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ABSTRACT 

We investigate the feasibility of using "polarisation 
resonance" as a tool in the determination of absolute 
configuration for asymmetric structures. 

1.Introduction. 

The publication in 1972 of a paper by Skalicky and Malgrange 
(Skalicky and Malgrange, 1972) was a landmark in the study of 
crystal structures by means of dynamic X-ray diffraction. 
Their demonstration of the oscillation between linear or 
alternatively circular polarisation states in conjunction with 
the shorter-period oscillation between direct and diffracted 
beams (momentum states) placed an immediate challenge to 
theoreticians to revise the then-existing X-ray diffraction 
theory based on Maxwell's equations, which by no means made 
their results appear obvious. In particular, the demonstrated 
coupling of two 2-level systems with a group structure 
SU2 X SU2 suggested that more insight could be gained by 
lecasting Maxwell's equations in terms of circular-polarisation 
states. In fact, (at least) two forms of this have been given: 
as a scalar formuluation (Moodie and Wagenfeld, 1975) and more 
recently in complex vector formulation (Opat, 1994) . 

Recently we have been engaged in reworking the 
Skalicky-Malgrange theory in terms of the two (left- and 
right-handed), <r+, <r~, circular polarisation states for 3-beam 
conditions. The reflection process, of a <r beam scattering 
from a plane, resulting in an elliptical state which 
decomposes into cr+ and a" states of different amplitudes, is 
shown schematically in Fig. 1, and the corresponding 
scattering diagram, in the form of two 3-beam states is shown 
in Fig.2. Here the <r and <r~ states are shown as black and 
white discs respectively. The corresponding M-matrix of 
structure factors, from which a corresponding S-matrix is 
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computed, i s then: 
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where the V and V~ terms are scattering paths within the a 
and <r~ states respectively, and the V ",v" terms are 
scattering paths between those states. The V s here are in 
units 1 and to avoid confusion we refer to them in terms of 
their 2-beam extinction length:V = 2n/T (with T_2_=72nm for Si) 
The results obtained from the corresponding S-matrix, with 
which in the usual manner phase-averaged (phase-independent) 
calculations were made, and for which the effect of the 
average potential ( V000 ) and average propagation K. are 
factored out (an approximation known in quantum optics as the 
"rotating wave approximation") prompted us to look at the 
likelyhood of circular polarisation resonance in X-ray 
diffraction occuring experimentally when chiral structures 
were examined. What we are looking for here is the X-ray 
equivalent of the visible-optics phenomenon of critical total 
reflection or total transmission of <r+ or cr" states from 
aligned liquid crystals (de Gennes 1974), but with 
diffraction. Since dynamic X-ray diffraction, unlike electron 
diffraction, is restricted to simultaneous 3 or 4 beam cases 
in any one reciprocal lattice plane, this would be the only 
feasible way of extending dynamic interaction. Furthermore 
extending interaction into the 3rd. dimension (normal to the 
beam) opens the possiblity of absolute configuration 
determination of asymmetric structures in 3 dimensions. 
This conceived phenomenon we call "polarisation resonance." 
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2. Polarisation Resonance. 

Polarisation resonance will be expected to occur when the 
X-ray wavelength approaches the length of the structural 
spiral in the direction of propagation, and is of the same 
hand. More explicitly, for a 3-fold screw axis, this will 
occur when 

nA + A/3 = c/3, 
giving 

A = c/(3n+l). (2) 
This latter condition gives us a degree of flexibility in 

choice of wavelength and for example, a-quartz has a c-axis of 
5.405 A, but we may use A = 0.5405 A, the value for n = 3. 

In order to compute this phenomenon the "rotating 
wave approximation" must be abandonded in favour of a 
phase-dependent calculation, in which the relative phases of 
right- and left-handed (cr ,<r~) terms, shown in Fig.l 
as ± C , are computed progressively with propagation through 
the lattice. In setting up such a computation using the 
scattering matrix formulation in forward-scattering 
(low-angle-scattering-approximation) form, some intially 
unexpected problems arise due to the incorporation of 
phase-dependent scattering terms as off-diagonal elements. The 
expression, consisting in this instance of two coupled 3 x 3 
matrices representing the 3-beam interaction in left and right 
hand rotating waves respectively, unlike the equivalent 
phase-independent case, is no longer analytically soluble. 
This does not prevent numerical evaluation, but the matrices 
are fundamentally non-Hermitian when chirality is involved, 
and special techniques for evaluation are needed. 

3. Dynamic Requirements for the observation of 

Polarisation Resonance. 

In the following discussion we will refer to the 3-beam 
scattering diagram, which we have already incorporated into the 
2-level diagram of Fig.2. In this representation points 
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(discs) represent momentum states and connecting paths 
represent scattering probabilites (Fig.3). Here these "states" 
are diffracted beams and the probabilities are kinematic 
scattering factors in appropriate units. In this diagram the 
scattering planes are normal to the paths. Generally then all 
these paths are allowed (finite structure factors exist). We 
access any particular 3-beam interaction by rotating the 
crystal with respect to the incident beam. Two cases of 
interest are: (a) the symmetrical case where all three paths 
have equal weight and the scattering diagram is an equilateral 
triangle (e.g. the [111]-zone 220 triangle for Silicon), and 
(b) a non-symmetrical case of an isosceles triangle which 
would allow one of the paths to be of greater or less 
probability than the others.: e.g. the [001]-zone 110 triangle 
(and also the 220 triangle) for a single layer (1/3 unit cell) 
of a-quartz. 

The unit cell of a handed structure such as a-quartz can 
usefully be "sliced" into units, normal to the c-axis, each 
containing an SiO_ unit (Fig.4). The multi-slice formalism 
(Goodman and Moodie, 1974) can now be used taking each such 
slice as a phase-grating unit. Effectively we construct an 
S-matrix, derived from the appropriate M-matrix Tor each 
slice, and propagate the diffracted beams between slices. 

In order to obtain polarisation resonance certain 
requirements must be met. These relate to the choice of 
condition (b) for 3-beam illumination, and the condition of 
eqn 2, so that the rotating wave remains in phase with a 
structural unit during propagation through the crystal. 

The computation scheme used is shown in terms of 
scattering diagrams in Fig.5, for an idealised case of 
condition (b) , with scattering paths 1,0,0 cycling as 1,0,0; 
0,1,0; 0,0,1; 1,0,0; etc., along Z. This is an approximation 
to the a-quartz 220 diagram mentioned above. 

4. Results. 

Fig. 6 shows the normal results, without polarisation 
resonance, for the [111]-zone of Silicon, with simultaneous 
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excitation of 2-20 and -202 reflections. Here we see the 
Skalicky-Malgrange-type oscillation between a and cr~ states. 
The calculation is of the "phase-independent" type usually 
used, and is well behaved without absorption terms. 

The phase-dependent calculations in contrast cannot be 
carried to any great depth by the iterative scheme due to the 
non-Hermitian nature of the M- and S-matrices already alluded 
to. Nevertheless we present here calculation to a depth of 1/4 
of the 2-beam intensity extinction distance for this idealised 
handed structure. 

These results are given in Table 1. "Circular 
dichroism", (in a phase, not an absorption usage) in the form 
of different outputs for separate <r+ and <r~ inputs, can be 
readilly observed: the reduction in the central beam is 
greater, and the intensities of diffracted beams of the same 
hand is also greater when a radiation is used with the 
right-handed structure. A similar, less pronounced effect at 
this depth is found using the {220} a-quartz structure factor 
values, the present simple model being used in preliminary 
testing of procedures. 

5. Extension to a Full Calculation. 

The early die-off of the iterative slice-by-slice method 
arises as a consequence of the non-H character of the matrices 
involved. Since this character is in keeping with the 
physics of chiral scattering (i.e. the break-down of 
transverse reciprocity) , this is no', a barrier to further 
evaluation. Practically, calculation may be carried out to 
greater thickness by use of the transfer matrix, itself 
prepared by multi-slice to a limited depth. The main 
advantage with this method is its predictability. Being self 
normalising, the procedure could be viewed as a multi-block 
procedure, which exploits the translational symmetry of the 
crystal in the Z direction. This procedure however requires 
extensive reprograming which is currently being researched. 
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Further Application and Consequences. 

The most obvious field of application would appear to be 
in organic and biological structures. 3-beam refinement of 
of protein structures has in fact already been started 
(Hummer, Schweegle and Weckert, 1992) . The crystallographic 
possibilities for the current project of exploiting 
polarisation resonance however could include study of 
synthetic proteins which only approximately fit a 
crystallographic space group, and have an overall chirallity 
of a non-crystallographic kind (e.g. the synthetic polypeptide 
(Pro-Pro-Gly) 0 , with a non-crystallographic 7-fold helix and 
an approximate space-group P2 2.2 • Okuyama, Okuyama, Arnott 
Takayanagi and Kakudo, 1981) . 

Details of the present computational process, and 
analysis of the general computational problems encountered, 
will be given in a future publication. 
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TABLE 1 
Input Beam No.1 (cr ) (arrowed) . 

Beam Number Hand Intensity 
1 + cr 0.695 
2 + cr 0.205 
3 + 0.205 
4 <r" 0.58 X 10" 4 

5 cr 0.29 X 10" 3 

6 cr 0.29 X l-"3 

Input Beam No.3 (cr ) (arrowed) . 
Beam Number 

1 
2 
3 
4 
5 
6 

Hand Intensity 
+ cr 0.299 X 10" 3 

+ 0.902 X 10" 3 

+ cr 0.902 X 10~ 3 

a 0.931 
cr 0.121 
cr 0.121 

TABLE 1 
Results of calculations made with \ = 0.5405 A using the 
3-slice scheme illustrated in Fig. 5 and a V i J term 
corresponding to a 25jim. amplitude extinction length. The 
intensities for beams numbered according to Fig.2 are 
tabulated for a final thickness of 3.4 microns. 
Input beams for cr+ and <r" states are arrowed. 
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FIGURE CAPTIONS 
FIG.l. Schematic diagram showing initial and final states 
after reflection of a <r beam from a crystallographic plane: 
Right hand side: Incident beam shown at phase angle <-
Left hand side: Far left: elliptical state after reflection,-
Near left: Decomposition into two circular states a and a~ of 
unequal amplitude and equal but opposite signed phases £',-£'. 

Fig.2. Scattering diagram in which the two polarisation 
states are shown as black and white circles respectively. The 
diagram shows the 3-dimensional form of a wedge, each face of 
which has cross-link paths connecting black-white states of 
different momentum e.g. l->5. 

Fig.3. Scattering diagram for a symmetrical 3-beam 
interaction in which the momentum states are black circles, 
and the reflecting planes normal to the paths are indicated 
as I,II,III. 

Fig.4. Diagram of o-quartz structure (levo-rotary form) 
showing separate molecular units 1, 2, 3, of SiO-, at 
successive heights in the structure. 

Fig.5. Series of scattering diagrams for the isosceles 
triangle case of 3-beam interaction when one path is stronger 
than the remaining two. 

Fig.6. Plots of the a , a~ beams in a calculation from the Si 
-220,2-20 3-beam triangle, made according to the scheme of Fig.2 

(a) : the right-handed a* states, for equivalent {220} 
beams 2 and 3, and for the 000 beam (beam 1). 

(b) : the left-handed c"states from the same calculation 
(beams 4,5 and 6). Vertical units are normalised intensity; 
horizontal units are in rnrns. of depth. 
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