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Abstract 

A semiclassical (WKB) method within fixed energy inverse scattering the

ory has been used to analyse the differential cross section from the elastic 

scattering of 1449 MeV 1 2 C ions off of 2 0 8 P b . Excellent, statistically signif

icant, fits to the experimental data have been found using a Mclntyre form 

for the scattering function but with diverse sets of parameter values. Inver

sion of those scattering functions resulted in interaction potentials for this 

system that are also quite diverse. The inversion potentials vary markedly 

within the sensitive radial regions. In addition, conventional optical model 

potentials have been obtained with which direct solution of the Schrodinger 

equations result in similar excellent fits to the data. It is shown that these 

large ambiguities in the potentials are due, in the main, to the limited angular 

range of the cross-section data and although the corresponding cross-section 

shapes beyond the measured scattering angle rang' vary over many orders of 
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magnitude, it is unlikely that experiments can be made sensitive enough to 

select from among them because those cross sections are so small. 
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I. INTRODUCTION 

In recent years, fixed energy inverse scattering methods [1-6] have proven a most success

ful means of analysing experimental elastic scattering data [7-12]. The aim of such methods 

is to determine the effective local interaction acting between colliding nuclear ions starting 

from a set of S-functions that have been obtained by fitting differential cross-section data. 

The resultant potentials are phase equivalent to the underlying microscopic (and nonlocal) 

interactions. Fully quanta! inversion calculations can and have been m^dc [13], but as the 

semiclassical WKB inversion scheme [14] has been found [4,12,14] to be both stable and 

accurate in defining smooth potentials to small radii, that is the approach used herein. The 

approximation limits are not breached for the reaction to be studied and the simplicity of 

the WKB method commends it. 

In heavy ion scattering, many partial waves are involved and the accepted S-functions 

generally follow smooth trends with angular momentum, /, whence strong absorption model 

(SAM) parametrisations of those S-functions are very useful. In addition, it has been found 

that amongst the strong absorption models, the five parameter Mclntyre form [15] pro

vides the best fits to elastic scattering data at a variety of energies [16]. Thus we have 

used Mclntyre S-functions to fit the 1449 MeV 1 2 C - 2 0 8 P b differential cross section, in order 

to investigate the ambiguities involved in the two stage process with which local scatter

ing potentials are obtained from cross-section data by an inverse scattering method. The 

intermediate step involves the S-matrix, Si, (or equivalently, the scattering phase shifts, 

Si = j-AnSi ), i-e. 

*($) —» 6, —» V(r) . (1) 

That there are phase shift ambiguities in fitting differential cross-section data is well known. 

In particular, fixed energy, cross-section data are limited by scattering angle to span a finite 

range of momentum transfer and so there must be ambiguities in any set of Si values obtained 

by fitting those data. It is feasible to extract the actual scattering amplitude, f(6), from 
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the cross section, | / (0 ) | 2 , but only if that cross section is known at all scattering angles 

and if unitarity is preserved [17]. Even then there are numerical difficulties to extract the 

phase variation of the scattering amplitudes [18]. But with nuclear scattering, rarely, if ever, 

is a cross section measured (effectively) over all scattering angles, and in most cases there 

are many open nonelastic channels that can be accounted for only by invoking complex 

scattering potentials. Thereby unitarity is lost. Ambiguities in defining the S-functions 

(phase shifts) are to be expected, and such is the case from our analyses of 1449 MeV 1 2 C -
2 0 8 P b scattering. Specifically we have found several equivalent fits to the given data set, all of 

which have similar statistical significance in that each fit gave a similar (good) value of the x 2 

per degree of freedom, x*/F; an unexpected result given that the simple Mclntyre S-function 

involves but five parameters. The diverse behaviour of the corresponding inversion potentials 

in the strong absorption region shows that ambiguities, existing within an apparently narrow 

class of potentials, can have a decisive influence on conclusions about the physics involved. 

But the iterated direct methods of fitting, which assume potential shapes with param

eters varied to minimize x 2/-^? a l s o a r e ambiguous. The phenomenological form of optical 

potentials many have used to fit heavy ion cross-section data are quite diverse. In the case 

of 1449 MeV 1 2 C scattering from 2 0 8 P b , we have found that there are at least two quite dif

ferent sets of parameters defining optical potentials with a Woods-Saxon shape with which 

direct solution of the Schrodinger equations give excellent fits to the measured data. 

It is obvious though that optical model fits to data (known as local iterated direct 

methods of analysis in inverse scattering theory [7]) cannot be less ambiguous than the global 

inversion ones. With global inversion methods, in principle, all of the possible ambiguities in 

going from the phase shifts (S-functions) to the potentials are revealed [7,19]. In contrast, 

optical model potential fit procedures are such that existing ambiguities can be overlooked 

easily. Imposing severe constraints on the potential shape may reduce uncertainties, but 

often with a considerable loss of accuracy in the fit to the data. In the present case, strong 

shape constraints upon the optical model potential, i.e. by assuming a Woods-Saxon form, 

still allow large ambiguities but with fits that remain of high quality. Unfortunately, the 
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theory for the step in which the S-matrix is determined from the cross-section data when 

the scattering is known to require complex potentials, is still rudimentary and it is not 

possible to extract all of the possible ambiguities associated with this step in a well defined 

procedure. Usually, this problem is aggravated by the incompleteness of the data. As will 

be shown here, this is the major source of ambiguities in the case of the 1 2 C on 2 0 8 P b data 

at 1449 MeV. 

The details of the inversion calculations are presented briefly in section II, the results 

and discussion in section III, and the concluding comments in section IV. 

II. THE SEMICLASSICAL (WKB) INVERSION METHOD 

As a full discussion of the semiclassical (WKB) method for fixed energy inversion studies 

has been presented previously [4,12,14], only the salient points are given herein. In this 

approach, with ro being the classical turning radius and K(X,r) being the local momentum 

through the interaction region, scattering phase shift functions defined by 

6(X) = A^ - kr0 + fV(A,r ' ) - *) ir> , (2) 
I JrQ 

are used to specify the 'classical' deflection function, 

0(A) = 2 ^ * ( A ) , (3) 

from which, via an Abel integral transformation, one can find the quasipotential 

In classical scattering theory the deflection function and quasipotential are real due to the 

unitarity of the S-function. However, in heavy ion scattering the S-function is generally non-

unitary and leads to complex functions for the deflection function and quasipotential. The 

scattering potential is determined from that quasipotential via the Sabatier transformation, 

by 



VWfl(r) = E [l - e ( ^ ) ] (5) 

so long as the there is a 1:1 correspondence between r and a from the transcendental equation 

r = i a e W ) . (6) 
k 

This relationship is valid if, for the actual potential, 

1 dV 
* > V ( r ) + - r - ; (7) 

a condition that E exceeds E„\nt (the energy at which 'orbiting' occurs) . The integral form 

of the quasipotential is solved easily if one has a rational function representation of 5(A), 

namely 

as then one finds 

IL r 1 i l 
(9) Q{a) = 2iE J2 

n=l yp^n y/** ~ 01 

However, practical applications require a background or reference S-function, 5(0)(A), to 

be combined with a rational S-function to fit data, so that interest lies in determining the 

potential associated with the modified S-function of rational form 

5 m o d(A) = 5 e x p(A)/5 ( 0)(A) (10) 

where 

5exp = 5 n u d 5 c r u j (A) (11) 

and 

«•<*>" $ T $ f r "2) 

The background scattering function 5(o)(A) is defined by the phase shift function 



2S{0)(X) = v\n(X2 + X2

e) (13) 

in which Ac is a cut-off parameter. In our calculations, that cut-off is set to the value 

of 3IJ where 17 is the Sommerfeld (Coulomb) parameter. Inversion of S(o)(A) can be done 

classically and that gives, very accurately, a quasi-Coulomb potential, V(o)(r)> s o defined 

because it varies as r - 1 for large radii. 

With the inverted potentials, VJnod(r) and V(0)(r), defined one has the specification 

Vexp(r) = Vmod(r) + V(o)(r) = V n u c l(r) + ^ ( r ) , (14) 

wherein the Coulomb potential, V^ ( r ) , often is taken to be that of charged sphere of radius 

Re, namely 

V&OO = 2.,/r , r > R., (15) 

= ^ ( 3 - £ j ) , r < R . . (16) 

The Coulomb radius Re is the sum of those of the colliding pair. Therewith, the nuclear 

potential is given by 

Vn u c,(r) = Vmod(r) + V ( 0 )(r) - Vjj* (r) . (17) 

The main task of the inversion procedure is then to find the set of complex zero/pole 

pairs {a n ,/? n} that map 5mod(A) into the rational form of Eq. (8). Once they have been 

determined, it is straightforward to evaluate the corresponding potential via WKB inversion. 

III. RESULTS AND DISCUSSION 

The Mclntyre (five parameter) model [15] for the S-function is a particularly useful one 

with which to analyse the 1449 MeV elastic scattering of 1 2 C off of 2 0 8 Pb [20], and we 

consider the specific form, 

5 ( A ) « i , ( A ) e x p ^ - W s S r ( A ) . (18) 
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Therein, the magnitude, 17(A), and (real) phase, 6nvci(\), describe mainly the effect of the 

nuclear interaction and are given by 

r,(X) = 

and 

ps-or • l + e x p l ^ l l . (19) 

*nuc/(A) = H mr • l + « x p - ^ • (20) 

Parameter values obtained by fitting the 1 2 C- 2 0 8 Pb scattering data are shown in Table I. The 

table is divided into four columns, each identified by the x 2/-F value obtained from the fit 

made to the experimental cross-section data with the Mclntyre S-function specified by the 

parameter values listed. Clearly, using these four parameter sets lead to equivalent, excellent 

fits to the data; and ones that are of high statistical significance. But the actual S-functions 

are very dfferent. This is illustrated in Fig. 1 in which the modulus and phase of the 

S-functions for 1 2 C- 2 0 8 Pb scattering are shown. Note that the phase shifts are continuous 

functions of A, but are given herein in the modulus it convention to facilitate comparisons 

of the quite different forms. The solid line portrays the S-function corresponding to the 

X 2/F=0.96 fit, the dashed line the x 2/F=0.99 fit, the dotted line the x 2/F=0.97 fit, and 

the dash-dotted line the \2/F=1.05 fit. While all the |S| results display approximately the 

same angular momentum variation, the x 2/F=1.05 result is clearly dependent on a much 

larger set of partial waves than the others. This should manifest itself in a larger sensitive 

radial region in the corresponding inversion potential. The nuclear phases are shown in 

the bottom panel of Fig. 1 and it is evident that there are significant variations. These 

differences are reflected in the associated inversion potentials. 

For each of the Mclntyre functions specified by the parameter values listed in Table I, a 

set of complex zero/pole pairs {o n , fin} was found to map it to a corresponding rational form 

S-function. With these sets of values, {a n , /? n }, the associated quasipotentials Q(cr) were 

be calculated, and by solving the transcendental equation, Eq. (6), the nuclear inversion 

potentials at the correct radial points were deduced. This set of potentials we designate 
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hereafter as the Mclntyre class of inversion potentials. In all cases, direct solutions were 

made of the Schrodinger equations containing the inversion potentials, and the input S-

functions were reproduced. 

The nuclear inversion potentials for 1 2 C- 2 ° 8 Pb scattering are shown in Fig. 2. The 

top panels show the real and imaginary potentials over the entire radial range. The curve 

identification is as given for the discussion of Fig. 1. In the bottom panel, enlarged sections 

of these potentials are given to emphasize their variation through the sensitive radial region 

(around 9.5 fm for this reaction). All of the real potentials display the short ranged repulsion 

that is typical of strong absorption parametrisations. However, both the range and strength 

of the potentials in the sensitive radial region vary considerably. The enhancements (of 

the real potentials) given in the bottom section, show distinctly the significant differences 

of these potentials; differences that reflect in the variations of the S-functions that were 

displayed in Fig. 1. This is less evident in the plots of the imaginary parts of the inversion 

potentials, but it is interesting to compare the relative strengths of the absorptive character 

of these potentials. In Table II, the strengths of the real potentials, V(r), and the ratios 

of the real to imaginary potentials, (V(r)/W(r)), are displayed at three radii around the 

strong absorption radius (approximately 9.5 fm.). Since the lg parameter differs for each 

result, the individual strong absorption radii are also slightly different. There is a wide 

variation in the real potential strengths at the selected radii and the ratios (of the real and 

imaginary potentials) increase with radius for the \2/F=0.99 and the \2/F=0.97 potentials 

but decrease for the x2/F=(\.9& and x 2 / ^ = l - 0 5 results. Clearly then, even within the 

Mclntyre class of inversion potentials, there are ambiguities in defining the best potential 

to fit differential cross-section data, and to emphasise that, we bhow the differential cross 

sections for 1 2 C- 2 0 8 Pb scattering obtained by each calculation in comparison with the data 

in Fig. 3. The solid line corresponds to the x 3 /^=0.96 fit, the dashed line the x 2 /^=0.99 

fit. The x2IF'=0.97 and x7IF=\.0b fits are not displayed as the results lie within the curves 

shown. 

But there are ambiguities also in the optical model fits to these heavy ion collision data 
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even with strong restrictions placed upon the potentials shapes; restrictions which may 

have little or no theoretical foundation. It is well known that phenomenological optical 

potentials have approximately phase equivalent parameterisations [21]. Almost from the 

earliest use, the 'V72 2 + " ambiguity of nucleon-nucleus interactions was noted, and for heavy 

ion collisions, there has been a debate as to whether the optical potentials should be deep or 

shallow [22]. With the 1 2 C - 2 0 8 P b scattering reaction considered, we have been able to find 

two parameter sets of a phenomenological optical potential of a Woods-Saxon shape, 

I r — TnA$ \ 
1 + exp Vom(r)= V0 

+iWt 1 + exp + Vco„i(rc,r) (21) 

with which quality fits to the data were obtained. The Coulomb interaction was that between 

a point projectile interacting with a charged sphere, with a radius the sum of the two ion 

radii. The cross sections that result are indistinguishable from those presented previously 

in Fig. 3 and are characterised by x2/F values of 1.02 and 0.99 for calculations in which 

the parameter sets 1 and 2 were used respectively. Those two sets of parameter values are 

listed in table IV and the two phenomenological potentials defined by them are compared 

in Fig. 4 with two of the inversion results. The inversion potentials shown therein are those 

with which are associated the x2/F fit values of 0.96 and 0.99 and are displayed by the solid 

and long dashed curves respectively. The phenomenological potentials are shown by the 

small dashed and dotted curves for the set 1 and set 2 parameterisations respectively. The 

complete radial variation of these potentials are given in the top panels of Fig. 4 from which 

it is clear that the two phenomenological interactions are quite different from the inversion 

ones. The differences between the two optical model potentials are similar in size to those 

between the two inversion potentials shown. Differences remain even when comparison is 

made through the sensitive radial region as well, as is displayed in the bottom panels of 

Fig. 4. In the sensitive radial region, the real parts of the phenomenological potentials lie 

halfway between the real parts of th^ two inversion results. Specific values and ratios of the 
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optical model potentials at select radii are listed in the bottom section of Table II. 

The 5-functions associated with the two phenomenological optical model potentials are 

compared in Fig. 5 with those of the two Mclntyre functions used to find the inversion 

potentials with which those optical potentials were compared in Fig. 4. Only the most 

important angular momentum range is displayed. The moduli are compared in the top 

segment and the phases, in radians, in the bottom segment. The optical model results 

are shown by the dash-dot and dotted curves for the set 1 and set 2 cases while the 0.96 

and 0.99 Mclntyre fit functions are displayed by the solid and dashed curves respectively. 

The differences are as noticeable as are those in the corresponding potentials through the 

sensitive radial region. 

Finally, in Fig. 6, the differential cross sections for all of the 5-functions considered are 

shown for all scattering angles to 20 degrees, a range far beyond that of the available data. 

In the top panel of Fig. 6, the cross sections found using the four Mclntyre 5-function 

are compared with the data (displayed therein by th_ large dots). The notation is as used 

with Fig. 1. In the bottom panel, the two optical model and two Mclntyre results are 

shown with the notation being that used in the discussion of Fig. 5. From these diagram 

it is evident that the ambiguity in all of the potentials is due mainly to the limited nature 

of the available data set. Although calculated results found using each of the inversion 

potentials fit the measured data equally well, they differ dramatically at larger scattering 

angles. Clearly measured data to larger scattering angles would differentiate between the set 

of four potentials if one of them should fit the extended data set. However it is interesting 

to see that it would require measurements accurate up to five orders of magnitude (out 

to eight degrees) to distinguish between the potential associated with the cross section 

portrayed by the dotted curve in the top panel of Fig. 6 and the other three inversion 

potentials, which might just be feasible given recent experimental results from heavy ion 

scattering [23]. However if the three other potentials would correctly predict such new data 

(a variation in the cross section over seven orders) that data would not yet clearly distinguish 

between them. Of course it is possible, and even likely, that data measured down to eight 
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degrees, would eliminate all four potentials. However even in that case, it is still probable 

that we could produce another set of potentials all fitted over the extended range and still 

different beyond it in such a manner that only measurements requiring highly unrealistic 

variation of the cross section of seven to ten orders orders of magnitude would be able to 

eliminate some or ?11 of them. Additional physical input would be required to discriminate 

between such potentials. Similar statements are true in large measure when one compares 

the phenomenological optical model potential results with those of the (two) inversions as 

is done in the bottom segment of the figure. 

IV. CONCLUSIONS 

Fixed energy inverse scattering methods have been applied to extract 1 2 C- 2 0 8 Pb inversion 

potentials from measured differential cross sections. A semiclassical (WKB) inversion scheme 

was used to ascertain those complex, local interactions for the data taken at 1449 MeV. The 

first step in the procedure was to fit the differential cross-section data with a Mclntyre form 

for the S-function. Several excellent fits were found with x2/F « 1. Then each Mclntyre 

S-function was mapped into a rational function representation with which the inversion was 

performed. The derived inversion potentials are smooth, well behaved functions that exhibit 

the repulsion in the real part of the potential at short distances that is characteristic of the 

SAM parametrisation. But in the sensitive radial region, there are marked differences in the 

strengths of the respective real and imaginary potentials. Also the details of the shapes of 

these potentials are rather different and, given the equivalent fits to data with which each is 

associated, such variation is a measure of ambiguities in defining the nuclear part of heavy 

ion optical potentials based upon most currently available data. 

The ambiguities have been shown to be associated with large relative differences in 

the cross section beyond the angular range of measurements. Discriminating between these 

potentials would require accurate measurements over seven to ten orders of magnitude in the 

cross section, which is beyond reasonable expectations. But whatever improved, extended 

12 



data set could be found, and even if that eliminated all of the potentials specified herein, 

we believe that ambiguities in the analysis, and as discussed, will remain. 

What is particularly serious are the marked differences even in the sensitive radial region 

of the potentials, which severely diminishes the hope that an increased angular range of 

measurements corresponds to an improved determination of the potential at shorter distances 

only, i.e. without affecting knowledge of the longer range attributes. This is a consequence 

not of the WKB inversion from Si to V(r), where this expectation is indeed valid, but is due 

to the ambiguities in the step from a(0) to Si. 

We conclude that these results obtained by means of inverse scattering methods highlight 

the crucial importance of making more extensive and detailed measurements of cross-section 

data and of using additional physical input, before a deeper understanding can be made of 

heavy ion collisions, especially as even potential fitting with very prescribed potential shapes 

has also been shown to be ambiguous. Theoretical model calculations can only alleviate this 

problem if they produce data fits of sufficiently high accuracy. The usual low quality fits 

to the data do not provide a statistically meaningful confirmation of such a theory. If the 

theoretical model fits would be sufficiently accurate, they can indeed be used to regularize 

the potentials obtained via a highly accurate inversion and thereby reduce the ambiguities. 

Not only the data but also the theoretical models must be improved considerably in the 

future if further progress is to be made. 
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FIGURES 

FIG. 1. The modulus (top) and phase (bottom) of the SAM (Mclntyre) S-functions for 
1 2 C- 2 0 8 Pb scattering. The solid line is the S-function corresponding to the x 2 /^=0.96 fit, the 

dashed line the x 2 / f=0.99 fit, the dotted line the \2/f=0.97 fit, and the dash-dotted line the 

X2/F=1.05 fit. 

FIG. 2. The nuclear inversion potentials for 1 2 C- 2 0 8 Pb scattering. The top panel shows the 

real potentials and their large radii enhancements, and the bottom panels show the same for the 

imaginary potentials. In both cases, the solid line is the inversion potential corresponding to the 

X2/F=0.96 fit, the dashed line the x 2 /^=0.99 fit, the dotted line the x 2 /*=0.97 fit, and the 

dash-dotted line the x 2 / f=1.05 fit. 

FIG. 3. The differential cross section for 1 2 C- 2 0 8 Pb scattering. The solid line corresponds to 

the \2/F=0M fit, the dashed line the x2/F=0.99 fit. A dotted line and a dash-dotted line to show 

the x 2/^=0.97 and the x2/F=1.05 fits respectively are not shown herein as they lie underneath 

the oher two. 

FIG. 4. Phenomenological optical model potentials for 1 2 C- 2 0 8 Pb scattering shown by the small 

dashed and dotted curves compared with two of the inversion ones. Specifications are given in the 

text. 

FIG. 5. The S-functions, moduli (top) and phases (bottom) associated with the the two phe

nomenological optical model potentials and the two inversion potentials that were compared in 

Fig. 4. The notation is as used in Fig. 4. 

FIG. 6. Differential cross sections for 1449 MeV I 2 C- 2 0 8 Pb scattering shown to 20° scattering 

angle. The top panel compares the four cross sections calculated by using the four Mclntyre 

S-functions from which the Mclntyre class of inversion potentials were obtained. The bottom 

panel shows the phenomenological optical model potential results compared with those of the two 

inversion cases for which the potentials and 5-functions were shown in Figs. 4 and 5 respectively. 
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TABLES 

TABLE I. Mclntyre parameter values for "C-^Pb scattering at 1449 MeV. 

X 2 49.98 51.99 50.52 54.96 

X2/F 0.96 0.99 0.97 1.05 

/, 266.0866 254.0594 243.7636 265.1409 

A 23.9960 22.7359 35.4605 20.9022 

H 129.8788 20.6823 26.8814 373.0035 

/,. 207.7669 291.8400 281.5130 170.1953 

A' 20.1926 30.9586 38.8767 26.3444 

TABLE II. Potential strengths, V, and ratios, V/W at R = 9.0, 9.5 and 10.0 fm. 

9.0 fm 9.5 fm 10.0 fm 

X2/F V (MeV) V/W (MeV) V (MeV) V/W (MeV) V (MeV) V/W (MeV) 

0.96 -11.25 0.78 -6.49 0.59 -3.53 0.45 

0.99 -3.97 0.32 -3.92 0.45 -3.75 0.66 

0.97 -4.50 0.60 -4.33 0.76 -4.04 0.96 

1.05 -11.66 0.72 -7.22 0.60 -4.34 0.53 

1.02(opt) 

O.99(opt) 

-5.45 

-7.04 

0.35 

0.43 

-4.21 

-5.03 

0.37 

0.42 

-3.24 

-3.60 

0.42 

0.45 

TABLE III. Phencpenological Optical Model Potential Parameters 

V0 fo ao Wo r; aj rc 

Set 1 

Set 2 

286.950 

221.986 

0.187 

0.492 

1.893 

1.451 

24.150 

28.970 

1.147 0.754 

1.124 0.790 

1.3 

1.3 

17 



1.0 -

0.5 -

1.0 -

0 

-1.0 -

F ; , . < 



600 

0 

-10 -

-20 

j£ 

Real 

' i i 

10 12 14 10 
Radius (fm.) 

ffv% 



JD/.D •/• 

F/'o, 3 



Im
ag

in
ar

y 

1 

1; ^ ^ ^ > 

_ CN 

- 00 

- ^ 

_ v j 

_ CM 

__ O 

O 
in 

in 
i 

0) 
D 
T3 a a: 

(A9W) (A9W) 

fylf. 



1 I ' ' S . , * ' / 
/ -V / 

' V / 

0.6 _ S(\) / f/ 

/ .$/ 
/ w 

0.4 / /y 
* /f 

/jf 
0.2 

s' y/ 
' ' ' ' J * * 5 * * ' ^ * ' 

7 - ' ^ ^ ^ * ' ' * 
^ > " 

| 1 1 1 

'""•• "x \ 
\ \ \ 

\ \ \ 

0.6 \ \ \ Phase (radians) 

v\ 
\ \ 

0.4 
\ 

- * % « v . w\. 
0.2 \ N - -

>v ***••» 

\^^a: 
1 i i i 

200 220 240 260 280 

Fi<\. S \ 



* • •> 

2 10l 

10'8h 

0 

v\ r-

10 15 20 

a r) (deg) 
cm. 

% ^ 


