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ABSTRACT

A general functional definition of the infinite dimensional quantum i?-matrix

satisfying the Yang-Baxter equation is given. A procedure for extracting a finite

dimensional /^-matrix from the general definition is demonstrated in a particular

case when the group 57/(2) takes place.
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The subject of the present paper is the quantum H-matrix with the spectral

parameter equal to zero (in the terms of the paper [1]). As is well known this

R-matrix satisfies the Yang- Baxter equation [2]

^12^13^23 = #23^13^12 (1)

Usually one considers R as nondegenerate finite dimensional matrix acting on the

tensor product V <g> V of the finite dimensional vector space V, Then the notation

Rij in eq.(l) signifies the matrix on V ® V <g> V acting as R on the sf-th and the

j - th components and as identity on other components e.g.

Rn = R® H

The quantum /^-matrix and the corresponding Yang-Baxter equation are con-

nected to the various problems of theoretical and mathematical physics. The most

significant achievement is the observation that the solutions of the Yang-Baxter

equation are related to the special algebras. These are the deformed Lie alge-

bras with comultiplication (Hopf algebras) the so called "quantum groups" [3].

Other new algebras introduced in [4] are based on the exponential solutions of the

Yang-Baxter equation. These developments have led to the construction of some

generalized expressions for /^-matrix. However, it is hardly to be expected that

these expressions exhaust all the solutions of the Yang-Baxter equation. The new

multiparametric nonstandard solution of (1) presented recently in [5] are one such

example only. In the present paper we would like to reconsider the problem of the

exact solutions of Yang-Baxter equation from a slightly different point of view. We

are going to present a new definition for quantum i?-matrix exploiting the idea for

operator acting on a functional space. To this aim let us consider the space M of

functions of two arguments defined on the direct product G x G, where G is an

arbitrary Lie group. The arbitrary function from M has the form

f = f(h\g) (2)



where the variables h and g run over all elements of group G independently. Now

we can give the definition of the following (Right and Left) operators

RRf(h;g) = wR(h;g)f(h;h-lgh) (3)

RLf(h-g) = wL{h-g)f{ghg-'-g) (4)

Here the quantities wR(h;g) and wL(h;g) are so called "multiplicators" satisfying

the equations

wR(h2-g)wR(h1;h-1gh2) = wR{h2kx;g) (5)

wL{h;g2)w
L{g2hg~l-gl) - wL(h;g2gi) (6)

Theorem: Let us denote with R£ (A. = R or L and i,j = 1, 2, 3) the operators

acting on i-th and j-th argument of the function f{gl; g2\g^) defined o n G x G x G

as RA from definitions (3) or (4) respectively. Then the operators Rfj for every

fixed A satisfy the Yang-Baxter equation (1).

The proof of this theorem is based on the properties (5) and (6) of the multi-

plicators. Although their explicit form is not of importance, we shall give a rather

general expression for these multiplicators. Let T{g) be an arbitrary finite dimen-

sional matrix representation of the group G. Then it is easy to verify that the

quantity

fulfills eq.(5), where with K we have denoted an arbitrary but fixed matrix of the

same dimension and d is a real constant. We can write down similar expressions

for the left multiplicator as well.

Using the local coordinates in the Lie group G we can give a more effective

form to our definitions, which is fruitful for the concrete applications. Here we

shall choose the coordinates usually called "canonical parameters" [6]. In these

parameters the representations of the local Lie group G have a strongly expo-

nential form. Let us suppose that G has n parameters which we denote with



aM,/?!,,... {fi,v = 1,2,... ,n). Then the function f{h;g) from (2) can be written

in the coordinate form as functions depending on 2n variables /(aM;/?,/), where

ar^and/3,, are parameters of the group elements h and g respectively.

In what follows we will consider the right R-matrix from definition (3) only. The

corresponding left matrices can be obtained analogously. If we denote with P^(cn)

the matrices of the adjoint representation of the group G, then the parameters of

element h~1gh have the form

j3' = P"(ap)^l/ (8)

This expression follows directly from the definition of the adjoint representation.

Moreover, for the canonical parameters, the following identity

is fulfilled. Then definition (3) takes a new form

Rf{ap;(3g) = w(ap; &)/ (aA ; P"(aT)Pv) (10)

Instead of the group elements in the arguments of the multiplicator we substitute

their parameters. Then eq.(o) can be rewritten in the form

w ( o 2 p ; )3/7)w(alf}: P"l(<y2u/}f%) = w { m p ( a 2 u j \ o l r ) : .!„) (11)

where with mp{a2w', air) we denote the parameters of the element /i2/ti- It is clear

that the functions mp(a2u,; £*IT) express the group's multiplication taw. In terms of

the group parameters we have chosen, these functions satisfy the following simple

chain of identities.

( ( ) ^ > (12)

In general the above defined R-matrix is an infinite-dimensional . As is well

known for the Lie groups, the functions P^{a)f3l,, w(ap; 0a) and m^a^;^) are
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smooth. According to the definition (10) of the operator R the subspace S of M

consisting of smooth functions is invariant under the action of this operator. Using

the basis of orthonormal functions in the subspace 5" we can obtain the matrix

form of the operator R.

Another invariant subspace one can obtain when G is an simple compact group

with structure constants C^p. It is well known that in this case here exists a

positive defined scalar product (Killing metric) invariant with respect to the adjoint

representation of this group. In particular if with r]*1" is the Killing metric tensor,

then the scalar square

f = ruptA (13)

is invariant under the transformation (8)

Remark: The Killing metric tensor is defined as follows:

^ C W , (14)
n — 1

Let us now consider the special subspace D of M constructed from the functions

having the following form:

/(a,; Hv)6{a2 - p2)6([12 - P
2)6 ((a/3) - q) (15)

where p and q are arbitrary real constants and the functions /(n^; /?„) are smooth.

Here we have used the following notation:

It is easy to verify that the subspace D of functions (15) is invariant under the

action of the operator R from (10). In this check we have to use the property (9) in

order to convince ourselves that the quantity (a/3) in the delta-function argument

is not changed too (some definitions used here are given in the Appendix).

In our opinion the main question now is whether a finite dimensional /^-matrix

can be obtained from our definitions. To answer it we have to investigate the



structure of the space M from the point of view of the operator action (10). It is

easy to understand that the finite dimensional /^-matrix will be defined on a finite

dimensional subspace of M invariant under the action of the operator R. In the

general case the problem to find such subspaces is difficult enough. However, when

G is a simple compact group this problem can be solved in any particular case

using the group invariants. In what follows we are going to demonstrate how to

separate the finite dimensional subspace from D in the case when G coincide with

SU(2). Then the structure constants have the form:

where eMJ/y5 are the components of the completely antisymmetric tensor for n = 3.

The Killing metric tensor coincide with unit tensor

Using the definition of the adjoint representation one can derive the following iden-

tity

which means that the matrix P^{0) is an invariant tensor field of second rank.

Then the general expression of P^{a) has the form:

P;(o) = A(a2)6^ + B(a2)e»PILap + £ ( O . 2 ) 6 ^ Q ^ ^ (17)

All the three functions of the invariant a2 can be found using the condition of the

invariance of the Killing metric tensor:

6^(a)P:(a) = 8pa (18)

and the eq.(9). The result is

P^(a) = cos y/tfSpy H

i? ~ * * • • « - - * ? • • • • • » » -



The same we can obtain calculating the matrix

{el>t>llap} (20)

as well known power series.

Now we are going to consider the definition (10) without the multiplicator (i.e.

we choose d — 0 from eq.(7)) and with the functions taken from the subspace D.

Then instead of eq.(10) we have

(a^ 0v)6(a2-P2)8{(32-P
2)6 ((a/3) - q) = l(a,- P^a)^)S(a2-p2)6(02-p2)S ((a0) - q)

(21)

Taking into account the explicit form (17) or (19) of P^{o) we can see that the

quantity P^(a)j3,, entering in eq.(21) takes the following simple form:

/>;{<*)& = a,«M + a 2 & + a^Cy\ap(h (22)

Because of the delta-functions in eq.(21) the quantities a ] ,a2 and a.3 are constants

expressed quite definitely by p and q.

Now we can see that all the functions /(crM; /3U) which coincide with the polyno-

mials of the following type

/ K ; 'X)=bQ + 6'> t t + b$pfl + b$Cpa
llap:iIT (23)

form a finite dimensional subspace of D. The action of the operator (21) on these

functions leads to a linear changing of the polynomial coefficients only. The above

mentioned finite dimensional /?-matrix can be extracted as the corresponding con-

stant matrix of this linear transformation of the polynomial coefficients. This pro-

cedure coincides with the standard one, used for separating the finite dimensional

representation from the general functional definition of the infinite dimensional op-

erator representation of a Lie group. That is why it is not necessary to consider

this procedure in more detail.
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Appendix

Let G be a n-parametric Lie group and a,,, (fi — 1, 2 , . . . , n) be the canonical

parameters of element g G G. According to [6] the canonical parameters are defined

with the help of the group structure functions S^(ap) in the following way

S » , = «„ (24)

Let T(g) be an arbitrary representation of the group G with generators /**.

Then the adjoint representation matrices are defined as follows

rP?{°) (25)

The main consequence from eq.{24) is that operator T(y) can be written in the

form:

T(g) = exp{il»all} (26)

Combining the formulas (25) and (26) we obtain that

exp {*/"/?„} exp {ilvav} = exp {il»av} exp {UpP;(c*)pa} (27)

from which the eq.(12) follows immediately. The case when a^ = /?M the eq.(27)

leads to the identity (9).

Finally the identity (16) also follows from eq.(27) when the latter is written

for the adjoint representation i.e. when the matrices of the generators 7*1 are

(7M)p = CM% (CM% are the structure constant of group G as above).
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