXPERIMENTAL WORK

The experimenLal work consisted of mixing a liquid

surrogate waste with a blend of dry materials to make grout
of different formulations according to the statistical

experimental design discussed in Sect. 3. The rheology and

density of the freshly mixed grout were measured. The grout
was cast into molds and cured for later measurement of

free-standing liquid, unconfined compressive strength,

leachability, and freeze-thaw resistance. Heat evolution

after mixing was also measured. This article reports only

the unconfined compressive strength measurements. The

following subsections describe the surrogate waste, the

dry-blend materials, their preparation, and the preparation

of samples for measuring the unconfined compressive

strength.

2.1 Surroqate Waste

Because the radioactivity of the liquid low-level

radioactive waste was too high for the facilities used in

this work, a surrogate liquid waste was used. This

surrogate was made up to contain the ionic concentrations as
had been characterized for the actual waste but without the

fission products that make the actual waste radioactive.

These fission products constitute only a minor portion of
the ionic content of the actual wastes. Table 1 lists the

target composition of the liquid surrogate waste. The

preparation procedure was reported in the ORNL report [5].

Batches of I0 or 20 L were prepared, heated to 40°C, and

used to make the batches of grout.

2.2 Dry-blend Materials

The following four materials made up the dry blends

used during this study: (i) ASTM Type II low-alkali

(moderate heat of hydration) portland cement, (2) ASTM

Class F fly ash, (3) attapulgite 150 drilling clay, and .

(4) ground, air-cooled blast furnace slag. These materials
will be referred to hereafter in this article as (I) cement,

(2) fly ash, (3) clay, and (4) GABFS. It is important to

remember that the slag used in this study was the

nonreactive, air-cooled slag, not the reactive,

water-quenched, granulated slag used as a replacement for

cement. Because the common designation for the latter is

"slag," the acronym GABFS was used for ground, air-cooled

blast furnace slag. This material was used as a nonreactive

filler to increase the solids content of the grout without

increasing the heat of hydration. Enough dry materials for

each grout formulation were blended in an 85-dm 3 (3-ft 3)

Patterson-Kelley twin-shell blender, or V-blender, for 23 h

to make three batches of grout.



TABLE 1--Liquid surroqate composition.

Component Molarity

NaAI (OH) 4 0. 421

Na2SO 4 0.03 1

NaCl 0.15

NaF 0. 0081

Ca (NO_) 2"4H20 0. 002

NaOH 0.67 5

NaNO 3 I. 29

NaNO 2 0.758

Na2CO 3 0.382

HEDTA 0.019

Na4EDTA 0.0044

Glycolic acid 0.042

Na3PO 4"12H20 0. 155

Na3C6HsO 7•2H20 0.03

Ionic

Na. 4.70

OH- 2.36

NO 3- I. 33

NO 2- 0. 758

A1 .3 0.42 1

CO 3-2 0.382

PO4 -3 0. 155

Cl- 0.150

SO 4-2 0.03 1

C6H507-3 0.03 0

F- 0.0081

Ca +2 0. 0020

2.3 Sample Preparation

The dry blend for three batches of grout was blended

for 23 h in a V-blender. The liquid surrogate was heated to



40°C, and the volume needed for one batch of grout was
dumped in the mixing bowl of a Model N-50 Hobart mixer. The
amount of dry blend for one batch was added to this liquid
while mixing with a wire whisk on low speed. After mixing
for a total of 30 s on low speed, the grout was mixed an
additional 30 s on medium speed. Properties were measured
on the freshly mixed grout, curing grout, and cured grout.
Three separate batches of each grout composition were
prepared. For the unconfined compressive strength, the
fresh grout was poured into 50.8-mm (2-in.) cube molds. The
molds were vibrated for I0 s on a Model VP5101 Syntron
vibrating table, placed in a humidity cabinet at 40°C and
>95% humidity for 24 h, and moved to a humidity cabinet at
90°C and >95% humidity. After the grout hardened
(typically, 2 or 3 d), the cubes were removed from the mold,
placed inside plastic bags, and returned to the humidity
cabinet at 90°C and >95% humidity for the remainder of the
28-d cure. The unconfined compressive strength was measured
on the 28th day after the grout was mixed, using a Tinius
Olsen Super L Universal Testing Machine. The solids settled
for some grouts, leaving free-standing liquid on top and
settled solids less than 50.8 mm (2 in.) high. The
compressive strength was measured by crushing the cubes on
what had been a side as opposed to the top and bottom
relative to forming in the molds. The true unconfined
compressive strength was calculated by dividing the force
required to crush the sample by the measured area of the
side being crushed. To factor the settling phenomenon into
the unconfined compressive strength for the mixture
experiment, the compressive strengths were corrected to the
original dimensions of the mold, a 50.8-mm (2"in.) cube
(i.e., the crushing force was divided by 258 m_ (4 in. 2) and
reported as the corrected 28-d unconfined compressive
strength). These corrected compressive strengths were used
to generate the surface response model for unconfined
compressive strength in the mixture experiment.

e
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3. MIXTURE EXPERIMENT DESIGN

3.1 Experimental Desiqn Approaches Considered

Three general approaches were considered for the design
of the grout formulation experiment. These approaches
correspond to ones that have been widely used in the
statistical mixture experiment literature.

1. Pound/gallon (ratio) variables--Design the
experiment in terms of the pounds of dry-blend ingredients
per gallon of __iquid waste.

2. Mixture, amount--Oesign the experiment in terms of
the mass fractions of the dry-blend ingredients considered
as a mixture (with mass fractions summing to 1.0) and the



total amount of the dry blend added per gallon of liquid

waste. The total amount is equivalent to the mix ratio of

dry-blend ingredients to liquid waste.

3. Classical mixture--Design the experiment in terms of

the mass fractions of the five grout components (cement, fly

ash, clay, GABFS, and liquid waste).

Not only would these three approaches have led to

different experimental designs, but each has a corresponding

empirical model form that is mathematically different than
the model forms for the other approaches. However, a priori
there was no reason to believe that one model form would fit

the resulting grout property data better than the other two
model forms, so this aspect was not considered further in

choosing among the three approaches. Although there are
merits to each of the three approaches, the first approach

was selected because it was compatible with the definition

of the grout composition region to be explored and based on

the commonly used pound/gallon basis.

3.2 Constrained Experimental Region

Initially, two regions were defined in terms of the mix

ratio of each dry-blend ingredient. The larger region was

defined by the extreme bounds on the grout composition, and

the purpose was to push the limits of feasible grout
formulations. A "smaller region," which is inside the

"larger region," was defined to more closely represent prior
knowledqe about the range of desirable grout formulations

and was designed around the preliminary reference

formulation. [The preliminary reference formulation was
0.30, 0.14, 0.I0, and 0.42 kg/dm 3 (2.5, 1.2, 0.8, and

3.5 ib/gal) of cement, fly ash, clay, and GABFS,

respectively.] Eventually, the larger region was abandoned,
and the smaller region was the sole basis for the grout

formulation experimental design selected. The constraints

for the smaller region are explained below. Controlling

heat evolution was important, so cement (the main heat

evolver) was constrained close (±0.12 kg/dm 3 or ±i.0 ib/gal)

to the preliminary reference formulation value of

0.30 kg/dm 3 (2.5 Ib/gal). Handling and mixing problems were

encountered with attapulgite clay contents above 0.24 kg/dm 3

(2 ib/gal). The lare_r region allowed the clay content to

go to zero, but a minimum of 0.06 kg/dm 3 (0.5 ib/gal) was

specified for the smaller region. The fly ash and GABFS

were floaters, used to make up the total solids content,

although each serves a different purpose. The fly ash is a

pozzolan, actively participating in the hydration reactions.

The GABFS is a nonreactive filler, increasing the total

solids to help control free-standing liquid but not

participating in the hydration reactions. Individually, the

composition of each was allowed to go to zero, but

collectively these two were constrained to control the total



solids contents to levels that experience had shown to be

necessary to keep the free-standing liquid manageable.

Finally, it was necessary to constrain the total solids

content to less than 1.20 kg/dm 3 (I0 ib/gal). The
constraints were as follows:

1.5 _ W I _ 3.5,

0 _ W2 _ 6,

0.5 _ W3 _ 2,

0 _ W4 S 6,

4 S W2 + W4 _ 6,

W l + W_ + W 3 + _ _ I0,

where

W l = mix ratio for cement, ib/gal,

W 2 = mix ratio for fly ash, ib/gal,

W 3 = mix ratio for clay, Ib/gal,

W4 = mix ratio for GABFS, ib/gal.

Note that the region is defined in terms of "lower and

upper bounds" on W l through _ (the pound/gallon dry-blend

components) individually as well as on sums of these

components. Geometrically, the region is an irregular

polyhedron in four dimensions. Lower and upper bounds on

individual components define a 4-D box, and then the lower

and upper bounds on the sums of the components cut off

corners of the box, leaving an irregular polyhedron.

3.3 Experimental Desiqn

Two experimental designs were generated using the

statistical software packages MIXSOFT [6] and ACED [Z]--the

primary design containing formulations from both the larger

and smaller regions and a second "backup" design containing

only formulations from the smaller region. The first

experimental design was initially chosen, but then on the

basis of preliminary results and additional considerations,,

the backup design was adopted. The statistical methods used

to generate this design (listed in Table 2) and the design
itself are discussed below.

Statistical "optimal experimental design" methodology

and software were used to generate the design listed in

Table 2 as outlined in the following steps:

i. The extreme vertices and i-, 2-, and 3-D centroids

of the smaller region (grout formulations on the boundary of

the experimental region) were generated using the MIXSOFT

package routines MCCVRT and AEVC [6]. The vertices and
centroids were then combined to form a set of candidate

grout formulations.



TABLE 2--Grout development experimental desiqn.

WI W2 W3 W4

(ib/gal of liquid waste)

Random Atta- Description

run Fly pulgite of

No. No. Cement ash clay GABFS Formulation a

1 3 1.5 0.0 2.0 6.0 SR vertex

2 8 1.5 6.0 2.0 0.0 SR vertex

3 12 3.5 0.0 0.5 6.0 SR vertex

4 6 3.5 6.0 0.5 0.0 SR vertex

5 19 1.5 0.0 0.5 4.0 SR vertex

6 15 1.5 4.0 0.5 0.0 SR vertex

7 20 3.5 0.0 2.0 4.0 SR vertex

8 17 3.5 4.5 2.0 0.0 SR vertex

9 1 1.5 0.0 1.25 6.0 SR edge
centroid

i0 Ii 1.5 3.0 0.5 3.0 SR edge
centroid

ii 14 1.5 2.0 2.0 2.0 SR edge
centroid

12 i0 3.5 2.0 0.5 2.0 SR edge
centroid

13 13 2.5 6.0 0.5 0.0 SR edge
centroid

14 18 2.5 4.0 2.0 0.0 SR edge
centroid

15 16 1.5 5.0 1.25 0.0 SR 2-D

centroid

16 7 2.5 0.0 0.5 5.0 SR 2-D
centroid

17 4 2.75 2.625 2.0 2.625 SR 2-D

centroid

18 9 2.75 3.0 1.25 3.0 SR 2-D
centroid

19 2 2.5 1.2 0.8 3.5 SR
"reference"

formulation

20 5 2.444 2.472 1.333 2.472 SR overall
centroid

aSR = smaller region.



2. An 18-grout design (i.e., 18 points of different

composition) was selected from the candidate set using

"optimal statistical design" software. Both the MIXSOFT [6]

and ACED [Z] packages were used to select and evaluate many

18-grout designs that had "close to optimal" statistical

design criteria values. The main statistical criterion used

was that of "minimizing the maximum prediction variance"

over the experimental region. Clearly, it is desirable to

minimize the uncertainty of predictions to be made with the

fitted empirical grout property models. One design was then

selected to pursue.

3. Two additional grouts representing a reference

formulation and the "center" of the design region were added
to the design.

Note that the 18-grout formulations selected using the

statistical "optimal experimental design" approach (the

first 18 grouts listed in Table 2) are all on the boundary

of the smaller experimental region. There are eight extreme

vertices (corner points of the polyhedronal region), six

edge centroids, and four 2-D face centroids. Only grouts on

the boundary of the experimental region were generated and

selected because they best minimize the uncertainties of
predictions to be made with the models fitted to

experimental data. It would also have been desirable to

include additional points on the interior of the

experimental region to increase the potential for obtaining
accurate models.

As it stands, this design is "minimal" in that there

are only 5 more distinct formulations than terms in any of

the second-order models that might be used to fit the data
(i.e., 20 distinct formulations and 15 terms in second-order

models). Typically, it is preferable to have at least I0 to

15 more distinct design points than model terms to provide

for better assessment of model adequacy. In this case, the

assessment of model adequacy was evaluated through

validation testing. .
d

3.4 Replication and Randomization

The procedure for batching the formulations included

making three replicates. The replicates for each

formulation came from one blend of the dry materials. Each

replicate consisted of a portion of the dry blend mixed with

the waste individually but consecutively. Randomizing the

order of measurement of the grout properties is desirable.

For example, unconfined compressive strength should not be

measured consecutively on three replicates of the same

formulation. Ideally, this randomization would be

completely independent of the randomization employed during

formulation. However, because all of the grout properties

are measured at a fixed time after formulation (e.g., 28-d

unconfined compressive strength), the measurements for this

design depended on the order of formulation. Consequently,



the three replicates of each formulation were measured one

after the other. Thus, the longer term formulation and

property measurement sources of variation that may be

present are not accounted for in the estimate of the

experimental uncertainty and could be confounded with the

effects of grout composition on the properties.

4. RESULTS

Table 3 lists the corrected 28-d unconfined compressive

strengths measured for the grouts listed in Table 2. These

results were used to generate a response surface model for

this property. Table 3 also lists the value predicted by

the final reduced model presented in Sect. 5.

TABLE 3--The corrected 28-d unconfined compressive

strenqths of the desiqn qrouts.

Measured (psi) Predicted

from Eq. 3

No. Batch 1 Batch 2 Batch 3 Average (psi)

1 328 315 328 324 370

2 1 065 1 080 1 064 1 070 1 100

3 584 541 546 557 559

4 2 125 1 913 1 780 1 939 1 732

5 151 158 138 149 164

6 733 657 603 664 613

7 685 926 820 810 842

8 1 705 1 680 1 548 1 644 1 617

9 270 265 258 264 211

i0 484 391 398 424 441
Q

ii 422 431 411 421 369

12 631 570 588 596 623

13 1 326 1 407 1 226 1 320 1 355

14 964 912 1 017 964 963

15 629 637 636 634 692

16 340 358 305 334 301

17 877 823 846 849 811

18 497 670 680 616 592

19 243 285 326 285 318

20 468 391 457 439 449



5. STATISTICAL METHODS FOR DEVELOPING GROUT PROPERTY MODELS

This section discusses the statistical methods used in

modeling and analyzing the measured data listed in Table 3.

The basic steps of analysis are listed below, and each one

is eynlained in detail in the following subsections.

I. Three second-order model forms were considered.

2. Least squares regression was used to fit models to
the data.

3. Outliers and possible transformations of the grout
properties were identified. This step is an iterative

process used to convince the analyst that the assumptions of

least-squares regression have been met and that the best

possible fit has been obtained.
4. The final full and reduced models were fit to the

data and evaluated for the quality of the fit.

5. Uncertainty in the model predictions was

quantified.

5.1 Empirical Model Forms Considered

Each of the three design approaches discussed in

Sect. 3.1 has corresponding second-order empirical models

that are not mathematically equivalent. Although the first

design approach was chosen, empirical model forms

corresponding to all three approaches were investigated.

Because the three model forms are not equivalent, one might

potentially fit the data better than the others. The

second-order empirical models that correspond to the three

design approaches are listed below. The surrogate solution

has a density of 1.20 kg/dm 3 (I0 ib/gal).

I. Second-Order Polynomial Model (expressing dry-blend

ingredients as pounds per gallon of waste)

= _o + B,W,+ B2W2+ B3W_+ B4W4+ BI2W,W2 + BI3W,W3+ _,4W,W4

2 2 2
+ _23W2W3 + _24W2W4 + _34W3W4 + _llW_ + _22W2_33W3 + _44W4 ,

where W i through W 4 are as defined in Sect. 3.2.

2. Mixture-Amount Model (treating dry-blend

ingredients as a mixture)

= _IVl + _2V2 + _3V3 + _4V4 + _12VlV 2 + _13VlV3 + _14VlV4 + _23V2V3

+ _,_.V?V 4 + _34V3V4 + /_I|vIMR + /_V2MR + j_v3MR + /_v4MR + _2MR2 ,



where

v I = Wl/(W_ + W 2 + W 3 + W4),
v2 = W2/(Wl + W2 + W 3 + W4),
v3 = W3/(W, + W2 + W3 + W4),
V 4 _- W4/(W I + W 2 W 3 + W4) ,

MR = mix ratio = W] + W 2 + W 3 + W4,
v I + V2 + V3 4 V4 = i.

3. Second-Order Scheff_ Model (treating all
ingredients as a mixture)

= _,X, + _2X2 + _3X3 + _4X4 + _sX5 + _,2X,X2+_,3X,X3 + _,4X,X4

+ _isXlX5+ _23X2X3+ _24X2X4+ _25X2X5+ _34X3X4+ _35X3X5+ _45X4X5 ,

where

X I = W_/(W_ + W 2 + W3 + W4 + I0),
X2 = W2/(W_ + W 2 + W3 + W4 + i0),
X 3 = W3/(Wl + W 2 + W3 + W4 + i0),
X4 = W4/(W_ + W 2 + W3 + W4 + I0),
X5 = percentage of waste pounds/gallons to the total

pounds/gallons
= 10/(W_ + W2 + W3 + W4 + i0),

X_ + X2 + X3 + X4 + Xs = I.

In all models, W denotes an untransformed or transformed
grout property.

These empirical models were initially fitted to one of
the grout properties other than compressive strength
(critical flow rate) and evaluated using standard
statistical methods. A conclusive decision regarding the
best model option could not be made using the data
available. The ideal way to determine which model is best ,
would be to have a data set, not used in the estimation of
the model coefficients, that could be used to validate the
prediction capabilities of each model. Such a validation
data set was not available in the original set of data (the
validation testing discussed later in this paper was
generated after the model fitting). Alternatively, with
large numbers of observations, a validation data set can be
simulated by withholding data points from the model-fitting
process (referred to as cross-validation). However, the 20
design points in the grout formulation study are too few to
employ cross-validation. Therefore, the second-order
polynomial model was chosen as "best" because it corresponds
to the approach used in designing the experiment. Thus, for
all grout properties, the second-order polynomial model was
used.



5.2 Least-Squares Reqression

Unweighted least-squares regression was used to fit all
models to the data. The method of least squares takes the
"best fitting" model to be the one that comes closest to the
data in the sense of minimizing the sum of squared
differences between the observed values and the values

predicted by the model. The assumptions of least-squares
regression are that the model is structurally adequate and
that the errors are independent, normally distributed, and
have constant variance [8].

5.3 Identification of Outliers and Transformations

Residuals (differences between measured and model-
predicted property values) were plotted vs the predicted
values. Residual plots are used to check that the errors
are normally distributed with mean zero and constant
variance. Any patterns identified in the residual plot
indicate a possible problem with the appropriateness of the
model or the least-squares assumptions. Residual plots are
also used to identify outliers. No patterns were identified
in these data, but a few outliers were identified. A
property (i.e., dependent variable) transformation might be
used to satisfy the assumption of constant variance or to
improve the overall fit of the model. The Box-Cox procedure
[9] was applied to help determine whether transformations of
the grout properties may be appropriate and to indicate what
transfozmations would be best. The procedure is also able
to indicate if one transformation is better than another

(e.g., whether taking the logarithmic transformation would
result in a significant gain in fit over the square root
transformation). Information from residual plots and from
plots of predicted measured values can also be used to
determine transformations. The Box-Cox procedure calculates
the sum of the squared residuals (RSS) using several
transformations such as the natural log or the square root.
The RSS for each transformation is compared to the others, .
and the transformation that corresponds to the smallest RSS
is chosen as best. Methods exist for incorporating
uncertainty in these estimates of RSS and calculating a 95%
confidence interval to cover a range of transformations that
are "good" [9].

5.4 Quality of Fit for Full and Reduced Models

A consequence of fitting a 15-term second-order
polynomial model to 20 distinct formulations is that the
design may be overfit. If the number of distinct
formulations were equal to the number of model coefficients,
the model would fit the data exactly (except for replicate
variability, called experimental uncertainty). For this
study, having five more formulations than terms in the full
second-order model helps, but the risk of overfitting is



present and can lead to inaccurate predictions at points not
used to fit the model. Overfitting can be identified using
several techniques. A quick check is to look at the tests
of significance for the coefficient estimates. If more than
a few of the coefficient estimates are nonsignificant, the
model may be overfit. Techniques designed to drop from the
model explanatory variables that have little or no effect on
the grout properties have been employed to reduce the
potential for overfitting. Once a "final" reduced model is
determined, a last check of the quality of the fit is
appropriate. This is done using a lack-of-fit test. This
test is possible when formulations have been replicated
during experimentation. These replicates are used to
estimate the experimental uncertainty in the data (referred
to as "pure error"). Pure error sum of squares represents
the contribution to the residual error sum of squares that
is due to such things as sample preparation variability,
mixing and blender variability, technician variability, and
measurement uncertainty. When the pure error sum of squares
is partitioned out of the residual error sum of squares in
regression, what is left is called the lack-of-fit sum of
squares. The hypothesis that the lack-of-fit error is
approximately equal to the pure error is then tested
statistically. If the hypothesis is rejected, then the
model is said to have a significant lack of fit. The
validity of the lack-of-fit test depends heavily on the
estimate of pure error and thus on the quality of the
replications during the experiment. Because the
formulations for the mixture experiment were not replicated
over all possible sources of variation (as discussed in
Sect. 3.4), the estimate of pure error may be significantly
biased below the true value. Consequently, a statistically
significant lack of fit may be a "false alarm," and it will
be necessary to subjectively ascertain whether the lack of
fit is practically significant or not.

5.5 Uncertainty in the Model Predictions
8

The fitted model can be used to predict values of
corrected 28-d unconfined compressive strength anywhere
within the compositional region. However, these predictions
will be subject to the experimental uncertainty in the data
and the least-squares modeling process. Least-squares
theory provides for quantifying the standard deviation of
any prediction, and thus statistical statements such as 95%
confidence intervals or 95% prediction intervals can be
made. A 95% confidence interval is obtained by treating the
prediction as a mean. A 95% prediction interval is obtained
by treating the prediction as an individual observation.
The formulas for computing these two types of statistical
intervals for predictions are as follows:



Mean Prediction

SD[mean y(u) ] = [u' (U'U)-'u] °'5ay, (i)

Individual Prediction

SD[individual y(u)] = [i + u'(U'U)-'u] °'5Uy, (2)

where

SD = standard deviation in the appropriate property or
transformed property units,

y = property (transformed or not) predicted from the
model in the appropriate units,

U = expanded version of the experimental design
(formulations) matrix with rows corresponding to
the observations and columns corresponding to the
terms in the model (one compressive strength
measurement was identified as an outlier, leaving
a 59 x 10 matrix for compressive strength),

u' = row vector having columns corresponding to the
columns in U for any formulation in the bounded
experimental region,

uy = root mean squared error from the model in units of
the predicted property (possibly transformed),

' = transpose.

Both 95% confidence and prediction intervals are
statements about property values for one formulation at a
time. Statements about many or all possible formulations at
a time are also possible (referred to as confidence bands
and prediction bands) but are not discussed here.
Similarly, 95/95 tolerance intervals (or bands) that make a
95% confidence statement about 95% of the potential
distribution of property values for a given formulation can
also be constructed but are not discussed here [10].

5.6 Unconfined Compressive Strenqth Model

Modeling was attempted on the untransformed and
transformed grout properties but was always attempSed on the
untransformed properties first. There was no clear winner
in the statistical comparison between the untransformed and
the transformed models for the corrected 28-d unconfined

compressive strength, so both models are presented.
Corrected 28-d unconfined compressive strength data

(see Table 3) were fitted to the full second-order model
with the square root transformation (as suggested by the
Box-Cox procedure) and with no transformation. The
observation for Batch 1 of grout No. 4 was omitted from the
analysis because of its extreme value (2 125 psi) and
indications that it was an outlier. The lack of fit was



significant for both models, but the test may give false

alarms because of the potential underestimate of pure error.

Model reduction techniques were applied to the full
models. We decided to use the model with the transformed

unconfined compressive strength (UCS) as the dependent
variable. The final transformed and untransformed models

for unconfined compressive strength are given below:

UCS--Transformed Model

U_6_ = 10.92 - 1.29W! + 4.72W 2 - 13.48W_ + 1.50W 4 + 1.64WIW 3

- o.4sw2w3- o.42w2w4+ o.ssw,2 . 5.33w] (3)

UCS-Untransformed Model

UCS = 428 - 333W l + 137W 2 - 873W 3 + 91.5W 4 + 43.0WIW 2

. 111w,w3- 2s.ow2w4. vs.sw_. 292w_ (4)

5.7 Predicted Properties in the Constrained Region

There are several ways to approach the selection of a

grout formulation once the final models have been obtained.

One graphical technique for displaying and examining the

sensitivity of the grout properties to changes in the

dry-blend composition as they vary in the experimental

region is to create response surface contour plots. For .

each of the grout properties, a region can be identified ,

where the predicted grout property meets a given criteria

(uncertainty in the model prediction needs to be accounted

for in this process). When these regions are identified for

each grout property, they can be overlaid to find the region

that satisfies all grout criteria simultaneously, if one

exists. Using this approach, or similar ones, several grout
formulations can be recommended for this waste to meet the

desired criteria. However, the models are not perfect

predictors, and a selected formulation should be tested to

verify its performance. Examples of these plots constructed

from Eq. 3 (without accounting for uncertainties) are

illustrated in Fig. i. The blacked-out regions of the plots

indicate areas outside the smaller constrained region.



6. MODEL VALIDATION

Validation of the grout models developed for the grouts
made from the surrogate waste was accomplished by measuring
the properties of i0 grouts within the smaller constrained
region previously defined but with compositions different
from the grouts used to generate the models. Table 4 lists
the composition of these i0 grouts and the measured and
predicted values of their corrected 28-d unconfined
compressive strengths. Figure 2 illustrates a plot of the
predicted values vs the measured values for the validation
set of corrected 28-d unconfined compressive strengths. The
line represents a perfect one-to-one correlation between
predicted and measured values. As Fig. 2 illustrates, the
measured data were scattered around the line for perfect
prediction at low compressive strengths but fell below the
line at high compressive strengths. Thus the model
underpredicted the higher compressive strengths.
Underprediction is conservative for this property, although
better predictive performance by models is desirable. The
less than desirable performance here is likely due to the
minimal experimental design, which did not contain
sufficient interior points of the bounded experimental
region.

7. SUMMARY

Statistical mixture experiment methodology can be used
to generate response surface models for the grout properties
of interest. These models can be used to predict the
properties for any grout composition within the bounded
region of the model. The models can be used to generate
contour plots of the properties that can be compared to
criteria and predict the operating composition region for
grouts with appropriate compensation for prediction error.
These predictions can be used to optimize a given property
but will more likely be used to find the compromises needed,
among properties to meet the desired criteria. Grouts can
be recommended or a grout selected for a given application
on the basis of these predictions, but a selected grout
should always be tested to verify its properties. For the
example presented, the model made reasonable predictions of
the compressive strength using a minimal mixture experiment
but, obviously, did not make perfect predictions. At least
I0 points above the minimum are recommended for use in a
mixtur_ experiment, internal points should be included in
the design, and true replicates (relative to formulation and
measurement of properties) should be included so that the
experimental error can be properly estimated.



TABLE 4--Composition and compressive strenqths

of validation grouts.

Corrected 28-d

unconfined compressive

Mix ratio (ib/gal) strength (psi)

Predicted

Fly from

No. Cement Ash Clay GABFS Measured Eq. 3

1 3.5 1 1.5 4 775, 835, 754 675

2 1.5 0 1.5 6 270, 281, 295 239

3 1.75 5 1.75 0.5 569, 599, 574 811

4 2 2.25 1 2.25 307, 297, 299 320

5 3 2.75 1.5 2.75 717, 763, 729 689

6 3 5 0.75 0.5 1 420, 1 424, 1 102
1 504

7 3.25 4.5 1.25 1 1953, 1 838, 1 058
1 785

i

8 2 2.25 1 2.25 328, 333, 361 320

9 3.25 4.5 1.25 1 1 900, 1 800, 1 058
1 918

i0 2 0.5 0.75 5 242, 241, 246 252
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