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Abstract 

Fixed energy inverse scattering theory has been used to analyse the 

differential cross-sections for the elastic scattering of electrons from water 

molecules. Both semiclassical (WKB) and fully quantal inversion methods 

have been used with data taken in the energy range 100 to 1000 eV. Con

strained to be real, the local inversion potentials are found to be energy de

pendent; a dependence that can be interpreted as the local equivalence of true 

nonlocality in the actual interaction. 
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I. INTRODUCTION 

Direct procedures are the most common ones used to analyse (fixed energy elastic) scat

tering data that one obtains from beam experiments, whether those experiments involve 

nuclear, atomic or molecular systems. In the main those direct procedures are purely phe-

nomenological with a parametric form chosen a priori to be the (central, local) interaction 

between the colliding entities. Increasingly, however, those interactions (or at, least the real 

parts of them) have been defined by folding some underlying pairwise microscopic interac

tion with the density distribution of the quantal system involved. Whichever approach to 

the direct procedure is used, there are a set of parameters that identify the scheme and, 

invariably, their values are adjusted to give a best fit to the measured data. That best fit 

is specified, usually, by finding a minimum chisquare (x 2 ) fit to the data from variations in 

the parameter space. 

Inverse scattering methods [1] form an alternative procedural class with which to analyse 

the same data. With inverse methods, the interaction between the colliding pair is extracted 

from the data without a priori assumptions about the shape of the potential, although it 

may belong to a certain class of potentials and the validity of the dynamical equation of 

motion (the Schrodinger equation) is assumed. But the results are linked to the specific 

method used and there is always a question of uniqueness. However, in applications to date 

[2-5], the quality of fit one can obtain with inverse scattering theory to (quality) data is 

often such that the sensitivity of the potentials obtained by inversion can be measured with 

respect to the range and amount of input data. Those potentials are specified hereafter as 

inversion potentials. 

Of all of the methods for inversion of fixed energy (cross-section) scattering data, those 

based upon a rational function representation of the underlying scattering (S-) function, 

5fc(A), arguably are the most useful. With such forms for the S-function, solution of the 

inverse problem with the Schrodinger equation is facilitated either by a semiclassical, WKB, 

procedure [6] (under conditions appropriate for use of that approximation) or by a fully 
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quantal scheme of the Lipperheide-Fiedeldey (L-F) type [7]; methods which have been used 

extensively in recent years to analyse the elastic scattering cross-sections from the scattering 

of two nuclei [5,8]. The attendant fits to measured data in those cases were usually an order 

of magnitude better than any obtained by direct methods of analysis. Semiclassical methods 

of inversion have also been used with considerable success in studies of atom-atom scattering 

[2]. In his review [2], Buck also noted the possible use of rational function representations of 

the S-function. Likewise with an excellent fit to very accurate data, electron-Helium atom 

scattering has been inverted to give the representative interaction [4]. The quality of the 

data in that case was such that an error analysis was feasible and from which confidence 

limits at each radius could be placed upon the extracted interaction. 

In recent years, differential cross-sections for electron scattering from small molecules 

have been measured and the scattering viewed as a central field problem. Direct methods 

have been used to analyse the data, so far with varying success. For water molecules, Katase 

et al. [9] have used both a purely phenomenological form of the (real) interaction potential 

(the sum of two Yukawas) and a spherically averaged, folded one in direct solutions of the 

Schrodinger equations. Those analyses gave quite good fits to the data taken with electron 

energies in the range 100 to 1000 eV. Herein, we report the results of new analyses of that 

data made using inverse scattering theory. In the first instance, to ensure that the scatter

ing potentials so obtained are purely real, a constraint is required that ensures the poles 

and zeroes of the required rational function representation of the £-functions are complex 

conjugate pairs. Excellent fits to the data result, but the inversion potentials are then en

ergy dependent. Energy dependence may be anticipated, however, as such reflects nonlocal 

effects in the actual scattering processes. An estimate of potential scattering nonlocality has 

been made assuming that it has Frahn-Lemmer form. 

The potentials used in direct methods of analysis of the scattering are purely real, as 

are those we obtained with our first study of inversion of the same data. Consequently 

from all of those studies, the scattering phase shifts are also purely real, the modulus of 

the S-function is then fixed to be unity and there is no reaction (absorption) cross-section 
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in the process. For energies in the 100's of eV, it seems probable thai some flux of the 

beam will be Most' with the occurrence of non-elastic reaction events. A complex central 

potential would be needed then to describe the elastic scattering process as independent 

of any reaction channel couplings. Allowing the pole/zero pairs description of the rational 

function form of the S-function required in the inversion procedures to be unconstrained, 

leads to such complex potentials and, attendantly, a significant absorption cross-section. 

Following a brief review of the inverse scattering theory and of the WKB and L-F 

methods that we have used in our analysis, the results of the calculations are discussed in 

section III. 

II. ELEMENTS OF FIXED ENERGY INVERSE SCATTERING THEORY 

Solutions of the Schrodinger equation with a central, local interaction describing the 

collision of two quantal systems, link to measured data via scattering amplitudes that one 

extracts from the asymptotic forms of those solutions. In the partial wa^e expansion treat

ment of the scattering, those scattering amplitudes, in turn, can be defined in terms of 

S-functions or in terms of phase shift functions. In the centre of mass frame, the scattering 

amplitudes define differential cross-sections by 

3 5 " " < » " ! • <" 

and are expressed in a partial wave expansion as 

/w = ^D 2 / + 1 ) i 5 (o-i]W) (2) 
Therein 5(A), with A being the angular momentum variable, are the S-functions which relate 

to the phase shift functions by 

5(A) = exp(2iS{X)) . (3) 

The inverse scattering problem for fixed energy scattering then resolves to the following:-

"Given the S-function (equivalently the partial wave scattering amplitudes) at a particular 



energy and as a function of the angular morncntum (\), find tke central, local potential 

which reproduces that S-function." To do so however, the S-function must be defined at 

all (continuous) values of the angular momentum variable. But measured data are only 

sensitive to that S-function at the integer values of A — 1. Thus to proceed with inversion of 

the Schrodinger equation for fixed energy scattering, one must interpolate and extrnpolate 

upon a discrete set of S-function values, however they are obtained by fits to measured data. 

There are several methods of solution of fixed energy inverse scattering problems. Herein 

we will consider the applications of just two. They are the semiclassical (WKB) method [6] 

and a fully quantal method based upon a Lipperheide-Fiedeldey scheme [7,10,11]. 

A. The semiclassical (WKB) method:-

In this approach, with r 0 being the classical turning radius and A'f(r) being the local mo

mentum through the interaction region, scattering phase shifts defined by 

1 IT f°° 
W) = (/ + g)2 " kr° + jT0 (Kl{r>) ~ k) dr' ' ( 4 ) 

are used to specify the 'classical' deflection function, 

0(A) = 2 ^ f c ( A ) , (5) 

from which, via an Abel integral transformation, one can find the qua cipotential 

7T JIT 

IE [™ 0(A) 
d\ 

7T a da \k ^A 2 - a3 ) 

The scattering potential is determined from that quasi potential via the Sabatier transfor

mation, by 

VWKB{r) = E [l - e W ) (7) 

so long as the there is a 1:1 correspondence between r and a from the transcendental equation 



1 (9i£l) 
r — -ox 1 - 2£ / . (8) 

This condition is valid if, for the actual potential, 

1 dV 
E>VM + - r - ; (9) 

a condition that E exceeds EOTkit (the energy at which 'orbiting' occurs). Also, as the 

definition of the quasipotential has the limit 

Q{°)—>™ 
a—*0 

(10) 

the transforms lead to r —> r 0 and V —* E in that limit. The WKB method for basically 

attractive interactions is valid only for radii in excess of the classical turning value and/or 

the condition for orbiting. 

The integral form of the quasipotential is solved easily if one has a rational function 

representation of S(\), namely 

*< i J-n(£9. ( i i ) 

as then one finds 

N 
Q(a) = 2iE £ (12) 

sly*2-** ^ - « . 
Tiie residual problem for use of the WKB procedure is then to find the set of complex 

zero/pole pairs {a n , /? n } that 'fit' 5(A). One may also incorporate a reference S-function 

whenever scattering is dominated by aspects not of primary interest. Coulomb scattering 

between two nuclei is an example. The rational function form of the S-function ensures that 

the WKB potentials decrease as p- for very large radii. Details are given in the appendix. 

B. Fully quantal inversion:-

The objective is to invert the scattering data to define the potential in the radial 

Schrodinger equation, 



^Xi(kr) + (k2 - ~ ^ ) Xl(kr) = U(r)Xi(kr) • (13) 

From this form, the scattering potential U(r) can be defined in terms of the free Jost solutions 

that satisfy 

rf2 A 2 - i + it2 / l* ) (r) = 0 , (14) 
<ir2 r 2 

and have asymptotic properties 

wherein / are free Jost functions. The potential obtained by inversion then is given by 

the sum over N pole/zero pairs of (complex) angular momenta that define the scattering 

function as per Eq. (11), and has the form 

W = ~(;i;^- ,(r)/i+>(r)), (16) 

where the function K is a solution of 

Ex*.(r)Kj:>(r) = yi-)(r) , (17) 
m 

and the Wronskian function x is defined by 

x A „(r) = -£—~2 . (18) 

This development can be extended [11] to include reference potentials in the basic Ricatti 

equations and to generalise the associated iterative scheme mentioned in brief next. 

The Lipperheide-Fiedeldey schemes are particularly useful ways to go about determining 

that potential. In the simplest of those schemes, one assumes that the fixed energy S-

function for scattering can be represented by a complex, rational function form 

sw=n 3^7 • ( i 9 ) 



The total scattering potential (V(r) = V'v(r)) can then be obtained by iteration as 

V„(r) = KB_,(r) + A<">(r), (20) 

where, with Vo = 0, the increment function for each additional pole/zero pair of the N set 

defining the S-function is given in terms of the Jost solutions from the preceding iterate of 

the potential by 

A<">(r) = | ( # - al) ± ( f ( - ) , / f W / . ) • (21) 

r (±) Therein, L\ (r) are logarithmic derivatives, 

i? ,(r)=±! fifi?)' m 

with fs (r) being the Jost solutions of the potential ( K,_i(r) ) that asymptote as e*1*'' 

respectively. Again, one can use a reference 5-function in the procedure. The reference 

potential associated with that 5-function then specifies Vo- As with the WKB scheme, 

the fully quantal one leads to potentials that decrease as ^ at very large radii [7]. That 

behaviour, and the behaviour of the quantal inverse potentials as r —> 0, is discussed in the 

appendix as well. 

III. RESULTS AND DISCUSSION 

The 200 to 1000 eV data are fitted extremely well when rational forms for the S-function 

with two pole/zero pairs of complex (and conjugate) angular momentum values are used. 

The specific values of those poles and zeroes are listed in table 1. All are given to 8 decimal 

places stressing the importance of many digit accuracy for inverse scattering calculations. 

Indeed, in the (fully quantal) study of the extensive data set from 350 MeV nuclear , 6 O - 1 6 0 

heavy ion scattering [8], 8 digit accuracy was essential to give the extremely good fit to 

the elastic cross-section data. At each energy for this electron-molecule scattering, the 

parameter values were defined by a \ 2 minimsation fit to the actual data. With minor 
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variations, the resulting parameter values show a montonic variation with incident energy. 

Essentially, the first pole, CM, moves further away from both the real and imaginary (A plane) 

axes. The pole Q2, on the other hand, moves slightly towards the real angular momentum 

plane axis with increasing energy and at the same time, it moves slightly away from the 

imaginary one. That energy dependence reflects in the potentials we obtain by inversion. 

The results are displayed in Fig. 1. In the top section of that figure are shown the cross-

sections for various energies (200 to 1000 eV) and the agreement between the measured cross-

sections [9] and our calculated results is excellent. Specifically the calculations (determined 

by solutions of the Schrodinger equations in which the inversion potentials have been used) 

give total x 2 values of 10, 4.1, 2.6, 5.0, 1.7 and 0.9 for the 200, 300, 400, 500, 700 and 1000 

eV cases respectively. The phase shifts that yield those fits are shown (to / = 6) in the 

bottom section of Fig. 1. They are in excellent agreement with the values of the relevant 

S—functions of rational form that were used as input to the inversion scheme when taken 

at the appropriate (/ + 5) values of the angular momentum variable. 

The real, local potentials that we have obtained from inversion of the 200 to 500 eV data 

from electron scattering from HiO are displayed in Fig. 2. They were evaluated using the 

WKB inversion scheme and the pole/zero pair values of table 1. While all energies to 1000 

eV were considered, only the results for the 200, 300, 400 and 500 eV scattering are shown 

in this diagram. Clearly these (real) potentials are energy dependent. Above 500 eV, that 

energy dependence is very slight (at least for radii in excess of 0.1 a.u.). Energy dependence 

in local potentials can be a reflection of true nonlocality of the actual interaction. Indeed, 

nonlocal interactions do map to phase equivalent (energy dependent) local ones when the 

solutions of the relevant Schrodinger equations link by a functional transform [12,13]. With 

[ _ | _ V 2 + Wloc(r, E) - E] 1>{r, E) = 0 , (23) 

being the local form and 

[ - ^ V 2 + V(r) - E] <(>(r, E) = J J ( r , r > ( r ' , E)dr' , (24) 

9 



being the nonlocal one, phase equivalence only requires that the two solutions equate asymp

totically. It is useful to consider a Frahn-Lemmer type of nonlocal interaction, viz. 

J ( r , r ' ) = F(R) v(p) = » F(r) v(p) , (25) 

where R and p are i | r + r ' | and |r — r'| respectively, and the range of the nonlocality is small. 

Then a Taylor series expansion allows the nonlocal Schrodinger equation to be mapped into 

the local form provided 

Mr,E) = T(r)4>(r,E), (26) 

where 

dWloc(r,E) 
T(r) = 1 - (27) 

dE 

Note that the wave functions need only match asymptotically (phase equivalence) and that 

this relation is true for any energy independent nonlocal interaction [12]. Further, taking 

the nonlocality to be of Gaussian form, 
2 

v(p) = (^c)-3exp(-^), (28) 

identifies [13] the Frahn-Lemmer function, /*', as 

2h2

T2( ,dWl0C(r,E) 
H<J2 dE F(r) = - ^ ( r ) T ; ; . (29) 

Shown in Fig. 3 is the nonlocal Frahn-Lemmer function we have obtained from the set of 

inversion potentials at 350 eV. The result, specified by using a four point Lagrange derivative 

formula with the 200, 300, 400 and 500 eV potentials, is shown as the continuous curve in 

the diagram and the units are ^ y . For comparison a double Yukawa function is shown by 

the dashed curve. That double Yukawa form, 

e-1.87r e -7.00r 
Fmodei{r) = -0.15 + 0.18 , (30) 

r r 

is a good representation for radii in excess of about 0.2 a.u., below which, however, the 

WKB process is less reliable. But,'it is also the case that the data is rather insensitive to 

the actual properties of the potential in that radial region. 
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The local potentials obtained by inversion are essentially independent of energy for en

ergies in excess of 500 eV. Thus the term, V"(r), in the nonlocal Schrodinger equation is 

specified. Also the 1000 eV data not only is well fitted by the inversion scheme but also 

we have found thereby, a real potential that is very much like the double Yukawa form 

used in the original study [9]. The comparison is shown in the bottom section of Fig. 4. 

The inversion potential is displayed therein by the solid curve while the phenomenological 

one is shown by the dashed curve. There is very little to distinguish between them. But 

the two interactions do have quite different asymptotic behaviour. The inversion potential 

eventually decreases as \ . But the data is not sensitive to the asymptotic form of these 

interactions. This is evident from the top and middle sections of the figure. The calculated 

cross-sections are compared with the data in the top section and those calculations were 

made using the inversion potential as a base but with its variation from a cut off radius, 

Rcut, altered to have ^ character. The solid curve is the unaltered result Rcut —• oo, the 

long dashed curve is the result found using Rcut = 1.5 a.u. and the short dashed curve was 

found when R^t = 10 a.u.. Clearly the resultant cross-sections are indistinguishable save 

at the extreme forward scattering angles. The associated phase shift values are shown by 

(continuous) curves in the middle section. All three cases differ at each integer /-value by 

but a few percent from each other. 

The inversion potentials also give total elastic and momentum transfer cross-sections for 

this scattering. The values at each energy are listed in table 2 in units of 1 0 _ 1 6 c m 2 and 

compare closely with those evaluated by Katase et al. [9]. The energy variations of both 

calculated results are very similar to the values obtained by inversion; slightly larger for the 

elastic cross-sections and slightly smaller for the momentum transfer ones. 

All of the results so far presented were obtained by using WKB inversion. At low energies 

that scheme may be less accurate, in which case a fully quantal inversion scheme should be 

considered. As a first example, we analysed the 200 eV electron scattering cross-sections 

from water, and to demonstrate that the procedure is not specific to a single molecule, from 

methane as well. The data from the latter reaction were also more numerous. The two 
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conjugate pole/zero pair values of the fitted S-function used in the fully quanta! scheme 

and for the scattering from methane, are listed at the bottom of table 1. Note that we 

restricted the search to have poles with Re(A) > 1.0 to ensure that the low radial behaviour 

of the inversion potential did not oscillate. Details are given in the appendix. Using the 

resultant potential in the Schrodinger equation, and so determining the scattering cross-

section, gave results that are in excellent agreement with the observations (as were the those 

for scattering of 200 eV electrons from water) and that is displayed in the top section of Fig. 

5. In this case we also made a WKB inversion and found, using this potential, a similarly 

good representation of the data. The pole/zero pair values of the rational S-function for 

this calculation were not restricted and are also given in the bottom section of table 1. The 

fully quantal and WKB inversion potentials are shown by the solid and dashed curves in the 

bottom segment of this diagram. They are also very similar and indicate that the simpler to 

use WKB inversion scheme can be entertained, at least to this energy, for electron scattering 

from small simple molecules. 

The 100 eV data from water cannot be as well represented by either WKB or fully quantal 

inversion calculations so long as the constraint upon the pole/zero pairs to be complex con

jugate (implying that the potential is real) with th? restriction to having just two pole/zero 

pairs is maintained. In any event, the.e remains the question of flux loss. Nonelastic events 

will occur and unless each reaction channel is considered along with the elastic one in a com

plete coupled channels approach, the events leaving the target in an excited configuration 

act as a source of flux loss from the beam. In such a case, the local interaction with which 

elastic scattering is described by a mean field theory, becomes complex; the imaginary com

ponent being absorptive in character. As a consequence, an absorption cross-section exists 

and the total scattering and elastic scattering cross-sections no longer coincide. 

Both inversion schemes considered herein can be ured to obtain complex interactions. 

This occurs by using rational form S-func tions in which the conjugate constraint upon the 

pole/zero pairs has been removed from the data fitting process. By so doing, two pole/zero 

pair S-functions again give excellent fits to data. We consider the 100 and 500 eV cross-
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sections in this way. The fitted parameter values in those cases are shown in table 3. They 

were obtained by starting with random values and allowing a x 2 minimisation search to 

be unconstrained. We did not start with the best conjugate pair values. The fits that 

these free fitted S-functions give to the data are shown in the upper portions of the two 

components of Fig. 6. Shown below them, the data are compared with the results found from 

calculations made with diverse potentials. The solid curves are the results obtained by using 

the (complex) potentials determined with the fully quantal inversion method. The other two 

results were obtained by using the model potentials [9]; the double Yukawa form and the 

folded density one being used to give the results displayed by the long dashed and short 

dashed curves respectively. The differences are marked, as is evident from the comparisons 

given in Fig 7. The real part of the (complex) inversion potentials are stronger than the 

model forms, especially at 100 eV. That is so as the refractive processes must compensate 

for absorptive processes to yield the same elastic scattering. However, the absorption is still 

quite weak; far weaker than one finds for other scattering problems, nuclear scattering for 

example. The potentials have been truncated at small radii as well. The data is just not 

sensitive to the specifics of the potentials below about 0.1 a.u. As a consequence, the WKB 

scheme has utility since its use leads to the (complex) potentials shown in Fig. 8. They 

concur with the fully quantal scheme results and are shown to the small radial limit allowed. 

Finally, the complex interactions lead to absorption cross-sections and in the cases stud

ied, those values are shown in table 4. The total elastic, absorption, total reaction and 

momentum transfer cross-section values are listed therein and are compared with the elas

tic and momentum transfer values specified by Katase et al. [9]. The 100 eV results are 

the most affected although the 500 eV momentum transfer cross-section reveals the largest 

percentage variation. 

We do not claim that the complex interactions we have found are the appropriate ones 

for electron scattering from water. We have shown that the data can be well fitted by such 

interactions and so stress that other physical information must be used to settle upon what 

is the actual representative interaction for this scattering. 
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IV. CONCLUSIONS 

Fixed energy inverse scattering methods have been applied to extract electron-water 

molecule potentials from measured differential cross-sections. Both semiclassical (WKB) 

and fully quantal inversion schemes have been used to ascertain those real, local interactions 

from data taken with incident energies in the range 200 to 1000 eV. Those same methods 

have also been used to ascertain the potential for the elastic scattering of 200 eV electrons 

from CH4. 

The starting point for each of the inverse scattering calculations was a rational function 

representation of the S-function. The pole/zero (complex) pairs of angular momenta were 

determined by fitting the differential cross-section data. Under the constraint that the 

pole/zero pairs all be complex conjugates, and with but a two pole/pair set, excellent fits to 

the data were found. The inversion potentials that result then were purely real functions. 

At the highest energies, those potentials and the associated total elastic and momentum 

transfer cross-sections resemble the results found with model forms of the interaction used 

in direct solution of the Schrodinger equation [9]. 

The derived potentials are smooth, well behaved functions but they are energy dependent, 

especially for energies below 500 eV. That energy dependence can be interpreted as the effect 

of nonlocality in the interaction and, using a Frahn-Lemmer form, we find that the nonlocal 

function based upon an energy of 350 MeV, is also smooth and relatively weak. It closely 

resembles a sum of two Yukawa functions. 

We also analysed the 100 and 500 eV electron-water scattering data allowing the search 

for the rational pole/zero pair values to be unconstrained. Good fits to the data in those 

cases were found but the inversion potentials then became complex. A complex nature to 

the scattering potential is consistent with flux loss in the experiment and leads to absorption 

cross-sections as well. The total elastic and momentum transfer cross-sections then vary 

markedly from the predictions of Katase et al. [9]. 

Much more data is required to resolve questions that these analyses raise. Notably 
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there is the question of just what nonlocality is pertinent in electron-molecule scattering. 

Clearly such effects arise through exchange amplitudes in microscopic model calculations. 

Then there is the problem of just how strong absorption effects should be. Neglect of 

channel coupling and the attendant scattering cross-sections for inelastic events is a reason 

to believe that the purely elastic channel models should use complex interactions. Finally 

we observed that the current data set were not sensitive to the precise polarisation potential 

of the molecules. Altering the potentials from quite small radii to have an ^ behaviour 

(instead of the ^ variation of the inversion potential) made very little change to the fit to 

most of the data. 
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APPENDIX: ASYMPTOTIC BEHAVIOUR OF INVERSION POTENTIALS. 

Both the semiclassical (WKB) and fully quantal (L-F) inversion schemes we hav-_• used 

to obtain the potentials described herein take as input, the rational form of the S-function, 

N I A2 - tf2\ w-a(4)' ,A,) 

with the result that both schemes give potentials that asymptotically vary as ^. 

1. The semiclassical WKB scheme limit 

As r —> oo, the Sabatier variable tends as a —• kr -* oo as well and the quasipotential, 

1 1 Q(a) = 2iE'£ 
=i ly^-on v*2 -« . 

(A2) 
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tends to zero. More specifically, to first, order, 

iE " QM-'-ZZtt-ti} 
7 1 = 1 

constant 
(A3) 

The scale constant is a purely real number if the set {an, /?„} are complex conjugates. Then, 

from the specification of the potential in terms of the quasipotential, it is simple to show 

that 

constant 
K(r) (A4) 

2. The quantal inversion scheme. 

Asymptotic properties of the quantal inversion scheme have been published [7] but are 

given again herein i • slightly more detail. Further, the asymptotic forms for conditions not 

previously considered, i.e. for Re(X) < 1 are given. 

With the rational form of the S-function, Eq. (Al), in the quantal inversion scheme, the 

potential takes the form, (p — kr) 

in ^ - 2 f c 2 d 

U{r) - i — P dP [p -X
Y~l(p)« |A5) 

where the matrix Y has elements 

ynm(p) = i 

<L /( + ) / 

0l-«l 
= i 

&fV\p) , £H?\e) 
1$W + *&1^ 

« - « : 
(A6) 

Therein f[ '(p) are Jost functions which relate to H\ '(p) and H\ (/>), Hankel functions of 

the first and second kind respectively, by 

fi+)<„\-.nL£. ITT 1, 

and 

fr(p) = J'feM-j(*+-2)]H?(p) 

/i"^) = ̂  exp[f (A +\)}H[%) 

(A7) 

(A8) 
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a. Behaviour as r —<• 0 

It is useful to consider the series representation of the Bessel function and its use in the 

Hankel function specifications [14], from which, for each pole/zero value, 

H?\P) p—o sin(A7r) 
( f ) - A , f ( f ) 2 ~ A 

r(-A + i )" r \ r ( -A + > + e 
» ) + (A9) 

-A+ 2) T(A + 

and similarly for H[ '(/)). Note that the essential order of the terms in the curly brackets 

depends on the value of Re(A). 

If Re(A) < 1, then one finds 

H[%) ( § ) " • - A * ( § ) * 
r(-A + i) p->o sin(A^) 

so that 

+ e" r(A + i) + 

0 n-fi)„-0«t(p\ --\l-2^r^e-^t\,-j + 
2/? 

and 

i^ip) q/f}r^^'(f) 2 a + i\ a/ r (-a) , / ,y-
^ 2V) ^/»\f(iS{e-"(f)**-lj— P\ r(a) ^ 

Consequently 

y(p) W'— 2 « e 

Then for the condition *hat Re(/?) < Re(o), 

er**»-e ^ 
2a 

so that 

2/3-2 

This potential oscillates because 

(A10) 

(AH) 

. (A12) 

(A13) 

(^ )^M-^^r - ) . <«<> 
(A15) 
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„2/3-2 _ 2Rt(p-2)ei2Im(0)\ogp 

= p2Re^-2) [ cos(2/m(0) log p) + i sin(2/m(/?) log />) ] . (A16) 

For the condition Re(/3) >Re(a), the same process yields an oscillating potential as well 

with the form 

t,(r, 2 * f e « » " ' ( f ) M . (A17) 
' p-o # - a T(Q) V2/ 

However, if Re(A) > 1, then one finds expansions, 

H{1)(P) p—o sin(Air) 
(!)"> , (f) 

2 - A 

+ r(-A + i) r(-> + 2) + (A18) 

and 

i^(p) '« + l=5($)S 

HL%) -° ^ i - ^ d ) 2 ; ' 
which lead to 

y(p) P-O p(/3 + a) 

l + _°±£ (e.Y 

1 T (a-l)(/3-l) U / 

P-O p(0 + a)[1+ ( / ? - l ) ( a - l ) V2J + 

so that 

a potential that is finite and smoothly varying from the origin. 

(A19) 

(A20) 

(A21) 

(A22) 

b. Behaviour as r -* oo 

IP the limit r —> oo, the Hankel functions have asymtotic form 

18 



and 

tfi2) - t ( p - j i / J T - y i r ) (A24) 

whence the logarithmic derivatives of the Jost functions behave as 

1 
^(0^1-^(^-4) + 

and the matrix elements of Y as 

ynm{p). 1 ~ T ^ ( / 3 n + « m - o ) + 

Consequently, 

- o / ^ - a U " *P2Xn ' ~ m 2' 

W — -JB*-<4)3 + 

(A25) 

(A26) 

(A27) 

For complex conjugate pole/zero pairs, an = /?*, and so U is purely real. Note that the 

corresponding S-function then varies simply for large A as [7] 

sw-i-Btf-<*)» + (A28) 
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FIGURES 

FIG. 1. The differential cross-sections for elastic electron scattering from H2O at diverse en

ergies (top). The (real) phase shifts determined by calculations usii><» the inversion potentials, and 

which give the calculated cross-section results displayed, are shown in the bottom section. 

FIG. 2. The (real) potentials obtained by WKB inversion of the 200 to 500 eV scattering data 

shown in Fig. 1. 

FIG. 3. The Frahn-Lemmer nonlocality function deduced from the 200 to 500 eV inversion 

potentials. The derivatives involved were estimated at 350 eV. 

FIG. 4. The results of analyses of the 1000 eV electron-water scattering cross-section. The 

calculated cross-sections were made using the WKB inversion potential (solid curve) and with 

modifications to have p- behaviour at large radii. The (real) phase shifts that each potential yields 

are shown in the middle section and the inversion potential is compared with a double Yukawa 

model form in the bottom segment. 

FIG. 5. The cross-section for 200 eV electrons elastically scattered from CH4 compared with 

the result found with the fully quantal (real) inversion potential. That potential is compared with 

the WKB result in the bottom segment of this figure. 

FIG. 6. The cross-sections for 500 eV (top) and 100 eV (bottom) electrons scattered off water 

compared with the rational S-function fits, with the results of using the fully quantal (complex) 

inversion potentials (solid curve) and with the two model (real) interactions of Katase et al. 

FIG. 7. The complex potentials found by quantal inversion of the data shown in Fig. 6 with 

the solid and long dashed curves giving the real and imaginary parts respectively. The real model 

interactions are shown also. 

FIG. 8. The complex potentials for 100 and 500 eV e - H2O elastic scattering as defined 

by WKB inversion. The real and imaginary parts are shown by the solid and' dashed curves 

respectively. 
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TABLES 

TABLE I. The poles of the rational form S-functions that fit cross-section data and which are 

associated with real (inversion) potentials (a„ = /?*). 

" i Q 2 

e-H20 real imaginary real imaginary 

1000 eV 1.60829155 3.28575604 0.53465170 0.76808099 

700 eV 1.63356329 2.97362f52 0.62916014 0.78895677 

500 eV 1.51860275 2.63443339 0.62915601 0.78895677 

400 eV 1.52672950 2.81645109 0.78628877 0.71376029 

300 eV 1.41616501 2.51692173 0.77275074 0.67646893 

200 eV 1.24892894 2.76555901 0.87411745 0.62779371 

e-CH4 

200 eV 

(quantal) 2.47321338 3.36016047 1.00000000 0.69847163 

200 eV 

(WKB) 2.54989600 2.91580747 0.81507489 0.60392063 
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TABLE II. The elastic and momentum transfer cross-sections (units 10 1 6 cm 2 ) for electron 

scattering from H20. 

°tl = Ototal "moni 

Energy Katase This Katase This 

1000 eV 0.548 0.608 0.0515 0.0504 

700 eV 0.819 0.893 0.0930 0.0924 

500 eV 1.04 1.103 0.156 0.1540 

400 eV 1.32 1.437 0.208 0.2044 

300 eV 1.56 1.649 0.296 0.2828 

200 eV 2.11 2.229 0.464 0.4201 

TABLE III. The poles/zeroes of the rational form S-functions that fit cross-section data from 

electron scattering from H2O, and with which are associated complex (inversion) potentials. 

On 0n 

n real imaginary real imaginary 

1 1.20712235 0.33417144 2.80217431 -0.263431881 

2 3.02150092 1.33001364 1.03890829 -0.38222030 

1 0.97212999 0.39985415 3.12388397 -0.47514827 

2 2.53465613 2.16370124 0.18162345 -0.98578740 

24 



TABLE IV. Integrated cross-sections (units 10~ 1 6cm 2) corresponding to the complex interac

tion^ __^_ 

<?el Oabs ^total Vmom 

100 ev 

Katase 2.98 - 2.98 1.01 

This 3.30 2.14 5.44 2.98 

500 eV 

Katase 1.04 - 1.04 0.156 

This 1.12 0.69 1.81 0.85 
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