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Abstract 

Scattering amplitudes are extracted from (elastic scattering) differential cross 

sections under the constraint that the scattering function is unitary. A modi

fication to the Newton iteration method has been used to solve the nonlinear 

equation that specifies the phase of the scattering amplitude in terms of the 

complete (0 to 180°) cross section. The approach is tested by using it to 

specify the scattering amplitude from simulated data and comparing the re

sult with the amplitude found by using an exact iterated fixed point method 

of solution. The (modified) Newton method was then used to analyse the 

cross sections from neutron-alpha particle scattering at low nuclear energies 

(< 24MeV) and from 1000 eV electron-water molecule scattering. 
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I. INTRODUCTION 

It is a common consideration, and one that is often the basic input to analyses of more 

complex quantal reactions, that the interaction between two quantum particles is defined by 

a local, spherically symmetric, potential. If any effects of the (nonzero) spin of those particles 

are ignored, the measureable associated with elastic scattering of them is the differential cross 

section which can be specified as the modulus squared of the (complex) scattering amplitude. 

If the energy regime is such that only the elastic channel of scattering is physically possible, 

then the scattering potential is a real quantity (no flux loss or production) and the elastic 

scattering amplitude by itself must satisfy a unitarity constraint. With that constraint, the 

phase of the scattering amplitude can be specified in terms of the measured differential cross 

section [1-4], provided that cross section has been measured at all scattering angles. 

Extraction of the scattering amplitudes from data is of interest as such is the first step in 

application of inverse scattering theories to define an interaction potential between two collid

ing quantum particles. Such analyses are quite distinct from 'direct' solutions of Schrodinger 

equations in which postulates about that interaction are made at the very outset. Inverse 

scattering theories of the Lipperheide-Fiedeldey type [5], and with which a range of quantal 

scattering phenomena have been analysed recently [6-8], usually require that the scattering 

function, S(X), be defined for all values of angular momentum in the complex plane. But 

measured data will only reflect upon the values of that function at select discrete, real values 

of A. Interpolation and extrapolation must then be made and diverse ambiguities are a re

sult, e.g. window and layered ambiguities [9]. Nevertheless, there can be serious ambiguities 

even in the initial step of defining the S matrix from measured data as noted recently [8] 

with analyses of heavy ion scattering although that study was for scattering described by a 

strong absorption model and so the S-functions were not unitary. In this paper, we consider 

cases for which the unitarity constraint can be applied to give scattering functions from 

cross sections. 
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II . UNITARITY AND THE SCATTERING AMPLITUDE 

Elastic scattering of two quantal (spinless) particles in a scattering plane (0, <j> = 0), can 

be specified by the scattering amplitude, 

/(*) = \A{py«9). (i) 

in terms of which the differential cross section is given by 

da/dil = \f(6)\2 = ±\A(0)\2 . (2) 

To analyse this measureable quantity, both the direct and inverse methods of analysis work 

with the scattering functions, 5(A), whose values at the discrete real values of the angular 

momentum variable, (A = / + ^ for / = 0,1,2 • • •), also define the scattering amplitude by 

/(*)=4f;(2'+i)[s,-i]p,(0), (3) 

where 

Si - 1 = e2iS' -\=ik I* f{9) P,(e) sin(0)<W , (4) 
Jo 

identifies the phase shifts, Si. 

For most nuclear scattering phenomena, those phase shifts are complex, reflecting that 

the scattering potential is also complex to allow for a flux loss from the incident beam. 

By that means one accounts for nonelastic reaction processes which have not been treated 

exactly in the scattering theory employed. Thereby unitarity of the scattering function is 

lost. But there are circumstances, notably with atomic and molecular systems for which 

any such flux loss is negligible whence the scattering functions are modulo one and the 

phase shifts and potentials are purely real. In such circumstances, the unitarity relation of 

quantum scattering theory provides a connection between, or a constraint on, the strength 

A(6) and phase ip{0) of the scattering amplitude. But while it is clear that 
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it is not obvious that the phase of the scattering amplitude can be determined once the 

cross section is given even for all scattering angles. However, Buck [4] has shown that the 

generalised unitarity theorem which follows from flux conservation leads to the constraint, 

A(0) sin[p{0)] 

= 7- 1^ r A(0')A(0")cos[<p(0') - y{0")\ sm(O')d0'd<f>' , (6) 
47T JO JO 

which is a nonlinear two dimensional integral equation for the phase function <p(0). Therein, 

the angles 0", 0', and 0 are related by 

cos(0") = cos(0') cos(0) + sin(0') sin(0) cos(«/ - <j>) . (7) 

Newton [1] made the transformation 

x = cos(0) ; y = cos(0') ; z = cos(0") (8) 

and obtained the integral equation, 

• , , n . xx _ / f A{y)A{z)cos[p{y)-if{z)\ 

wherein the region of integration is the interior of an ellipse. But this transformation makes 

the integrand a product of functions of y and z separately and places the singularity of the 

integrand at the boundary. 

Thus, with the cross section, and therefore the modulus of the scattering amplitude, A(0), 

known for all physical scattering angles, solution of Eq.(9) offers the specification of the phase 

function, <p{0), to within a phase addition of any integer number of 2ir or of a transformation 

7T — <p(0). Therewith the phase shifts and S functions can be determined exactly by the 

Legendre integrals (Eq.(4)); layered and window ambiguities etc. notwithstanding [9]. 

III. METHODS OF SOLUTION OF THE PHASE EQUATION 

Solution of Eq.(9), or its equivalent, have been sought and in diverse ways. Most are iter

ation schemes [1-3] predicated upon an existence condition. Those authors have shown also 



that the solutions are unique and stable provided a validity criterion is met. In particular, 

it was proved [1-3], that if the positive function 

M(x) = J JH(x,y,z)dydz, (10) 

where 

( X , y ' >~ 2wA(x)(l-x*-y*-z* + 2xyzyi* ' K ' 

is uniformly bounded by 0.79, and so specifying a domain, D, the operator 

T[tp] = nn-1(JjH(x,y,z)coS[<p(y)-<p(z)}dydz} , (12) 

is a contraction mapping and solution of Eq.(9) equates to that of a fixed point problem, 

tp = Tip. Further, the contraction mapping principle proves the existence and uniqueness of 

a solution and leads to a feasible construction method for that solution which will then lie 

in the range 

(1 - 0.79 2 ) 1 / 2 M(x) < s\n{<p(x)) < M{x) . (13) 

But as we shall see, physical circumstances do not always meet the domain criteria. 

A. Exact solution — iterated fixed point methods 

Details of such approaches, along with proofs of theorems and lemmas concerning the 

existence, uniqueness etc. of the solutions, have been given previously [1-3] and so will not 

be repeated herein. It suffices to note that [2] the sequence of iteration <pn(q) —• <pn+\(q) 

where <pn+i(q) is a solution of Eq.(9) when the kernel of the integral involves <pn(q) and 

starting with <po(<l) = 0, converges to an unique solution with a definable bound in the error 

pertaining to the Nth iterate. In application though we have found difficulties with this 

fixed point approach. Notably, the boundedness condition (domain D) was not met, and 

by quite an appreciable amount, and stable solutions were not found by using an iterative 

fixed point method. 



Thus we turned to an approximate scheme to find the scattering amplitude phase function 

at all angles; a version of which has been used previously by Atkinson et al. [10] imposing 

a condition of cos(0) analyticity and with the imaginary part of the scattering amplitude 

taken to be the unknown function. 

B. A Modified Newton Method 

Consider an operator F acting on functions <p according to 

F[p) = sm(tp{x)) - J J H(x,y,z)cos{<p(y) - <p{z)} dy dz , (14) 

so that solving Eq.(9) is equivalent to finding the root of F. Newton's method is distinguished 

from others by the fact that it requires the evaluation of both JP and the Frechet derivative 

of F which provides the direction to the root. That Frechet derivative is given by 

F*v(h) = cos(V(x))A(x) + J J H(x,y,z)sm[<p(y) - <p(z))(h(y) - h(z)) dy dz 

= cos(tp{x))h(x) + 2 J (JH(x,y,z) sin[p(y) - ¥>(*)l<fc) h(y)dy , (15) 

and is a bounded linear operator. Then, if one can solve the linear functional equation for 

V n + 1 , 

^ ( < m ^ n + i - ^ n ) = o, (i6) 

and the sequence y>n converges, then its limit is easily shown to be a solution of F((p) = 0. 

Eq.(16) is in fact the linear integral equation, 

cos(<pn(x)) h(x) + 2 J (f H(x,y,z)sin[<pn(y) - <pn(z)]dz) h{y) dy 

= J (J H(x> J'z) «»[Vn(y) - <Pn(z)] dy) dz - sin(vjn(x)) , (17) 

where 

M*) = * n + , ( z ) - * > " ( * ) • (18) 
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Thus, instead of solving Eq.(9) directly, we solve Eq.(17) iteratively. But if the integral (over 

y) is approximated by means of a quadrature formula with weights Wj, Eq.(17) reduces to a 

linear system of equations with the matrix form 

M*k = F (19) 

where 

M(i,j) = cos(v?„(x,)) + Wjj2H{xi,yj, z) sinfo.fy,-) - <pn(z)]dz . (20) 

Therein, when cosy>(x,) —* 0, the diagonal element A/(»,t) is very small. Solution by matrix 

methods can then be problematic. The convergence will be slow at the very least in those 

regions. Also care must be taken because of the singular nature of the integrand at the 

boundary. In evaluating M(\,j) {x = — 1), we have used 

lim / 2H(x, y, z) sin[y?„(y) - ipn{z)]dz 
X—— 1 J 

1 A(y)A(-y) sm[<pn(v) - <pn(-y)} , (21) 
4-1) 

while in evaluating M(i, l)(y = — 1), 

lim / 2H(x, y, z) sin[yj„(y) - fn{z)]dz 

= -^A(-l)A(-x) s i n ^ - l ) - * . ( -«)] , (22) 

has been used. Finally, the region of integration in the right hand side of Eq.(17) is the 

interior of the ellipse and the integrand is singular at the boundary. Numerical evaluation 

of such usually results in poor accuracy. It is desirable then to remove the singularity and 

to make the region of integration rectangular. That can be effected by the transformation 

to a new set of integrating variables, {R,0}, defined by 

y = v T T J P I ^ 1 ^ 8in((?) + ^ - = ^ cos(0)j = y/T=lP sin(0 + 0O) , 

z = v/TT/P ( J ^ i f s ; n (0) _ JlzJ. C O S ( 0 ) J = y/T^W sin(0 - 0o) (23) 
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IV. RESULTS OF APPLICATIONS 

Our first application of both the fixed point (exact) and modified Newton methods of 

defining phase functions was with simulated data. We considered three non zero real phase 

shifts, Si, namely S0 = 20°, 6\ = 10° and 62 — 3°, and with them formed the sums that 

gave the differential cross section. That we chose to be our 'data'. Note also then that we 

could determine tp(0 = 0°) by using the optical theorem. With the initial function being a 

constant, <fo(x) = <p(l) = 0.199, both iteration methods give results that converge to the 

same solution and from which the three starting phase shifts are reproduced. Those solutions 

for <p(x) ranged in value from 0.199 to 1.2 with the maximum of sin(y>) being 0.932; a value 

that is outside of the domain D (sin(y>) < 0.79). The results are displayed in Fig. 1 as 

functions of cos(0). In the top panel, the validity condition function, A/(cos(0)), defined 

by Eq. (10) is shown. Clearly it exceeds the domain limit of 0.79 for a range of negative 

values of cos(0). In that range, there is a possible problem then in implementing the exact 

iteration method of solution. Indeed that is shown in the middle panel wherein the results of 

the first, second, third and last (ninth) iteration in a version of the exact process are shown. 

Starting with the constant value (of 0.199) the successive iterates of the phase function are 

displayed by the small dashed, the dot-dashed, the long dashed and the solid curves for the 

first, second, third and ninth iteration respectively. In the first iteration the results in the 

suspect range were undefined (sin(yj) > 1) so a constant value of \ was taken for <pi therein. 

The following iterations then were all definable and the end result is in very good agreement 

with the modified Newton method one. The modified Newton iterations gave the results 

shown in the bottom panel of Fig. 1 with the dashed and solid curves representing the phase 

function found after the first and third (last) iteration. With the modified Newton method 

there are no regions in which iterations are not defined, but of course the uniqueness is not 

proven. 

The first real data that we treated with these methods was from low energy neutron-alpha 

(n — a) scattering. Specifically we studied the cross sections taken at energies of 14.9MeV, 
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16.4MeV, 20.0MeV and 23.7MeV [11]. These energies lie below the first reaction threshold of 

the (n — a) system so that we may analyse the data in terms of a purely real interaction. The 

experimental data has small oscillations in shape and those we treat as nonstatistical errors. 

Those features are evident in Fig. 2 wherein the empirical values are compared with the 

results of our analyses, i.e. against the cross sections calculated using the phase shifts found 

from the Legendre integrals of the extracted scattering amplitudes. Clearly the agreement 

is good but the process required some input additional to the measured data values. 

To make a study of the (n — or) scattering, first we had to minimise the effect of the 

nonstatistical features of tlk. data. This we achieved by using the generalized cross-validation 

method [12] to smooth the actual data prior to use in our study. Further, the experimental 

data has not been measured at all scattering angles and so an extrapolation was necessary. 

Assuming that only six phase shifts would be necessary to fit the data, specified values 

for them were found from a best match to the (smoothed) data. Those phase shift values 

were used to specify the differential cross section values OUTSIDE of the measured range. 

Finally, to give values at scattering angles between measured points, interpolation upon the 

experimental data had to be made. Having done so, both the exact and modified Newton 

methods were tried. With both methods, we choose the initial function, ipo(x), to be the 

constant v?(l) given by the pseudo set of phase shifts and the optical theorem. 

The exact method of solution did not give a convergent result. In part this may be due to 

the data not providing a satisfactory validity condition function. That function is shown in 

Fig. 3 for three of the energies of the n — a set and for the 1000 eV electron-water molecule 

scattering example (to be discussed later). The 14.9 MeV, 16.0 MeV and 23.7 MeV (n -a) 

functions are shown by solid, small dash and long dash curves that peak near cos(0) = —0.4. 

The electron-water result is the other solid curve. Clearly these results exceed the bound 

0.79 almost everywhere and by a considerable amount. 

With the modified Newton method, we chose y>0 to be a straight line in cos(0) with 

intercepts of 1 and 5 for y?o(l) and v?o(—1) respectively. At all four energies the method gave 

convergent results for the phase functions after 4 iterations. The averages of F(<p) (over all 
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scattering angles) were 0.0070, 0.0011, 0.0034 and 0.0012 for each energy in sequence, and 

the resultant phase shift (fourth iterate) functions are shown in the top of Fig. 4 Therein 

the dotted curve gives the 20.0 MeV result, the other curves being the results for energies 

as per the labelling for Fig. 3. In the bottorr panel of Fig. 4, the initial guess (straight line), 

the first iterate (small dash), the second iterate (long dash) and the final result (solid) for 

the 23.7 MeV analysis are shown. From these phase shift functions, the complete scattering 

amplitudes were formed. Legendre integrations of them gave the phase shifts that are given 

in Table I, and which were used to specify the cross section curves displayed previously in 

Fig- 2. 

Although we had no success in using the fixed point method, we were able to implement 

a modified "ersion of the exact scheme by using a fixed result for the phase functions in the 

range of scattering angles greater than some critical value, 0C. Then the fixed point method 

did give convergent results in the forward angle region. In the n — a scattering cases, this 

critical angle was 53°, and by using the Newton results for larger angles then the iteration 

(fixed point) scheme converged upon the Newton result for the smaller scattering angles. 

More iterations with the modified Newton method were required to analyse the electron-

water molecule scattering cross section. This reflects the larger number of partial waves 

that give significant effects in this scattering of 1000 eV electrons, since the kinematics then 

involve a much larger wave number, than for the case of 20 MeV neutrons scattering off 

of an alpha particle. Again the data [13] had to be extrapolated and interpolated. In this 

case we extrapolated the cross section (below ~ 5° and above ~ 130°) by using the cross 

sections associated with an inversion potential [7], The validity condition function for this 

case was shown in Fig. 3. It exceeds the 0,79 bound almost everywhere too. Consequently, 

again, only with the modified Newton method could we find a stable result. With the initial 

function v?o set to a constant, viz. <fio{x) = v ( l ) = 0.187, iteration with that method gave 

the results that are shown in the top section of Fig. 5. Therein the starting value, the first, 

second and final (tenth) iterate are displayed by the constant solid, the small dash, the large 

dash and the continuous curves respectively. Further, after 10 iterations, the average of 
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F(y?) was 0.002. The phase shifts were then obtained from the scattering amplitude by the 

Legendre integrals and the values for / < 15 are listed in Table II. Using them the cross 

section displayed by the dashed curve in the bottom section of Fig. 5 results. With the first 

25 partial wave phase shifts used however, the smoother, better fit to data result shown by 

the continuous curvo was obtained. With this reaction, we were able to adapt the exact 

scheme to work under a critical angle constraint as was done for the n—a study, but in this 

case the critical angle is quite small, 26° in fact. The values of the extracted phase shifts 

are in very good agreement (to within a few percent) of those found recently [7] by fitting 

the data with s rational form for the S-function prior to using an inverse scattering theory. 

The Legendre integrated results fall off for larger /—values much more rapidly thandoes the 

fitted rational function set. 

V. CONCLUSIONS 

Unitarity infers a constraint condition that relates the phase of the elastic scattering am

plitude to its magnitude as functions of the scattering angle. Therewith the phase function 

can be specified but only if the cross section is known for all scattering angles. The result is 

a nonlinear, two dimensional integral equation which has the form of a fixed point problem, 

and for which there is an unique, convergent iterate solution provided that a validity condi

tion is satisfied by the integral kernel. For the actual scattering cases considered herein, that 

condition was not met. Thus we used a modified version of the Newton method of solution 

to extract scattering amplitudes from low energy neutron-alpha paricle elastic scattering 

cross sections and from those of 1000 eV electrons off of water molecules. Unlike the exact 

fixed-point methods, the modified Newton method we have used herein does not guarantee 

global uniqueness of the solution. Nevertheless, as far as we could show numerically, the 

exact and modified Newton methods do converge to the same phase functions when the 

exact methods are constrained to give solutions only below a critical scattering angle. We 

assess thereby, that the modified Newton method affords a quick way to define candidate 
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scattering amplitudes from data, per the unitarity constraint, for use as the starting values 

in inverse scattering theory studies and the like. 
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FIGURES 

FIG. 1. The results of analyses of the simulated data. The validity condition function, 

M(cos(0)), is shown in the top panel. The first, second, third and ninth (last) iterate solutions 

of the fixed point method are shown in the middle panel by the small dashed, the dot-dashed, 

the long dashed and solid curves respectively. The first and third (last) iterate solutions of the 

modified Newton method are given in the bottom section and are displayed therein by the dashed 

and solid curves respectively. 

FIG. 2. The measured differential cross section data from the elastic scattering of 14.9, 16.4, 

20.0 and 23.7 MeV neutrons from alpha particles compared with the results found by using the 

modified Newton method to specify the scattering amplitudes. The 14.9 MeV results have been 

enhanced by a factor of 30, the 16.4 MeV results by factor of 10 and the 20.0 MeV results by a 

factor of 5 to facilitate comparisons. 

FIG. 3. The validity condition function, M(cos(0)), for the 14.9,16.4 and 23.7 MeV n-a cross 

sections displayed by the similarly shaped, solid, small dashed and long dashed curves respectively. 

The result for the 1000 eV electron-water scattering is shown herein as well and it is displayed by 

the uniquely shaped solid curve. 

FIG. 4. The phase shift functions found by the modified Newton method for all four energies 

of n - a scattering (top section) and diverse iterates in the 23.7 MeV case (bottom section). In 

the top section, the solid, small dashed, dotted and long dashed curves display the results for the 

14.9, 16.4, 20.0 and 23.7 MeV calculations respectively. In the bottom section, the small dashed, 

long dashed and solid curves represent the first, second and last iterate solutions for the 23.7 MeV 

reaction. 
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FIG. 5. The iteration results of the modified Newton method applied to the data from the 

elastic scattering of 1000 eV electrons from water molecules. Various iterate results for the phase 

function are shown in the top panel. The starting value and the first, second and final (tenth) 

iterate are displayed by the constant solid, small dashed, large dashed and continuous curves 

respectively. In the bottom panel, the differential cross section data are compared with the results 

of cross sections calculated using the first 16 and 25 partial wave phase shifts found from Legendre 

integrations of the scattering amplitude. The calculations are displayed by the dashed and solid 

curves respectively. 
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TABLES 

TABLE I. Phase shift values from the analysis of n - a scattering data 

En (MeV) *o (deg) *i (deg) 2̂ (deg) *3 (deg) *4 (deg) 

14.9 104.52 67.63 16.37 6.23 0 

16.4 105.77 81.53 20.67 7.01 1.93 

20.0 99.8 77.90 18.03 5.5 1.23 

23.7 99.3 73.74 17.27 4.28 3.03 

TABLE II. 

data. 

Phase shift values from the analysis of 1000 eV electron-water molecule scattering 

1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

*'deg) 102.7 60.6 39.3 28.8 21.6 16.2 12.0 9.07 6.95 5.58 4.63 4.05 3.49 2.91 2.46 1.98 
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