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Abstract 

A semiclassical (WKB) method within fixed energy inverse scattering the

ory has been used to analyse the differential cross section from the elastic 

scattering of 1449 MeV 1 2 C ions off of 2 0 8 P b . Excellent, statistically signifi

cant, fits to the experimental data have been found using a Mclntyre form for 

the scattering function but with diverse sets of parameter values. Inversion 

of those scattering functions resulted in interaction potentials for this system 

that are also quite diverse. The inversion potentials vary significantly in their 

absorption components within the sensitive radial regions. 
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I. INTRODUCTION 

In recent years, fixed energy inverse scattering methods [1-6] have proven a most suc

cessful means of analysing experimental elastic scattering data [7-12]. The aim of such 

methods is to determine the local interaction acting between colliding nuclear ions starting 

from a set of S-functions that have been obtained by fitting differential cross section data. 

The resultant potentials are phase equivalent to the underlying microscopic (and nonlocal) 

interactions. Fully quantal inversion calculations can and have been made [13], but as the 

semiclassical WKB inversion scheme [14] has been found [4,12,14] to be both stable and 

accurate in defining smooth potentials to small radii, that is the approach used herein. The 

approximation limits are not breached for the reaction to be studied and the simplicity of 

the WKB method commends it. 

In heavy ion scattering, many partial waves are involved and the accepted S-functions 

generally follow smooth trends with angular momentum, /, whence strong absorption model 

(SAM) parametrisations of those S-functions are very useful. In addition, it has been found 

that amongst the strong absorption models, the five parameter Mclntyre form [15] provides 

the best fits to elastic scattering data at a variety of energies [16]. Thus we have used 

Mclntyre S-functions to fit the 1449 MeV 1 2 C - 2 0 8 P b differential cross section, in order to 

investigate the ambiguities involved in the two stage process with which local scattering 

potentials ?,re obtained from cross section data by an inverse scattering method. The inter

mediary step involves the S-function, Si{k), (or equivalently, the phase shifts for scattering, 

6,(k) = ±lnS,(k) ), i.e. 

*(9) — 6(1) —» V(r) . (1) 

That there are phase shift ambiguities in fitting differential cross section data is well known. 

In particular, fixed energy, cross section data are limited by scattering angle to span a finite 

range of momentum transfer and so there must be ambiguities in any set of Si(k) values 

obtained by fitting those data. It is feasible to extract the actual scattering amplitude, 
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f(9), from the cross section, | / (# ) | 2 , but only if the cross section is known at all scattering 

angles and if unitarity is preserved [17]. But with nuclear scattering, rarely, if ever, is 

a cross section measured (effectively) over all scattering angles, and in most cases there 

mre any nonelastic open channels that can only be accounted for by invoking complex 

scattering potentials. Thereby unitarity is lost. Ambiguities in defining the S-functions 

(phase shifts) are to be expected, and such is the case from our analyses of 1449 MeV 
1 2 C - 2 0 8 P b scattering. Specifically we have found several equivalent fits to the given data 

set, all of which have similar statistical significance in that each fit gave a similar (good) 

value of the x 2 per degree of freedom, x2/F. That was an unexpected result given that 

the simple Mclntyre S-function involves but five parameters. The diverse behaviour of the 

corresponding inversion potentials in the strong absorption region, shows that ambiguities 

existing within an apparently narrow class of potentials, can have a decisive influence on 

conclusions about the Physics involved. 

The details of the inversion calculations are presented briefly in section II, the results 

and discussion in section III, and the concluding comments in section IV. 

II. THE SEMICLASSICAL (WKB) INVERSION METHOD 

As a full discussion of the semiclassical (WKB) method for fixed energy inversion studies 

has been presented previously [4,12,14], only the salient points are given herein. In this 

approach, with r 0 being the classical turning radius and Ki(r) being the local momentum 

through the interaction region, scattering phase shifts defined by 

**(') = (' + \)\ ~ kro + j H W ) " *) dr' , (2) 

are used to specify the 'classical' deflection function, 

0(A) = 2±6k{\) , (3) 

from which, via an Abel integral transformation, one can find the quasipotential 
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In classical scattering theory the deflection function and quasipotential are real due to the 

unitarity of the S-function. However, in heavy ion scattering the S-function is generally non-

unitary and leads to complex functions for the deflection function and quasipotential. The 

scattering potential is determined from that quasipotential via the Sabatier transformation, 

bv 

VwKB{r) = E 1 .(^y (5) 

so long as the there is a 1:1 correspondence between r and a from the transcendental equation 

(6) 
1 {9L2l\ 

T = —<7e\ 2 E I 

This relationship is valid if, for the actual potential, 

£>V(r)+lr^i (7) 

a condition that E exceeds E0Tbit (the energy at which 'orbiting' occurs) . The integral form 

of the quasipotentiai is solved easily if one has a rational function representation of 5(A), 

namely 

Sk{\) -S(S3)' (8) 

as then one finds 

N 
Q(a) = 2iE £ (9) 

However, practical applications require a background or reference S-function, 5(0)(A), to 

be combined with a rational S-function to fit data, so that interest lie? in determining the 

potential associated with the modified S-function of rational form 

5m„d(A) = 5 e x p(A)/5 ( 0 )(A) 
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where 

5 e x p = 5 n u c i 5c

p

0t,nt(A) (11) 

and 

The background scattering function S(o)(A) is defined by the phase shift function 

26(0) = 7,ln(A2 + X2

e) (13) 

in which Ac is a cut-off parameter. In our calculations, that cut-off is set to the value of 

3?/ where r\ is the Sommerfeld (Coulomb) parameter for the scattering case in question. 

Inversion of S(o)(A) can be done classically and that gives, very accurately, a quasi-Coulomb 

potential, V(o)(r); so defined because it varies as r _ 1 for large radii. 

With the inverted potentials, K„od(r) and V(o)(r), defined one has the specification 

Kxp(r) = Vmod(r) + V (0,(r) = Vnxici(r) + V£ui(r) , (14) 

wherein the Coulomb potential, V^j(r), often is taken to be that of charged sphere of radius 

Re, namely 

VJS(r) = 2*/r , r>R«, (15) 

Re Re = i r ( 3 - ? n ) > r < R - ( 1 6 ) 

The Coulomb radius Rc is the sum of those of the colliding pair. Therewith, the nuclear 

potential is given by 

Vnvdir) = Vmod(r) + V (0 )(r) - V™,(r) . (17) 

The main task of the WKB procedure is then to find the set of complex zero/pole 

pairs {an, /?„} that map 5mod(A) into the rational form of Eq. (8). Once they have been 

determined, it is straightforward to evaluate the corresponding inversion potential. 



III. RESULTS AND DISCUSSION 

The Mclntyre (five parameter) model [15] for the S-function is a particularly useful one 

with which to analyse the 1449 MeV elastic scattering of 1 2 C off of 2 0 8 P b [18], and we 

consider the specific form, 

5(A) = ^(AJexp2"—<A> S^Z'W • (18) 

Therein, the magnitude, ?;(A), and (real) phase, 6nuci(X), describe mainly the effect of the 

nuclear interaction and are given by 

- l 

(19) 

and 
- l 

(20) 

Parameter values obtained by fitting the 1 2 C - 2 0 8 P b scattering data are shown in Table I. The 

table is divided into four columns, each identified by the x2/F value obtained from the fit 

made to the experimental cross section data with the Mcintyre S-function specified by the 

parameter values listed. Clearly, using these four parameter sets lead to equivalent, excellent 

fits to the data; and ones that are statistically significant. But the actual S-functions are 

very different. This is illustrated in Fig. 1 in which the modulus and phase of the S-functions 

for 1 2 C - 2 0 8 P b scattering are shown. The solid line portrays the S-function corresponding to 

the x 2 / ^ = 0 . 9 6 fit, the dashed line the x 2/ .F=0.99 fit, the dotted line the x 2 / ^=0 .97 fit, 

and the dash-dotted line the \2/F=1.05 fit. While all the |S| results display approximately 

the same angular momentum variation, the x2/F—1.05 result is clearly dependent on a 

much larger set of partial waves than the others. This should manifest in a larger sensitive 

radial region in the corresponding inversion potential. The nuclear phases are shown in the 

bottom panel of Fig. 1 and it is evident that there are two distinct variation types, with the 

X 2 /F=0.96 and the x 2 / ^ = 1 0 5 forming one group and the x 2 / ^ = 0 . 9 9 and the x 2 / i r =0.97 

the other. These differences will be reflected also in the associated inversion potentials. 
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For each of the Mclntyre functions specified by the parameter values in table 1, a set 

of complex zero/pole pairs {a n , /? n } was found to map it to a corresponding rational form 

S-function. Those zero/pole pair values are given in Table II. The values are all large in size 

since strong absorption ensures that we may neglect low /-values in mapping the Mclntyre 

S-functions (the low /-value phase shifts do not contribute to the cross section calculations 

with any significance). With t! se sets of values, { a n , / ? n } , the associated quasipotentials 

Q((T) were be calculated, and by solving the transcendental equation, Eq. (6), the nuclear 

inversion potentials at the correct radial points were deduced. This set of potentials we 

designate hereafter as the Mclntyre class of inversion potentials. In all cases, direct solutions 

were made of the Schrodinger equations containing the inversion potentials, and the input 

S-functions were reproduced. 

The nuclear inversion potentials for 1 2 C - 2 0 8 P b scattering are shown in Fig. 2. The 

top panels show the real and imaginary potentials over the entire radial range. The curve 

identification is as given for the discussion of Fig. 1. In the bottom panel, enlarged sections 

of these potentials are given to emphasise their variation through the sensitive radial region 

(around 9.5 fm. for this reaction). All of the real potentials display the short ranged 

repulsion that is typical of strong absorption parametrisations. However, both the range and 

strength of the potentials in the sensitive radial region vary considerably. The enhancements 

(of the real potentials) given in the bottom section, show two distinct groupings of these 

potentials; groupings that are coincident with the S-function behaviour displayed in Fig. 1. 

This is less evident in the plots of the imaginary parts of the inversion potentials, but it is 

interesting to compare the relative strengths of the absorptive character of these potentials. 

In Table III, the strengths of the real potentials, V(r), and the ratios of the real to imaginary 

potentials, {V(r)/W(r)), are displayed at three radii around the strong absorption radius 

(approximately 9.5 fm.). Since the lg parameter differs for each result, the individual strong 

absorption radii are also slightly different. There is a wide variation in the real potential 

strengths at the selected radii and the ratios (of the real and imaginary potentials) increase 

with radius for the x 2 / ^ = ° " and the \ 2 /F=0.97 potentials but decrease for the x2/F=0.96 
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and \2/F=l.05 results. Clearly then, within the Mclntyre class of inversion potentials, there 

are ambiguities in defining the best potential to fit differential cross section data, and to 

emphasise that, we show the differential cross sections for 1 2 C - 2 0 8 P b scattering obtained by 

each calculation in comparison with the data in Fig. 3. The solid line corresponds to the 

\ 2 / F = 0 . 9 6 fit, the dashed line the x 2 / ^=0-99 fit. The X

2 / F = 0 . 9 7 and x 2 /F=1 .05 fits are 

not displayed as the results lie within the curves shown. 

IV. CONCLUSIONS 

Fixed energy inverse scattering methods have been applied to extract 1 2 C - 2 0 8 P b inversion 

potentials from measured differential cross sections. A semiclassical (WKB) inversion scheme 

was used to ascertain those complex, local interactions for the data taken at 1449 MeV. The 

first step in the procedure was to fit the differential cross section data with a Mclntyre form 

for the S-function. Several excellent fits were found with x2/F * 1- Then each Mclntyre 

S-function was mapped into a rational function representation with which the inversion 

was performed. The derived inversion potentials are smooth, well behaved functions that 

exhibit the repulsion in the real part of the potentials that is characteristic of the SAM 

parametrisation. But in the sensitive radial region, there are marked differences in the 

strengths of the respective real and imaginary potentials. Also the details of the shapes of 

these potentials are rather different and, given the equivalent fits to data with which each is 

associated, such variation is a measure of ambiguities in defining the nuclear part of heavy 

ion optical potentials based upon most currently available data. 

Thus, even within a class of potentials predicated upon the Mclntyre parametrisation of 

the SAM, there are significant ambiguities in identifying a suitable S-function to represent 

the data. These differences manifest themselves in inversion potentials that have diverse be

haviour in the sensitive radial region. The results found using the inverse scattering methods 

highlight the crucial importance of making more extensive and accurate measurements of 

cross section data before a much further understanding can be made of heavy ion collisions. 
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FIGURES 

FIG. 1. The modulus (top) and phase (bottom) of the SAM (Mclntyre) S-functions for 
1 2 C- 2 0 8 Pb scattering. The solid line is the S-function corresponding to the \ 2 / / = 0 . 9 6 fit, the 

dashed line the \2/F=Q.99 fit, the dotted line the \2/F=0.97 fit, and the dash-dotted line the 

X2/F=\.Qb fit. 

FIG. 2. The nuclear inversion potentials for 1 2 C- 2 0 8 Pb Scattering. The top panel shows the 

real potentials and their large radii enhancements, and the bottom panels show the same for the 

imaginary potentials. In both cases, the solid line is the inversion potential corresponding to the 

X2/F=0.96 fit, the dashed line the x2/.F=0.99 fit, the dotted line the x 2/F=0.97 fit, and the 

dash-dotted line the \2/F=1.0b fit. 

FIG. 3. The differential cross section for 1 2 C - 2 0 8 P b scattering. The solid line corresponds to 

the x 2 /^=0.96 fit, the dashed line the x 2 / /=0 .99 fit. A dotted line and a dash-dotted line to show 

the \2/F=0.97 and the \7/F=l.0b fits respectively are not shown herein as they lie underneath 

the oher two. 
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TABLES 

TABLE I. Mclntyre parameter values for "C-^Pb scattering at 1449 MeV. 

x 2 49.98 51.99 50.52 54.% 

X2/F 0.96 0.99 0.97 1.05 

/, 266.0866 254.0594 243.7636 265.1409 

A 23.9960 22.7359 35.4605 20.9022 

H 129.8788 20.6823 26.8814 373.0035 

lg. 207.7669 291.8400 281.5130 170.1953 

A' 20.1926 30.9586 38.8767 26.3444 
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TABLE II. Poles an and zeros 3n of the rational representation of the S-function. A cutoff of 

Ac = 21.15 has been chosen f<-r the Coulomb background S-function. 

Q n /3 n 
X2/F n real imaginary real imaginary 

1 161.8720 -286.0805 147.7078 86.6964 

2 213.9776 -80.3064 58.6554 64.3389 

3 265.8787 -72.8184 232.3001 62.1181 

0.96 4 45.7783 -16.3274 35.0*10 19.7631 

5 202.2996 41.8833 45.1051 -17.4619 

6 221.3612 45.8646 200.0888 -43.4657 

7 260.8501 74.2415 216.6148 -44.3936 

8 179.5834 274.0438 81.7483 -83.0407 

1 203.1907 -259.4993 122.9655 169.5501 

2 296.4146 -110.0704 292.2207 109.6776 

3 253.7904 -71.2965 43.7134 106.5467 

0.99 4 23.6252 -17.5605 22.8285 36.0132 

5 -23.5546 -392.8597 25.3254 13.3718 

6 254.1625 71.2655 293.4577 -88.2623 

7 292.3606 87.1824 39.3400 -100.2004 

8 257.1079 230.3253 120.3584 -156.9430 

1 130.3347 -378.7209 119.5218 196.5559 

2 286.5432 -142.1001 290.8795 140.8379 

3 241.7783 -112.3852 21.7274 74.8878 

0.97 4 23.5032 -18.9110 32.1183 37.1445 

5 -201.5955 -297.3550 27.1957 13.6807 

6 27.0147 46.0156 283.6136 -107.4961 

7 284.3554 108.6300 21.3990 -130.4301 
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8 246.8805 111.1872 123.5141 -235.6607 

1 57.8062 -240.5030 248.6360 93.2241 

2 142.0832 -156.5139 92.5937 61.3830 

3 202.3005 -132.5368 48.6745 41.7338 

1.05 4 265.3656 -65.1443 33.4345 14.2590 

5 50.1912 -46.3306 -89.2904 70.7527 

6 172.0001 40.1816 161.9141 -38.6641 

7 152.3009 43.9025 180.5579 -39.4598 

8 191.4786 46.0916 55.2486 -40.0024 

TABLE III. Potential strengths, V, and ratios, V/W, at R = 9.0, 9.5 and 10.0 fm. 

9.0 fm 9.5 fm 10.0 fm 

X2/F V (MeV) V/W (MeV) V (MeV) V/W (MeV) V (MeV) V/W (MeV) 

0.96 -11.25 0.78 -6.49 0.59 -3.53 0.45 

0.99 -3.97 0.32 -3.92 0.45 -3.75 0.66 

0.97 -4.50 0.60 -4.33 0.76 -4.04 0.96 

1.05 -11.66 0.72 -7.22 0.60 -4.34 0.53 
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