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ABSTRACT

The method of normal coordinates of the theory of vibrations is used in decoupling
the motion of n oscillators (1 < n < 4} representing intrinsic degrees of freedom coupled
to collective motion in a quantum mechanical model that allows the determination of
the probability for energy transfer from collective to intrinsic excitations m a dissipative
system.
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1 Introduction

During the past two decades or so there has been an increase in research in order to
understand the behaviour of quantum systems coupled to dissipative environments. This
is because physical realizations of such systems are abound in several branches of physics.
For example, in atomic physics, atoms or molecules traversing cavities irradiated by mi-
crowaves are subjected to the superposition of both a coherent signal as well as a noisy
interaction, arising from black-body radiation [lj. In condensed matter physits, when
investigating the properties of superconducting quantum interference devices (SQUlDs),
the ever present phonon field is considered as a dissipative background [2j.

In nuclear physics, evidences exist for nuciear dissipation especially in reactions where
iarge-scale collective motions are involved such as in nuclear fission, deep-inelastic heavy-
ion reactions and giant resonance excitations (see the articles by Hasse [3] and Wei-
denmuller [4]).

Many theoretical attempts have been made to describe quantum systems with dissi-
pation. For a review article that summarizes both experimental information on nuclear
dissipation and gives comprehensive theoretical approaches to their description, see ref-
erence [3] and the quoted references therein. However, there exist more recent work on
dissipative mechanisms: Herman Feshbach deduced a relationship between nuclear fric-
tion and the optical model potential used in heavy ion reactions [5] while formulations
of damping systems withiti the framework of Lindblad's theory for open quantum sys-
tems were recently made by Isar, Sandulescu and Scheid [6], Stefanc-scu. Sandulescu and
Greiner [7] and Antonenko, Scheid and co-workers [8]. Other recent, work on dissipative
systems but with due regard to the harmonic oscillator can be found in Fiefs. [9] and [10].

In the past, we formulated the theory of energy dissipation with reference to heavy-ion
reactions based on the coupling of collective co-ordinates to intrinsic degrees of freedom
[11,12). The formalism was tested on a model of two oscillators coupled to free motion and
this enabled us to study the time-dependence of the distribution function for the energy of
the intrinsic excitation and to describe the collective motion in terms of time-dependent
effective masses and friction coefficients. In the paper that followed [13] the model of Ref.
[12] was extended by considering four oscillators representing intrinsic degrees of freedom
coupled to a collective degree of freedom. The problem was solved exactly analytically
and not only did it provide a better approximation to that of Ref. [12] but permitted
a simple study of a system with dissipation in which energy may be transferred from
a collective degree of freedom to intrinsic excitations as evidenced by the experimental
results in deep inelastic heavy-ion reactions [14].

The purpose of the present paper is to reformulate the work of Ref. [13] within
the general framework of the theory of vibrations of coupled harmonic, oscillators and



to determine the probability amplitude for the transfer of collective excitation energy
into intrinsic degrees of freedom, treating explicitly the cases of one, two, three and four
intrinsic oscillators coupled to collective motion, and at the same time distinguishing
clearly between states that are degenerate in energy from those that are not - a situation
which had not been treated earlier in Ref. [13]. The normalization and orthogonalization
of eigenvectors corresponding to degenerate eigenvalues obtained in the determination of
the normal modes of vibration are also properly taken into account in contrast to the
previous work where this issue had not been discussed.

The preference to utilizing oscillators in this work is that not only do many physi-
cal systems occuring in nature allow one to approximately describe their behaviour by
harmonic oscillators, but also because solutions to such problems can be carried out an-
alytically exactly and these allow generalizations to be made to realistically but more
complex systems.

This paper is presented in the following manner: In Sec.2 a brief survey of vibrat-
ing classical systems in general is given and the normal coordinates with which coupled
vibrations may be decoupled are introduced. Sec.3 deals with the quantization of the
Ilamiltouian used for describing the model of n oscillators coupled to a collective degree
of freedom, represented by free motion and their corresponding decoupled forms expressed
in terms of normal coordinates for the various cases under consideration. In Sec.4 the
solution of the eigenvalue equation in terms of the total and intrinsic energies as well as
the intrinsic wave functions is presented.

The method of determining the collective wave function representing the probability
amplitude for intrinsic excitation is given in Sec. 5.

2 Vibrating Classical Systems

As is well known in classical mechanics [15, Ifi, 17] the Lagrangian for a system executing
smalt vibrations about an equilibrium position can be expressed in the form

. . 1 «—k , .
L = 2 (1)

where the coefficients Ttl and Vij are the elements of the kinetic and potential energy
matrices respectively, while ^ and <j, are the generalized coordinates and velocities re-
spectively.

Lagranges' equations of motion then lead to a set of n coupled algebraic equations

(2)

Assuming an oscillatory solution of the form

q} = Gj-e (3)

there results a set of n homogeneous linear algebraic equations for the amplitude factors
a3 as follows

(5)

which in matrix notation [18] may be expressed as

Va = u!2fa

where V and t represent nxn matrices (VtJ) and (T;j) respectively while a is the non-zero
vector (column matrix) {a,,«2,.., ,«„}. As is well known the set of n equations (4) or (5)
have a non trivial solution only if the coefficient determinant vanishes, providing n roots
of u}2 which are the (squared) frequencies allowed in the problem.

By a transformation to normal coordinates <?;, the quadratic forms for the kinetic and
potential energies in Eq.(l) can be reduced simultaneously to sums of sqrares in these
coordinates and their derivative and hence making the coupled oscillator problem sepa-
rable into independent motions, each with a particular normal frequency. The resulting
equation then takes the form:

Oi + wjg-, = 0 (6)

where the old and the new coordinates are related by the linear transformation,

i

or in matrix notation [18]:

9 = <4ff (8)

where <f is a column matrix {<fr,ij2, • • • ,<ln] and ,4 is the n x n transformation matrix with
elements a,r The normal coordinates are then obtained by an inverse transformation,
thus

9 = A~lq (9)

where A~l is the inverse matrix to A.

It is shown [15, 16, 17] that if the roots utf. are distinct, then the eigenvectors arising

from the solution of Eq. (5) are orthogonal and obey the orthogonality condition:

£ T,,ajkait = 0, k (10)

However, in the event of degeneracy, i.e. when the secular equation obtained from (5)
results in multiple roots, condition (10) is not automatically satisfied and one has to



construct, by a familiar process (such as the Gram-Schmidt orthogonalization process),
an orthogonal set of eigenvectors such that equation (10) is satisfied.

Now since the algebraic system of equations (5) only fixes the ratios of eigenvector
components, it is convenient to require the renormalization,

ijajkaik = 1 (11)

3 The Model of Oscillators Coupled to Collective
Motion

As has been indicated elsewhere [11, 12] the quantized Hamiltonian describing the dis-
sipation of energy from the collective motion into intrinsic degrees of freedom may be
written in the form

H = Hinlr{q,0) + Hcall(P) (12)

where <j stands for the set of intrinsic coordinates while /? represents the set of collective

variables. The collective Hamiltonian Mca!i depends only on the collective variables but

the intrinsic Hamiltonian //,„(, depends on both the intrinsic and collective variables,

however not on the momentum canonically conjugate to 8.

Writing each of the terms on the right hand side of Eq.(12) in the form

(13)

h2 ff1
I

it immediately becomes obvious that the collective Ilatniltonian describes the motion of

a free particle of mass M while the intrinsic Harniltonian contains the coupling of the

intrinsic coordinates x, of any number of oscillators n, assumed here for simplicity to

have the same mass m, to the collective motion via the same coupling constant c. In this

work 1 shall present the cases for n = 1 up to n = 4 intrinsic oscillators coupled to free

motion. It is clear that dissipation of energy from the collective degree of freedom to the

intrinsic ones are simulated by the coupling of the intrinsic coordinate x; to the collective

coordinate ;.

3.1 One Intrinsic Oscillator Coupled to Collective Motion

When one intrinsic oscillator is coupled to collective emotion (here represented by free

motion) the eigenfrequencies are found to be

ij — c(m + M)fmM
(15)

The eigenvectors obtained according to the normalization condition (11) are

(16)

These automatically obey the orthogonality condition (10), since the eigenvalues are both

distinct. The transformation matrix A defined in Eq.(8) comes out to be

(17)

The determination of the normal coordinates from Eq.(9) is straightforward and one
obtains

nix -\- Mz) I
(18)

With these normal coordinates the Hamiltonian of the system is decoupled and the Hamil-
ton operator results as follows:

# ( 92 '<-
•fim ( i 9 )

In this form the Hamilton operator represents the energy of a particle of unit mass, in
view of the apparent absence of mass in the denominator of the first term on the right
hand side of the equation.

3.2 Two Intrinsic Oscillators Coupled to Collective Motion

For two intrinsic oscillators coupled to free motion the eigenfrequencies are obtained as

>\ = c(2m + M)jmM
>\ — cjm (20)

As in the previous case, the frequencies here are also distinct and there is no problem of

orthogonality of eigenvectors. Defining here the quantities Q],fl| and 7, as

a, = v/Af/2m(2m + M)

7! = l/\/2m + M

the normalized eigenvectors take the form

a( = a ! ( - l , - l , 2 m / M )

(21)

(22)

I



The transformation matrix then becomes

/ - a i y3i 7i
4 = -a! -A 71

while the normal coordinates are obtained as

Si = ' — ^

The derivation of the Hamilton operator is straightforward, it is obtained as

(23)

(24)

(25)

3.3 Three Intrinsic Oscillators Coupled to Collective Motion

In the case of three intrinsic oscillators coupled to free motion the secular equation,
det(l> - w 2 f ) = 0, where

c 0 0 - c \
0 c 0 - c
0 0 c -c

—c —c —c 'ic )

and

V = (26a)

r = (266)

are the potential and kinetic energy matrices respectively, 1 obtain the following eigenfre-

quencics:
u] = c(3m + M)/mM ]
w\ = wl = c/m (27)
^ = 0 J

This is the first case of degeneracy (two fold degeneracy) since two of the frequencies
are equal. It follows, as already pointed out earlier, that the eigenvectors in this case
are not automatically orthogonal but must be orthogotialized by a standard procedure. I
must however emphasize that there is some arbitrariness in the possible choice of the two
eigenvectors corresponding to the two degenerate eigenvalues, subject to the restrictions
that both be normalized and that the two be orthogonal by virtue of Eqs. (11) and
(10) respectively. There is one "degree of freedom" left in the choice of eigenvibrations
for two-fold degeneracy, hi general the choice of eigenvibrations with iV-fold degeneracy
involves N(N — l)/2 parameters [17].

In this problem the eigenvector corresponding to u>f is

o, = o3(-M/3m, -M/3m, -M/3m, I)

The ones corresponding to the degenerate mode (u^ = UJ|) are found to be

while the eigenvector describing the fourth mode (ujj = 0) is given by

a4 = £2(1,1,1, 1)

Here the quantities 02,^2,72 and 62 are defined by

/
72 = l/y/2m
6-2 - l /v

/3rn+ M

Consequently, the transformation matrix takes the form

Hence I obtain the normal coordinates as

92 = / f f x , - 2X2 + .T3

The quantized Hamiltonian describing the system is deduced as follows:

(28a)

(28*)

(28c)

(29)

(30)

(31)

3.4 Four Intrinsic Oscillators Coupled to Collective Motion

Proceeding in the same way as in the preceding subsections the eigenfrequencies are the

same as those found earlier [13]. These are

uf = c(4ro + M)fmM
ijj — W3 — UJj — c/r i7
,2 _ n

(33)



As can be seen however, here one has a case of three-fold degeneracy (u.'j = u/^ — a>J),

which was not discussed in reference [13]. As mentioned earlier in subsection 3.3 of this

paper, one has here three degrees of freedom in the choice of eigenvibrations. Taking into

consideration the orthogonality and normalization conditions (10) and (11) respectively,

which were not taken into account in ref. [13], the eigenvectors for the oscillating system

are obtained as

£, = 73(2,-2,1,-1,0)
54 = 73(1,-1,-2,2,0)
a5 = 4,(1,1,1,1)

where the constants a3, 83, 73 and S3 are defined by

03= ' - ^

(34)

(35)

It is to be noted that the eigenvectors nj, nj and aA Eq.(34) describe the degenerate modes
of vibration.

The transformation matrix is calculated to be

' ~a3M/im -{33 273 j.i 6:} 1
-a3Mj\m -/33 -2j3 -73 63

A = I ~Q3M/4m B-i 73 - 2 7 3 h (36)
-a^Af/Am ft, -73 2y3 63

a3 0 0 0 63 j

where a.i,rfj,73 and 63 are defined by Kq. (35).
The normal modes of vibration can be determined in a straightforward manner. In

contrast to Ref. [13] one finds these to be

(37)

wliere this time j 2 , <jj and </4 represent the degenerate mode.
The Hamilton operator then results as follows:

H = - y E ^ r + §Wff? + ^ ( 2 (38)

To conclude this section I wish to state that a generalization of this procedure of
obtaining l.lie Hamiltonian for any arbitrary number n of intrinsic oscillators coupled to

free motion is not possible in view of the degeneracies that occur. When three or more
intrinsic oscillators are involved we have seen that there exists some arbitrariness in the
choice of eigenvectors corresponding to degenerate eigenvalues and hence the procedure
is not unique for n > 3 and therefore cannot be generalized.

4 Solutions of the Schrodinger Equation for the To-
tal and Intrinsic Hamiltonians

In the most general case the eigenvalue problem of the total Hamiltonian of n oscillators
coupled to collective positon may be written as

//*(£!,J?2, . . . ,<7n,tfn + l ) = /?*(</,, fl2,. ..,</„, tfn+, ) (39)

By introducing normal coordinates g,, the vibration of the system has been decoupled into
normal nodes of vibration and a free translational motion of the centre of mass, hence the
eigenvalues and eigenfrequencies respectively may be cast in the form

tr1rj...r.(ifl,ffj,- . • ,ffn,Sn+l) = V'r, ('J1 )4'ri (

f 4 ( )

) (40)

VrJa*)Vk(!Jn+,) (41)

(42)

where the quantum numbers r , , r 2 , . . . , rn can take the values 0,1,2 and k is the wave
number of the plane wave in Eq.(42). The quantities 4'<(<)j) are the normalized harmonic
oscillator eigenfu net ions defined by

The total wave function in Eq.(41) is normalized as follows:

(43)

T h e quan t i ty Hr is a flermite polynomial of order r and the f>_/ (j — 1,2,. . . , t i ) are t h e

inverse oscillator lengths:

a} = (^/fe)1/2 (44)

The normalization constant ;Vr occuring in Eq.(43) is defined !>y

(46)

To solve the eigenvalue problem of the intrinsic Hamiltonian one proceeds as follows:



Defining

the eigenvalue equation takes the form

(47)

.....(fi,6..--̂ J (48)

which is seen as the eigenvalue equation of n decoupled harmonic oscillators having the

following set of eigenvalues and eigenfunctions:

7 =

cp(-iyltf)ff.1(7
, w2 = c/m, Af,, =

. . ; i = 1,2 n

(49)

5 The Collective Wave Functions

By the completeness relation [19] I expand the total wave function in terms of the eigen-

functions of the intrinsic Hamiltonian:

31.32 ST.

where £, is defined in Eq.(47).

The expansion coefficients Sr,\ll"ll(z) a r e ^v; collective wave functions and represent

the probability amplitude for the excitation of the intrinsic motion. Multiplying Eq. (50)

from the left by ip' and integrating over intrinsic coordinates one obtains

= / * • • • / ¥-:,„....„ (51)

The integral in Eq.^l) can be analytically evaluated after inserting the wave functions
from equations (41) to (43) as well as (49) and taking into account the expressions for
the normal coordinates defined in any of the equations (18), (24), (.11) or (37) as well
as utilizing the addition theorem of the Hermite polynomials [20]. The integration is
straightforward and we shall not dwell on it further here but would like to refer the
reader to the details of the method, for example as illustrated for the case of four intrinsic
oscillators coupled to free motion [13].

It can easily be shown that the probability amplitude fllH"l^{z) satisfies the normal-
ization condition,

E /;:;2...;:(-~) £ /;;;?:;;(-~) = h <52>
all t till 9 ' "*

10

The physical meaning of the quantity \r.\ll'.'.'l"^ ' s t n a t it gives the probability with which

one of the values of the intrinsic energy wilt be obtained when a measurement is carried

out in the state *. It therefore a measure for the probability for intrinsic excitation from

collective motion.

6 Conclusion

In this paper the use of normal coordinates in the theory of vibrations have been used to
decouple the Schrodinger equation describing the coupling of collective degree of freedom,
represented by free motion with intrinsic degrees of freedom, represented by an arbitrary
number of coupled oscillators up to a maximum of four. The normal modes of vibration
which facilitated the solution to the problem were determined such that the corresponding
eigenvectors were both orthogonal and normalized. It is found that in the event, of a
degeneracy, which occurred when three or more intrinsic oscillators were used, there was
an arbitrariness in the determination of the eigenvectors and hence the transformation
matrix, which resulted in the Hamiltonian not being unique.

It is shown that the probability amplitude for the excitation of the intrinsic motion
from collective degrees of freedom can be calculated analytically exactly and that the
model demonstrates in a simple way the mechanism for energy dissipation in a physical
system, based on the coupling of intrinsic and collective degrees of freedom. The model
can be extended to the realistic but more complex cases such as in nuclear fission and
heavy-ion reactions. In the latter case the collective degree of freedom would essentially
be the relative coordinate of the two heavy-ions while the intrinsic degrees of freedom are
the single particle degrees of freedom which can be described, for example, within the
framework of the two-centre shell model [21].

Numerical calculations based on the model presented here are in progress.
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