
UM-P-94/09 • 

Au <VH4-aa7 

INTERFEROMETRY WITH PARTICLES OF NON-ZERO REST MASS: 
TOPOLOGICAL EXPERIMENTS 

Geoffrey I. Opat 

School of Physics 
The University of Melbourne 
Parkville, Victoria 3052 
Australia 

These lectures deal with two main topics. Firstly, interferometry 
as a space-time process is described, together with its topology in 
space-time. Starting from this viewpoint, a convenient unified 
formalism for the phase shifts which arise in particle interferometry 
is developed. This formalism is based on a covariant form of 
Hamilton's action principle and Lagrange's equations of motion. It will 
be shown that this Lorentz invariant formalism yields a simple 
perturbation theoretic expression for the general phase shift that 
arises in matter-wave interferometry. The Lagrangian formalism is 
compared with the more usual formalism based on the wave 
propagation vector and frequency. The resulting formalism will be used 
to analyse the Sagnac affect, gravitational field measurements, and 
several Aharonov-Bohnvlike topological phase shifts. 

Secondly, several topological interferometric experiments using 
particles of non-zero rest mass are discussed. These experiments 
involve the use of electrons, neutrons and neutral atoms. Neutron 
experiments will be emphasised as interferometry with electrons and 
atoms will be discussed by other lecturers. 

1. INTERFEROMETRY IN SPACE-TIME 

In this paper we describe interferometry from a unified viewpoint, 
and present a unified fomalism for the calculation of phases for the 
matter waves of particles of non-zero rest mass. Such a discussion 
has become timely because, in addition to experiments with electrons 



and neutrons, experiments with neutral atoms are becoming 
increasingly important owing to the development of laser cooling. 

In a typical interferometry experiment, radiation is emitted as 
waves from a source region, and travels via two (or more) paths to a 
region of superposition, where the radiation is detected. 

The behaviour of an interferometer may be understood by 
considering the pattern of the 3-dimensional surfaces of constant 
phase, 4>, in 
4-dimensional space-time. Such surfaces are given by 

<D(x°,x1,x2,x3) = constant (1) 

In general, the <I> is not single-valued but is determined up to 
integral multiples of 2n. A point in space-time is labelled by the 
coordinates x a , a = 0,1,2,3. (Usually x° will be reserved for the time 
coordinate.) It is important to realize that phase surfaces only exist in 
regions of non-vanishing wave function. 
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Fig. 1.Surfaces of constant phase. Fig. 1a. Shows the development forward in time of the 
phase surface emerging from the source. Fig. 1b. Shows the phase surface developing 
backward in time from the detector. 

Some typical constant phase surfaces are shown in figure 1. 
Figure 1a depicts the phase surface of radiation emitted from the 
source region aa', which divides and encircles a spatial region, arriving 
at the region of the detector, p*p" and yy' at different times. Figure 1b 
depicts the constant phase surface obtained by retracing the waves 
backward from the detector to the source region, where it arrives at 
aa' and 55', again at two different times. Figure 1b emphasises among 
other things, that the source needs to have adequate phase coherence 
over a number of periods of oscillation for constructive interference to 
be possible. We also see that by joining the region of the phase surface 
PP' on figures 1a and 1b a surface of a helical nature is generated. Thus 
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the total phase surface in an interferometer has a topoiogically 
interesting shape in space-time. 

Source 

Space X ' 

Detector 

Space X' 
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Fig 2. Paths in space-time along which the phase shift is calculated. Fig. 2a should be 
viewed in conjunction with Figs. 1a and 1b. Fig. 2b is a more conventional diagram, which 
shows the paths cutting phase surfaces. 

To calculate the phase shift, A4>, which determines the degree of 
constructive or destructive interference in a given experimental 
configuration, we consider the phase changes A4>( and A<J>n that occur 
along the two space-time paths I and II (see fig. 2a or more simply fig. 
2b) which begin at the space-time point S on the source and end at the 
space-time point D on the detector. The paths I and II are chosen to be 
in the two regions of non-vanishing wave function which encircle the 
interferometer along different paths. By considering figures 1a, 1b, 2a 
and 2b together we see that the phase must change along at least one 
of the paths I, II to produce a phase shift. On figure 2b some constant 
phase surfaces are depicted. 

The phase shift is given by 

A<I> = A O | - Atpjj (2) 

In tact, AO is essentially a topological quantity, being the algebraic 
difference of the number of phase surfaces cut in going around the 
closed space-time loop, path I - path II. Figure 2b depicts this in a 
formalised way. 

2 THE RAY APPROXIMATION 

In most interferometric experiments the wavelength of the 
radiation is short in comparison to the dimensions of the apparatus. 
Under these conditions the propagation of the radiation is well 
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approximated by the equations of ray optics. For the case of particles 
with mass we may use Hamilton's action principle to compute the 
phases. [1] 

Consider the action functional S given by 

S{x° ( \ ) ; x",X2> = J?L(xa(X),dxa(X)/dX)dA. (3) 

a where the path x a (X) leads from x 1 = x a (X 1 ) to Xg = x a (X 2 ) . We have used 
a more general parameter X along the path (instead of the usual time) 
with consequential modifications to the Lagrangian, L. 
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3a 3b 
Fig. 3. Fig. 3a shows several adjacent paths leading from initial to the final space-time 
point. The solid curve is the path actually followed by the particle. Fig. 3b shows two 
actual paths which differ by end point variations. 

Hamilton's principle [1] states that the classical trajectories are 

those paths between x 1 and x 2 for which the functional S{x a (X); x 1 ( x 2 } 

is stationary with respect to the path variations (see fig. 3a ). In 
short, if 

5S = 0 

for coterminous path variations then 

(4) 

dL j d f 3L_ 
dxa " dX la(dx a/d\) }• (5) 

a differential equation which determines the actual path of the system. 

We now consider the function 

S(x",x") = J Hx*,6xa/d\)6X (6) 
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The integration in equation 6 is over the actual path P of the 
system. 

Again, following standard theoretical arguments [1] it may be 
shown that end point variations (depicted in fig. 3b) result in 

6S = -p a5x«|* (7) 

where the p a are the covariant components of the canonical 4-
momentum. For the simple case of free propagation in Minkowski space 
with a metric tensor, r| = diag(+1, -1 , -1 , -1), we note that 

p a 5x a = E8t - p»5x (8a) 

= MoSt - k«6x) (8b) 

= - hb<J> (8c) 

The second line embodies deBroglie's hypothesis relating energy 
and momentum to frequency and wavelength. The third line identifies 
the expression with the phase, <t>. 

In general, we see that S, the action function, defined by equation 
6 is related to the quantum mechanical phase by 

S = ftO (9) 

This was the origin of Feynman's [2, 3] approach to quantum 
mechanics. 

Combining equations 2, 6, and 9 yields 

M<D = j Ld\ (10) 

The path P is composed of two segments which are the actual paths 
which together encircle the interferometer. 

We note that under canonical (gauge) transformations L may 
change according to 

L->U = L + dx/dX , (11) 

where % i s a n arbitrary single valued function. 
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Thus we see that although the canonical momenta may change 
under canonical transformation, and with that change the phase 
differences along path segments, the phase shift does not, as the 
insertion of equation 11 into 10 will show. This result implies that 
the phase surfaces depicted in figs. 1a and 1b may be moved in space-
time by canonical transformations but their basic topology is left 
unaltered. 

We now consider how A<J> changes with changes in the Lagrangian. 
Let e be a (small) parameter. 

L = Lo + e l ^ + A g (12) 

/iAO = <f LdX = | LdX + 0(e)2 (13) 
p po 

where P 0 is the loop in space-time similarly composed of the two paths 
evaluated between the same points on the source and detector but 
calculated from the unperturbed Lagrangian L 0 (not L). The error, being 

of order e 2 , (not e), is a consequence of equation 4 which ensures the 
stationarity of the action between adjacent coterminous paths. If we 
insert equation 12 into equation 13 we find 

fiA<D = j L0dX + e $ L^X + 0 ( e 2 ) 
po ' p o 

= fc(AO0 + eA<D1 + e2A<D2 ...) (14) 

We thus see that the first order change in phase shift due to the 
perturbation is given by 

/iA4>1 = j L,4\ (15) 
po 

i.e., the first order change in phase is due to the perturbation to the 
Lagrangian integrated over the orbits determined by the unperturbed 
Lagrangian. This is a principal result of the present paper, and a 
convenient starting point for calculations. I.e., equation 15 is a 
convenient starting point for the experiments analyzed below. 

3. DISCUSSION 

In the previous section we have deduced a way to calculate phase 
shifts based on the formalism of equation 15, i.e. the integration of the 
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Lagrangian perturbation around the unperturbed closed space-time loop. 
In practice this is usually rather simple, as is illustrated in section 4 
below. 

Another commonly used method is to integrate equation 8. To use 
equation 8, the actual space-time trajectory must be determined, and 
(o.k (or equivalently E,p) evaluated on that trajectory. Such 
calculations can be quite difficult. Farther, from time to time these 
equations are misused, in one of two ways. 

(i) In the case of a variable potential V (or refractive index) along the 
path, E = p0/2m = p2/2m+V is misidentified with the kinetic energy, 
(not the total energy), which then varies from point to point. The time 
differential dt is also equated to ds/v, where v is the particle speed, 
and ds is a length of path. This procedure is erroneous. Nevertheless, 
the integral +4 Edt so mis-evaluated happens to agree with -<}p«dx to 

lowest order in V. Thus there is a feeling that somehow <JEdt and 

-<jp*dx are equally responsible for the same phase shift, and either one 
may be calculated. On rare occasions, both are used resulting in an 
erroneous doubling of the calculated phase. 

(ii) Sometimes only the 3-space expression <jp*dx is used. In fact 
this is a correct procedure for all time independent processes as these 
have constant energy. For the particular case of a time independent 
process, for which E is constant 

¥ [EdtsO (16a) 
and so 

Ad>= jp»dx/h = Jk»dx (16b) 

Figure 4, depicts a Bonse-Hart single silicon crystal neutron 
interferometer [4,5]. Such an interferometer is hewn from a single 
perfect crystal of silicon, leaving three "ears" which through Bragg 
diffraction act as beam splitters. Figure 5 depicts the same 
interferometer in space-time. Equation 16b shows that for stationary 
processes in that interferometer the trajectories shown projected on 
to the XY plane suffice for the calculation of phases, as in common 
practice. For non time independent processes the JEdt term must be 
used as well. 



8 

Fig. 4. A Bonse-Hart single crystal neutron interferometer. The three "ears* act as 
beam splitters by making use of Bragg diffraction from the crystal planes. Because the 
planes in each ear originally belonged to a single perfect crystal, they are very parallel 
from ear to ear. 

Space X 

Fig. 5. A space-time representation of a Bonse-Hart neutron interferometer. For 
convenience, the Z-axis is not shown. The paths shown projected into the XY plane are 
those normally employed calculations of time stationary problems. 

These last comments are important for the calculation of the 
Sagnac phase in an interferometer which is rotating with respect to an 
inertial frame. For an observer in the non-inertial frame, co-
stationary with respect to the interferometer, the diffraction process 
is stationary in time, so that equation 16b may be used. For such an 
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observer, the trajectories are not straight, and p is position dependent. 
For an inertial observer, the interferometer rotates, and the process is 
non-stationary. The particles do move in straight lines, but with 
different energies in different parts of the interferometer. The full 
expression must be used in this case. 

4. SPECIFIC APPLICATIONS 

(a) A Potential Hump or Refractive Block 

Suppose that in arm I of an interferometer the particles travelling 
along the X-axis, encounter an additional potential hump of height V and 
spatial width D. The unperturbed trajectory through this region is 
given by 

x = x 0 + v 0t . (17a) 

Note that 

Ldt = L0dt - Vdt (17b) 

We thus see that, 

fiA<P1 = J (-V)di = J -Vdx/v 0 

= -VD/v0 (17c) 

Conventional methods would yield 

A * 1 = (k-k0)D = (n-1)k0D (17d) 
where n is the refractive index. 

Comparison of 17c and 17d yields the usual result for weak 
potentials [5] 

n - 1 = -V/2E (17e) 

(b) Static Gravitational Field (Newtonian) 

A constant field in the negative Z-direction yields a potential V = 
mgz. If the interferometer path is initially a horizontal parallelogram 
of sidelength D and width W, which is tilted by an angle 0 about a line 
parallel to the side of length D thereby raising path I, the phase shift is 
given by a similar integration to that of section (a) to be 
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A<t> = -mgAsine/fiv0 (18) 

where A = DW is the area of the interferometer loop. This result agrees 
with the work of Colella et al. [6] and Staudenmann et al. [7]. 

(c) Electric and Magnetic Perturbations; Aharonov-Bohm 
Effects 

If a particle of charge q is placed in an electromagnetic field the 
Lagrangian is changed by the addition ofterms dependent on the scalar 
potential 0 and the vector potential A 

l^dt = -q(<(» - A»v/c)dt 

= -q(<J>cdt - A*dx)/c 

= -qAadx°7c . (19) 

The effects of electric and magnetic fields on the motion of the 
particle are included. Note that under gauge transformation 

A a - A o + 3 a* (20) 

which results in a change to the Lagrangian of -qdx/c, a total 
differential and hence of no physical consequence. For a pure magnetic 
field the magnetic flux contained in a closed loop is given by 
F = J A*dx, as Stokes* theorem shows. Applying this to the motion of a 
charged particle yields the "vector" or magnetic Aharonov-Bohm result 
[8], 

A * 1 = qF/Jic. (21) 

As pointed out by Aharonov and Bohm this result is surprisingly 
valid, even when the magnetic field is zero along the orbit of the 
particle. 

The phase shift due to pulsing the electric potential along one path 
of an interferometer, in such a way as to produce no electric field at 
the particle, yields the "scalar" or electric Aharonov-Bohm [8] result, 

A * 1 = -q J <t>dt/rr . ( 2 2 ) 
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(d) Metric Perturbations 

The space-time metric tensor g a„ depends on the gravitational 
field, and the frame of reference. The Lagrangian for a particle moving 
under gravity and inertia alone is given by [9] 

LdX = -mcyj gop(dxa/dX)(dxP/dX)dX (23) 

The independence on the choice of the parameter A. is manifest. 
Further, if X is chosen as the time, the non-relativistic weak static 
field limit of equation (23) becomes 

1 ^ LdX= -mc 2 + -z mv 2 - m<|> dt (24) 2 

as expected. 

If we write 

9«p = 90°p + hop < 2 5 > 

we find 

LjdX = \ mc hop(dxa/dx)(dxP/dx)dT (26) 

where x/c is the proper time along the unperturbed orbit. 

For slow particles in a weak gravitational field in a frame which 
rotates with angular velocity Q with respect to an inertial frame (such 
as the laboratory frame on earth, the metric may be approximated by 

(ds)2 = (l+[2<Ma>xr) 2]/c 2)(cdt) 2 - (dr)2 - 2<o x r»drdt (27) 

we find therefore, that 

l̂ dX = -mj(<t> - g(e»xr)2)dt - a>»rxdr| (28) 

The first term contains the effective potential 
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•elf = • " \ ( W X f ) 2 ( 2 9 ) 

which allows for the centrifugal reduction of true gravity. This first 
term may be treated as in Eq. 17c and yields Eq. 18. with g changed to 
the as-measured effective gravitational acceleration. 

The terms linear in Q in equations 26 and 27 give rise to the 
Coriolis force and Foucault pendulum precession when applied to the 
classical mechanics of point particles, and to the Sagnac effect in 
wave interferometry. Thus, the Foucault pendulum is the classical 
manifestation of the Sagnac phase shift. 

If we integrate the terms linear in Q of Eq. 27 around a closed loop 
using the expression for the vector area of the loop as S. 

2S = ( r x dr (30) 

we find 

A *Sagnac = 2ma>.S/ft (31 ) 

This expression agrees with the Sagnac phase shifts calculated by 
many others [10, 11. 12. 13]. There are two approaches to deriving the 
expression for the Sagnac effect. One (as at present) is based on using 
the phvsical methods appropriate to a laboratory based non-inertial 
frame, in which case the physical proress is stationary in time. The 
other is based on the use of an inertial observer in space, for whom the 
entire process is not stationary in time. For such an observer, the 
world lines of the collimator, monochromator, interferometer and 
detector are all helical in space-time. Further, each optical element 
Doppler shifts or changes co and k in some way. Also, both the time and 
space parts of the expression 8b contribute to the phase. Both methods 
have been used to calculate the Sagnac phase. Hybridizing the two 
approaches is fraught with pitfalls. 

(e) The Inclusion of Spin 

Spin effects may be included oy adding a term 

L sd\ = iYftsnpF°Pdt = yfis»(B-v/cxE)dt (32) 
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where y is the gyromagnetic ratio and F aP is the antisymmetric 
electromagnetic field tensor, and s a „ is the antisymmetric spin tensor. 
The spin tensor obeys the constraint 

sapdxP/dX = 0 (33) 

This last equation leads to the second line of equation 32. 

(i) If the vector (B - v/cxE) is fixed in direction, then using this 
direction as the quantisation axis yields separate equations for the 
spin "up" and "down" states. Note that (B -v/cxE) may be time (cr 
space) dependent, however its direction must not change. 

The extra Lagrangian is simply the negative of an extra potential. 

L a d\ = y/islB-v/cxEldt (34) 

where s = ± \. 

Integration of equation 34 yields two different phases. The 
magnetic term 

A < I ) B = 7* $ B d s • < 3 5 > 
o 

is the additional phase shift due to the presence of a magnetic field 
which creates an additional potential for the particle. Such a term is 
completely analogous to tho ordinary electric potential acting on a 
charged particle. With a suitable time structure added to B it can yield 
results analogous to the electric Aharonov-Bohm effect [14, 15, 16, 17, 
18]. 

The electric term for the case of a conducting charged rod about which 
the particles circulate, yields a phase shift 

AOE = syA/c (36) 

where A is the charge per unit length on the rod. This term has been 
discussed by Aharonov and Casher and Anandan [19, 20] and 
demonstrated experimentally by Cimmino et al [21]. 

(i i) If the vector (B - v / c x E ) changes direction, then the 
interferometer output intrinsically depends on two phases, whose 
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values are coupled by the equations of motion. Provided the field 
direction changes slowly when compared with the phase, we may write 
down the separate equations for the phases. 

5. GENERAL INTERFEROMETRY - A SUMMARY 

The calculation of phase shift perturbations in interferometry may 
be based on the integration of equation 8 or, alternatively, integration 
of equation 15. To use equation 8, the actual ray paths must be found, 
and in general the four components of the propagation 4-vector 
(co, k x, k y, k z) computed along the paths. For many situations this is 
arduous work, although for time stationary interferometry the 
frequency terms may be ignored. 

By returning to the foundations of classical and quantum 
mechanics, we arrive at equation 15, the main result of this paper. To 
use this equation to compute the phase shift, the perturbation to the 
Lagrangian (a scalar) need only be integrated over the unperturbed 
paths. The utility and simplicity of this Lagrangian approach was 
illustrated in section 4 above, in which the results of many papers 
were calculated in a few lines. 

Although the formalism is covariant, the applications have been 
mainly to non-relativistic problems. Relativistic problems, often 
based on Hamiltonians have been considered in the literature, by 
Anandan [20], Fabri and Picasso [22] and Cai and Papini [23]. 

A general formulation of interferometry for the multicomponent 
deBroglie waves of particles with several internal states (e.g. spin) is 
yet to be considered. In spite of the absence of such a general theory, 
a significant number of situations may be treated using the above 
formalism because the internal state remains unchanged throughout the 
motion, e.g. as in the Aharanov-Casher effect [19]. 

6. INTERFEROMETRIC EXPERIMENTS 

We now survey and discuss several interferometric experiments. 
As has been pointed out in section 1, in some sense all interferometric 
experiments are topological in space-time. Nevertheless the word 
"topological" will be reserved for experiments in which the phase shift 
does not depend on the detailed shape of the path. The Aharonov-Bohm 
[8] and Aharonov-Casher [19] effects are of this type. 

As there are now many interferometric experiments with 
electrons, neutrons, and more recently neutral atoms, it is not possible 
to do justice to all of them. I shall mainly discuss the experiments in 
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which I was involved, not because they are necessarily the most 
important, but simply because I know them the best. 

(a) Spinor Rotations 

The rotation matrix for the internal state of a spin 1/2 particle is 
given by 

d(a) = 1cos(a/2) - isin(a/2)a»o (37) 

The rotation is specified by a vector a; a = lal = angle of rotation, and & 
is the axis of rotation. In normal geometry, a full rotation which has 
a = n2ft, n = integer, is an identity operation, as all objects are 
restored to their former disposition by the rotation. The rotation 
matrix 

d(n2itav) = (-1)n1 (38) 

so that for n odd, a phase factor -1 occurs, i.e. the spinor wave-
function H* changes sign 

H> -» T r = (-1)n¥ (39) 

As observables are quadratic in the wave function it was felt that full 
rotations would not be observable in any way. However, Bernstein [24J 
and Aharonov and Susskind [25] argued that this was not necessarily 
the case under all circumstances. In fact the observation of the 
spinoriai phase factor -1 was the subject of experiments by three 
groups, Rauch et al. [26] and Werner et al [27] using Bragg diffraction in 
a single crystal interferometer, and by Klein and Opat [28] using 
Fresnel diffraction of neutrons through a slit. 

Fig. 6. Schematic layout of the apparatus (from ref. 28). 

Figure 6 shows a schematic layout of the apparatus. Neutrons 
which are given a high degree of transverse coherence by the slit, 
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diffract through an iron foil containing large ferromagnetic domains 
and long straight domain boundaries. A neutron passing to the left and 
right of the domain boundary suffers equal but opposite precessions of 
its spin, irrespective of the original spin direction. Thus in two 
separate regions of the wavefunction of the same neutron, the neutron 
suffers different precessions, a totally non-classical situation. 
Downstream these two parts of the wave function interfere, making 
manifest any relative phase shifts. The angle of rotation is determined 
by the saturation field of iron and time spent in the foil. The time 
spent in the foil may be changed by changing the thickness of the foil 
traversed by the neutron. This is done by rotating the foil about axis x. 

Fig. 7. Bitter patterns on .rant and back surfaces of cubic-textured Fe-3% Si foil. Straight domain 
walls several millimeters in length are seen to intersect both faces of the (100) crystal (From 
ref.28). 

The domains in the foil are shown 
in Fig. 7. The diffraction pattern 
on one screen may be regarded as 
the superposition of two straight 
edge patterns. The overlap of the 
two patterns in the "forbidden" 
region may be constructive or 
destructive depending on the 
relative rotation of the two 
halves of the wave-function. The 
results shown in fig.8, confirm 
the negative sign on odd 2n 
rotation. 

Fig.8. Fresnel-diffraction patterns showing 
interference of neutrons whose spins were 
processed by relative angles of (a) 9.2x2n 
rad, and (b) 10.2x2n rad, and (c) 11.2x2n 
rad. (From ref.28). 
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(b) The Aharonov-Bohm Effects with Charged Particles. 

Aharonov and Bohm [8] pointed out that the diffraction pattern of 
charged particles could be changed by the presence of potentials under 
circumstances in which the charged particle never experiences a force, 
having never encountered an electric or magnetic field. This is 
surprising from a classical standpoint. There are two Aharonov-Bohm 
effects, one magnetic or vector, and another, electric or scalar. 
Peshkin and Tonomura [29] have extensively reviewed these effects. 

The magnetic Aharonov-Bohm effect is depicted in figure 9a. The 
wave of a charged particle divides and encircles a tube of magnetic 
flux, without actually encountering the flux directly. Of necessity a 
non-vanishing vector potential must exist outside the region of flux, a 
region in which the electron moves. A phase shift given by eq. 21 is 
predicted. 

The experiments of Chambers [30], Mollenstedt and Bayh [31], and 
more recently Tonomura and co-workers [32] have verified the 
prediction of eq. 21 in detail. The experiments of Tonomura are 
particularly elegant. 

The electric Aharonov-Bohm effect is depicted in figure 11a. 
Whilst the charged particle is totally within the metal flight tubes, the 
potential of at least one of the tubes is changed. The charged particle 
has had its electric potential changed without ever having encountered 
a force-producing electric field. The phase shift given by eq. 22 is 
predicted. Technical difficulties have prevented a full realisation of 
this experiment, however, Mateucci and Pozzi [33] have carried out a 
related experiment. 

(c) The Aharonov-Casher Experiment 

Aharonov and Casher [19] considered a situation dual to the 
magnetic Aharonov-Bohm experiment. This may be understood in terms 
of fig. 9. The tube of magnetic flux of fig. 9a is equivalent to a line of 
magnetic dipoles, as Amperes circuital law shows. Thus the magnetic 
Aharonov-Bohm effect is equivalent to the diffraction of a charged 
particle around a line of magnetic dipoles as is shown in fig. 9b. The 
Aharonov-Casher effect is the diffraction of a magnetic dipole around a 
line of charges, as is shown in fig. 9c. The predicted phase shift is 
given by eq. 36. This phase shift depends on the charge per unit length 
on the charged "cylinder". It does not depend on the detailed path 
around that cylinder or the velocity of the particle. 
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Fig. 9. Schematic diagram of (a) the 
magnetic Aharonov-Bohm experiment, (b) 
equivalent Aharonov-Bohm experiment with 
a line of magnetic dipoles. (c) the duality 
between the Aharonov-Bohm and Aharonov-
Casher topology. (From ref.34) 

The Aharonov-Casher experiment was carried out by a University 
of Melbourne-University of Missouri(Columbia) group [34] in which 
neutrons in a Bonse-Hart interferometer circulated arcjnd a charged 
triangular cylinder. The apparatus is shown in figure 10. 

Fig. 10. The apparatus is shown in perspective in (a) and in plan view in (b). The plan view depicts 
the Bonse-Hart perfect-Si-crystal interferometer. An unpolarised neutron beam (Jt = 1.477 A) is 
used. The neutron on path II passes through an electric field E and then through a vertical magnetic 
bias field B. The neutron on path I passes on the opposite side of the electrode. The interferometer 
as a whole could be tilted about the incident beam direction to adjust the gravitational phase shift 
A<f> . The 3 He proportional detectors C„ and C, count the exit beams, (From ref. 34) 

CO 
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The number of neutrons of entering counters 2 and 3, is given by 

N 2 = NQ(a2 + b 2 cosAO) (40a) 

N 3 = NQ(a3 + b 3 cosA4>) (40b) 

N Q is the number of neutrons entering the apparatus, and a 2 a^ b 2 b 3 are 
constants of the interferometer. We find experimentally, b 2 = -b 3 as 
is required by the conservation of neutrons. The phase shift A4> is the 
S'jm of four terms 

A<D = A<Dn + A<Dg + a(AOm + AOe) (41) 

A4>n is the offest phase of the instrument of nuclear origin. 
A4> is a gravitational phase shift which is changed by tilting the 

interferometer (of order 1°) about the incident neutron direction. 
(See Colella et al. [33]). 

A4>m is a magnetic phase shift produced by the magnets 
A<De is the (electric) phase i.e. The Aharonov-Casher phase to be 

determined. 

As the magnetic and electric phase shifts depend on whether the 
spin is "up" or "down" with respect to the normal to the plane of the 
interferometer a factor, a = ±1 is made explicit. 

The experiment does not require that polarised neutrons be used 
provided the phases are correctly chosen. Averaging eq. 40b over 
neutron spins, yields the equation, 

N 3 = N Q (a 3 + b 3 COS(A<Dn + A<Dg)COS(AOm + A<De)) (42) 

with a similar expression for N 2 . The apparatus is tilted to change 
A4> until cos(A4>n + A4> ) = 1. The magnetic field is adjusted to change 
A<Dm to ensure that cos(A4»m + A<De) = sinAOe * A<De. 

As a result of several months of running, the detection of 
2.5 x 10 7 neutrons, and many electric polarity reversals, we obtained 
the experimental value 

Ad>e s A<DA C = 2.19 ± 0.52 millirad. 
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This value is 1.46 ± 0.35 times the theoretical prediction. Given the 
neutron counting statistics of this experiment the agreement is 
satisfactory. 

Recently another Aharonov-Casher experiment was carried out by 
Sangster et al [36] using a beam of TIF molecules. The agreement with 
theory in this experiment is at the 4% level. In addition, the phase 
shift was shown to be independent of the molecular speed and 
proportional to the applied electric field strength. This experiment 
does not have the conventional topology [see however Casella [36]), and 
uses the Ramsey method to obtain high phase precision. 

Another observation of the Aharonov-Casher effect of a very 
different kind was made by Elion et al [37] using vortices in 
superconducting networks. This work followed a theoretical work of 
Reznick and Aharonov [38] and Wees [39]. 

(d) The Analog Scalar Aharonov-Bohm Effect with Neutrons. 

As has been pointed out above, the electric (scalar) Aharonov-
Bohm has not been performed as it is technically too difficult. 
However, it had been pointed out by Zeilinger [40] and Anandan [41, 42] 
that instead of using charged particles in electric potentials (as in fig. 
11a), one could use instead magnetic dipole bearing neutral particles 
(neutrons) in a magnetic field (as in fig. 11b). 

U , const. 

—J PMSC 

IT JL. 

Fig. 11. Schematic diagram of (a) the scalar 
Aharonov-Bohm experiment for electrons 
and (b) the scalar Aharonov-Bohm 
experiment with neutrons. The wave forms 
of applied pulses are also shown. (From 
ref.44) 

b-c) 

Let us suppose that a neutron polarised along the axis of the 
solenoid enters the solenoid with the field off. When it is fully inside 
the solenoid, a current pulse produces a spatially uniform magnetic 
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field which disappears before the neutron emerges from the far end 
solenoid. As the neutron only ever encounters an uniform magnetic 
field, no force is applied to it, and its momentum is constant. Its 
potential energy is changed during the magnetic pulse by 

AE = - a\iB2 [43] 

where \i is the neutron's magnetic moment, B is the magnetic field, and 
o = ±1 depending on whether the neutron spin is quantised along or 
against the magnetic field B 2 . This energy change results in a phase 
shift 

A«DAB = (au/ft)|B2dt [44] 

As expected such a phase shift is readily detectable by neutron 
interferometry. 

Fig. 12. Layout of AB experiment using a 
skew-symmetric single-Si-crystal neutron 
interferometer. Inset: An isometric view of 
the interferometer crystal. (From ref.44) 

The experiment was carried out by a University of Melbourne-
University of Missouri(Columbia) collaboration (Allman et al. [43,44]). 
A skew-symmetric Si single crystal interferometer was used as it 
provided more working space. (See Fig. 12). The interferometer was 
surrounded by four bar magnets. These provided a uniform background 
magnetic field over the apparatus in the manner of a Helmholtz coil, 
except that magnets, unlike Helmholtz coils, do not heat the apparatus, 
(thanks to quantum mechanics). This background field was an order of 
magnitude greater than the Earth's field. Two points of technique are 
worthy of mention: 

(i) Instead of chopping the neutron beam, the magnetic field was 
pulsed periodically by a "clock". Each neutron had its time of detection 
recorded. From the known velocity, the range of times for which that 
neutron was within the central portion of the solenoid could be found, 
and from that time information, where it was in the magnetic pulse 
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cycle could be determined. Alternate magnetic pulses had opposite 
polarity, so in reality two interleaved experiments were done together. 
Fig. 13 shows the neutron counts in detectors 2 and ** for a particular 
given magnetic field pulse height. It will be noted that the plateau 
near 12 u.s and 76 us correspond to neutrons within the uniform field 
central section of the solenoid at the time of the pulse. From the 
dependence of these plateau heights on magnetic field pulse heights fig. 
14 may be constructed. (See eq. 47 below). 

( i i) By adjusting the magnetic field in auxiliary bias coil it is possible 
to carry out this experiment with unpolarised neutrons. Again the 
overall phase shift AO is the sum of four terms 

A<D = AO n - A<DA, • o(A4. A B - A O J (45) 

~ i r- ' i r— 

, ¥ * * ^ * A * * V ^ A 4 * * ^ N * ^ V * 

A4>n is an instrumental offset phase 
A4>A, is a phase due to the adjustable aluminium phase plate, which 

refracts neutrons. 
A4>A B is the Aharonov-Bohm phase (eq.44) and 
A4>m is the phase which is adjustable by the field in the bias coil. 
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Fig. 14. Interferometer output signals 
as a function of pulse coil field strengths. 

This obtained from the average of the 
central four points in each plateau region 
of data sets such as the one shown in 

fig. 13. (Certain kinds of systematic error 
are avoided by taking the difference 
between the counts for positive and 
negative pulses.) (From ref. 44) 
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Fig. 13. Scan of counts per channel in the two 
detectors N , N , and their sum, plotted against 

delay time, for the particular case of pulsed 
field amplitudes of ±19G, which corresponds to 
A4> = 1 rad. The solid lines are theoretical 

fits, as described in the text. The total data 
collection time for this scan was about 10 h. 
(From ref. 44). 
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The counts in detectors 2 and 3 are given by expressions similar to eq. 
40. Averaging over the neutron spin yields for detector 3. 

N 3 = N o < a 3 + b 3 COS(A<I» n - A « D A p C 0 S ( A < D A B - A < I > m ) ) (46) 

The aluminium phase plate was adjusted to ensure cos(A<t>n - AO A / ) = 1, 
and the bias magnetic field to ensure cos(A<DAB - A<I>m) = ± sinA<l»AB . We 
find 

N 3 = N o ( a 3 ± b 3 S J n A < I , A B ) (47) 

The form and magnitude of the graphs in fig. 14 agree with this 
expression, thereby verifying the analog scalar Aharonov-Bohm effect. 

7. DISCUSSION 

There continues to be analysis of Aharonov-Bohm like effects in 
the literature. Some of this discussion is semantic, such as an 
inadequate definition of energy or momentum. It seems that the 
essence of the matter is that a true Aharonov-Bohm effect should be 
force free and have a topological aspect. The words force-free are 
often taken to mean non-dispersive. On this last point Badurek et al. 
[45] have carried out an elegant experiment. They show explicitly that 
if neutrons enter, traverse, and leave a region of static magnetic field, 
that forces are applied to the neutron on entering and leaving the region 
through the magnetic gradient. The sense of these forces is opposite 
for spin-up and spin-down. This results in the spin-up wave-packet 
being shifted in space with respect of the spin down wave packet. If 
the coherence length is very short, all coherence between the spin-up 
and spin-down cases is lost. (See fig. 15a). On the other hand, if a 
uniform magnetic field rises and falls within a region already occupied 
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Fig. 15. In (a), neutrons enter, traverse and leave a region of static magnetic field. In (b) the field 
is swtiched on and off in a region of space already containing the neutrons. Coherence is not lost as 
the beautiful interference pattern shows. (From ref. 45). 
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by the neutron, no force is applied to the neutron, and in spite of a 
short coherence length, the spin-up and spin-down wave packets are 
not displaced one from the other, and coherence is not lost. The phase 
shift (given by eq. 44) which applied equally to the force and force-free 
situations, is clearly manifest in the pulsed results of fig. 15b. 

As atom interferometry becomes more developed, we can look 
forward to many more tests of basic quantum mechanics by these 
methods, almost certainly with higher sensitivity. In addition, 
mesoscopic electronics will no doubt offer additional opportunities for 
interferometric experiments. 
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