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RESUME

Des études à la fois complètes et détaillées sont présentées sur Ia dynamique de l'onde

hybride basse pendant la génération non-inductive de courant dans les tokamaks pour les

situations où la stochasticité des rayons induite par la géométrie toroïdale est importante et sur

le formalisme de Weyl-Wigner pour des variables d'angle de rotation et de moment angulaire

en mécanique quantique, les deux sujets étant lies par l'analogie formelle qu'il y a entre les

équations d'ondes et l'équation de Schrôdinger

II est montré que les codes de trace de rayons et de Fokker-Planck sont des outils

fiables pour modéliser la physique de la génération de courant dans les tokamaks par l'onde

hybride basse pourvu qu'un grand nombre de rayons soit utilisé quand les effets stochastiques

sont importants et, en particulier, que ces codes sont capables de reproduire les

caractéristiques de l'émission x-dur observées expérimentalement. Il est clairement illustrée que

la compétition entre l'amortissement de l'orde et la divergence stochastique des trajectoires des

rayons appartenant à des conditions initiales voisines est de grande importance pour la

dynamique du spectre de puissance injecte et pour l'établissement des caractéristiques du dépôt

de puissance dû à l'onde hybride.

Les implications de la périodicité rotationelle et de la quantification du moment

angulaire pour le formalisme de Weyl-Wigner sont analysées. L'ensemble d'éléments de ce

formalisme pour les variables d'angle de rotation et de moment angulaire est élargi, la fonction

de Wigner rotationelle est dérivée à partir des conditions pour son unicité et l'équation du

mouvement pour cette fonction est obtenue Une attention particulière est portée sur les

problèmes liés aux variables discrètes et à deux de ses conséquences, l'importance de la parité

et de l'imparité, et la nécessité d'utiliser deux operateurs de différences finies à la place d'un

seul opérateur différentiel.



ABSTRACT

A comprehensive and detailed investigation is presented on the dynamics of the lower-

hybrid wave during current drive in tokamaks in situations where toroidally induced ray

stochasticity is important and on the Weyl-Wigner formalism for rotation angle and angular

momentum variables in quantum mechanics, the two issues being linked due to the similarities

there are between wave equations and the Schrôdinger equation.

It is shown that ray-tracing and Fokker-Planck codes are reliable tools for modelling

the physics of lower-hybrid current drive in tokamaks, provided a large number of rays is used

when stochastic effects are important, and, in particular, that such codes are capable of

reproducing the experimentally observed features of the hard x-ray emission. It is clearly

illustrated that the balance between the wave damping and the stochastic divergence of nearby

ray trajectories is of great importance in governing the dynamics of the launched power

spectrum and in establishing the characteristics of the lower-hybrid power deposition patterns.

The implications of rotational periodicity and of angular momentum quantization for

the Weyl-Wigner formalism are analysed. The elements of this formalism for rotation angle and

angular momentum variables are extended, the rotational Wigner function is derived from the

conditions for its uniqueness and its equation of motion is obtained. Particular attention is paid

to discreteness and two of its consequences are emphasized: the importance of evenness and

oddness, and the need to use two difference operators instead of one differential operator.



AVANT-PROPOS

Ce document n'est pas organisé selon les lignes qui sont normalement suivies pour un

mémoire de thèse, car il est constitué par un ensemble de quatre publications qui sont parues,

ou vont paraître, dans des journaux scientifiques, et il ne contient pas de chapitres ou de

paragraphes de révision sur les différents sujets que l'auteur a eu besoin d'étudier au cours de

son travail de thèse, tels que la fusion thermonucléaire contrôlée, le tokamak, la génération de

courant par des méthodes non-inductives, la propagation et l'absorption de l'onde hybride

basse, le rayonnement de freinage émis par des électrons suprathermiques, la théorie quasi-

linéaire, le chaos hamiltonien, les variables périodiques en mécanique quantique et les

différences finies. Pour ceux qui cherchent à réviser ces sujets, et à juger de leur importance, la

bibliographie disponible est extrêmement vaste et peut être obtenue à partir des références qui

se trouvent dans les articles qui suivent. Les critères fondamentaux élus par l'auteur pour

orienter son travail ont été ceux de l'originalité et de l'intérêt pour la communauté scientifique

des résultats obtenus, d'où le soin qu'il a mis dans la publication de ces mêmes résultats.

La première publication (J. P. Bizarro and D. Moreau, On ray stochasticity during

lower-hybrid current drive in tokamaks. Phys. Fluids B 5, 1227 (1993)) présente une étude à

la fois complète et détaillée sur l'importance de la stochasticité des rayons pour la modélisation

des expériences de génération de courant dans les tokamaks par l'onde hybride basse dans des

situations où les équations de l'optique géométrique, lesquelles ont une forme hamiltonienne,

possèdent une dynamique intrinsèquement stochastique, celle-ci étant induite par la géométrie

toroidale du tokamak.

Pour modéliser ce genre d'expériences, les codes numériques de tracé de rayons et de

Fokker-Planck sont utilisés comme des outils privilégiés. L'idée de base est de représenter le

spectre de puissance injecté par un ensemble de rayons, chaque rayon transportant une certaine

puissance. La propagation des rayons en géométrie toroidale fourni un méchanisme pour

remplir le "gap" spectral, alors que l'absorption de la puissance de l'onde hybride basse le long

des trajectoires des rayons fourni une méthode pour calculer le coefficient de diffusion quasi-



linéaire des électrons due à cette onde, lequel est nécessaire pour résoudre l'équation de

Fokker-Planck.

Les résultats obtenus à l'aide de ces codes, même s'ils expliquent un grand nombre

d'observations expérimentales, présentent souvent un comportement fortement erratique et de

très petites variations des paramètres du plasma ou des conditions initiales peuvent donner lieu

à de très grandes variations dans ces résultats. Un tel comportement est expliqué par le fait

que, d'habitude, un nombre insuffisant de rayons est utilisé et que les trajectoires de rayons

appartenant à des conditions initiales iniïnitésimalement voisines peuvent diverger

exponentiellement, ce qui est une propriété typique des systèmes hamiltoniens qui développent

du chaos. En effet, le dépôt de puissance correspondant à un ensemble de rayons qui démarrent

de conditions initiales voisines dépend du degré de divergence subi par leurs trajectoires avant

qu' un fort amortissement s'établisse.

Au ftir et à mesure que les trajectoires des rayons deviennent de plus en plus longues,

les effets stochastiques deviennent de plus en plus importants et Ie dépôt de puissance fini par

être le résultat d'un processus statistique qui a lieu dans l'espace de phases de l'onde. La validité

de l'optique géométrique pour décrire le transport de l'énergie de l'onde dans un tel cas est,

naturellement, discutable, dû à la distorsion des fronts d'onde qui résulte de la divergence

stochastique des rayons.

Une approche alternative, et peut-être plus adéquate, est l'utilisation d'une équation de

diffusion dans l'espace de phases de l'onde dont le coefficient de diffusion est obtenu à partir

des propriétés dynamiques des équations des rayons. L'hypothèse est ici faite que le tracé de

rayons peut encore être utilisé comme une méthode efficace du type Monte-Carlo pour diffuser

la densité d'énergie de l'onde hybride basse dans son espace de phases quand la dynamique des

rayons est stochastique, pourvu qu'un grand nombre de rayons soit utilisé de façon à assurer

une bonne statistique. Autrement, il est évident que les résultats basés sur le tracé de rayons

peuvent dépendre fortement du choix des paramètres du plasma et des conditions initiales.

Il est utile d'insister sur le t'ait que cette instabilité dans les résultats des codes n'est pas

d'origine numérique, mais elle est plutôt une conséquence directe des propriétés bien connues

des systèmes hamiltoniens. A l'exception de certaines approximations ou conditions initiales, la



stochasticité des rayons est une propriété générale des tokamaks, résultante de la non-

intégrabilité des équations des rayons en géométrie toroïdale. Malgré le fait que la stochasticité

des rayons soit connue depuis longtemps, son importance et ses conséquences pour la

modélisation des expériences de génération de courant par l'onde hybride basse, ainsi que pour

la dynamique du spectre de puissance injecté, n'ont pas été suffisamment détaillées. Une

analyse approfondie du sujet est donc effectuée, laquelle montre que, si on veut obtenir des

résultats fiables, la stochasticité des rayons doit être obligatoirement tenue en compte dans tout

modèle basé sur le tracé des rayons pour calculer des profils de dépôt de puissance.

En particulier, des études de sensibilité indiquent que la composante du spectre de

puissance injecté qui n'est pas affectée par les effets stochastiques est bien décrite par une grille

en indice d'onde parallèle dont l'espacement peut être aussi large que ICM, tandis que la

composante qui est affectée par ces effets subi un processus fortement aléatoire et a besoin

d'une grille dont l'espacement ne doit pas dépasser IQ-3. II est aussi montré que la compétition

entre l'amortissement de l'onde et la divergence exponentielle des trajectoires des rayons

appartenant à des conditions initiales voisines est très importante dans la détermination de la

forme et de la robustesse des profils de dépôt de puissance. Les codes numériques de tracé de

rayons et de Fokker-Planck sont des outils puissants pour modéliser la génération de courant

par l'onde hybride basse et sont capables de reproduire de manière fiable une grande partie des

observations expérimentales, pourvu qu'un nombre suffisamment large de rayons soit utilisé

pour couvrir d'une façon dense la composante du spectre de puissance injecté qui est affectée

par les effets stochastiques. La stochasticité des rayons a tendance à élargir le spectre de

puissance injecté et à augmenter le dépôt de puissance hybride dans la moitié centrale du

plasma. En plus, la stochasticité des rayons est favorable à l'obtention de profils de dépôt de

puissance qui ont une faible dépendance dans la distribution de la puissance hybride injecté en

angle poloïdal et en indice d'onde parallèle, et qui occupent la plupart de la section du plasma,

ce qui empêche des modifications significatives dans le profil de densité de courant total quand

le courant généré par Tonde hybride basse est une fraction du courant plasma total.

La deuxième publication (J. P Bizarro, On the dynamics of the launched power

spectrum during lower hybrid current drive in tokamaks, Nucl. Fusion 33, 831 (1993)) est



complémentaire de la première et présente une analyse de la propagation et de l'absorption du

spectre de puissance injecté pendant la génération de courant par l'onde hybride basse dans une

situation où la stochasticité des rayons est importante. En particulier, ce travail illustre

clairement l'influence, dans la dynamique du spectre de puissance et dans l'établissement des

caractéristiques du dépôt de puissance hybride, de la compétition entre l'amortissement de

l'onde et la divergence stochastique des trajectoires des rayons appartenant à des conditions

initiales voisines. Un grand nombre de rayons est ici utilisé, une fois qu'il a été établi que, dans

le cas où les effets stochastiques sont importants, le tracé de rayons peut être assimilé à une

méthode du type Monte-Carlo pour décrire la propagation et l'absorption de l'onde hybride

basse.

Il est montré que, quand l'amortissement de l'onde domine, le spectre de puissance

injecté se comporte de façon régulière: le dépôt de puissance hybride est localisé et le spectre

de puissance absorbé est très semblable au spectre injecté, même si un certain élargissement et

un certain déplacement dans l'indice d'onde parallèle peuvent avoir lieu. Au contraire, si

l'amortissement est faible et les effets stochastiques sont importants, les rayons finissent par

couvrir toute la section du plasma et la dynamique du spectre de puissance suit un

comportement diffusif: le dépôt de puissance hybride devient délocalisé et le spectre de

puissance absorbé est beaucoup plus large que le spectre injecté, en conséquence d'un fort

élargissement vers les hautes valeurs absolues de l'indice d'onde parallèle.

La troisième publication (J. P. Bizarro et al.. On self-consistent ray-tracing and

Fokker-Planck modeling of the hard x-ray emission during lower-hybrid current drive in

tokamaks, Phys. Fluids B 5, 3276 (1993)) présente une étude détaillée sur la capacité des

codes numériques de tracé de rayons et de Fokker-Planck pour reproduire le rayonnement de

freinage, ou rayonnement x-dur, émis par les électrons suprathermiques créés par l'onde

hybride basse. Les deux travaux precedents ont montré le succès du tracé de rayons pour

modéliser la dynamique de l'onde hybride basse quand la stochasticité des rayons est

importante, pourvu qu'un grand nombre de rayons soit utilisé. En particulier, les valeurs

stationnaires et les réponses temporelles de paramètres qui dépendent des caractéristiques de la

population d'électrons suprathermiques dus à l'onde hybride ont été correctement simulées. Ces



résultats indiquent que les modèles utilisés sont consistents avec la phénoménologie

expérimentale.

Cependant, il est encore possible d'effectuer un test plus fin à la validité de ces modèles:

voir comment ils sont capables de reproduire l'émission x-dur mesurée pendant les expériences

de génération de courant par l'onde hybride basse, étant donné que cette émission est

intimement liée à la distribution des électrons suprathermiques dans l'espace des configurations

et dans celui des impulsions.

Jusqu'à présent, la comparaison entre théorie et expérience a été faite moyennant un

ajustement de paramètres libres dans une fonction de distribution électronique type, tel la

"distribution à trois températures", de façon à obtenir un bon accord avec l'émission x-dur

mesurée. Indépendamment de quelques bons résultats obtenus dans des travaux précédents,

cette méthode n'est pas satisfaisante, étant donné que la fonction de distribution dont elle fait

appel ne possède pas le plateau caractéristique créé par l'onde hybride et qui est donné par un

calcul auto-cohérent couplant la propagation et l'absorption de l'onde hybride basse avec une

analyse de Fokker-Planck appropriée de la dynamique des électrons. Une telle auto-cohérence

est incorporée de manière naturelle dans les codes de tracé de rayons et de Fokker-Planck,

lesquels prennent en compte les modifications quasi-linéaires induites par l'onde hybride dans la

fonction de distribution électronique, parce qu'ils font intervenir des itérations entre les calculs

de dépôt de puissance et de Fokker-Planck.

L'analyse faite dans ce travail montre effectivement que de tels codes sont capables de

reproduire les caractéristiques de l'émission x-dur observées expérimentalement, confirmant

ainsi d'une façon plus solide qu'ils sont des outils fiables pour modéliser la physique de la

génération de courant dans les tokamaks par l'onde hybride basse. Ceci étant dit, il est évident

que des améliorations peuvent encore être introduites dans les modèles utilisés, pour qu'un

meilleur accord entre théorie et expérience soit obttnu. Il est aussi démontré que la diffusion

radiale des électrons suprathermiques et la retrodiffusion du rayonnement par la paroi interne

du tokamak ont un rôle non-négligeable dans l'interprétation des signaux x-durs mesurés.

Malgré les bons résultats que l'utilisation d'un très grand nombre de rayons a permis

d'obtenir, et au-delà du fait que cette approche peut devenir extrêmement coûteuse en temps



de calcul, il ne faut pas oublier que le tracé de rayons reste une méthode qui résulte de

l'utilisation de l'approximation eikonale pour résoudre les équations d'ondes. Alors que celles-ci

sont normalement écrites dans l'espace des configurations ou dans l'espace conjugué des

vecteurs d'onde, les équations des rayons de l'optique géométrique déterminer.! des trajectoires

dans un espace de phases. Il devient alors intéressant d'obtenir une représentation des

équations d'onde dans le même espace de phases où les trajectoires des rayons évoluent, d?

façon à permettre une association plus directe entre les propriétés des solutions ondulatoires et

celles du système de rayons correspondant.

Des études ont déjà été faites sur la représentation des équations d'onde dans l'espace

de phases (S. W. McDonald, Phase-space representations of wave equations with applications

to the eikonal approximation for short-wavelength waves, Phys. Rep. 158, 337 (1988)).

Cependant, ces études considèrent toujours que les vecteurs d'onde ont un caractère continu,

ce qui en toute rigueur n'est pas le cas dans un tokamak. où il existe une structure de modes

propres électromagnétiques et où, en conséquence, les vecteurs d'onde possèdent un caractère

discret. La résolution du problème électromagnétique de la propagation d'une onde dans un

tokamak, tel l'onde hybride basse, doit donc aboutir à la détermination de l'amplitude de

chaque mode propre, de façon à obtenir la distribution d'énergie dans les différents modes (D

Moreau et al.. Normal mode master equatioi. for the distribution of lower hybrid

electromagnetic energy in tokamaks. Plasma Phys. Controlled Fusion 31, 1895 (1989); J. T.

Mendonca, Linear mode coupling of lower-hybrid waves in a tokamak, Phys. Fluids B 4, 2705

(1992)).

Ainsi, si on veut représenter dans un espace de phases les équations qui décrivent la

propagation d'ondes dans un tokamak, il taut prenare en compte que cet espace doit avoir une

nature discrète. Le problème de trouver une représentation des équations d'ondes dans un

espace de phases de type classique s'est posé très tôt en mécanique quantique, quand on a

cherché à définir un formalisme dont la nature demeure quantique, mais qui fait appel à des

fonctions de l'espace de phases et non à des opérateurs de l'espace d'Hilbert. Le parallélisme

entre la mécanique quantique et la physique des ondes n'est pas étonnant, sachant que



l'équation de Schrôdinger est une équation d'ondes et, en conséquence, les mêmes formalismes

et techniques peuvent s'appliquer dans les deux domaines.

Le formalisme mentionné ci-dessus existe déjà, sous le nom de formalisme de Weyl-

Wigner, et U est celui qui permet de passer le plus facilement de la mécanique quantique à la

mécanique classique hamiltonienne. Un grand nombre de travaux ont été faits sur l'application

de ce formalisme au cas où la variable de moment est continue, typiquement le cas des

variables de position cartésienne et de moment linéaire. Cependant, très peu de travaux traitent

du cas où la variable de moment est discrète, typiquement le cas des variables d'angle de

rotation et de moment angulaire. C'est exactement ce dernier cas, où la nature de l'espace de

phases est discrète, qui est intéressant pour le problème de !a propagation d'ondes dans un

tokamak.

En conséquence, et avant de pouvoir appliquer le formalisme de Weyl-Wigner à l'étude

des modes propres du champ électromagnétique dans un tokamak, il faut étudier le formalisme

de Weyl-Wigner pour les variables d'angle de rotation et de moment angulaire. C'est cette

étude qui est présentée dans Ia quatrième et dernière des publications qui suivent. Donc, les

deux sujets principaux traités dans cette thèse, la dynamique de l'onde hybride basse pendant

les expériences de génération de courant dans les tokamaks et le formalisme de Weyl-Wigner

de la mécanique quantique, ne sont pas entièrement indépendants mais, tout au contraire, ils

sont complémentaires.

La quatrième publication (J. P, Bizarro, Weyl-Wigner formalism for rotation angle and

angular momentum variables in quantum mechanics, à apparaître dans Phys. Rev. A 49, No. 4

(1994)) présente une étude à la fois détaillée et complète sur le formalisme de Weyl-Wigner

pour le cas des variables d'angle de rotation et de moment angulaire. L'utilisation d'un langage

de type classique pour formuler la mécanique quantique non-relativiste est bien établi pour le

cas des variables de position cartésienne et de moment linéaire d'une particule. Dans ce

formalisme, une correspondance est définie entre les opérateurs quantiques et des fonctions de

type classique, appelée la correspondance de Weyl, et les valeurs espérées des variables

dynamiques sont calculées comme des moyennes sur une distribution de quasi-probabilité, la

fonction de Wigner.



Pour des variables telles que l'angle de rotation et le moment angulaire d'un rotateur,

des difficultées notoires apparaissent du à la périodicité. Les implications de la périodicité

rotationelle et de la quantification du moment angulaire pour le formalisme de Weyl-Wigner

n'avaient pas encore été complètement analysées, même si la fonction de Wigner rotationelle et

la correspondance associée entre opérateurs quantiques et fonctions de type classique ont déjà

été introduites. Des propriétés cinématiques comme les invariances naturelles, l'unicité et

l'existence d'une borne uniforme supérieure de la fonction de Wigner rotationelle sont encore à

analyser, ainsi que les caractéristiques possédées par le formalisme dans le domaine discret des

valeurs propres du moment angulaire. En plus, et ceci est particulièrement important, la

dynamique de la fonction de Wigner rotationelle restait à établir.

Indépendamment du fait que le formalisme de Weyl-Wigner a été étudié de manière

systématique dans le cas des variables de position cartésienne et de moment linéaire, l'analyse

qui est faite ici pour le cas des variables d'angle de rotation et de moment angulaire est loin

d'être un exercice inutile. En effet, comme il devient évident dans ce travail, les résultats qui

sont valables pour le dernier type de variables n'aparaissent pas du tout comme des extensions

triviales des résultats qui sont valables pour le premier type. Ceci n'est pas une surprise, étant

donné que les deux types de variables sont intrinsèquement différentes en mécanique

quantique.

Une attention particulière est portée sur les problèmes liés aux variables discrètes et à

deux de ses conséquences: l'importance de la parité et de l'imparité, et la nécessité d'utiliser des

opérateurs de différences finies à la place des opérateurs différentiels. La fonction de Wigner

rotationelle est dérivée comme la seule forme bilinéaire du vecteur d'état qui est réelle, qui a les

invariances naturelles propres du mouvement rotationel, et qui donne correctement les

distributions pour les variables d'angle de rotation et de moment angulaire et aussi pour

l'expression de la probabilité de transition entre états.

Les conditions pour l'unicité de cette fonction sont ainsi établies. Ses propriétés sont

étudiées en détail et il est montré qu'elle est bornée de façon uniforme. La fonction de Wigner

rotationelle et la correspondance associée entre opérateurs quantiques et fonctions de type

classique sont explorées et sont écrites, ainsi que les relations cinématiques qu'elles vérifient.



de manière à mettre en évidence la différence nette qui existe, dans le domaine discret des

valeurs propres du moment angulaire, entre parité et imparité. Une telle différence, qui est

caractéristique des variables discrètes et qui apparaît partout, est employée de manière à

prendre naturellement en compte le problème de la périodicité, ce qui devient particulièrement

utile quand on dérive la dynamique de la fonction de Wigner rotationelle.

L'équation du mouvement pour cette fonction est établie en utilisant la dérivée, laquelle

opère sur la variable continue qui est l'angle de rotation, et les différences ascendentes et

descendantes, lesquelles opèrent sur la variables discrète qui est le moment angulaire. Une

autre caractéristique des variables discrètes est ainsi introduite, ce qui est en rapport avec le

fait que deux opérateurs de différences finies sont nécessaires dans un domaine discret, tandis

qu'un seul opérateur différentiel est nécessaire dans un domaine continu.

L'équation du mouvement pour la fonction de Wigner rotationelle, laquelle possède une

structure plus complexe que l'équation du mouvement établie pour la fonction de Wigner, est

détaillée pour quelques formes hamiltoniennes importantes, à savoir: celles qui dépendent

seulement de la variable de moment angulaire, en particulier le rotateur libre, et celles qui

varient avec le cosinus de la variable d'angle de rotation. Il est aussi démontré que le

formalisme de Weyl-Wigner pour les variables d'angle de rotation et de moment angulaire a la

bonne limite non-périodique, dans laquelle le formalisme de Weyl-Wigner pour les variables de

position cartésienne et de moment linéaire est correctement retrouvé.

Les propriétés du formalisme ici développé sont illustrées pour un hamiltonian qui

décrit un rotateur mitigé et qui est la somme de deux termes: un terme qui varie avec la valeur

absolue de la variable de moment angulaire et un terme qui varie avec le cosinus de la variable

d'angle de rotation. La fonction de Wigner rotationelle qui représente les états propres de

l'énergie de ce rotateur est obtenue de façon analytique pour le cas des grandes valeurs

absolues de la variable de moment angulaire. Ceci est accompli de deux façons: en obtenant les

solutions stationnâmes de l'équation du mouvement pour la fonction de Wigner rotationelle, et

en résolvant l'équation de Schrôdinger indépendante du temps et en utilisant la fonction d'onde

ainsi obtenue pour construire la fonction de Wigner rotationelle.
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Using a combined ray-tracing and Fokker-Planck code, a comprehensive and detailed
analysis is presented on the importance of toroidally induced ray stochasticity for the modeling
of lower-hybrid (LH) current drive in tokamaks and for the dynamics of the launched
power spectrum. The injected LH power distribution in poloidal angle and in parallel wave
index is accurately represented by taking into account the poloidal estent of the antenna
and by efficiently covering the full range of its radiated spectrum. The influence of the balance
between the wave damping and the exponential divergence of nearby ray trajectories in
determining the shape and robustness of the predicted LH power deposition profiles is
emphasized. When stochastic effects are important, code predictions are shown to be
stable with respect to small changes in plasma parameters and initial conditions, and to be
consistent with experimental data, provided a sufficiently large number of rays is
used. Sensitivity studies indicate that the component of the launched power spectrum that is
not affected by stochastic effects is well described by a grid in parallel wave index
whose spacing may be as large as 10~l, whereas the component that is affected by such
effects suffers strong randomization and needs a grid whose spacing must not exceed I0~3. Ray
stochasticity tends to broaden the launched power spectrum, to increase the LH power
deposition in the inner half of the plasma, and to favor power deposition profiles that are spread
over most of the plasma cross section and whose dependence on the injected LH powet
distribution in poloidal angle and in parallel wave index is weak. It is found that stochastic
effects may be effectively reduced by using bottom launch schemes. The fact that it is,
in general, misleading to divide a priori the launched power spectrum into "accessible" and
"inaccessible" parts is stressed.

I. INTRODUCTION

Combined ray-tracing and Fokker-Planck codes have
been used as privileged tools to model lower-hybrid (LH)
current drive in tokamaks.'''7 The basic idea is to represent
the launched power spectrum by an ensemble of rays, each
carrying an assigned amount of power, which are traced
inside the plasma starting at the plasma edge from the
poloidal location of the antenna. The propagation of the
rays in toroidal geometry provides a mechanism for bridg-
ing the spectral gap,1'2-8 while the absorption of the LH
wave power along the rays provides a means of computing
the quasilinear diffusion coefficient due to the LH wave,1'2'7

necessary to solve the Fokker-Planck equation. Other
methods have been proposed to deal with LH wave prop-
agation in tokamaks,9"11 but they have not yet been used
for extensive quantitative modeling of LH experiments.

Although capable of explaining many of the experi-
mental observations,u'4'6 the LH power deposition profiles
that these codes predict sometimes lack robustness, and
exhibit a sensitivity with respect to the number of rays used
to describe the launched power spectrum, as well as with
respect to small changes in plasma parameters and in ini-
tial conditions such as the poloidal launch angle.12 This
behavior can be explained by the onset of ray stochasticity

"Permanent address: Centra de Fusio Nuclear. Associaçào Euratom-
IST, Institute) Superior Tecnico. 1096 Lisboa Codex, Portugal.

in toroidal geometry and the associated exponential diver-
gence of nearby ray trajectories.9'13"16 In fact, the power
absorption pattern corresponding to a pencil of rays start-
ing from neighboring initial conditions depends on the de-
gree of divergence that their trajectories experience before
strong damping occurs. As ray paths become longer, sto-
chastic effects become more dominant and power deposi-
tion turns out to be the outcome of a probabilistic process
in the wave phase space.9 In particular, an interesting con-
sequence of such behavior is to provide an explanation for
the experimentally observed dependence of the LH current
drive efficiency on the volume-averaged electron
temperature.13 The validity of ray tracing for describing
the wave energy transport in this case is, of course, ques-
tionable since, because of the distortion of wave fronts that
results from the stochastic divergence of the rays, the geo-
metrical optics approximation breaks down.17 An alterna-
tive and perhaps more suitable approach is to use a normal
mode master equation or its Fokker-Planck limit, which is
a diffusion equation in the wave phase space with a diffu-
sion coefficient deduced from the dynamical properties of
the ray equations.9 It is conjectured in this article that ray
tracing can still be used as an effective Monte Carlo-like
method for diffusing the LH energy density in the wave
phase space when the ray dynamics is stochastic, so long as
a sufficiently large number of rays is used to ensure good
statistics. Otherwise, it is clear that ray-tracing predictions
may depend critically on the given set of plasma parame-
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ters and initial conditions. It must be stressed that this
instability in code predictions is not of numerical origin,
but it is a direct consequence of the well-known dynamical
properties of Hamiltonian systems.16 Except for some par-
ticular initial conditions or approximations,8 ray stochas-
ticity is a general feature of real tokamaks, even in the pure
electrostatic limit,19 and results from the nonintegrability
of the ray equations in toroidal geometry.9'13'14

Despite the fact that ray stochasticity has been known
for a long time, its importance and consequences for the
modeling of LH current drive have not been paid sufficient
attention, even though it concerns any model that relies
upon ray tracing for computing power deposition profiles.
Furthermore, stochastic effects induced by toroidicity may
considerably alter the cylindrical geometry results.13'14

This is particularly true in situations where wave accessi-
bility is important, with the accessibility limit giving a
lower bound for the absolute value of the local parallel
wave index.14'18 As a consequence, rays that would be in-
accessible to the inner regions of the plasma in cylindrical
geometry may end up being absorbed near the center.14

Thus neglecting what is sometimes considered as "inacces-
sible" power6'19 in the launched power spectrum may not
be satisfactory, since such power may actually be deposited
in the plasma interior. The good quantitative agreement
with experimental data that such a criterion has yielded
when single-pass absorption seems to prevail6'19 is most
likely to fade away if the fraction of "accessible" power
drops rapidly, in which case a multiple-pass scenario is
more appropriate.1'14 Indeed, the strong degradation in
current drive efficiency to be expected in this situation on
the basis of that criterion is not observed.6 These are key
issues for the modeling of LH current drive and have mo-
tivated the present work. The main purpose of this article
is to understand how stochastic effects may affect the dy-
namics of the launched power spectrum and the shape and
stability with respect to small changes in plasma parame-
ters and initial conditions of the predicted power deposi-
tion profiles.

To carry out such a study, a well-documented and
assessed code1"5 has been used. It couples a one-
dimensional radial transport calculation,2 a multiple-pass
toroidal ray-tracing calculation,1'2 and a one-dimensional
Fokker-Planck calculation in parallel momentum.1'2 The
Fokker-Planck calculation is complemented with an ana-
lytic estimate of the perpendicular temperature5'20 and is
corrected for trapping effects using a functional form ob-
tained by fitting numerical data.5'2' Quasilinear modifica-
tions of the electron distribution function are taken into
account by seif-consistently iterating the power deposition
and the Fokker-Planck calculations.1"3 This code also in-
cludes feedback stabilization of the plasma current,3 as well
as a global model for the radial diffusion of the LH current
density, in which the current density diffusion coefficient is
obtained as an eigenvalue of a boundary value problem
that is consistent with the conservation laws given by the
Fokker-Planck equation.3 Modifications to the code have
been made in order to achieve accurate representations
both of the poloidal extent of the antenna, whose effect on

ray trajectory has been shown to be non-negligible,22"23

and of its radiated power spectrum as obtained by a cou-
pling code.24 Therefore the code has acquired the capabil-
ity of tracing a large number of rays that may be started
from different poloidal angles and that may efficiently
cover the full range of the launched power spectrum. This
ensures that the set of initial conditions used for the ray-
tracing calculation correctly models the injected LH power
distribution, both in poloidal angle and in parallel wave
index.

The present article is organized as follows: Sec. II dis-
cusses the importance of ray stochasticity for the modeling
of LH current drive, Sec. IH describes the effect of ray*
stochasticity on the dynamics of the launched power spec-
trum, and the results are summarized in Sec. IV.

II. RAY STOCHASTICITY AND THE MOOEUNG OF LH
CURRENT DRIVE

Apart from modifications in the description of the
launched power spectrum, dP(n^ 0)/dn§ o the structure
and the numerical details of the code may be found in the
literature.1"3'5 Such modifications have been incorporated
in order to model both the poloidal extent of the antenna
and its radiated spectrum in a more accurate and flexible
way. This has been achieved by introducing independent
grids for the negative and for the positive components of
the spectrum, which correspond to the LH power that is
launched with n,\0<0 and with n{| 0>0, respectively, and
by using the symmetry properties of the ray equations. In
fact, starting from the natural invariances of the dispersion
relation and the magnetic configuration in a tokamak, it is
straightforward to show that the trajectories of rays start-
ing at —H1 o and 00 aie symmetric29 with those starting at
n<l o and —90. Here, n,, 0 is the initial parallel wave index
and O0 is the poloidal launch angle.

The rays are labeled by an index / such that

« = " -('-I

«II ̂ ni

for !</</»,

>0

for m+\<i<m+p,

(Ia)

(Ib)

and each representation of dP(n^ 0)/dn^ 0 is uniquely de-
fined by specifying the number of rays in the grid for the
negative component m, the number of rays in the grid for
the positive component p, the extreme grid values njj 0 and
n"o ', and the grid spacing» AnJp0 and Anf o- For the sen-
sitivity studies presented below, the ray densities, 1/AnJp0

and 1/A/tfî g> arc more suitable to parametrize a given rep-
resentation Of(W(HjI 0)/<faj| o than m and/», as the latter
are meaningless unless the intervals over which the rays are
distributed are also known.

The total injected LH power is16

(2)

and the initial power assigned to the fth ray is written in
terms of dP(n,\ 0)/dn^ 0 as
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for l«'<m,

m+Ki<m+p,

(3a)

(3b)

and is propagated and damped along the ray path accord-
ing to the equation

/»(T)=/>0-2 (4)

where r designates an arbitrary time variable along the ray
trajectory.27 The damping rate, -/(T), contains the contri-
butions due to quasilinear electron Landau damping, to ion
Landau damping (assuming unmagnetized ion orbits), and
to nonresonant collisional damping.' During the integra-
tion of the ray equations, the ray data are stored each time
the absolute value of the increment in the normalized ra-
dial coordinate p labeling the magnetic flux surfaces (p=\
corresponding to the plasma minor radius) is greater than
or equal to a prescribed value, IApInJ0. These data are
then used for the purpose of the damping calculation. If JV
is the total number of times that data have been stored for
the rth ray, it is possible to define the quantity

(5)

where the integral is taken over the ray path. Here, L'p
gives a lower bound for the normalized radial distance
traveled by the ith ray. As shown below, it may provide
useful information regarding the behavior of rays starting
from neighboring initial conditions. With j ApImJ11=O-OlS,
and because the storing capacity of the arrays used in the
code limits JV to 2000, a ray is no longer followed if L'p
reaches 30 or if its power falls to less than 1% of the initial
value.

IfPnO and Pf0 are the initial powers in the negative and
in the positive components of the spectrum, respectively,
the power directivity is defined as

and the following relations apply:

fo </P(/t|io) 5
^= f *4o-arL2i-2>o.

J-« "B||0 <_|

(6)

(7a)

(Tb)

Following some authors,*'19 the "accessible" power going
in the positive direction is defined as

(8)

and the "inaccessible" component of the spectrum as the
one corresponding to | «n 0| < if, where «offis an effective
accessibility limit evaluated using the magnetic field on
axis and the electron density taken at half-minor radius.

I -
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FIG. !.Launched pc i for TORE SUPRA shot #5319. The
x's coirapood to the location of the r»yi uaed to docribe the tpeetium
when obtaining the boich marked reference caw.

The negative component of the spectrum is usually unaf-
fected by accessibility in LH current drive and the "inac-
cessible" component of the spectrum may be defined by the
condition O < /i|| 0 < iff- In the cold-plasma approximation,
the accessibility limit for the local parallel wave index n^
is18

I "II l>«o«

fi f2\ 1/2 f
, . Jf Jl»\ .Jfl+T~7) +7Z- (9)

where / a the LH wave frequency, /„ the local electron
cyclotron frequency, /^ the local electron plasma fre-
quency, and f p the local ion plasma frequency. The frac-
tion of "accessible" power in the launched power spectrum
that goes in the positive direction is

Tk=JVPjn. (10)

A series of well-documented LH current drive experi-
ments performed in the TORE SUPRA tokamak4'12-21 at
/=3.7 GHz is particularly suited for studying the influ-
ence of stochastic effects. The main plasma characteristics
are: helium gas, major radius Ro=2.34 m, minor radius
a=0.78 m, magnetic field on axis 50=3.9 T, plasma cur-
rent /p= 1.6 MA, and line-averaged electron density
n,~4xlO" m~3. Typical launched power spectra are
peaked at nn ^«1-6 and have rja~10%. With these
plasma conditions, nf £ 1.6 and 17« S 17̂ /2 s: 35%. A de-
tailed Hamiltonian analysis has shown that the ray dynam-
ics is stochastic for the parameters characteristic of TORE
SUPRA.15 With such strong accessibility constraints, sto-
chastic effects may be expected to be very important in the
above series of experiments, as rays follow long paths in-
side the plasma before absorption takes place.1'14

Prior to undertaking the proposed study, the code has
been benchmarked to one of these experiments, TORE SU-
PRA shot #5319. The benchmarking has been done by
adjusting the electron thermal diffusivity in the Ohmic
(OH) and in the OH-LH phases in such a way that the
results match the experimental data as closely as
possible.29'30 The experimental data to be matched are the
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10"m-3), OH and OH-LH

T.(keV)
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FIO. 2. Election density ud temperature profile) at (=4.3 sec (OH
steady state) and («6.9 sec (OH-LH steady state), for TORE SUPRA
shot #5319. The solid line corresponda to the time-independent fit for the
electron density, with the error bus indicating the dispersion of the ex-
perimental data taken between («4.0 see and (=6.9 sec. The dot-dashed
(dashed) line corresponds to the code-predicted electron temperature at
(«4.3 (6.9) sec, with the error ban indicating the dispersion of the
experimental data taken between («4.0 (4.S) sec and (=4.4 (6.9) sec.

radial profile of the election temperature Tp the value of p
for which the safety factor q equals unity (the q= I sur-
face), and the time evolution of the plasma poloidal beta
00, of the internal inductance //, and of the loop voltage
V 31*w

The launched power spectrum is depicted in Fig. 1 and
is represented using m=21, p—lOQ, n|0=—5.456,
/Ij1J'=1.392, Anfo=1.6Xl<r2, and AnJf0=3.9 X 10~3.
The power Pm is equally divided into the four poloidal
launch angles26 O0= ±0.0295ir and O0- ±0.0609«-, corre-
sponding approximately to the poloidal location of the four
rows of waveguides that form the LH antenna.12>24>28 The
same power spectrum is launched from each of these an-
gles, which makes a total of 84 rays traced with n^ 0<0,

3.5

3

2.5

2

1.5

1

0.5

O

'.PJMW)

V100, (V)

4.5 5.5
t(s)

6.5

FtG. 3. Time evolution of the ion effective charge, LH injected power,
poloidal beta, internal inductance, and loop voltage for TORE SUPRA
shot #5319. Dashed Unes correspond to the experimental data and solid
lines to the code predictions.

FIG. 4. Code-predicted LH power deposition, LH-driven current density,
and total current denary promet at (=6.9 sec (OH-LH steady state) for
the reference case. The circles correspond to («4.3 sec (OH steady state),
and the dashed Une corresponds to the nondiffiued LH-driven current
density.

and a total of 400 rays traced with /Iq 0>0. The n, and T,
profiles are shown in Fig. 2 and the time evolutions of Z^,
POP 0» ln and ''imp are shown in Fig. 3, with Za designat-
ing the ion effective charge. The LH power pulse is applied
between f=4.4 sec and t=6.9 sec. The analytic fit
ne(p) =[4.95( 1 -p2)075+0.35]x 10" nT3 and the values
P1n=2.46 MW and Z^= 2.8 are used in the simulation.
For this shot, n,, ̂ = 1.59, nf = 1.66, 17^=68%, and
17,,= 18%. In the OH-LH steady state, the predicted loca-
tion of the q= 1 surface is p=0.25, while sawteeth inver-
sion radius measurements from soft x-ray emission, taken
between /=5.7 sec and /=6.2 sec, give 0.30<p<0.3S. The
increasing dis;repancy observed between the predicted and
experimental values of /, Kloop for f a 6 sec are probably due
to the breakdowns in the LH power, which are not ac-
counted for in the simulation. It is worth noting that not
only are the OH and the OH-LH steady states well repro-
duced, but also that the time responses are correct. There-
fore the present simulation with die set of parameters given
above can be safely used as an experimentally bench-
marked reference case.

Predicted profiles for the LH power density absorbed
by electron Landau damping SLH> the LH-driven current
density Jw, and the total current density JT, are given in
Fig. 4. The corresponding net. LH-driven current is
/LH=0.31 MA, with 0.32 MA driven in the positive direc-
tion. Other predicted values32 are 00=0.25, //=1.15, and
yloop-Q.57 V. The fraction of /»in absorbed by electron
Landau damping is 95%, the fraction that is collisionally
damped is 4%, and the fraction damped on ions is negli-
gible. As the rays are no longer traced when the power they
carry is less than 1% of its initial value, the fractions of Pin

that are damped due to the various mechanisms add up to
slightly less than 100%. The power carried by the negative
component of the spectrum is deposited at pâ 0.65, and
the power carried by the positive component is deposited at
p £0.65. Despite the very low value of ij,, a significant
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FIG. 5. Code-predicted ray behavior at r=6.9 sec (OH-LH steady «ate)
for the reference case, (a) Negative component of the spectrum, (b)
Positive component of the spectrum.

amount of power, 27% of P1n, is absorbed at p £0.5. The
radial diffusion calculation for /m gives a current density
diffusion coefficient of 1.2 m2 sec"1. Because of the high
value of n, for p S 0.5, collisional slowing down of supra-
thermal electrons is important and the predicted level of
/LH in this region is not appreciably altered by radial dif-
fusion. The /LH profile is relatively flat and, at this power
level, the application of the LH pulse only slightly modifies
JT. This explains the small variation in I1, a few percent
decrease, which is in agreement with experiment.12

Postponing to Sec. Ill a detailed analysis of the dy-
namics of the launched power spectrum, an insight in the
way it influences the shape of the predicted power deposi-
tion profiles may be gained by looking at the ray behavior
depicted in Fig. 5. The negative component of the spec-
trum, which is launched at a value of \n\\0\ high enough to
avoid spectral gap and accessibility problems, is damped
almost immediately and shows a regular pattern, indicat-
ing that the ray paths depend weakly on the chosen values
of AU o within the given range. Power absorption is local-
ized and shows up as the outer peak in the SLH profile. The
behavior of the positive component of the spectrum, which
is completely different, reveals a highly irregular pattern

FIC. 6. Code-predicted LH power déposition, LH-driven current density,
and tool current density profila it »«6.9 sec (OH-LH steady «ate) for
the cue where the negative component of the spectrum has been ne-
glected (solid line») and for the reference case (daabcd lines).

for RU o ~ if, suggesting that code predictions may
strongly depend on the way rays have been distributed
within this component. Exponential divergence of nearby
ray trajectories has occurred and the launched power spec-
trum no longer behaves as a coherent beam. As a conse-
quence of the randomization that has taken place, power
absorption is no longer localized, which explains the fact
that the 5LH profile is more or less flat for pSO.5. The
component with RU o ~ iff displays a regular pattern and
contributes essentially to the peak at psO.55 in the 5LH

profile.
To substantiate the previous assertions and to system-

atically assess the roles of the negative and "inaccessible"
components of the spectrum, two cases have been run with
these components removed. The injected LH power is re-
duced accordingly. Thtts, in the first case, m=0, p= 100,
and Pm is replaced by n,fia= 1^67 MW-1°the second case,
/n=21, /»=30, «"o1=1-665, and P^ is replaced by
( 1 — Id+rçJ'ta=1-23 MW. All other input quantities are
the same as in the reference case.

Figure 6 shows the results for SLH, Jiw, and JT when
the negative component of the spectrum is disregarded. In
this case, £e=0.23, /,= 1.16, ^=0.64 Y, and /LH=0.32
MA. The outer peak in S1J1 disappears and the peak at
ps;0.55 is shifted slightly inward as less LH power is cou-
pled to the plasma. Heating is thus reduced, as inferred
from the decrease in P6, and from the increase in Fj00P (due
to resistive effects). For the same values of RU , the LH
wave has to propagate farther into the plasma, where 7% is
higher, before absorption takes place. No appreciable
changes are seen in /m, /LH» an^ ^ indicating that the
contribution of the negative component of the spectrum to
/LH is negligible. This is consistent with the fact that n<\
does not vary significantly, and therefore absorption occurs
at high values of \n^ \ x \n\\ 0|, with a weak efficiency in
driving current, since interaction with electrons occurs at
low parallel momentum. For these plasma parameters and
launching conditions, the influence of the negative compo-
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FIG. 7. Code-predicted LH power deposition, LH-driven current density,
and total currant demity profila M r»6.9 sec (OH-LH steady state), for
the case «here the "inaccessible" component of the spectrum has been
neglected (solid lines) and for the reference case (dashed lines).

nent of the spectrum is essentially felt through heating.
If the "inaccessible" component of the spectrum is ne-

glected, changes are much more drastic, as can be seen in
Fig. 7. In this case, /39=0.21, /,= 1.13, ^=0.86 V, and
/Ui=O-OS MA. Apart from the effects that result directly
from having cut the power by half, such as a decrease in 0g
and an inward shift of the peaks of 5LH, the power depo-
sition profile itself is completely altered in its structure.
Practically no power is deposited in the center, and the
peaks due to the negative and "accessible" components of
the spectrum are the only reminiscence from the reference
case. Modifications in the OH values of J7- and /, are even
less significant than in the reference case, as /LH is negli-
gible, and /ui drops to about 16% of the reference case
value. It is evident that the so-called "inaccessible" com-
ponent of the spectrum, which is most affected by stochas-
tic effects, is responsible for most of the noninductive cur-

O 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
P

FIG. 9. Code-predicted LH power deposition profile» for different ray
densities at /-6.9 sec (OH-LH steady state) and with 00-+0.029ÎT.
(a) Cases: m=5, p=25, An^0«8.00X IO"2, and AnJ „- 1-60X HT2;
m=10, P=SQ. Anfo-3.56XlO-2, and An$ 0-7-«*X W5; m-21,
P= 100. AnJ1O= 1.6OX UT', and AnJf (,-3.9OX ]0~3. (b) Cases: m-42,
p=200. AnIJf0=^SOXlO-3, and AiIf0=1.93XlO-3; m«63. p=-300.

O-3, and 4«Co=l-2*XlO-3: m-S4, /»=400,
"-', and AnJ 0=».62X IQ-*.
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FIG. 8. Code-predicted LH power deposition, LH-driven current density,
and total current density profiles at (-6.9 sec (OH-LH steady state) for
the case where Pm=6 MW (solid lines) and for the reference case
(dashed lines).

rent Furthermore, a significant part of the "inaccessible"
component ends up being absorbed in the inner half of the
plasma. This clearly demonstrates how misleading it can be
to use Eq. (8), together with an effective accessibility cri-
terion such as rif, to divide a priori the launched power
spectrum into "accessible" and "inaccessible" parts.

As it is also interesting to understand what happens if
the level of the LH injected power is increased, another
case has been run with Pm=6 MW (corresponding to the
maximum nominal power of the LH system in TORE SU-
PRA), and all other parameters remaining as in the refer-
ence case. The values 09=0.37, /,= 1.13, ^=0.21 V,
and /LH=0.70 MA are obtained, and the two cases are
compared in Fig. 8. As expected, heating is greatly in-
creased, as testified by the pronounced increase in 0$. An
augmentation proportional to the increase in Pjn is ob-
served in /LH, together with a corresponding decrease in
F100,,. However, modifications in JT and // remain small.
This comes from the fact that the shape of the Jiti profile
does not change: it shifts outward and its magnitude is
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increased, but it remains essentially flat for p S 0.5, because
of the unlocalized power deposition that results from ray
stochasticity. The ray behavior is analogous to that shown
in Fig. 5. Thus, for discharges similar to the TORE SU-
PRA shot that has been analyzed (where Im is only a
fraction of If), code predictions indicate that no significant
alteration in the JT profile should be expected by increasing
P1n up to the maximum available values. Supporting this is
the fact that, for these plasma conditions, the experimental
variation of /, with the application of the LH pulse is never
greater than a few percent.12 It is also predicted that /LH

scales linearly with P^ for these discharges, corresponding
to a constant current-drive efficiency when Pm is larger
than 2.5 MW1 which is confirmed by experiment.4'12

It is most important in assessing the influence of ray
stochasticity on the modeling of LH current drive to make
a sensitivity study of code predictions as a function of the
ray densities in the launched power spectrum, 1/AnJf0 and
1/Anf o- With O0= +0.0295tr, the following scan has been
carried out: m=5, p=25, A/i"0=8.00xlO~2, and
A»f 0= 1.6OXlO-2; m=10. /»=50, AnJ1O=ISeXlQ-2,
and A»fi0=7.84XlO-3; m=21, p=100,
AuS1O=LeOXlO-2, and A/if 0=3.90xlO-3; m=42,
^=200, A/»fa=7.80X 10-3, and Anf 0=1.93xlO-3;
«=63, ^=300, Anif0=5.16xlO-3, and
AnJ 0= 1-23XlO-3; m=84, />=400, ABj1O=S-SoXlO-3.
and A/if „=9.62 X10"*. All other parameters are the same
as in the reference case. The results for 5LH and JjJ1 may be
seen in Figs. 9 and 10, respectively, and are conclusive. For
the negative component of the spectrum, which is not af-
fected by stochastic effects and is responsible for the power
deposited at pâ 0.65, a low ray density may be used
( 1/AnJf0S: 10). It is possible to say that the robustness of
code predictions does not depend on 1/An(T0, for the

1000

FIC. 11. Dependence of the code prediction* oo the ray deuity at f—6.9
MC (OH-LH steady jute) and with ft,- +0.0295». (a) Nonnalized
deviation!, (b) Normalized profile deviation».

present range of parameters. For the positive component of
the spectrum, which suffers strong randomization and is
responsible for the power deposited at p S 0.65, a very high
ray density has to be used ( 1/AnC Q= 103, at least) if reli-
able 5LH and /LH profiles are to be obtained. The influence
of 1/Afljj o on code predictions may be quantified by com-
paring the results obtained in the previous scan with the
ones obtained in the reference case. The global quantities
0e> lf Pioop. and /LH may be compared through the nor-
malized deviations C (P8), f (/,), £( V^09), and £(/LH),

X-X"1

and the Tf JT, SLHI and /LH profiles may be compared
through the normalized profile deviations |(7",)t £(/r),
£(SLH), and £(/LH). with

dp\X(p)-Xnt(p)\ I P dp X^ip). (12)
' Jo

The dependence of code predictions on l/Anf 0 is plotted
in Fig. 11. Clearly, the deviations all tend to zero and
stabilize with an acceptable uncertainty for 1/A/tf Oâ 103.
For plasmas in which /LH///>S0.5, quantities that depend
mainly on the LH power absorption, such as V^p /LHI
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FIG. IZ Code-predicted ray behavior for the positive component of the
spectrum at /-6.9 sec (OH-LH steady state) and with «ij-+0.0295»,
for m-5, p=25. Anf0=8.00xlO-1. and A/ifi 0- 1-«XMT*. and for
m-84, p-400, ̂ ,,-3.86X IQ-1. and Anf 0-9.62X 10~4.

FIO. 13. Code-predicted LH power departon, LH-drivea cumnt den-
sity, and total current density praties at »-6.9 see ((HI-LH steady state)
and with n-S4, p-400, Ajt^0»3.S6xlO-3, and Aiif 0-9.62x 10~*.
for «b- -'/2 (solid lines) and for éfe- +0.029Sr (dained liaei).

SLH, and /L11, quite naturally exhibit a stronger variation
than quantities that depend mainly on the OH character-
istics of the discharge, such as P9,1/, Tf and JT. The ray
behavior for the lowest and highest ray density cases are
compared in Fig. 12, where the statistical nature of the
process that most of the positive component of the spec-
trum goes through is clearly exhibited. Therefore it is evi-
dent that this component requires a large value of 1/Anf 0
to be accurately represented. Indeed, as each value of n\\ a
ends up following its own history and becomes uncorre-
lated with the rest of the spectrum because of ray stochas-
ticity, the spectrum dynamics can be correctly described by
ray tracing only if l/An| 0> 1. It is now easy to understand
how critically code predictions may depend on a given set
of plasma parameters and initial conditions if an insuffi-
ciently large number of rays is used to describe the parts of
the launched power spectrum that are affected by stochas-
tic effects. This is not the case for the high-1 RU | negative
component of the spectrum, whose behavior is dominated
by absorption.

The fact that, in Fig. 11, the deviations from the ref-
erence case converge asymptotically to zero for large val-
ues of l/A/t| o suggests that, when the spectrum dynamics

TABLE I. Dependence of tbe code predictions on the poloidal launch
angle* corresponding to the extent of the antenna, at /=6.9 sec (OH-LH
steady state) and with m =-84. p=400, An^0-3.86xlO-}, and
A«lfo-9.62xlO-4.

£(&>
SC1)
J(Kl0Op)

a('LH'

e(r,)
S(1Ar)
|(SLH)
K^LH)

00- -0.0609» i

-0.004
-0.009
-0.018

0.062
0.008
0.020
0.243
0.140

9>0--0.0295ir <

-0.020
-0.031

0.012
0.023
0.043
0.061
0.281
0.266

S0=+0.0295ir I

0.000
0.004

-0.012
0.016
0.006
0.012
0.1Sl
0.050

91O= +0.0609ir

0.016
0.030
0.023
0.010
0.031
0.037
0.337
0.163

2
1.8

1.6

1.4
15

1

0.8

0.6
0.4

O0 =+0.0295K

5.5 5.55 5.6 5.65 5.7 5.75

•"!a

1.4 1.45 1.5 1.55 1.6 1.65 1.7 1.75
nj/o

FIC. 14. Code-predicted ray behavior at (--6.9 sec (OH-LH steady
state) and with m-84, p-400. An^0-3.86xlO-', and
An^ 0=9.62X 10"1, for O0= -"/2 and for B0= +0.029Sw. (a) Negative
component of the spectrum, (b) Positive component of the spectrum.
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is dominated by stochastic effects, it makes no difference to
start the rays at one or all of the four values of O0 corre-
sponding to the poloidal extent of the antenna, as long as
the number of rays is large enough. In fact, what really
matters is the ray density in the space of initial conditions,
O0 and HU Q, which is the same in the reference case as in the
case with «=84, p=400, Anf0=3.86xlO~3, and
Artj[0=9.62 XlO-4 above. In order to verify this state-
ment, and using the preceding parameters, the following
scan has been done; Q0= -0.0609ir, O0= -0.0295tr,
00= -f 0.0295ir, and 00= +0.0609ir. The deviations from
the reference case, defined by Eqs. (11) and (12), are
given in Table I. No general trend may be inferred, with
deviations not exceeding 34%. The same conclusion may
be drawn by looking at Fig. 5, where the ray behavior is the
same for the four values of O0. This is easy to understand
by considering that the antenna extends in the poloidal
direction over an arc of length A00»2x0.0609ir, which is
a small fraction of the plasma poloidal circumference
(A0o/2fl-;r0.06), and that the dynamics of the two com-
ponents of the spectrum, negative and positive, corre-
sponds to two opposite limiting cases. In the first case,
because of the fact that strong absorption occurs rapidly,
the influence of Ao0 remains small. In the second case,
because of the exponential divergence of nearby ray trajec-
tories, the memory of O0 has already been lost when appre-
ciable damping takes place.

One last case has been studied to assess the influence of
the poloidal location of the antenna, keeping m=84,
P=AQQ, AWf1O=S-SeXlO-3, and A/if 0=9.62xl(r4, but
with #0= —IT/2. The corresponding profiles are shown in
Fig. 13, and 09=0.30, /(= 1.45, and FIoop=0.5S V are now
obtained. The noninductive current is /LH=0.12 MA, with
0.20 NiA driven in the positive direction. This reveals that
the negative component of the spectrum is, in this case,
determinant in establishing the value of /LH. The rapid
changes in RU experienced by a LH wave launched at
Q0--TT/2 explain the large differences between side and
bottom launch.u'33 For bottom launch, the power carried
by the negative component of the spectrum is deposited at
p £ 0.4, and the power carried by the positive component is
deposited at p £ 0.4. Power deposition is localized, which
results from the fact that the ray behavior displayed in Fig.
14 is regular for practically all the launched power spec-
trum. As a consequence of the combined central deposition
of the positive component of the spectrum and half-minor
radius deposition of the negative component, the J1- profile
is strongly peaked, thus explaining the pronounced in-
crease in /,. It should be noted that floop has practically the
same value for 60~° and for 00=-ff/2, despite a pro-
nounced difference in the values of /LH between the two
cases. This is because of strong central heating in the sec-
ond case, as confirmed by the increase in P9. It is seen in
Fig. 14 that the ray paths for the negative component of
the spectrum are longer for bottom than for side launch,
and that the opposite holds for the positive component.
This is consistent with previously obtained results.1*'33 It
also becomes evident that, depending on the poloidal
launch angle, the launched power spectrum may undergo

completely different dynamics in toroidal geometry, rang-
ing from regular to stochastic, for exactly the same value of
n°ff. Once more, this demonstrates that effective accessibil-
ity criteria such as nf, which fail to take into accourt the
fact that RU o evolves because of toroidal propagation ef-
fects, have to be carefully used and must not be taken for
granted. The accessibility limit is very important in deter-
mining the propagation of the LH wave, especially in cur-
rent drive scenarios, but it has essentially a local meaning
and the exact calculation along the ray paths cannot be
avoided.

III. RAY STOCHASTICITY AND THE DYNAMICS OF
THE LAUNCHED POWER SPECTRUM

When stochastic effects are important, rays become
completely unccrrelated and the launched power spectrum
no longer behaves regularly. The picture of a LH power
beam that propagates coherently is no longer valid and,
instead, it is more correct to think of a diffusive process
during which the LH power spreads hi the wave phase
space. In order to perform an analysis of the spectrum
dynamics,27 the power carried by the Ah ray, P"(T), can be
used to weight the local values of RU and p along the same
ray, R[| (T) and p'(r), respectively. If

and
m+f

(13a)

(13b)

are the powers remaining in the negative and positive com-
ponents of the spectrum, respectively, it is possible to de-
fine the average values <R,, m(r)>, <«|( p(r)), <pm(r)>, and

), with

1
M(T) 1

lT 2 S(T~

(14a)

(14b)

Similarly, the root mean square (rms) deviations
An,, m(r), AR,, f(T), Apn(r), and Ap^r) are defined by

-<JCm(T)>2}''2 (15a)

where <[*m(r)]2> and ([Jtp(r)J
2> are obtained from Eqs.

(14) after replacing X'(T) by [^(r)]2. These nns devia-
tions provide a natural measure of the LH power spread in
«n and p.

The average values and nns deviations thus defined are
useful in studying the evolution of the power distribution
within the ensembles of rays that represent the negative
and positive components of the spectrum, even if for a
given T such rays have traveled different distances and have
experienced different variations in n.| . A way of explicitly
visualizing the propagation and absorption of the LH
power carried by each spectrum component is to represent
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FIG. 16. Code-predicted evolution of the positive component of the ipec-
tnjm at /-6.9 sec (OH-LH steady itate) and with $,- +0.0295»,
m-21, pm 100, ABf0- 1.6Ox HT1, «ad AK^ 0-3-90x 10"J. (a) Partial
evolution. Ib) Complete evolution.

0.1 02 03 OA QS OS 0.7 OA OS 1
T

FIC. 17. Code-predicted ny trajectories for the poetove component of
the «rectnrai at /»6.4 iec (OH-LH MMdV KMe) and with
(^= -J.029Î1T, m-21. p-100, Anf0- 1.6OxUT2, and
A/if 0-3.90X 10-'. (a) Partial evotaioB. (b) Complète evolKtiom.

this way, it is possible to directly see how the balance
between the wave damping and the exponential divergence
of nearby ray trajectories comes into play. Jb particular, it
is possible to see whether or not significant LH power
spread in /»j and p takes place before strong absorption
occurs.

Two cases that show quite distinct behaviors have been
detailed, one corresponding to side launch and another
corresponding 10 bottom launch.

The side launch case, with 00« +0.02957, «=21,
P=IOO, ABj1O=LrJOXlO-1, and AnJ 0«3.90x UT3, ha*
been chosen from the .sy density scan of Sec. II. The ev-
olution of the negative component of the spectrum is given
in Fig. IS. It is seen that there is no ugnificant upshift or
downshift in |«| |, and that no spreading takes place. This
is in agreement with the results obtained in Sec. II con-
cerning this component, namely, a regular ny behavior
with the possibility therefore of using a low ny density,
and a localized power deposition close to the plasma edge.
The evolution of the positive component of the spectrum is
shown in Fig. 16, which depicts a weak damping situation
dominated by stochastic effects. The "accessible" pan has
been totally absorbed at rsO.045, as confirmed by a drop
in P/PfO that is close to Tj0/^=26%. As mentioned in
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FIG. 18. Code-predicted evolution of the négative component of the
spectrum at f»6.9 sec (OH-LH steady state) and with fy=-ir/2.
n»84, / and AnJf 0=9.62X KT4.

Sec. II, most of it is absorbed at 0=0.55 and its behavior
may be considered as roughly regular. The "inaccessible"
part dominates by far the dynamics of the positive compo-
nent of the spectrum, which experiences strong broaden-
ing. Randomization takes place both in HU and in p, ac-
companied by a spreading of the LH power in the wave
phase space, as testified by the pronounced increase in
Ann p and Ap^. This explains the flat character for p 50.5,
of the power deposition profiles obtained in Sec. II. Not-
withstanding the severe accessibility constraints, a signifi-
cant amount of the LH power is absorbed in the inner half
of the plasma. This is the result of the individual behavior
of most of the rays, which is illustrated in Fig. 17. Typi-
cally, the rays start evolving between the cutoff at the edge
and the accessibility or whispering gallery17 layers, and
eventually end up upshifting in n\\ and penetrating to the
center, where they partially or completely damp. It is clear
that ray tracing can provide a good description of the prob-
abilistic process that actually occurs only in the limit of a
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FIG. 19. Code-predicted evolution of the positive component of the spec-
tnun at »»6.9 s (OH-LH steady state) and with <?0«-ir/2, m =84,
p-400, Aiif o=3.86x 1(T3, and Anfl 0=9.62X KT*.

very high ray density in the launched power spectrum,
which is consistent with the sensitivity study carried out in
Sec. II.

The bottom launch case, with Q^=—it/2, m=84,
^=400, AnJ1Q=ISoX HT3, and Anf 0=9.62x 10~4, cor-
responds to the last case of Sec. H. The evolution of the
negative and positive components of the spectrum may be
seen34 in Figs. 18 and 19, respectively, which reveal pro-
nounced initial variations in n§, This can be understood in
a qualitative manner by use of the ray equations.14-33 As a
consequence of the initial downshift in | n§ \, the power in
the negative component of the spectrum is not entirely
damped in the first pass through the plasma. Even after
encountering a whispering gallery reflection at rssQ.2, no
spreading of the LH power takes place. The positive com-
ponent of the spectrum experiences a strong initial upshift
in B U , so most of its power is absorbed almost immediately,
and Pp/Pfo is already small when An^ p and Ap, start to
become important Power deposition is localized at half-
minor radius for the negative component of the spectrum,
and in the center for the positive component, which is in
agreement with the power deposition profile obtained in
Sec. IIfor00=-ir/2.

IV. SUMMARY AND CONCLUSIONS

A comprehensive and detailed analysis has been pre-
sented on the importance of toroidally induced ray sto-
chasticity for the modeling of LH current drive in toka-
maks and for the dynamics of the launched power
spectrum. It has been demonstrated that, if reliable code
predictions are to be obtained, ray stochasticity must not
be ignored in models that rely upon ray tracing for com-
puting power deposition profiles. In particular, sensitivity
studies indicate that the component of the launched power
spectrum that is not affected by stochastic effects is well
described by a grid in parallel wave index whose spacing
may be as large as 1O-1, whereas the component that is
affected by such effects suffers strong randomization and
needs a grid whose spacing must not exceed 10~3. It has
also been shown that the balance between the wave damp-
ing and the exponential divergence of nearby ray trajecto-
ries is very important in determining the shape and robust-
ness of the power deposition profiles, and that it is, in
general, misleading to divide a priori the launched power
spectrum into "accessible" and "inaccessible" parts.

If a sufficiently large number of rays is used to densely
cover the component of the launched power spectrum that
is affected by stochastic effects, combined ray-tracing and
Fokker-PIanck codes are powerful tools to model LH cur-
rent drive, and are able to quantitatively reproduce many
of the experimental observations in a reliable manner. Ray
stochasticity tends to broaden the launched power spec-
trum and to increase the LH power deposition in the inner
half of the plasma. Furthermore, ray stochasticity favors
power deposition profiles whose dependence on the in-
jected LH power distribution in poloidal angle and in par-
allel wave index is weak, and which are spread over most of
the plasma cross section, thus, preventing significant mod-
ifications in the total current density profile when the LH-
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driven current is only a fraction of the total plasma cur-
rent Stochastic effects may be effectively reduced by using
bottom launch schemes, but in such a case the power that
is launched with negative parallel wave index cannot be
neglected.
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ON THE DYNAMICS OF THE LAUNCHED
POWER SPECTRUM DURING LOWER HYBRID
CURRENT DRIVE IN TOKAMAKS

J.P. BIZARRO* (Département de recherches sur la
fusion contrôlée, Association Euratom-CEA, Centre
d'études de Cadarache, Saim-Paui-lez-Durance,
France)

ABSTRACT. Using « combined ray tracing and Fokker-Planck
code, an investigation is made on the propagation and absorption
of the launched power spectrum during lower hybrid (LH) current
drive in tokamaks, in a situation where toroidally induced ray
stochastkity is importan:. Stochastic effects are correctly taken into
account by tracing a large number of rays. The influence of the
balance between the wave damping and the stochastic divergence of
nearby ray trajectories in governing the power spectrum dynamics
and in establishing the characteristics of the LH power deposition
patterns is illustrated. It is shown that, when strong wave damping
prevails, the launched power spectrum behaves regularly: the
LH power deposition is localized and the absorbed power spectrum
is very similar in shape to the launched one, although some
broadening and shifting in the parallel wave index generally occur.
If the wave damping is weak and stochastic effects are important,
the rays end by covering the entire plasma cross-section and the
power spectrum dynamics follows a diffusive pattern: the LH power
deposition turns out to be extended and the absorbed power spec-
trum is much broader than the launched one, as a result of strong
spreading towards the high absolute values of the parallel
wave index.

Ray tracing has been extensively used to study the
propagation and absorption of the lower hybrid (LH)
wave in tokamaks and to investigate the importance of
the variations in the parallel wave index due to the
poloidal symmetry breaking in the toroidal geometry
[1-7]. Such variations are usually large enough to
enable waves injected with a low parallel wave index
to upshift and to experience Landau damping on elec-
trons, thus provuing a mechanism for bridging the
spectral gap Typical of LH current drive [8-10J.
Moreover, combined ray tracing and Fokker-Planck
calculations have been fairly successful in modelling
LH current drive experiments [8, 9, 11-14]. One of
the main properties of the ray equations in the toroidal
geometry is the possibility they have of exhibiting
intrinsic stochastic behaviour, as a result of their
Hamiltonian nature [1, 6, 13-16]. It has been shown
that toroidally induced ray stochasticity is a general
feature of LH current drive in present day tokamaks,
even in the absence of mode conversion between the

* Permanent affiliation: Centra de Fusâo Nuclear, Associacâo
Euratom-IST. Institute Superior Tecmco, Lisbon. Portugal.

slow and the fast branches of the cold plasma disper-
sion relation [14, 16]. In fact, only for some particular
initial conditions [16], or when some simplified approxi-
mations are used [10], does the ray dynamics remain
regular. Notwithstanding the fact that questions may
arise concerning the validity of geometrical optics
when stochastic effects are important, it has been
demonstrated that, in this situation, models based on
ray tracing can quantitatively reproduce experimental
data in a reliable manner, provided a sufficiently large
number of rays is used [13]. In this case, ray tracing
may be regarded as a Monte-Carlo-Iikc method for
describing the LH wave propagation and absorption. It
is worth recalling that ray stochasticity refers, here, to
the random behaviour of the ray trajectories associated
with the well known properties of non-integrable
Hamiltonian systems [17]. It is understood that, in a
tokamak, extrinsic factors may be present, such as
density and magnetic fluctuations [6, 18], which may
in addition turn the LH wave propagation and absorp-
tion uito a random process, but they are not considered
in the present work. Also, other mechanisms and
approaches have been proposed to treat LH current
drive in tokamaks [IS, 19-21], but they have not yet
been assessed to the degree that combined ray tracing
and Fokker-Planck codes have. It is the purpose of
this letter to use one of these codes [8, 9, 13,22] in
order to provide a numerical investigation on the
dynamics of the launched power spectrum during LH
current drive in tokamaks, in a situation where toroi-
dally induced ray stochasticity is important.

A well documented and assessed code [8, 9, 13, 22]
has been utilized to carry out the proposed study. It
couples three distinct pans: a one dimensional (1-D)
radial transport module that describes the evolution of
the thermal plasma [9], a multiple pass toroidal ray
tracing and power deposition module [8, 9], and a 1-D
(in parallel momentum) Fokker-Planck module [8, 9],
where 2-D effects are incorporated through analytic
estimates of the perpendicular temperature [23] and
through corrections due to trapped particles [24]. The
electron distribution function is calculated in a quasi-
linear manner by self-consistently iterating the power
deposition calculation and the Fokker-Planck calcula-
tion [8, 9, 22]. Feedback stabilization of the plasma
current and radial diffusion of the LH driven current
density are also included [22]. Accurate representations
of the poloidal extent of the antenna and of its radiated
power spectrum are used [13], thus ensuring that the
initial conditions provided to the ray tracing calculation
correctly reproduce the injected LH power distribution
both in poloidal angle, 0, and in parallel wave index, n,.
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This code has been used to simulate an experimental
situation typical of the TORE SUPRA tokamak. and
the analysis given below has been performed for the
combined Ohmic-LH steady state of TORE SUPRA
shot #5319 [13]. The code predicted data thus obtained
are consistent with experimental data and are used to
derive the results presented in this work. In what fol-
lows, the plasma characteristics are: helium gas, major
radius K0 = 2.34 m, minor radius a = 0.78 m, mag-
netic field on the axis B0 = 3.9 T. central electron
density n^ = 5.3 x 10" m'3, volume averaged elec-
tron density <«„> = 3.3 x 10" m°, central electron
temperature T& = 3.1 keV, volume averaged electron
temperature <7" t> = 1.5 keV, ion effective charge
Zrff = 2.8. loop voltage V1x^ = 0.57 V and plasma
current/p = 1.6MA. 19% of which is of a non-
inductive nature. The wave frequency is ca/2v = 3.7GHz
and the total LH injected power is P1n = 2.46 MW.
The power Pm is equally divided into the four 9 values
corresponding to the poloidal locations of the four rows
of waveguides that form the antenna, which is installed
on the low field side of the equatorial midplane and
which extends roughly 0.38 radians in the 6 direction.
The same power spectrum is launched from each
9 value, and only the two main lobes of the spectrum
radiated by the antenna are retained. The negative lobe
(n, < O) is peaked at /if = -5.62 and is described
using 21 rays uniformly distributed with a spacing
AnJ" = 1.6 x IO'3. whereas the positive lobe (n, > O)
is peaked at nf, = 1.59 and is described using 100 rays
uniformly distributed with a spacing AwC = 3.9 x 10~3.
This makes a total of 84 rays traced with n, < O and
400 rays traced with n, > O. The negative and posi-
tive lobes can thus be considered to be described using
grids whose effective spacings are A/iRff=AnfV4=4.0
x IQ-3 and An?£ff = A/i?/4 = 9.8 x IQ", respectively.
Almost all the power in the positive lobe (68% of P1n)
is injected with rc, values that are not accessible to the
plasma centre [6. 25], since for the present set of
parameters central penetration of the LH wave requires
.nil a 1.7. With such strong accessibility constraints,
the onset of ray stochasticity is favoured [16], and
the rays launched within the positive lobe propagate
inside the plasma for a Jong time before significant
absorption takes place [6, 8). Therefore, the set of
parameters given above corresponds to a situation
where stochastic effects induced by toroidicity are
important. The effective grid spacings &n?en and AnCeff

have been chosen so as to be appropriate for the
different types of dynamics followed by the two lobes
and to obey the robustness criteria obtained by
performing sensitivity studies [13]. Indeed, and as dis-

cussed below, the negative lobe is not affected by
stochastic effects, while the positive lobe is strongly
affected by such effects. So. the following criteria
apply: A/i£ff S 10'1 and An?rff :£ 10'3. Further
details of the simulation can be found elsewhere [13].

During the integration of the ray equations, the ray
data are stored each time the absolute value of the
increment in p is greater than or equal to 0.015. where
f> stands for the normalized radial flux surface
co-ordinate (p = 1 at the plasma minor radius):
Using such data, and if r designates a normalized time
variable (r = 1 when the total power carried by the
rays falls below 1 % of P1n), time evolution calculations
of the launched power spectrum up to T = r' have
been performed on a 101 x 101 mesh in

(O < T £ (I n, 1)

and power deposition calculations have been performed
on a 101 x 101 mesh in

(O £ p «= 1) x (1 < 7)

The trajectories followed by the rays before com-
plete damping occurs, projected in the (p, 6) polar
plane, are depicted in Fig. 1 . It is striking to see how

n«<0

n,/>0

FIG. 1. Projection ofihe ray trajectories in the <p,9l polar plane
for: tat n, < O and Ib) n( > O. The outer circle corresponds to

o = 1.1.
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o-

0.05

(b)

n//>0

n//<0

FlG. 2. Tune evaluation of the LH power spectral density up to:
ial T = 0.05 and Ib) T = /.

differently the two lobes behave. The reasons for this
are well understood and are related to the fact that the
dynamics of the high \nt\ negative lobe is character-
ized by strong wave damping, whereas the dynamics
of the low \n,\ positive lobe is typical of a weak
damping situation dominated by stochastic effects [13].
The rays launched with nt < O propagate coherently,
in contrast with the rays launched with n, > Q. which
suffer a stochastic divergence and end by completely
Tilling the tokamak cavity. Moreover, the rays with
«I > O do go through the central regions of the plasma,
even if initially most of them have In1I £ 1.7. This
can be considered to be only apparently surprising,
since it has been well established that ray stochasticity
can greatly alter the accessibility constraints on the
launched power spectrum [6, 13]. In studying the
dynamics of the latter it is most interesting to calculate
explicitly the time evolution of the LH power spectral
density, 5LH(r, n,), which is shown in Fig. 2. The
characteristic damping times are very different for the
negative and positive lobes. Furthermore, the first
essentially keeps its shape and propagates in a regular
manner, while the second is distorted and broadened.
Such distinct behaviours are reflected in the way the
LH power is damped on the plasma electron popula-
tion. The absorbed power density per unit interval of
n, due to electron Landau damping, HELD(/>< «i)« can

be seen in Fig. 3. Quite naturally, the power deposi-
tion pattern associated with the negative lobe is highly
localized as compared with the extended pattern
associated with the positive lobe. The picture that may
thus be retained when the ray dynamics is dominated
by stochastic effects is that of a diffusion of the LH
energy density in the (/>, n,) space. The absorbed and
the launched power spectra.

SELD(«I) =
P

Rn \
Jo

r, HI) p' dp'

FfG. 3. Absorbed power density per unit interval of a, due to
electron l^nttn^ damping.

and 5LH(0, nt), respectively, are compared in Fig. 4.
The negative lobe essentially keeps its form, while
being slightly broadened and upshifted in In1J. As
expected, the major modifications take place for the
positive lobe, which spreads strongly towards the high
in i i side. It is worth commenting that a similar result
has been obtained following a different approach that
does not rely on ray tracing [26], and that such a
result is consistent with a broad set of experimental
data [13. 26].

In conclusion, the analysis that has been presented
clearly illustrates the influence of the balance between
the wave damping and the stochastic divergence of
nearby ray trajectories in governing the power spec-
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n,,<o

n,/>0

2 3 4 5 6

In/,1

FfG. 4, Absorbed and launched power spectra.

trum dynamics and in establishing the characteristics
of the LH power deposition patterns. When strong
wave damping prevails, the launched power spectrum
behaves regularly: the LH power deposition is local-
ized and the absorbed power spectrum is very similar
in shape to the launched one, although some broaden-
ing and shifting in the parallel wave index generally
occur. If the wave damping is weak and stochastic
effects are important, the rays end by completely
covering the plasma cross-section and the power spec-
trum dynamics becomes diffusive-like: the LH power
deposition turns out to be extended and the absorbed
power spectrum is much broader than the launched
one, as a result of strong spreading towards the high
absolute values of the parallel wave index.
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A detailed investigation is presented on the ability of combined ray-tracing and Fokker-Planck
calculations to predict the hard x-ray (HXR) emission during lower-hybrid (LH) current drive
in tokamaks when toroidaily induced ray stochasticity is important. A large number of rays is
used and the electron distribution function is obtained by self-consistently iterating the
appropriate power deposition and Fokker-Planck calculations. It is shown that effects due to
radial diffusion of suprathermal electrons and to radiation scattering by the inner wall can be
significant. The experimentally observed features of the HXR emission are fairly well predicted,
thus confirming that combined ray-tracing and Fokker-Planck codes are capable of correctly
modeling the physics of LH current drive in tokamaks.

I. INTRODUCTION

Combined ray-tracing and Fokker-Planck
calculations1"3 have been shown4'5 to be successful in mod-
eling lower-hybrid (LH) current drive experiments in tok-
amaks when toroidaily induced ray stochasticity6'7 is im-
portant. Although the validity of geometrical optics can be
questioned when stochastic effects prevail, it has been
suggested4'5 that, if a sufficiently large number of rays is
used, ray tracing still accurately and reliably describes the
dynamics of the launched power spectrum. Ray tracing
may then be regarded as an effective Monte-Carlo-like
method of diffusing the LH energy density in the wave
phase space. In particular, the steady-state values and time
responses of parameters that depend on the characteristics
of the suprathennal electron population created by the LH
wave, like the loop voltage and the internal inductance,
have been well simulated.4 These results indicate that the
models involved are consistent with the experimental phe-
nomenology.

However, a more stringent test on the validity of such
models is still possible, and that is to see how well they
reproduce the features of the hard x-ray (HXR) emission
observed during LH current drive, which are intimately
related to the distribution of suprathennal electrons in con-
figuration and momentum spaces.8"14 Comparison between
theory and experiment has proceeded essentially by adjust-
ing free parameters in a model electron distribution func-
tion, such as the "three-temperature distribution," in order
to obtain a good fit to the measured HXR data.8"12'14 Not-
withstanding some good results, this method is somewhat

"Permanent address: Centra de Fusào Nuclear, Associaçïo Euratom-
1ST, Institute Superior Tecnico, 1096 Lisboi Codex. Portugal.

"Plasma Fusion Center, Massachusetts Institute of Technology, Cam-
bridge, Massachusetts 02139.

"Centre Canadien de Fusion Magnétique. Varennes, Québec J3X ISI,
Canada.

111MPB Technologies Inc., Pointe Claire. Québec H9R 1E9, Canada.

unsatisfactory, since the electron di iribution function it
uses does not have the typical LH-generated plateau result-
ing from a self-consistent calculation coupling the LH
wave propagation and absorption with an appropriate
Fokker-Planck analysis of the electron dynamics.1-2 This
self-consistency is naturally incorporated in combined ray-
tracing and Fokker-Planck codes, which account for the
quasilinear modifications induced by the LH wave in the
electron distribution function, as they iterate the power
deposition and the Fokker-Planck calculations.1"3 It is the
purpose of the present work to provide a detailed investi-
gation on the ability of these codes to predict the HXR
emission during LH current drive.

This article is organized as follows: model and exper-
iment details are described in Sec. II, results are presented
and discussed in Sec. Ill, and are summarized in Sec. IV.

II. MODEL AND EXPERIMENT DETAILS

A. Simulation code and benchmarking parameters

To carry out the proposed study, a well known and
documented simulation code'"5 has been used. It couples
three distinct modules: a one-dimensional radial transport
module that evolves the thermal plasma,2 a multiple-pass
toroidal ray-tracing and power deposition module,1'2 and a
one-dimensional (in parallel momentum) Fokker-Planck
module.u In the Fokker-Planck calculation, which is self-
consistently iterated with the power deposition
calculation,1"3 the suprathermal electron distribution func-
tion is assumed to be Maxwellian in perpendicular momen-
tum, with an effective perpendicular temperature that is
estimated according to theory15 in the nonrelativistic limit.
Corrections due to trapped panicles16 are incorporated.
The code also includes feedback stabilization of the plasma
current and radial diffusion of the LH-driven current
density.3 Accurate representations of the poloidal extent of
the antenna and of its radiated power spectrum are used,4

thus ensuring that the initial conditions for the ray-tracing
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calculation correctly reproduce the injected LH power dis-
tribution both in poloidal angle and in parallel wave index,

«'!•
This code has been benchmarked to an experimental

situation,4 and the analysis performed below has been car-
ried out for the combined Ohmic-LH steady state of
TORE SUPRA shot #5319. The basic plasma character-
istics are helium gas (ZHc=2), major radius R0=2.34 m,
minor radius a=0.78 m, magnetic field on axis 50=3.9 T,
plasma current //,= 1.6 MA, central electron density
n,,o=:5-3xl019 m~3, volume-averaged electron density
{/j,>s;3.3X 1019 m~3, central electron temperature
Ttfsl.l keV, volume-averaged electron temperature
(T8)S= 1.5 keV, and ion effective charge Zeff=2.8. The
wave frequency is w/2ff=3,7 GHz, and the two main lobes
of the launched power spectrum are peaked at HIJ = — 5.62
and I?,, =1.59. The total injected LH power is P1n=2.46
MW, 68% of which is launched with RI, > O. The power
P1n is equally divided into the four poloidal locations cor-
responding to the four rows of waveguides that form the
LH antenna, which is installed in the low-field side of the
equatorial midplane and whose poloidal extent is approxi-
mately 0.38 radians. The same power spectrum is launched
from each of those poloidal locations. The lobes with
n>, <0 and fy, >0 are described using 21 and 100 rays,
respectively, which makes a total of 84 rays traced with
/iii < O and 400 rays traced with «g > O.

For the given plasma and power spectrum parameters,
the dynamics of the lobe with /iit > O is dominated by sto-
chastic effects4'5 and, notwithstanding the fact that the in-
ner half of the plasma is initially poorly accessible7 to this
lobe, significant power deposition is predicted4 for p S 0.5,
together with a noninductive current /Ln =0.31 MA. Here,
p designates the normalized radial flux surface coordinate,
with p= \ at the plasma minor radius. It is worth recalling
that ray stochasticity refers, here, to the intrinsic random
behavior that the ray trajectories may exhibit in toroidal
geometry.6'7 Such behavior has associated an exponential
divergence of ray trajectories starting from neighboring ini-
tial conditions, which implies the need to use a large num-
ber of rays when stochastic effects are important, if reliable
code predictions are to be obtained.4'5 This is, indeed, a
major implication of ray stochasticity for the modeling of
LH current drive.

B. Diagnostic setup

The HXR diagnostic installed in TORE SUPRA,13

which is depicted in Fig. 1, has been designed to study the
x-ray photon emission, in the range 30 keV •& hv £ 700 keV.
during LH current drive experiments. Here, h is the Planck
constant and v the radiation frequency. The experimental
setup consists of a multichannel spectrometer that probes
the plasma in a poloidal cross section along five lines of
sight, which are labeled A, B. C, D, E, and which intersect
the equatorial midplane at (R-R0)/a~ +0.20, 0.00.
-0.33, -0.52, -0.71, respectively, where R is the dis-
tance from the tokamak axis. Lines of sight D and E in-
tersect the inner wall, which is covered by 1 cm thick
graphite tiles, whereas the three others face an upper port.

Supraconductmg
toroidal Held coil

Calibration system

Lead collimator _ \

Scintillator

Dump

Preamplifier box

Metallic support

Concrete
structure

FIG. 1. Schematic of the HXR diagnostic installed in TORE SUPRA.

The collimators are made out of lead and allow different
apertures to be selected, in order to adjust the spatial res-
olution (2 cm to 15 cm). Each detector views the plasma
through two circular apertures whose radii are r, and r2,
and which are separated by a distance b (r\ = 3.5 mm.
r:=6 mm. and b-z. 1.4 m for TORE SUPRA shot #5319).
To prevent signal contamination by the noncollimated
HXR emission, all detectors are placed inside a lead box
with 10 cm thick walls.

Bismuth germanate, Bi4Ge3Oi2 (BGO), scintillators
have been chosen13 due to their high stopping efficiency.
Interactions with neutrons and secondary gamma rays pro-
duced in the detectors vicinity are expected to be signifi-
cantly reduced, without a large degradation of the photo-
fraction in the energy range of interest. With 23 mm thick
BGO crystals, only 10% to 15% of the plasma x-ray emis-
sion is lost in the interval 30 keVS/iv£400 keV. Attenu-
ation along the lines of sight is kept to a small level above
30 keV by using a 1 mm thick aluminum vacuum window.
The BGO luminescence properties under HXR excitation
are characterized by a very small afterglow (0.005% after
3 msec), thus enabling a high counting rate (greater than
100 kHz). As compared to standard NaI(Tl)
scintillators,8'9'"'12 BGO has a smaller scintillation conver-
sion efficiency and, therefore, a lower energy resolution.
However, this does not represent a serious disadvantage,
because HXR spectra are always very broad.
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C. Prediction of the HXR spectra

The HXR spectrometer is a transducer that transforms
the energies of photons emitted by the plasma into pulses,
with the pulse heights being proportional to the energies of
the photons counted by the detector. For a given line of
sight, and if ffa and N1n, designate the number of pulses
with height H and the number of photons emitted with
energy Av, respectively, the pulse spectrum, dNH/dt dhv,
and the emitted photon spectrum, dN^dt dhv, are linked
by the relation

dNfi Ç"
dtdhv= J0

dtdhv' U)

Here, for a given energy Av, A12(Av) is an attenuation co-
efficient representing the fraction of the radiation collected
along the line of sight that is transmitted up to the detec-
tor, A^(Av) the detector transmission coefficient measuring
the fraction of the radiation arriving at the detector that
does not interact with it, and gd(hv,H) the detector re-
sponse function (normalized to unity) giving the conver-
sion law between emitted photon energies and pulse
heights. Let <p be the angle between the line of sight and the
toroidal magnetic field. Then, the emitted photon spectrum
can be written as

dNhv

dtdhv'
dnhv(p,<p)
dfl dtdhv' (2)

where dl is the length element along the line of sight and L
its total length inside the plasma, and dnhv(p.(p)/
dfl dt dhv the density of photons at p that are emitted with
energy Av in the direction <p, per solid angle dfl, time
interval dt, and energy range dhv. It is clear that, in the
line-of-sight integral of Eq. (2), p and <p are to be taken
locally along the line of sight.

The main sources of x-ray photons in the range 30
keV5AvS700 keV are, in a plasma where a significant
suprathermal electron population is present, electron-
electron and electron-ion bremsstrahlung radiation.9 For
the plasma of interest here (Zeff=:2.8), the electron-
electron contribution is less than 10% of the total HXR
emission9 and is therefore neglected. Furthermore, fully
stripped carbon (Zc=6) is considered to be the only rel-
evant impurity. Under these conditions, the relativistic
Bom approximation corrected by the Elwert factor can be
used for the electron-ion cross section,9 differential in solid
angle and in energy, rfa/f^Av./j.e,,'Cp1Z1)AWWAv, with
Z, the ion charge, p the momentum of the emitting elec-
tron, Cp the unitary vector in the direction of the emitting
electron, and ev the unitary vector in the direction of the
emitted photon. Using spherical coordinates to locate the
emitting electron in a reference frame such that the local
toroidal magnetic field is along the z axis and the line of
sight lies in the x-z plane, the following relation applies:

Then, making p=cos Q, dn/,v(p,<p)/dfldtdhv reads

dnhv(p,tp) v f:ir
 JJL T + 1 J f* j

—a 2« «,(p) «P I « M l 4?
"' /=He.C JO J-I Jp10111

dfl dhv 1/2

(4)

with HJ(P) the ion density, /sl(p,/i,/j) the suprsthermal
electron distribution function, m, the electron mass, c the
speed of light, and />mm=( IAO[Av(Av+2w(!c

2)]1/z. In
writing Eq. (4), the poloidal and radial components of the
magnetic field have been disregarded,17 and /Jt(/w) has
been chosen to be normalized to the suprathennal electron
density, na(p), according to

r2irr ' d<t> r +l du f
Jo J-i Jo

The symmetry of the problem may be taken advantage
of by using the Legendre polynomials,18 Pn(z), and by ex-
panding <ffff£,(Av,/>,ev-ep,Z,)/<fllrfAv and fn(p^f) in
the series

(6a)

dfl dhv

\\ d<rn(hv.p,Z,)

dan(hv,p,Zj)
dfl dhv

dfl dhv

it=0

(6b)

(7a)

fn(p,p) = J* dp. fit(p.fi,p)Pn(n). (Tb)

It is then straightforward to rewrite Eq. (4) in the form

V ^ V / 1UT 2. «,(p) L n+-\Pn\
i = He.C 1=0 V */

r* dcra(hv,p,Z,)
I "P'

dfldtdhv ,(cos<p)

dfl dhv

Xfa(p,p),

ev-BJ=COS 9 cos ip+cos à sin O sin <p. (3)

where use has been made of the appropriate addition
theorem.18

As the HXR diagnostic installed in TORE SUPRA
has its lines of sight lying in a poloidal cross section, the
detected emission is perpendicular to the toroidal magnetic
field, and so <p=ir/2. In this case, Eqs. (1), (2), and (8)
put together give
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XgJ(Hv'M) I <# Z n,(p) Z ( n+ï V-Ji /.Ktc »-o\ 2;

X f rfp-
J^m« rfflrf/iv' !ji/2 fn(P'P)-

(9)

The predicted HXR spectra discussed in this work have
been obtained using 40 flux surfaces, Sl Legendre polyno-
mials, 31 points in /tv, and Sl points in p. The coefficients
dan(hv,p,Zi)/dtodhv and fa(p,p), defined by Eqs. (6)
and (7), have been computed by means of a Gauss-
Legendre integration19 and with 71 points in 0.

0.10
0.08

g 0.06
y

< 0.04

0.02

000
Mm

I I I I
AJLH(P) , 1

JLH(P) I 1
~ I li \

> /V \/ "~"~^ \
i i i ^-7T

0.0 0.2 0.4 0.6 0.8 1.0

P

FIC. 2. Predicted nondiffiised ind diffiued LH-driven current density
profiles.

D. Radial diffusion of auprattwrmal electrons
The simulation code deals with radial diffusion of su-

prathennal electrons by including in the Fokker-Planck
calculation a momentum-dependent phenomenological
term that represents diffusion-induced losses from each
flux surface,1"3 and by then diffusing the LH-driven current
density profile obtained from that calculation, JLH(P)- so
the diffused profile, JIH(P), and the diffusion coefficient
are established as a solution and an eigenvalue, respec-
tively, of a boundary-value problem that is compatible with
a global conservation law derived from the Fokker-Planck
equation.3 In this approach, the LH-driven current density
is radially redistributed without changing the level of the
LH-driven current,3 so that

PJo fJo
(10)

It must be noted that the LH-driven current computed
from the Fokker-Planck equation already takes into ac-
count suprathermal electron losses due to radial diffusion,
which are modeled by the phenomenological term referred
to above.1'3 Since the radial diffusion calculation is not
performed on the electron distribution function itself, but
rather on its current density moment, some assumptions
have to be made in order to link JUI(P) with the diffused
profile for the suprathermal electron distribution function,
f*(p,H,p), if the influence of radial diffusion on the pre-
dicted HXR emission is to be assessed.

Numerical studies using a three-dimensional Fokker-
Planck analysis have shown20 that radial diffusion does not
significatif distort /s,(p,/t,p) in momentum space: the
effective perpendicular temperature is not appreciably
modified and the LH-generated plateau conserves its flat
shape, indeed, radial diffusion of suprathennal electrons
proceeds essentially by changing the plateau level on each
flux surface. Under these circumstances, it seems reason-
able to consider that the J£K(p) and /£(p,/j,p) profiles
have roughly the same form,

f1 f1

dppf$(p,p,p)st dp pfn(p,p,p), (12)
Jo Jo

which is consistent with Eq. (10). Hence,

with x(p,p) given in the Appendix, and that the suprath-
ennal electron density in momentum space is conserved,

(13)

It is understood that Eq. (13) may oversimplify some as-
pects of the radial diffusion process undergone by suprath-
ermal electrons. Nevertheless, it suffices for the purpose of
estimating in which way such process may modify the
HXR spectra. From Eqs. (7) and (13), it is straightfor-
ward to see that the modified HXR spectra can be obtained
by replacing, in Eq. (9), fn(pj>) by

(U)

For the plasma considered here, the radia] diffusion
calculation for the LH-driven current density has given a
diffusion coefficient of about 1 Ui2SeC'1. Coilisional slow-
ing down prevails in the inner hall of the discharge
(««o=5.3 XlO19 m~3 and <«e>s:3.3Xl019 m~3), and so
radial diffusion is felt mainly in the outer half. This can be
seen in Fig. 2, which shows JLH(P) and JLH(P)- There-
fore, predicted HXR data for the most peripheral lines of
sight D and E may be expected to depend on radial diffu-
sion of suprathennal electrons in a non-negligible manner.

E. Radiation scattering by the inner waH
Photons impinging upon the inner wall ( 1 cm thick

graphite tiles brazed on a steel structure) can emerge back
at lower energy, after going through a random walk pro-
cess inside it, in which Compton scattering and absorption
by way of the photoelectric effect are the dominant
interactions.21 As a consequence, the contribution of the
radiation thus scattered to the HXR emission detected by
a line of sight intersecting the inner wall can be large as
compared to the direct plasma contribution.13 Obviously,
the importance of this effect depends on the level of the
plasma HXR emission, as well as on its radial and energy
distributions.
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b d&dtdhv'

For a line of sight intersecting the wall at a poloidal
location 0 and with an angle 4> with respect to the direc-
tion locally perpendicular to the wall surface, the scattered
photon spectrum is given by the relation

(15)

hv the surface density of photons
at 0 that are scattered off the wall with energy Av in the
direction <t>, per solid angle dtt, time interval dt, and en-
ergy range dhv. If the energy and incidence-angle distribu-
tions of impinging photons are known, dn\v(Q,<t>)/
dfl dt dhv can be obtained after solving, inside the inner
wall, the transport equation for the radiation. This is ac-
complished by means of a Monte Carlo calculation in slab
geometry, which constitutes a standard approach for treat-
ing HXR penetration and diffusion problems.21 Since the
inner wall integrates a photon flux coming from nearly all
directions, it is possible to assume that the wall views an
isotropic plasma HXR emission. Furthermore, if the "pho-
ton temperature" does not vary significantly from one line
of sight to another, as is to be verified in the present case,
the energy dependence of the HXR emission can be con-
sidered to be the same throughout the plasma. The "pho-
ton temperature," rpb, is a useful parameter to character-
ize the energy dependence of the HXR spectra,9"12'14 and is
defined according to

1 Av
(16)

Under these conditions, and for the purpose of computing
the energy and incidence-angle distributions of photons
coming from the plasma and impinging upon the wall,
which are the necessary irputs for the Monte Carlo calcu-
lation, dnhv(p,q>)/dfl dt Ihv is arrrrAir-. ,:;.& by

dnhv(p,<p)

dfldtdhvS4rr dt (Av

Av-

un'

/ /IV- „ i
Xexp -T

\ Avav--/j- ,n
(17)

where dnftt(p)/dt is the density • <' actons that are emit-
ted at p, per time interval dt. ar r- , and hvm the min-
imum and average energy value.-, • ,jectively. The form of
Eq. ( 17) has the advantage of ensuing the decorreiation of
those two distributions. In particular, the incidence-angle
distribution is derived by an appropriate volume and solid-
angle integration of dnph(p)/dt over all plasma cells that
contribute to the radiation entering the inner wall at its
intersection surface with the line of sight. Such integration
takes into account the tokamak toroidal geometry.

For the diagnostic setup of Fig. 1, the contribution of
the scattered photon spectrum to the predicted HXR data
has to be assessed only for lines of sight O and E, since
lines of sight A, B, and C face an upper port, which acts as
a radiation dump. For TORE SUPRA shot #5319, the
values Avmin=20 keV and Avav=70 keV have been used.
Following a logical procedure, the corrections due to radi-
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FIG. 3. Computed relation between the number of input puba and the
number of recorded counts. The dashed line corresponds to N'H=NH.

ation scattering by the inner wall have been obtained after
radially diffusing the suprathennal electrons.

F. Measurement of the HXR spectra

Measured HXR spectra are recorded using a standard
multichannel analyzer, which is composed of a charge pre-
amplifier, a pulse-shaping amplifier, an analog-to-digital
convener, and a histogramming memory unit. The mea-
suring system is not prepared to automatically correct for
pileup and dead-time errors. In order to reduce these, the
pulse rise time is set to 0.587 /isec, for a total pulse dura-
tion not exceeding 1.825 usée. The time it takes to digi-
talize and memorize the pulse, 3.0 psec, is independent of
the pulse height and larger than the pulse duration, so
practically no distortion is introduced in the energy depen-
dence of the measured spectra. However, dead-time effects
have to be seriously considered at high counting rate, since
the actual number of recorded counts, Nr

H, can be signifi-
cantly lower than the number of input pulses, N11.

Therefore, the measured spectra have been corrected
by way of a Monte Carlo calculation that simulates both
pileup and dead-time effects. For the conditions corre-
sponding to TORE SUPRA shot #5319, the relation be-
tween N'H and NH is plotted in Fig. 3. In this way, and if it
is assumed that NH is always lower than 500 kHz, which is
confirmed experimentally by the absence of saturation ef-
fects in the charge preamplifier, NH can be recovered once
.Vf1 is known. The experimental error in Na is mainly due
to the statistical dispersion of the pulse-counting process,
and is ±(Ar

//)
1/2. An acquisition time of 0.5 sec and en-

ergy intervals of 4 keV have been used in recording the
HXR spectra discussed below.

III. RESULTS AND DISCUSSION

The measured and predicted HXR spectra for TORE
SUPRA shot #5319 are depicted in Fig. 4. Before apply-
ing the LH power, low-level signals are detected up to
/>v~50 keV. Once the LH pulse is on, a large increase in
the counting rate is observed and the HXR spectra extend
up to /tv~400 keV. For all lines of sight, the measured
HXR spectrum decreases rapidly when the photon energy
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increases, and a significant spread of the experimental data
occurs for Av à 250 keV. This data spread takes place
within the statistical dispersion represented by the error
bars, indicating that the signals have dropped to the noise
level. It must be noted that, even without taking into ac-
count radial diffusion of suprathermal electrons and radi-
ation scattering by the inner wall, both the energy depen-
dence and the magnitude of the measured HXR spectra are
fairly well predicted in the range 30 keV£Av$250 keV,
except for line of sight E.

Corrections due to radial diffusion of suprathermal
electrons are important, in the present case, only for lines
of sight D and E, in particular for the last one. This can be
understood with the help of Fig. 2 and by considering that,
as can be seen in Fig. 1, those two lines of sight probe the
outer half of the plasma, which is the region most affected
by the diffusion process. The effect of radiation scattering
by the inner wall is negligible (less than ï%) for line of
sight D and significant (about 40%) for line of sight E.

The measured and predicted values of Tph for the dif-
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ferent lines of sight, calculated in the interval 75 keV
<Av<225 keV, are given in Fig. 5 and compare well with
each other. Moreover, the fact that T^ is practically the
same for all lines of sight validates the assumption made in
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writing Eq. (17), according to which the radial variation
in the energy dependence of the HXR emission is weak.

Notwithstanding some discrepancies that remain to be
explained, a fair agreement exists between the measured
and predicted HXR data. It is worth emphasizing that the
latter have been derived from an electron distribution func-
tion coming out from a calculation that has also repro-
duced, within an acceptable uncertainty, the other experi-
mental signals.4 The overall underestimation of the HXR
emission may result from having computed the effective
perpendicular temperature in the nonrelativistic limit,
which gives a lower value for it,13 and from having disre-
garded the contribution to Zefr of heavy impurities, such as
iron. For line of sight E, it may also be invoked the fact
that ZeS has beer., assumed to be constant throughout the
plasma cross section, although a pronounced increase in its
value is likely to occur close to the plasma edge. A detailed
assessment of these effects is somewhat futile here, since
there is available no more quantitative experimental infor-
mation regarding them than that which has been incorpo-
rated in the computations. So, it is always possible to find
some reasonable models for the concentration of heavy
impurities and for the Ztlf profile such that the measured
HXR spectra cm be better fitted. However, that is not the
purpose of the present work. To be retained is the fact that
a simulation based on self-consistent ray-tracing and
Fokker-Planck calculations of the LH wave propagation
and absorption and of the electron dynamics has succeeded
in modeling a typical LH current drive experiment in a
way that is consistent with a broaJ set of experimental
data.

IV. SUMMARY AND CONCLUSIONS

A detailed analysis has been presented demonstrating
the ability of combined ray-tracing and Fokker-Planck cal-
culations to predict the HXR emission during LH current
drive in tokamaks when toroidally induced ray stochastic-
ity is important. Furthermore, it has been shown that both
radial diffusion of suprathermal electrons and radiation
scattering by the inner wall play, in general, a non-
negligible role in explaining the experimentally observed
features of the HXR emission.

This work confirms previous results4'5 according to
which ray tracing is indeed capable of describing, in a
Monte-Carlo-like manner, the LH wave propagation and
absorption when the ray dynamics is stochastic, provided a
sufficiently large number of rays is used. It may thus be
concluded that combined ray-tracing and Fokker-Planck
codes do contain the basic ingredients to correctly model
the physics of LH current drive in tokamaks. Obviously, a
number of improvements can still be introduced in order to
obtain a finer titling between measurements and predic-
tions.
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APPENDIX: DERIVATION OF THE COEFFICIENT

The proportionality between f?i(p,n,p) and
implied by Eq. (11) can be easily derived if f*(p,p,p) is
represented in terms of a plateau in parallel momentum
and a Maxwellian distribution in perpendicular momen-
tum. If the dependence on p of the effective perpendicular
temperature, T1 , and of the plateau limits, />j ^n and

/>H m(U, is neglected, then

(Al)

and it is straightforward, although lengthy, to show that

ff(P\\ mn-WlMVP-P't mm)

wc(2/ne7'1 )3

1
•2 '~2 r -2'

....
(A2)

with

>P(l-a.l-a:z) = l (a^)exp(z). (A3)

Here, e is the electron charge, H(Z) the Heaviside function,
and r(ajr) the incomplete gamma function.18 In the limit

« > P~> m,a * 2meTL • Etl- (A2) becomes

1 / (1-
-T « ~exj>\ ——5-
?~\ ma-P~ nun) \ -n

(A4)
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ABSTRACT

A comprehensive study is presented on the Weyl-Wigner formalism for rotation angle and

angular momentum variables: the elements of kinematics are extended, the elements of

dynamics are established, and the implications of rotational periodicity and angular momentum

quantization are investigated. Particular attention is paid to discreteness, and two of its

consequences are emphasized: the importance of evenness and oddness, and the need to use

two difference operators in a discrete domain, whereas one differential operator suffices in a

continuous domain. These consequences are shown to strongly distinguish the Weyl-Wigner

formalism for rotation angle and angular momentum variables from the well-known Weyl-

Wigner formalism for Cartesian position and linear momentum variables. The point is made

clear that the first of these formalisms cannot be regarded as a trivial and straightforward

extension of the second. The rotational Wigner function is derived as the only bilinear form of

the state vector that is real, has the natural invariances for rotational motion, and yields the

correct distributions for the rotation angle and angular momentum variables as well as the

appropriate expression for the transition probability between states. The conditions for its

uniqueness are thus established. Its properties are described in detail and, in particular, its

uniform boundedness is demonstrated. The rotational Wigner function and the associated

correspondence between quantum operators and classical-like functions, as well as the relations

they obey, are explored, and are written so as to clearly exhibit the distinct contributions of

evenness and oddness in the discrete domain of the angular momentum eigenvalues, thus

providing a most natural way to account for periodicity. Using the derivative, which acts on the

continuous rotation angle variable, and the forward and backward differences, which act on the



discrete angular momentum variable, the equation of motion for the rotational Wigner function

is established. This equation is detailed for the following Hamiltonian forms: those that depend

only on the angular momentum variable, including, in particular, the free rotator, and those that

are in the cosine of the rotation angle variable. It is verified that the Weyl-Wigner formalism for

rotation angle and angular momentum variables has the correct nonperiodic limit, and that it

properly reduces to the Weyl-Wigner formalism for Cartesian position and linear momentum

variables. In order to illustrate the formalism, a careful analysis is carried out for the rotational

Wigner function representing the energy eigenstates of a hindered rotator whose Hamiltonian is

the sum of a term in the absolute value of the angular momentum variable with a term in the

cosine of the rotation angle variable. For this hindered rotator, and within the approximation of

a large absolute value of the angular momentum variable, the equation of motion for the

rotational Wigner function is solved for its stationary solutions, and the time-independent

Schrodinger equation is also solved.

PACS numbers: 03.65.Ca, 05.30.-d, 02.50,+s, 02.90.+p



I. INTRODUCTION

The Weyl-Wigner formulation of nonrelativistic quantum mechanics using a classical-like

phase space language has been well established for variables such as the Cartesian position and

linear momentum of a panicle [1-3]. In this formalism, a correspondence exists between

quantum operators and classical-like functions, the Weyl correspondence, and expectation

values of dynamical variables are calculated as averages over a quasiprobability distribution, the

Wigner function. For variables such as the rotation angle and angular momentum of a rotator,

however, notorious difficulties arise due to periodicity [4]. Although the rotational Wigner

function and associated correspondence between quantum operators and classical-like functions

have already been introduced [5,6], the implications of rotational periodicity and angular

momentum quantization for the Weyl-Wigner formalism have not yet been fully analyzed.

Kinematic properties like natural invariances, uniqueness, and uniform boundedness of the

rotational Wigner function remain to be investigated, as well as the particular features possessed

by the formalism in the discrete domain of the angular momentum eigenvalues. Moreover, and

particularly important, the dynamics of the rotational Wigner function is still to be derived.

It is the purpose of the present article to provide a comprehensive and detailed study on

the Weyl-Wigner formalism in the case of rotation angle and angular momentum variables.

Notwithstanding the fact that the formalism has been extensively assessed in the case of

Cartesian position and linear momentum variables, such a study is far from being a redundant

exercise. In fact, as it becomes evident in this work, the results that apply to the former

variables can by no means be regarded as a trivial and straightforward extension of those that

apply to the latter. This does not come as a surprise, since the two types of variables are

intrinsically different in quantum mechanics.

This article is organized as follows: the existing results on the Weyl-Wigner formalism

are briefly reviewed in Sec. II, the kinematics of the rotational Wigner function and associated

correspondence between quantum operators and classical-like functions is described and

investigated in Sec. Ill, the dynamics of the rotational Wigner function is derived and discussed

in Sec. IV, the Weyl-Wigner formalism is used to study a particular hindered rotator in Sec. V,



and the results are summarized and conclusions are drawn in Sec. VI. For simplicity, only pure

states and one rotational degree of freedom are considered.

II. REVIEW OF THE FORMALISM

A. Cartesian position and linear momentum variables

For completeness, and in order to better understand the differences encountered in the

case of rotation angle and angular momentum variables, as well as to facilitate the comparison

with the results to be derived in this work, it is useful to go briefly through the Weyl-Wigner

formalism for Cartesian position and linear momentum variables. The results presented below

can be found in the review works that have been published on the subject [1*3], as well as in

the bibliography there provided. The Cartesian position and linear momentum operators, q and

p, respectively, obey the well-known commutation and uncertainty relations, namely

[?,?] = *». (2.1)
Aq(t)Ap(t)>&, (2.2)

and have continuous unbounded eigenvalues, represented by the variables q andp,
?! q)=q\ ?},
P\P)=P\P). (2.3)

Here, h is the Planck constant divided by 2rc, and the fluctuation, at a given time / and for a
^ ,̂

given pure state | y (t) ), of the dynamical variable corresponding to the quantum operator A is

defined, if A is Hemitian, as

aA(t) = { ( [ A ( t ) ] 2 ) - ( A ( t ) ) 2 } 1 1 2 , (2.4)

with

( A M ) = ( V M U I v C ) ) . (2.5)

It is understood that the eigenvectors | q } and | p ) form complete sets,

V ( r ) ) = | dq\q)(q\v(t))=\
/-OO J-

dp\ p ) ( p \ y ( f )} , (2.6)

that they are orthonormal and related according to



(q\q')=8(q-q),
(p\ p')=S{p-p'),

(2.7)

and that | \|/ (t) ) is normalized to unity,

) l 2 = | 4 » | { p l v W ) l 2 = i . (2.8)
/-OO

The Wigner function representing | V (/) ) is

' I V W ) ( V W I «?-<?' )

=I
J.O

= ̂ - dp' &q(-ï2qp'ltd(p-P I V W){ V Wl P+P' ) - (2-9)

This function is real and gives the correct distributions forp and q, respectively:

rI dq W(p,q,t) = \ (p I y ( t ) ) |- (2.10)
L

and

I
J^l

(2.11)

Therefore,

I dpi dqW(p,q,t)=\. (2.12)
J^a J-eo

Moreover, the relation between W (p,q,t) and | y (r)) is invariant with respect to translation,

translational motion at constant linear velocity, position inversion, and time reversal. These

invariances are the natural ones for translational motion, and the first two being the

requirements for Galilean invariance. The function W (p,q,t) in Eq. (2.9) may be uniquely

defined as follows: it is a bilinear form of | y (t) ) that is real, possesses the above stated

invariances, yields the proper distributions for the variables according to Eqs. (2.10) and

(2.11), and is such that the transition probability between the states) V (/))and| y' (t)) is given,

in terms of the respective W (p,q,t) and W' (p,q,t), by



f+~
i dq

/-OO

dp dq W(p,q,t)W'(p,q,t). (2.13)
;-» U

Therefore, these are the conditions for its uniqueness. Setting) \|/ (r)) equal to | y(t)} in Eq.

(2.13), a necessary condition for W (p,q,t) to represent a pure state is derived, which is

r r , iI dpi dq[W(p,q,t)]2 = -±-. (2.14)
Jj» JM

 2^

It may also be seen from Eq. (2.13), choosing | y(r)) and j V U)) to be orthogonal, that

W (p,q,t) cannot be everywhere positive, and so is not strictly a probability distribution, but

rather a quasiprobability distribution. Applying the Schwarz inequality to Eq. (2.9), it is

possible to show that W (p,q,t) is uniformly bounded according to
\W(q,p,t)\<^. (2.15)

With a given classical-like function A (p,q) the Weyl correspondence associates the

quantum operator

f" /""" /"""A=-L I dp i dq I dq Q^{-i2pq'I^A(p,q)\ q-q')(q+q' \
Kh I f I

J ^e J -oo J -oo

{+oo f**0 r~*^°
d p i dq\ dp SK^-i2qp'lh) A (p,q)\p+p) (p-p I - (2.16)

Oo /-OO /-OO

Inversily, A (p,q) can be written in terms of the matrix elements of A as

A (p,q) = 2 I d<?' exp(-t'2p<7 If1)(9+0' j A | q-qi+

(
+00

dp' cxp(-i2qp'/ft) (p-p' I A I p+p'}. (2.17)
OO

The expectation value of the dynamical variable corresponding to A may then be expressed as

an average of A (p,q) over W (p,q,t\.

(
+00 ,-H»

dp dqA(p,q)W(p,q,t). (2.18)
» y.oo

It is important to note that there is a complete formal symmetry between q andp, as it is evident

from Eqs. (2.9), (2.16), and (2.17). Also, the classical function <4C| (P4) corresponding to A is



not, in general, A (p,q), but it can be derived from the latter by taking the classical limit ft -» O.

Namely,
Aci (P^)=Hm A (p, q). (2.19)

ft->0

Let H be the quantum Hamiltonian operator and | \|/ (t) ) a solution of the time-dependent

Schrodinger equation

(2.20)

Then, the equation of motion for W (p,q,t) reads [7]

3, W (p,q,t) = j- sin[| ( a" $ - d" d% )] H (p,q) W (p,q,t) , (2.21)

where H (p,q) is the classical-like function associated with H by the Weyl correspondence,

according to Eq. (2.17). The classical limit of Eq. (2.21) is the Liouville equation

a, wcl (P,<?,0 = ( a" aJT - a? tf ) HCI (p,q) wcl (p,q,t) , (2.22)
with Wci (p,q,t) being defined in a manner similar to Eq. (2.19). For the free particle with mass

M, in which case

(2.23)

Eq. (2.21) becomes

,r), (2.24)
" M

and is identical to its classical counterpart. It is worth pointing out that the Wigner function

representing an energy eigenstate corresponds to a stationary solution of Eq. (2.21), as can be

easily verified from Eq. (2.9).

B. Rotation angle and angular momentum variables

In the quantum mechanics of rotational motion, the use of a rotation angle operator 0

leads to difficulties with the Hermiticity of the angular momentum operator /. This is due to the
XS

fact that the variable 6, representing the continuous unbounded eigenvalues of 6, is not periodic

[4]. In particular, relations similar to those of Eqs. (2.1) and (2.2) are incorrect and lead to

nonsense when apllied to 6 and / . The use of an operator with eigenvalues equal to 6 modulo

2n is not satisfactory, because the variable representing these eigenvalues, although periodic,

has 2rc-spaced discontinuities. Such difficulties are best circumvented by writing commutation



and uncertainty relations using the operator expytâ) instead of 6, since the eigenvalues of the

former can be represented by a continuous periodic variable. Then,

[r,exp)i0)] = /iexp(/0), (2.25)

A l ( t ) ( l - \ (exp[i6(r)]}r|1/2>f I (expW)l- (2.26)

Another distinctive feature of rotational motion is the quantization of the unbounded eigenvalues

of / , which are discrete and of the form mh, with m an integer variable. In this way, the

eigenvalue equations for exp(/0) and Î are

exp(/0)| 0} = exp(/0)| B ) ,
T\m) = mh\m), (2.27)

and the following relations apply for the eigenvectors | 6 ) and | m }, and the state j \|/ (/) ):
C -too

<*0 |0 ) (0 lv ( ' ) ) = I I w ) H v W ) , (2-28)

f+1C

= <
J-K

+•oo

(01 0')* ]£ s(0-0'-2jw),

(m| m ' )=
( 0 | m ) -- L_exp(im0), (2.29)

(
-Mt +00

d 0 | ( 0 | v > W ) | 2 = I I (m I v W ) I 2 = ! - (2.30)
K m=-oo

Few results can be found on the Weyl-Wigner formalism for rotation angle and angular

momentum variables. The rotational Wigner function has been introduced [5] by properly

modifying W (p,q,t) given in Eq. (2.9) so as to preserve the consistency of the kinematic

relations obeyed by the latter, and has been derived [6] by using operator algebra to set up a real

function that is formally similar to VV (p,q,t) and yields the appropriate replacements for Eqs.

(2.10) and (2.1 1). So, the rotational Wigner function, which is discrete in m and has period 2:i

in 6, reads
r+n/2

,t) = l-\
71 /-JT/2/-JT/2

It is real, gives the appropriate distributions for m and 6,
r*
I d8Wm(e,t) = I (m lv(r ) ) | 2 (2.32)
L



and
+•»

wm(e,t)=\(e\v(t))\2, (2.33)

respectively, and is normalized according to
t
deWnM= 1. (2.34)

f-

j-n

The form of Ww (d,t) in Eq. (2.3 1 ) implies that the quantum operator A associated with a

given classical-like function An (d) must be [6,8]
*°° f+7t f

= 1Z dd I
m=-oo /-Tl /-7

(2.35)
7T/2

,••*
if the expectation value of the dynamical variable corresponding to A is to be written as

(2.36)

/"+I

J-nm=-<*> -n

A most instructive case, for which some results have already been obtained [5], is the

hindered rotator whose Hamiltonian is

/? = u)[|f| -rcos(0)], (2.37)

with (u and /positive constants, and

|f | |w) = | i « |A |» i ) . (2.38)

Introducing in Eq. (2.31) the Wentzel-Kramers-Brillouin eigenfunction that represents, for the

branch m » 1, the energy eigenstate with energy

(2.39)

where mo » 1, it follows for the corresponding rotational Wigner function the expression:

(0) S /2(m-mo) COS(0)

sirJ — cos(0) sin(<t>}\ • (2-40)
lh J

Here, Ja(x) denotes the Bessel function of the first kind of order a and argument*. It is easy

to show that the second term of Eq. (2.40) does not contribute to the distributions in m and 6

given by Eqs. (2.32) and (2.33). However, it is needed to insure that Wm0i/B (0} has the correct

classical limit.



In pronounced contrast with the extensive work that has been devoted to the Weyl-

Wigner formalism in q and p, the existing elements on the Weyl-Wigner formalism in Q and m

are somewhat scarce and incomplete. Indeed, and as it becomes evident helow, a detailed

kinematic analysis remains to be carried out, and no dynamic study has yet been performed. It

is hoped, with the present article, to extend the ensemble of results on the Weyl-Wigner

formulation of the quantum mechanics of rotational motion, and, in particular, to explore the

implications that discreteness, a major consequence of periodicity, has on the Weyl-Wigner

formalism. In the next sections, the function Wn (0,t) is derived from a set of natural

requirements that uniquely determine its form, very much in the same way as W (p,q,t) of Eq.

(2.9) can be derived [3]. This approach is somewhat more satisfactory than the ones that have

been proposed [5,6], in that Wn (d,t) is constructed by proceeding from the conditions for its

uniqueness, and not by finding the appropriate formal replacements that allow to go from

VV (p,q,t) to Wn (e,t). Properties analogous to those of Eqs. (2.14) and (2.15) are established,

and, in addition, Wm(0,r) and the associated correspondence between A and An[Q] are

thoroughly investigated in the discrete m domain. Most important, the equation of motion for

Wn \6,t) is obtained. The nature of this equation is necessarily different from that of Eq.

(2.21), since differential operators cannot be used in the m domain. They are replaced here by

difference operators, which are distinct in the following fundamental way: two operators must

be used in a discrete domain, typically the forward and backward differences, whereas only

one, the derivative, suffices in a continuous domain. It is also shown that the Weyl-Wigner

formalism in q and p is a limiting case of the formalism in 6 and m. So, as it has been

mentioned in Sec. I, the second of these formalisms cannot stem from the first, a fact that does

not prevent the existence of similarities between the two. To illustrate the features of the

formalism here developed, an analysis is performed of the hindered rotator described by the

Hamiltonian of Eq. (2.37).

III. ELEMENTS OF KINEMATICS

10



A. Derivation and uniqueness of the rotational Wigner function

The function Wn (d,t) is derived here starting from a set of natural requirements that are

shown to be the conditions for its uniqueness, which constitutes the most appropriate and

straightforward way for constructing Wn (d,t). In order to get familiarized with discreteness

and its features, the eigenvectors | m ) are used in the derivation, instead of | 6 ). So, Wn (Q,t)

is defined as a bilinear form of the state vector | y (t) ),

+00 400

Kn(e}\m")(m"\v(t)}, (3.1)

that has the following properties: it is real,

\ m I Kn (O) \ m / = [ \m Kn\Q)\m}\ ; (3.2)

it is invariant with respect to rotation,

\m I Kn(0) I m / = CXP[I(W-rn )0J\m \ Kn\0+<f>) \m / , (3.3)

to rotational motion at constant angular velocity,
I ' \ IS I /\\ \ " \ I ' is / /"M 1 " 1 /1 A\\m\Km\e)\m ) = \ m + n Kn+n(0) \m +n), (3.4)

to angle inversion,

(m'\Km(0) I m") = (-m \ K.m(-0) | -m"}, (3.5)

and to time reversal,

/ • M * V / 4 3 l » . " ) I/ -*.' L* / Ul ™- " \ 1 . tl £.\\ftl I ^.n\Uf\r7l / ^ L \ ""^ I *^ -rn \ ^f I ""̂  / J » W-O^

it yields the correct probability distribution for 0 according to Eq. (2.33),

(3.7)

and it is such that the transition probability between the states | y (r)) and | V M) ls given» m

terms of the respective Wn (0,r) and Wn (Q,t\ by

dewm(e,t}wm(e,t}. (3.8)
f+

J-Tt

Here, Eqs. (3.3) and (3.4) must be valid for any 0 and n, and Eq. (2.29) has been used in

writing Eq.(3.7). These properties naturally replace those that apply in the case of q andp

variables. In what follows, it is shown that Eqs. (3. 1) to (3.8) suffice to determine the matrix

elements (m' | Kn (0) | m" ) so that Eq. (3.1) turns out to be Eq. (2.31) for Wn (0,r).

11



Replacing 0 by -6 in Eq. (3.3) gives

( m I Kn (0) I m " ) = expUm'-m")0] ( m \ Kn (O) | m" ) . (3.9)

Furthermore, from Eq. (3.5) it is inferred that, besides depending on Q, (m \ Kn (0) I m" ) can

depend only on m-m' and m-m" or, equivalently, on 2m-m'-m" and m'-m". Therefore, Eq.

(3.9) may be written as

(m'| Km(e) \m") = exd.-i\m'-m")8\K2n.ri.m",m.n , (3.10)

with K2m.m.m.n-m SUCh that

K-2m-m-m",m-m ~ \K2m-m-m",m'-m') ~ f»-2/n+m'+m",/n'-;n" = *^2m-m-m",-m'+m" » (*»H)
-f«o

/. K 2m-m'-m".m'-m" = ̂ JT > (^- 12)
nt=-«o

as follows from Eqs. (3.2), and (3.5) to (3.7). Next, using Eq. (3.8), which, taking into

account Eqs. (3.1), (3.10), and (3.11), is equivalent to
+00 +00 +00 +00

x (\|/ (r) I m1 )( rt+m' I y (t))( y (f) | «+m" }(/n" | y (*)} , (3.13)

it follows that

At this point, it is convenient to perform the following transformation:

r = m-m'-m

s = .w+

' " (3.15)
2

where @(x) denotes the largest integer not exceeding x, and p. is a binary variable that is either O

or 1 and takes into account the evenness or oddness ofm'-rm". It must be noted that r, s, and U

are independent variables and that, furthermore, Eq. (3.15) establishes a one-to-one

correspondence between each pair m' and m" and each set r, s, and /J. [9]. Henceforth, things

become fundamentally different from the case of q and/? variables, and the particular features

arising from discreteness become more and more evident, noticeably the importance of

12



evenness and oddness. Through Eq. (3.15), K2m-m-m\m-m can be considered as a function of

r, s, and [i, and can thus be represented by
/+it

.fi = 2JH dÇ exp( ir
J-n

+0»

s,fi = Z «pW Kiwis+» , (3.16)

where £ lies between -TC and -TC, and Q5,^ ( Ç) is a continuous function of £ in thia interval. This

representation is particularly useful for solving Eq. (3.14), which is a convolution equation.

Expressing Eqs. (3.11), (3.12), and (3.14) in terms of £, s, and/Z gives

(3.17)

(3.18)

(27C)2

Therefore, from Eqs. (3.17) and (3.19),

(3'20)

and Eq. (3.18) implies that

Hence,

« • (3'22)

So, combining Eqs. (3.15) and (3.22),

K-, = -L-<V2m-fl.-m.m-m ^
m- '

rn ~
d0exp|4m-Œ^H0|. (3.23)

«r-H

and then putting together Eqs. (3.1), (3.10), and (3.23), Wn (e,t) reads

•r-W- ï Ï

x exp[4/n'-/«>](/«' IV(r))(vWl «"). <3-24)

13



which, considering Eqs. (2.28) and (2.29), is indeed equal to Eq. (2.31). Alternatively,

W1n (0,/) can be written as

» sinHm-m'rr-I I
1^=0,1 WW.«

(3-25)

with

VV ^
/71-f̂ —

2

= -M 40' exp[-/2Jw+y)0 j ( 0+0' vU))(vMl 6-0). (3.26)
J -TC

Writing Wm (0,r) as in Eqs. (3.25) and (3.26) is particularly suggestive, since the contributions
of evenness and oddness, associated here with w^ (0,r) and wm+L\Q,t}, respectively, appear

clearly distinguished. The fact that these two contributions are quite different is an intrinsic

feature of the Weyl-Wigner formalism in 0 and n>, which feature is to be encountered

throughout the results established below. Besides, evenness and oddness are related to well-

defined periodicities: TI for the former and 2;r for the latter, as can be seen from Eq. (3.26).

Hence, expressing Wn (0,r) in terms of w +M (0,r), according to Eq. (3.25), provides a most
2

natural way to account for periodicity. The usefulness of working with wm^ft\6,t), instead of
m 2

WOT(0,r) as given by Eqs. (2.31) or (3.24), is to be fully appreciated when studying the

dynamics in Sec. IV.

B. Properties of the rotational Wigner function

It is seen, from Eqs. (3.25) and (3.26), that Wm(0,r) is not a straightforward

discretization of the second of the forms given in Eq. (2.9) for VV (p,q,t), but is rathei the result
of a nontrivial summation of the real function wm^(o,t). It is this function that does look like a

m 2

discretization of that form, but a discretization performed so as to reflect the importance,

conveyed by the variable n, of evenness and oddness in the discrete m domain. It is also clear

14



that Wn (0,f) is unambiguously determined if wm+£\Qj) is known. Important properties of the
2

latter, directly derived from Eq. (3.26), are:
(3.27)

(3.28)
«=-» *

i
+lt

dO wm^M = 2 ( l-n)I ( m I V (r)) |2 , (3.29)
re 2

r*
d0 WTO M WM+L M = O . (3.30)

L 2

It is worth commenting the fact that Wn (0,f) is not simply given in terms of wn (0,r).

This can be understood with the help of Eq. (3.28), where it is shown that wm (0,r) cannot, in

general, satisfy the normalization requirement imposed on Wn \d,t) by Eq. (2.33). Hence the
importance of wm+j_(0,r) and of its contribution to Wn(d,t). The actual relation between

2

Wn (0,r) and wn (0,r) can be derived from Eqs. (3.25) and (3.27), and is

Wn M + ̂ m (0+ji,,) = wn M • (3.31)

Concerning Eq. (3.27), it provides a useful boundary condition when solving the equation of

motion for Wm(8,t), a point to be illustrated in Sec. V. Furthermore, Eq. (3.27^ states that
ww(0,r) and wm+^(Q,t) do not have the same periodicity, a point already mentioned above,

2

thus implying the orthogonality property of Eq. (3.30).

Before proceeding, it is convenient to write down two results that are of use in what

follows. They are an immediate consequence of Eqs. (3.12), (3.14), and (3.23), and read

(3.32)

m-m'- ( }

Following Eqs. (3.28) and (3.29), the probability distributions for m and 0 are given, in
terms of wm+/« ( 0,r), by

2

«=•— \m-rn -—

- I .M
-*> \m-rn -— p \rn-m •—

15



r
= l

J-U

'+JC

(3.34)

and

»l I I W-1^M, (3.35)
^ /1=0.1 «=.~ 2

respectively, and thus, recalling Eq. (2.30), the normalization condition

deWm(e,t)=l (3.36)
f

./-JC

applies. It must be noted that wm^_ [9,t) does not contribute to Eqs. (3.34) and (3.36).
2

However, it does contribute to Eq. (3.35). The relations in Eqs. (3.34) to (3.36) are, of course,

consistent with Eqs. (2.32) to (2.34), as it is easy to verify with the help of Eqs. (3.25),

(3.29), and (3.32). They are to be recalled in Sec. V, in connection with the results quoted in

Sec. II regarding the hindered rotator corresponding to Eq. (2.37).

Starting from Eq. (3.8), with | y' (O ) equal to| y (r)), and using Eqs. (3.25), (3.30), and

(3.33), a necessary condition for Wn (o,t) to represent a pure state can be established, which is

of the same type as that of Eq. (2. 14) and reads
i"+Jt +*> f+n

dtf [v«(f t / ) ] 2 - lS I ^f^Wr-i- (3-37)
J-It M-0. 1 m=~ J-Jt L 2 J

As it is to be shown in Sec. V, this condition may provide a useful test on the correctness of a
particular W + A I ( 6,t). In the same manner as it has been done in connection with Eq. (2.13),

m 2

Eq. (3.8) may be used to demonstrate that Wn (d,t) cannot be everywhere positive.

A further property to be established here is the uniform boundedness of Wn (0,t). From

Eq. (3.25), it is immediate to see that

/1=0.1 •V\m-m -—Jit
w

2
(3.38)

Next, combining Eqs. (3.26) and (3.38), using the Cauchy inequality, and performing some

straightforward algebra, it follows that

16



in[jm-m~jn:J

\tn-m -T-Pt JT

/ • ^1

\m+2>

exp( j2m"0)(m"lv ' A V l 2

tn —«*

which, considering Eq. (2.30), is equivalent to

Y 4"-"TH
/ U\ Bl'+-

^T si

exp(-i2m0)(vM|m")| : , (3.39)

TC

Now, recalling the equality in Eq. (3.23),

/M

[
Hence, Eqs. (3.38), (3.40), and (3.41) yield

(3.40)

= 1. (3.41)

(3.42)

which has a strong similarity with Eq. (2.15). It is instructive to see that Eq. (3.42) can also be

established from Eq. (2.31), by applying the Schwarz inequality to the latter, recognizing that

r'\e\(e+e' v r x l 2 r •-'" - -' - X 1 2

J-rt/2
f+n

d O \ ( 0 V
J-Jf

(3.43)

and then using Eq, (2.30). Another result, which can be derived by applying the Schwarz or

the Cauchy inequality to Eq. (3.26), is
;i. (3.44)

17



C. Correspondence between quantum operators and classical-like functions

Let the classical-like function associated with a given quantum operator A be
f+n/2

An(d) = 2 I d8exf[-i2m8)( 8+8 \A\8-d)
J-n/2

- _ i, , ~, i
I .ll . 2 . . . ; jexp[<m-m")g](m' |A|m"), (3.45)

- OT +OT (JT

or, equivalendy,

« siiJ m-m'-^-bî
(3*46)

with
+00

^tW-2 I ex
2

i
+

it

p[-/2(/« '+^pJ ( m-m '\A\ m+m '+

+^ e'\(0+e'\A\6-e') .

Then, taking into account that
f+X +00 /+7I

l)wm£[8,t), (3.48)
2 "*T

f+K +00 f-t

dflAM(f l )wwM = i £ I
J-Tt M=O-I mfM ;.„

which can be derived in a manner analogous to Eq. (3.37), and that

- Y. Y, I <Ma M ( # ) V V fi(ô,t) = (\a(t)\ A | \ i /(r)}, (3.49)
4 M=O-I ̂ L ""Ï m+I

which follows from Eqs. (3.26) and (3.47), it is easy to see that Eq. (2.36) is indeed verified.

An alternative expression for the expectation value of the dynamical variable corresponding to A

is then
-H» f+n

=I l S deam^(e)wm^(e,t).
M=O1Im=W-Tt 2 2

Inversily, A is writen in terms of A m (0) according to Eq. (2.35), which, using Eqs.

(2.28), (2.29), (3.33), and (3.46), can still be put in the form

18



+0« +00 +00 f

I ! ! S
(1=0,1 m=-°° m'=-»» w"=-««> /-1

si:
. . Y Y Y V I /ffl
2Jt

/i=0,i m=.<» /n=-<x> w"=-— /-n Im-WI
2

= 1111
M=O. 1 /i'=0,l m=.oo m'=-» J-n/i'=0,l m=.oo m'=-» J-n 2

x I m'+m"+ju)(/n'-m" | . (3.51)

It is a straightforward exercise to check that the set of Eqs. (2.35) and (3.51) is indeed

consistent with the set of Eqs. (3.45) to (3.47). These two sets of equations may be regarded as

defining a rotational Weyl correspondence that replaces, for 0and m, the Weyl correspondence

of Eqs. (2.16) and (2.17), valid for q and p. Quite naturally, there is no formal symmetry

between 9 and m. It is also worth remarking that the expansion of Wn \0,t) and An \0) in terms

of w n (d,t) and a n (d), respectively, as in Eqs. (3.25) and (3.46) provides a most naturally/JM-
2 2

way of exhibiting the marked distinction there is between evenness and oddness in the discrete

m domain, as can be verified by looking at the kinematic relations that have been established in

this section.

IV. ELEMENTS OF DYNAMICS

A. Equation of motion for the rotational Wigner function

Following Eq. (3.25), the dynamics of W1n (d,t) can be established directly from the

dynamics of w M \0,t), according to
OT-+

2

sinlAn-m'-—m ,
-^ 21^d1 w.Aej). (4.1)

/1=0.1 „,-=_ m-m'-C. 2

So, it is the equation of motion for wm^(d,rt that is going to be derived below. From Eq.

(3.26) and the time-dependent Schrôdinger equation, written as

{w| P U 1 K m 1 I v M ) , (4.2)
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it follows that

M=.

exp[-o(m-/n"-4)0]

x[(m-m'+m"| \/
( ' l ^* I • • \ / • » I ^ I • " •m+m +m +jU I // I m+m -m +jU / -\m-rn +m \ H \ m+m +m +fj.

x (m+m '+m"+ti' \ vW)(vU) \m+m'-m"+n)] .

This last equation can be modified to read

'i I I I I Ï

x { exn-i2im'-m"H Om-wi'.ftH,n

, -n

x (m+m '-«'I H \m+m'+n'+n+n'-2mi'i
x(m+m"-n"| \|/(r)){y(r) | m+m"+n"+n'} ,

which is equivalent to
+n/2 f+n/24co +00 f+n/ r

I I I ^'
^'=0.1 m=.» «=.0. ;.rt/2 y.

d

x 2 2, exc
/l'=-oo

X —

(4.3)

(4.4)

I / u+u-2ujU V • > / I -^ I • a
d -/2In + ? 10+0 j \ m+m -« | H \ m+m +« +/i+/i -2\i\i }

(4.5)

or to

TC « =
i î s f'Vf
=0.1 m'=-- /n"=-~ J-7t/2 J-Tl/

x sin ",r). (4.6)

^
where Eq. (3.26) has been used and hm+£(o) denotes the function associated with H through

2

Eq. (3.47). In order to facilitate the algebra that follows, it is convenient to rewrite Eq. (4.6) as

20



+M +«0 f+ji/2 r+n/2

I I I **\ &
'=0.1 m'=-oo m=M )-nl2 J-KlZ

(e+e) w .j (0+0 ",/). (4.7)
2 2

Now, let the operators 0+OT and S.OT, and their powers (oV/n)" and (8.w)n, be defined

according to

l-Vj-, (4.8)
« !

where S^1* denotes the Stirling numbers of the first kind [10], and Am and Vn arc the forward

and backward differences, respectively, which applied to a given function 0,̂ (0) give

a 7 n . (4-9)
2 2 2

Then, for m ^ O, starting from the Gregory-Newton expansions [11,12]

2 n=0 \n

2 n'=0

and using the equality [10]
(m

", (4.11)

it is possible to write [13]

2

*2 2

These expressions are to be compared with the Taylor expansion

) ) , (4.13)
2 2

where 0 may take any real value [14]. In the same way as the introduction, in Sec. IH, of

variables of the p. and IJL type, which are either O or 1, has marked a clear cut with the Weyl-
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Wigner formalism in q and p at the kinematic level, the introduction here of the operators 5+m

and S.m, reflected below in variables of the v and v type, which are either -1 or +1, is a further

step that strongly distinguishes, now at the dynamic level, the Weyl-Wigner formalism in 6 ana.

m.

Applying the results of Eq. (4.12) to the sum

2

a (0+0')

O m+m- (0+0 ) = exp[-^u'-2jU|u')0 J

+ .1 I
v=-l,+l /n=l

(4.14)

which appears in Eq. (4,7), it follows

I + X X exp(ffi'8vm)exp(-/2vm'0 )
v =-!,+! m'=l

(4.15)

or, still,

v =-!.+! "»=1

i*j0+0') = e:

exp(-/2v'm'0 ) (4.16)

The sum over m' in the right-hand side of Eq. (4.16) can be calculated using the theory of

generalized functions [15], and gives
OO OO OO

exp(-i2v'm'0 ) = £ cos(2m'0 )-iv £ sin(2m'0 )
/n=l m=l m'=l

= 1 - 1 + J t -7U/z)-tVcOt(0 (4.17)

so

H1n^iW-ZiW (0+0). (4.18)
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In an analogous way,

w (0+0 ",r). (4.19)

Hence, using Eqs. (4.18) and (4.19), and then integrating by parts in Q and Q , Eq. (4.7)

becomes
f+Ji

Z I S
'=0,1 v^-i.+l v=-l,+l ;.n/

/-+n/2

x Im

j 8 ' Sl, v- v

(4.20)

When integrating by parts in 9 and 0 , it must be borne in mind that the boundary terms

appearing at -Tt/2 and +ir/2 cancel each other because the integrands in Eq. (4.7) have period n

both in 0 and 0 ,as can be verified with the help of Eqs. (3.26) and (3.47). Here, the fact that

periodicity is naturally taken care of reflects the usefulness of expressing, according to Eqs.
(3.25) and (3.46), Wm (0,t) and Hn (0) in terms of wm+v (0,/) and hm£\&), respectively, and

m 2 2

of working with the latter functions rather than with the former.

Next, considering that

v - v

x

•x.

w (0+0 '.,) ̂  e x p i vol y 8v/n

(0+0)

v- v s'» 3

(4.21)

and that

fel 9e- Sl, v - v S*», 3e" )1 A ',jn*t-2wt (0+0) w /t1 (0+0 ,r)L 4 / j '«i »n+— •
" 2

= exp(/l Z-J;^) exp|0'oj) expffl 3^) h^w-M (0) «"
2 "*

where Eq. (4. 13) has been used and the operator

<4-22>
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/I1W -vA J-W

v, v ' = °B °w - V v m (4.23)

introduced, Eq. (4.20) can be written as
f+n/2 f+n/2

I S S «Ï «
=0,1 v=-l,+i v=-l,+l J.n/2 J.n/2

x ex: v

TW

y s(o -
rt

Jt

(4.24)

At this point, it is useful to define the following operators [16]:
-HI/2

(
i

/•

=J - J
/-

d6
it/2

+Tt/2

fj. e) (4.25)
-ji/2

which enable Eq. (4.24) to take the form

/Z=O1I v^-l.+l v=-l.+l

x

x

- v - - iv

(4.26)

This last equation is equivalent to

M=O1I v=- 1 .+ 1 v=- l ,+ l

cw M -2MM

cos(i L^.j [ v C^ - v c^- - w ( S ) ] j
x h v+n'-2»n[0)w u\6,t), (4.27)nu v ' /n+—-

2 . 2

which is a most important result. Indeed, Eq (4.27) is the equation of motion for w u \0,t),

and, combined with Eq. (4.1), it describes the dynamics of Wn (d,t). Moreover, through Eq.

(3.50), it also determines the rime evolution of the expectation values of dynamical variables. In

24
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principle, for a given Hamiltonian, hm^_(d) can be obtained from Eq. (3.47), and then Eq.m
2

(4.27) can be solved for W^+M (0,/). In the same way as it has been pointed out in connection
2

with Eq. (2.21), it is worth noting that the rotational Wigner function representing an energy

eigenstate must correspond to a stationary solution of Eq. (4.27), a statement that can be

verified using Eq. (3.26).

B. Particular cases of the equation of motion for the rotational Wigner function

In order to illustrate how to work with Eq. (4.27), the latter is going to be detailed for

some important cases. The first type of Hamiltonians to be considered are those that depend

only on / ,

H -/(7). (4.28)

In this case, it is easy to see, with the help of Eqs. (2.27), (2.29), and (3.47), that
hm£\e\ = 2(l-fj)f(mh). (4.29)

2

Then, all terms in Eq. (4.27) involving 8^ vanish, and

2

2

The sums over n and v become trivial, and therefore

^"WiM =-£ Z «p(£i/8v«)[sin(^-SC«c

+ v cosl^ SC* Bg) Cy 1/Mi) wm « M - (4.31)
\2 i M J m+£-

Among the Hamiltonians that obey Eq. (4.28) is the free rotator with moment of inertia /,

W = C. (4.32)

in which case
f t i V \fflrlf /n f*f\\f(mh)= . (4.33)

From Eqs. (4.8) and (4.9), it is straightforward to see that
v 8v'mm2 SB 2m ,

i* = 2 , (4.34)

25

x [ sinj^ fiC » 3 S ) ( I - V ' S*.̂ - ) + v' cos(^ &m de) C*.

(mh)w n(e,t). (4.30)
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and that [5+m)n and (S.m)" with n S 3 give zero when applied to the function m2. As a

consequence, the sum over v' in Eq. (4.31) is immediate, and this equation becomes

(4.35)
2

or, taking into account Eq. (4.34), as

»t "WiM - - ̂ —f-de wm+«_(0,r), (4.36)
2 ' 2

which is to be compared with Eq. (2.24) for the free particle. Unlike Eq. (2.24), Eq. (4.36) is

not equal to its classical counterpart, which is obvious because angular momentum quantization

is intrinsic to quantum mechanics and does not have any classical analog.

Another example to be considered is

H = - et>rcos(0), (4.37)

which may appear in Hamiltonians describing hindered rotators, like the one in Eq. (2.37).

Moreover, together with Eq. (4.32), Eq. (4.37) can be used to represent the Hamiltonian of a
/ i *** t \simple pendulum. The matrix elements \m\ H \m ) corresponding to Eq. (4.37) are given by

/••HI

(m \ H \ m' ) = I d0exp[-/(ffi-/7i )0J cos(0) = - -r- ^m-m\,\ ' (4.38)

as follows from Eqs. (2.27) to (2.29), and thus Eq. (3.47) yields
hm+lL(o) = - 2j«»ycos(0). (4.39)

2
Since, in this case, hm£\d] is independent of m, Eq. (4.27) reads, after some algebra,

2
/ \ cufY V1

' m+^ ' ' f c ~ Zw '

2

Now, from the definitions in Eq. (4.25),
fK/2

fs cos(0) wm^. (e,t) . (4.40)

f

Joo

i
n/2

</0'[cos(0')]2 = -lsin(0). (4.41)
i

Using these results in Eq. (4.40),
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) sin(0)j w^fo). (4.42)

and then performing the explicit calculation of the derivatives with respect to 6, the following

equation is derived:

2

This last expression can be further simplified, with the help of Eq. (4.12), to give

(4.44)
2 " L 2 2

Following the comment regarding Eqs. (4.32) and (4.37) and the simple pendulum, the

equation resulting from adding Eqs. (4.36) and (4.44) describes, within the Weyl-Wigner

formalism, the rotational motion of the pendulum.

C. The nonperiodic limit

As expected, the form of Eq. (4.27) is more complex than the form of Eq. (2.21) [17]. In

the former, the variables il, /J.',v, and v can be said to reflect the two major modifications that

have to be introduced in the Weyl-Wigner formalism as a consequence of rotational periodicity,

both of which result from the discrete character of the m domain. Such modifications are: the

need, conveyed by n and /z', to account for evenness and oddness, a point already » Mentioned in

Sec. in, and the need, conveyed by v and v, to use two difference operators. It is now going

to be checked that the formalism developed in this work possesses the correct nonperiodic limit,

meaning that all dependence on /u, n\v, and v disappears and, moreover, the results that have

been derived for 9 and in reduce to the known results for q and p, if the following

transformations are made:
Q=OR ,

P = Bg-, (4.45)
A

and

m ) , (1.46)
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and the limit fl -» « is then taken [18]. Here, R represents the distance to the axis of rotation,

so the limit /?-><» corresponds to the loss of periodicity.

By doing so with Eqs. (3.25) and (3.26), and comparing with Eq. (2.9), it is easy to see

that
Um wu (0,t) = I'm Wn (e,t) = HW (p,q,t). (4.47)

fl-x» 2 *"*•"

Here, it must be noted that the contributions to the nonperiodic limit of the two terms in the
second form of Eq. (3.25) are equal, despite the fact that the term containing wm+^(d,t) does

2

not contribute to the normalization of Wn (d,l), as shown in Eq. (3.36). The importance of
keeping the contribution of wm+\_(0,t} to Wm(6,t), which contribution is associated with

2

oddness, has already been stressed in connection with Eqs. (3.28) and (3.35). Similarly, from

Eqs. (3.46) and (3.47),

!im «mJi(0) = lim Am (0) = A (p,q), (4.48)
f% ^r^ j* P ^M*
/I J™ 2 A }°°

and it is also straightforward to show that Eq. (3.51) goes over to Eq. (2.17). Next, Eq. (4.23)

can be transformed according to

dp=Z-vavm, (4-49)

as follows from Eq. (4.45), and where the second result is established by comparing Eq.

(4.12), written now for the continuous variable p taken at every point mh/R, with the

corresponding Taylor expansion [19]. It can then be checked that, in the h nit £ -» «>, Eq.

(4.27) does become Eq. (2.21). Therefore, in a certain sense, the Weyl-Wigner formalism in 6

and m may be regarded as the general case from which both the Weyi-Wigner formalism in q

and p as well as the classical formalism can be derived as limiting cases. It is now particularly

clear that the formalism that has been developed for 0 and m cannot be considered as a trivial

extension of the Weyl-Wigner formalism in q and p.

V, ANALYSIS OF A HINDERED ROTATOR
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A. Stationary solution of the equation of motion for the rotational Wigner

function and rotational Wigner function for the energy eigenstates

The hindered rotator corresponding to Eq. (2.37) is a nontrivial example for which an

analytic treatment can be carried out in order to illustrate the features of the formalism

introduced in Sees. HI and IV. Moreover, it makes possible a comparison between the known

results quoted in Sec. II and the results to be established here. The rotational Wigner function

for the energy eigenstates of that rotator, Wmo>m (0), is going to be derived by solving Eq.
(4.27) for its stationary solutions, wm m^( 6], and by then introducing the latter in Eq. (4.1).

2

The energy eigenstates are labeled by the parameter mo, shown below to be an integer such that

mo » 1, which is consistent with the results given in Sec. II. Recognizing that the first term

appearing in the Hamiltonian of Eq. (2.37) is of the type described by Eq. (4.28), and that the

second term is equal to the example of Eq. (4.37), and, furthermore, recalling Eq. (2.38), the

right-hand-side of Eq. (4.31) has to be calculated for

f(mh) = \m\(0ti , (5.1)

and the result has to be added to the right-hand-side of Eq. (4.44).

Starting from the definitions in Eq. (4.9), and performing some combinatorial algebra,

the following expression, valid for n > 1 , can be established:

<5n,, + 4>(m+n-\)2(-\)n+n n' , (5.2)
v-m-l ' J

where <Ù(x) h unity for x > O, and is zero otherwise. Hence, from Eqs. (4.8) and (5.2),

n'2 ' (5.3)
n=i-vm «! V -vm-1

with the sum over n in Eq. (5.3) stemming from the singular behavior the function \m\ exhibits

at the origin [2O]. Choosing to work at |m| » 1, such sum is now going to be disregarded, so

that
/ \ — r -i

<n.\ • (5-4)

It is understood that no fully rigorous mathematical argument has justified this approximation.
However, it is to be verified below that the form of w /* (0) obtained following such

/BQ1W-I- * '

approximation is adequate, as far as the calculation of expectation values of dynamical variables
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is concerned. In addition, it must be noted that the last equation is valid not only for|/n| » 1, but

also for m - O, since in this case Eqs. (5.3) and (5.4) are identical. Therefore, using Eqs. (5.1)

and (5.4) in Eq. (4.31), and combining the latter with Eq. (4.44), it is possible to write
(5-5)

for m = O and U = Q, and

W s 1^ JsinWf w m IVL(O)- w n I-M Wl . (5-6)x ' TfI tj I MO»WT*-* — fflOtff*n L 2 2 J

for I m| » 1. These equations together with Eqs. (3.27) and (3.36), which take here the form
•7t) = (-lpwm m^(o), (5.7)

2 ""0,"U -̂

r+n

dOwm0im(o) = 2, (5.8)
ms-oo J-n

define the stationary problem that has to be solved in order to derive wm mj±(o).

•MX» f->

S /ms-oo J-n

So, solutions have to be found for Eq. (5.6), which are real and obey the boundary

conditions of Eqs. (5.5) and (5.7) as well as the normalization condition of Eq. (5.8).

Changing variables according to

k = 2m + n ,

«W4+)fo) + *(-*) Z* 1M = "WnJiW, (5-9)

where Z^ (y) and ZJ^ (y) correspond to the two distinct branches k»l and k«-l,

respectively, Eq. (5.6) gives
2dyZ

(:}{y)=4:\(y)-^\(y),

2 dy Z
(^(y)~ 4;\ (y) - 4;> (v) . (5.10)

The functions Z^ (y) and ZJj.'* (y ) are to be linked by the relation

ZIVW = z(l (>')' (5-11)

and must obey

Z(-}(-y) = (-l)kZ(
k
}(y), (5.12)

as follows from Eqs. (5.5) and (5.7). The general solutions of Eq. (5.10), which are real and

bounded for every y and k, can be written as [21 ]

>(y)3 B' JM- (-y) = B' J^ (y) , (5.13)
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where B, B ', A, and A are constants to be determined, with A and A integers. Combining Eqs.

(5.11) and (5.13), it is easy to see that B and B must be equal, as well as A and A .

Furthermore, Eq. (5.12) implies that A must be even, so it may be replaced by 2mo, with /no

integer. Taking these results into account, and going back to 6 and m with the help of Eq.

(5.9), w u ( 6) can be put in the form
WOiW-T-- ' *

2

Since | m \ » 1, it is seen from Eq. (5.14) that the only values of mo for which w +£.(6) is not+
2

vanishingly small, and which are thus relevant, are those obeying mo » 1. It remains to

calculate B making use of Eq. (5.8), which, for mo » 1 , can be approximated by
/••HI +«, r I

O £ /2«[ycos(0)j, (5.15)
-It m=-~>

/••

=I
J-It

where the sum over m is immediate and gives unity. Consequently,

»•£. cue
so that Eq. (5.14) becomes

In order to ascertain that w
mom+£(o) in Eq. (5.17) does correspond to an energy

eigenstate of the hindered rotator described by the Hamiltonian in Eq. (2.37), the expectation
value of the latter in the state represented by wm m£\Q\ denoted by { H ̂ , can be calculated

2

using Eq. (3.50). Thus, putting together Eqs. (3.50), (4.29), (4.39), (5.1), and (5.17), (H \^

may be written as
•H» f+l

S I
=0.1 m=-°° J-n

For mo » 1, elementary manipulations transform Eq. (5.18) into

= M J de L0 f J2n
JO \ m=-°°

+

+ m
m=-«o

•H»

cos(0) 2; J2n+1 co4e) . (5.19)_ v v l — , ^̂  " UTVT\ I L •-••-• « A - w / I / •

In this last equation, the first sum over m gives unity, whereas the other two give zero. Hence,
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(5.20)
confirming that w m4£.(0) corresponds to the energy eigenstate whose energy is given by Eq.

2

(2.39). It is easy to check that this state verifies the uncertainty relation of Eq. (2.26), since the

expectation value of exp(/0) obtained with Eq. (5.17) vanishes, as can be inferred from the

foregoing calcualtion.

Next, using Eq. (5.17) in Eq. (3.25), it follows

y COS(0)]

which, for mo » 1 and with the help of the equality in Eq. (3.23), takes the form

/•it/2

+ -T I d0 1 sinf 2(m-mo)0] - sin[2(m+/Ho)0] }
*2/o

x £ sin[(2w+l)0] /2-,Vi [2T'05^)! ' (5'22)

m=0

which, in turn, is equivalent to

+ -i- I d(ft { sin[2{m-mo)0] - sin[2(m4-mo)0] } siiJ -^
2Ji2 J0 L A

/•

- J-
TC2J0

«/2

00) cos(2m0) si^ — cos(0) sin(<?) . (5.23)

For m » 1 and AWQ » 1, sin[2(m+mo)0] becomes a rapidly oscillating function of <t> whose

average value is zero, so its contribution to the integral in the first of the forms of Eq. (5.23)

may be neglected, and this equation reduces to an expression that does not coincide exactly with

the result of Eq. (2.40), but is a factor of two smaller. This discrepancy is only apparent, being

easily explained by the fact that WmM (0) in Eq. (2.40) must be considered to be normalized

only on the positive half of the m domain, since it has been derived using a Wentzel-Kramers-

Brillouin eigenfunction that is valid only for the branch m» I. Actually, Eq. (2.40) can be
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established following a procedure analogous to the one utilized to arrive at Eq. (5.23), but

working with that branch alone.
The distributions for m and O corresponding to w j± (d) in Eq. (5.17) are

(m ..-Lf
4ît /

/-JC

(5.24)

and
+«•

respectively, as follows from Eqs. (3.34) and (3.35), and where the numerical value of Eq.
(5.25) follows for mo » 1. The fact that w j±(0) does not contribute to | (m \ y»,} |2 is a

consequence of the general property stated in Eq. (3.34), whereas the fact that it does not

contribute to | ( 6 \ ̂ m0} j stems from a particular property of the form given in Eq. (5.17).

These properdes explain why the first term alone of Eq. (5.23) can be retained when calculating

\(m\ Vm0} 12 and I ( 0 I V^0} 12 using Eqs. (2.32) and (2.33), in the same way as pointed out

in Sec. n for Eq. (2.40). In addition, the result, also mentioned in Sec. II, according to which

the second term of this equation is essential to insure that wmo,m (0) possesses the correct

classical limit, a result that obviously applies also to Eq. (5.23), may be interpreted in the light

of the general results derived at the end of Sec. IV and concerning the nonperiodic limit.
Indeed, as shown in that section, such term containing wmm_^(0) must be kept if the

2

appropriate nonperiodic limit is to be recovered, which, in turn, guarantees the correct classical

limit.

The usefulness of the necessary condition written in Eq. (3.37) can now be illustrated, by
checking if wm(>m+v_(o) in Eq. (5.17) can indeed represent a pure state, which is here the

energy eigenstate of Eq. (2.39). Considering that, always with mo » 1,
+~ f+n

J I I I «

(5-26)
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it is actually seen that Eq. (3.37) docs not hold. Therefore, the results given in Eqs. (5.17) and
(5.23) are not fully correct, and more complete forms have to be found for wm j_* (0) andM» 2

B. Solution of the time-independent Schrôdinger equation and rotational

Wigner function for the energy eigenstates

An alternative way to derive Wm<sjn (O) is to solve the time-independent Schrôdinger

equation,
•*«•

(m\H \ m ) ( m (x^), (5.27)

corresponding to the Hamiltonian of Eq. (2.37), and use the wave function thus derived,

(m I Vm0), to construct Wmt>n(e) from Eqs. (3.24), or (3.25) and (3.26). Here, £ is an

eigenvalue to be identified below, for the case where | m \ » 1 , with the parameter THQ labeling the

energy eigenstates according to Eq. (2.39). Proceeding from Eq. (5.27), and taking into

account Eqs. (2.37), (2.38), and (4.38), it follows the time-independent Schrôdinger problem:

(5.28)

(5.29)

with Eq. (5.29) an eigenvalue equation for e. This problem is, in itself, a very interesting one

[22].

The general solutions of Eqs. (5.28) and (5.29), which are bounded for every m, are of

the form [10]

( m I Vm0 ) =
 D -We M ' (5-3°)

where D is a normalization constant, and e is now a solution of the equation

^e(I) = O , (5.31)

with J'a(x) denoting the derivative with respect to x of J0 (x). If solutions (m \ Vw0) arc to be

looked for such that I m | » 1, then the only values of e for which ( m \ Vm0} given by Eq. (5.30)

does not become vanishingly small are those obeying e » 1. Hence, Eq. (5.31) is to be solved
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for e» 1. A mathematically rigorous asymptotic analysis of the latter equation is possible

[23,24], but a simpler approach is adopted here, starting from the relations [21]

J. a (x) = COs(OJt) Ja (x) - sin(on) Ya (x) , (5.32)
I = 1 I£X_\<*

«' '

where Y0 (x) is the Bessel function of the second kind of order a and argument x, and the

asymptotic approximations in Eq. (5.33) are valid for a» 1. Thus, combining Eqs. (5.31) to

(5.33),

yips 2 UUi(OT). (5.34)

For £ » 1, it is readily seen that the solutions of Eq. (5.34) are asymptotic to the positive

integers, so e can be replaced by /MQ and

(mlv^sDJj,,,,^. (5.35)

The normalization condition of Eq. (2.30) becomes, considering that /KO » 1,

.
whence

D= -J-. (5.37)
2l/2

So, from Eq. (5.35),

(5'38)

and, recalling Eqs. (2.28) and (2.29),
j- -,

*. (D = -L- cos[/no0 + 1 sin(0)j
'» 2

• (5-39)

Before proceeding, it must be remarked that the distribution | ( m | Vn, } | 2 corresponding
to Eq. (5.38) is the same as the one in Eq. (5.24), which has been derived from w

non+fL\6l m

Eq. (5.17). Therefore, the latter gives, for dynamical variables depending on m, the same

expectation values as | (m | ̂ m) [ 2 from Eq. (5.38). Moreover, with mo » 1, | ( B \ Vm0) I

arising from Eq. (5.39) is the sum of the uniform distribution in Eq. (5.25) with a function of B
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that has a rapidly oscillating component whose average value is zero. Hence, and because Eq.
(5.25) stems from Eq. (5.17), it is seen that wwo/n4£(0) in this equation must yield, for

2

dynamical variables depending on 9 and up to negligible terms, expectation values that are

equal to those obtained using | \ 6 \ Vm0 } i from Eq. (5.39), with the possible exception of

dynamical variables whose period in 6 is close to that of the rapid oscillations in Eq. (5.39). It

is thus verified the adequacy, as far as expectation avlues are concerned, of the approximation

made in going from Eq. (5.3) to Eq. (5.4) when deriving ^>ma<m^\^} from its equation of

motion.
Now, making use of Eq. (5.38) in Eq. (3.26), wm m+/f.(0) readsmo m+

2

(5.40)
2 m'=-<»

By carefully accounting for the different branches of \m-rn \ and |/n+m'+//| in Eq. (5.40), the

latter can be rewritten, for | m \ » 1 and mo » 1 , as

i (0) = ̂  exp[<2J| m+£ -Wo)0] £ expl/2/n

+ 1 cos[2J w+l +mo)0] X cos(2m'0) /|

- ^- sin[2(| m4|

t=-

(5.41)

The sums over m' appearing in Eq. (5.41) can be performed using the Graf theorem for the

addition of Bessel functions [21], and the result is

(5.42)

The next thing to do is to check if wmom+£i(0) given in Eq. (5.42) does verify themo.m

necessary condition of Eq. (3.37). After some reduction, the following expression can be

established, taking into account that mo » 1 :
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»t

-R

f <tfcos(4moe} £
^ -JI #t=-«

-H»
dôcos(2moe)I (-U^

/••Ht

J.rc
sin0 (5.43)

where the equality in Eq. (5.26) has been used. The Graf theorem can be utilized both to

provide an adequate expansion for the Bessel functions in the second term of Eq. (5.43), and to

perform the sums over m appearing in the last two terms. Some more algebra allows then to

write

I
4

, (5.44)

which, making use of the Neumann theorem for the addition of Bessel functions [21], is

equivalent to

£"« <5-45)

Hence, the form in Eq. (5.42) satisfies Eq. (3.37) up to terms that are vanishingly small for

/MO » 1. Indeed, according to Eq. (5.33), Eq. (5.45) may be written as

1 Y Y l HG\ u> u l f l l I * = -A- + nln,~-2mo\ (5.46)
-H» r

I I
1=0,1 m=^, ].-Jt •• 2

It can further be shown, for the form of w

+00 f+n

m<> m+ given in Eq. (5.42), that

+00 /"+Jt

Z I d9 wma.m (6) = 1 + J2n, (y) = 1 +
=-«« J-n

(5-47)

so the normalization condition of Eq. (3.36) holds true up to terms that can be neglected for

mo » 1.
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Thus, putting together Eqs. (3.25) and (5.42), and using the equality in Eq. (3.23), it

follows for Wmo>m (0) the result:

—cost 0) + ̂ r— cos(2mo0) Jîm\— sin(0)
n J 27t L «

rn/2 F2
no<t>) cos(2m0) sin-^-cos(0) sir•±f«2h

- J- sin(2/w00) I
«2 Jo

-

siri ̂  sin(0) cos(0) . (5.48)
I-» J

Provided that | m | » 1 and mo » 1 , the preceding equation gives the rotational Wigner function

for the energy eigenstates of the hindered rotator described by the Hamiltonian of Eq. (2.37),

which eigenstates have the energies given in Eq. (2.39). This result is valid for both branches

m » 1 and m « -1. Furthermore, and up to terms that are of order 0(mo~2w°)> it is normalized

according to Eq. (2.34), obeys the necessary condition for a pure state of Eq. (3.37), and

yields the appropriate expectation values of dynamical variables if used in Eq. (2.36).

VI. SUMMARY AND CONCLUSIONS

A comprehensive study has been presented on the Weyl-Wigner formulation of quantum

mechanics in the case of rotational motion. The ensemble of elements on the Weyl-Wigner

formalism for rotation angle and angular momentum variables has been extended, and the

implications for the formalism of rotational periodicity and angular momentum quantization

have been investigated. Particular attention has been paid to discreteness, and two of its

consequences have been emphasized: the importance of evenness and oddness, and the need to

use difference instead of differential operators. These two consequences have been shown to

strongly distinguish the Weyl-Wigner formalism for rotation angle and angular momentum

variables from the well-known Weyl-Wigner formalism for Cartesian position and linear

momentum variables. Consequently, it has become clear that the first of these formalisms

cannot be regarded as a mere extension of the second, thus reflecting the fact that the two types

of variables are intrinsically different in quantum mechanics.
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The rotational Wigncr function has been derived as the only bilinear form of the state

vector that is real, has the natural invariances for rotational motion, and yields the correct

distributions for the rotation angle and angular momentum variables as well as the appropriate

expression for the transition probability between states. The conditions for its uniqueness have

been thus established. Its properties have been investigated in detail, having been shown that it

is uniformly bounded. The rotational Wigner function and the associated correspondence

between quantum operators and classical-like functions have been explored, and have been

written, as well as the kinematic relations they obey, in such a way as to reflect the marked

difference existing, in the discrete domain of the angular momentum eigenvalues, between

evenness and oddness. Such difference is an intrinsic feature of discreteness that has been

encountered trhoughout, and has been taken advantage of in order to provide a most natural

way to account for periodicity. This has proven to be particularly useful in deriving the

dynamics of the rotational Wigner function.

The equation of motion for this function has been established using the derivative, which

acts on the continuous rotation angle variable, and the forward and backward differences,

which act on the discrete angular momentum variable. A further intrinsic feature of discreteness

has been thus introduced, which lies in the fact that two difference operators are necessary in a

discrete domain, whereas one differential operator suffices in a continuous domain. The

equation of motion for the rotational Wigner function, which has revealed a more complex

structure than the equation of motion for the well-known Wigner function, has been detailed for

some important Hamiltonian forms, namely: those that depend on the angular momentum

variable alone, including, in particular, the free rotator, and those that are in the cosine of the

rotation angle variable. Moreover, it has been shown that the Weyl-Wigner formalism for

rotation angle and angular momentum variables possesses the correct nonperiodic limit, and that

it properly reduces to the Weyl-Wigner formalism for Cartesian position and linear momentum

variables.

A detailed analysis has been provided of a hindered rotator whose Hamiltonian consists

of two terms: one in the absolute value of the angular momentum variable, and another in the

cosine of the rotation angle variable. The rotational Wigner function representing the ener£,
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eigenstates of this rotator has been analitically derived within the approximation of a very large

absolute value of the angular momentum variable. This has been done following two distinct

methods: by obtaining the stationary solutions of the equation of motion for the rotational

Wigner function, as well as by solving the time-independent Schrodinger equation and using

the wave function thus obtained to construct the rotational Wigner function. Such analysis has

allowed to illustrate the features of the formalism that has been developed.
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