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ABSTRACT

This paper is concerned with resistivity sounding measurements performed from sin-
gle site (vertical sounding) or from several sites (profiles) within a bounded area. The
objective is to present an accurate information about the study area and to estimate the
likelihood of the produced quantitative models. The achievement of this objective obvi-
ously requires quite relevant data and processing niethods.lt also requires interpretation
methods which shouid take into account the probable effect of an heterogeneous structure.

In front of such difficulties, the interpretation of resistivity sounding data inevitably
involves the use of inversion methods. We suggest starting the interpretation in simple
situation (1-D approximation), and using the rough but correct mode! obtained as an
a-priori model for any more refined interpretation. Related to this point of view, special
attention should be paid for the inverse problem applied to the resistivity sounding data.
This inverse problem is nonlinear, while linearity inherent, in the functional response used
to describe the physical experiment.

Two different approaches are used to build an approximate but higher dimensional
inversion of geoelectrical data: the linear approach anrl the bayesian statistical approach.
Some illustrations of their application in resistivity sounding data acquired at Trilrivakely
volcanic lake (single site) and at Mahitsy area (several sites) will be given.
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INTRODUCTION

As it is usually the case when dealing with some complex geological structure, two
different approaches can be adopted. The first one is characterized by analytic or itera-
tive solutions and tries to infer the responsible model, This approach, namely linearized
inversion (Backus and Gilbert, 1967, 1968; Jupp and Vo/.off. 11175), holds a distinct advan-
tage over a nonlinear problem, so it can be made to explicitly minimize derivative norms
of resistivity. We are more interested iu the generalized linear inversion method (e.g.
Ratsimbazafy and Randrianambinina, 1992) due to this fact that it can also be applied
to higher dimensionai inversion with very little modification. In this case, the model is
assumed to be a realization of stochastic process with known covariance (Kranklin, 1970;
Jordan and Franklin, 1971). The added assumptions about parameters make it possible
to assign error bars to them.

The second approach, in the contrary, considers the problem in its nonlinear form
from a statistical point of view. Tarantola and Valette (1982) have generalized Franklin
and Jordan's works to the nonlinear inversion. An analogous bayesian inversion has
been proposed recently by Backus (1988) and Roussignol d ai. (1991). That nonlinear
inversion, using bayesian statistical approach is of our interest, because it can be used to
solve inverse problem in term of statistical distribution set of random data, given a model
and a prior assumption upon the parameters of the model. Taking advantage of these
works, we argue that the two approaches can be used to build an approximate but higher
dimensional inversion method of geoelectrical data. We will give some illustrations of
their application in resistivity sounding data acquired at Tritrivakely volcanic lake (single
site) and at Ankadifotsy-Mahitsy (several sites) (Rakoto, 1994).
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1 Theoretical Considerations
To recover the earth's resistivity from a series of measurements is an inverse problem. A
forward problem would be to find the apparent resistivities p*(r):

pa\T) = \j\Tn{p,Z])T\ T" *\<} \ 1 /

that are given by a model of the earth's resistivity rh(p,z). f contains known electrodes
separations and f(r") is a random vector representing measurement errors. G is the math-
ematical nonlinear functional response of the used earth's model. The vector m usually
contains the resistivity and the thickness of each layer and the resistivity of the underlying
half-space.

The inverse problem corresponding to this forward problem would be to find the set
of all m(p, z) that yields a given vector of the apparent resistivity for each possible vector
c(r). Given the enormity of this task (lanas and Sava, 1975), we restrict our attention to a
special case such numerical methods involving many simplifying approximations (Mundry
and Homilius, 1972; Cecchini, 1973; Rocroi, 1974; Mufti, 1978).

We will resume here these two main different aspects which are applied in resistivity
sounding. They have already been used by many authors but we need to explicitly write
them down for the following data interpretation.

1.1 The forward one-dimensional problem
Direct current (DC) electrical sounding theory is based on the Laplace equation resolution
of the electrical potential V:

I dV d2V _
(2)

This is usually achieved by specifying an earth's resistivity model. The simplest situa-
tion for understanding this modelling is the one-dimensional case. The electrical method
response function which is the apparent resistivity pad?) = G[m(p,z),r\ is motivated by
the solution of equation (2) and calculated from a model of an earth made up of stratified
media. In resistivity sounding with the Schlumberger array, equation (1) was detailed by
the following authors; Tikhonov, 1949; Mooney et ai, 1966; Koefod, 1968; Kunetz and
Rocroi, 1970). Then pac is given by:

r2 ta

I Jo
dX (3)

where Ji(x) is the Bessel function of the first kind and T(X) is deduced from Pekeris
(1940) recurrence relation. The vector f contains the M electrode separations at which
the apparent resistivity is desired.

When interested in the direct current (DC) chanetling within a layered structure, we
have to compute a set of coefficients 2*(A, z) according to the Ghosh filter (Ghosh, 1971).
These coefficients may also be used to express pac{r).

1.2 One-dimensional inverse problem
In this section, we will discuss about two one-dimensional inversion methods of geoelec-
trical data. These problems have been elaborated upon extensively (Backus and Gilbert,
1967, 1968, 1970; Tarantola and Valette, 1982; Backus, 1988; ; Roussignol et ai, 1991).
First, let us recall them briefly,

1.2.1 Generalized linear inversion

Generalized linear inversion is based on repeated application of linear inversion to the
residual left by a resistivity model. The method is strictly applicable only to the solution
of linear equations. So, the nonlinear resistivity equation (1) is linearized by expansion in
Taylor's series at each electrode separations (Ratsimbazafy and Randrianambinina, 1992).

If a aimple parametrization, riio(p, z), is known to be a good approximation to the
true earth structure for some reasons, such as prior studies with independent geophysical
methods, then the generalized linear inversion is the method of choice, fn this case, the
problem is quite simple: the measurement errors depend on the uncertainties of the layer
parameters through the matrix A. The j th element can be written:

for which j = 1,M and where Aj = (g^-)mk=mai. The parametrization has been chosen
so that A'A is non-singular and thus has an inverse. Lanczos (1961) gives the A element
for Schlumberger sounding by factoring the system matrix A into its row and column
eigenvector and the associated eigenvalues.

The usual approach is to find the least squares estimate of in which minimizes the
squared residual t't. Assuming that the error vector t is zero-mean gaussian random
variable, the misfit e'e gives rise to a \2 statistical distribution which is minimized by the
maximum likelihood estimate of m. As the generalized inverse is unique, the uncertainties
parameter vector dm is also unique. This presents the disadvantage that minima which
are found may possibly be only local minima.

1.2.2 Bayesian statistical inversion

The bayesian method first expresses our knowledge about resistivity structure by a prob-
ability taw on the distribution of resistivities, named a-piiori law P(m). Then it permits
to calculate the a-posteriori law P{rh/p"a) on the distribution of resistivities which takes
into account the observation and the probability density of the measurement errors. The
conditional a-posteriori law is given by the Bayes theorem (e.g. Press, 1989):

P(pa(m)P[m)
J...JP(p-Jm)P(ni)dm

(5)

FYom the a-posteriori law, it is possible to calculate a mean value which gives an
estimator of the resistivities' distribution and a variance which gives an indicator of the
accuracy of the estimation. Though the relation (5) contains all the information about
the a-posteriori vector parameter m, it does not provide a practical description of the



individual laws of the parameter. That information may be obtained from the marginal
laws of the a-posteriori density law.

The marginal law for a given parameter is the integral of the probability density over
the whole domain of all the parameters except the one under consideration (Press, 1989).
The density of the marginal law PJ(mj) is given by:

PJ(mj)=[ ... I ... I ... j P(m/p<,)dm1...dmi-i dmj+1...dmN+1 (6)

The expected values < m > may be derived from the marginal laws:

< rni, >= / mkP (TO*) drrti, (7)

where mk may be the resistivity or the thickness. Any departure of the a-posteriori
marginal laws from the a-priori beliefs is an indication of new knowledge on the param-
eters. Eventually, when the a-posteriori marginal law is identical to the a-priori law, the
data have provided no additional information. At best, we can expect the marginal law
to be unimodal when the parameter is well determined.

These cross-checked approaches take advantage of the nature of one dimensional re-
sistivity sounding forward problem. They can form an approximate method for inverting
geoelectrica! data in 1-D approach.

1.2.3 The approximate inversion method

The two approaches described in the previous outlines, could be used simultaneously
with a very little change to invert resistivity sounding data in 2-D approach . The idea
which motivates this method is that the resistivity sounding data which contain the most
information about a particular vertical section of the earth, are the data collected above
it.

In the first step, we use bayesian statistical approach to invert data at each station
separately and to estimate the model fitting each site. After all, the single site bayesian
inversion is performed, the resulting profiles need to be interpolated horizontally. The
simplest manner is to interpolate the inverted profiles' values at each nodal depth. The
horizontal interpolations can be made using cubic spline and determined by specifying
its value and derivative at two points. Then we build the 1-D mean model and estimate
the 2-D residual parameters. The full 2-D partial derivatives are deduced from equation
(4) by using generalized inversion approach and 2-D forward model is also built from real
data. Bayesian statistical approach is used again to perform such a model.

This idea is commonly used when inverting separately in 1-D approach the resistivity
sounding data at each site. The resultant 1-D model then obtained by considering the
different 1-D models together is to build a 2-D model used as starting point for 2-D forward
modelling or inversion (Jupp and Vozoff, 1977). Such one-dimensional inversions are
attractive as they require a negligible amount of computation compared to 2-D inversion.
However, the result needs to be corrected for the 2-D effects.

2 Numerical Considerations

We have already presented in the previous section the basic theory for electrical direct
current (DC) inversion methods. It is further necessary for minimizing computing time,

to describe how the two algorithms may be efficiently computed.
In generalized linear inversion method, no simple formula gives partial derivatives

of the functional response G with respect to the resistivity. Lacking such a formula,
dependent partial derivatives must be numerically computed. Lanczos (l!)01) presents a
particularly efficient manner of calculating the partial derivatives of G with respect to
changes in resistivity at all points. Numerical techniques can be used to improve the fit
of a model to the data. Once a method for generating trial models is adopted, two issues
remain: controlling the step size to consistently generate better models, and eliminating
irrelevant features in those models which do not contribute to fitting the data.

The numerical technique is formulated in such a way to explicitly minimize irrelevant
structural features in the resultant model. The execution time for an iteration by this
method is very small compared to that of a standard inversion.

Although very powerful to analyze the inference problem, the bayesian approach suf-
fers of the necessity to carry out multiple integrals evaluation. Those calculation are
very computer time consuming and the numerical application of such an algorithm is
used. Roussignol et a!. (1991) proposed a possible solution to simultaneously calculate
a numerical estimate of the marginal laws, the bayesian estimators and their numerical
uncertainties. The method stands as long as we may simulate the a-priori law whatever
it may be.

In that case, stochastic algorithm composed of the simulation of a Markov chain is
used to stabilize on the a-posteriori law. If E(u) denotes the image of parameters obtained
at n th iteration, the algorithm will be started horn an initial image E (0). The sequence
of the image E(n) is a random process which is an homogeneous Markov chain: the law
of E(n+1) depends only on E(n) and on a random selection independent from the past.
This chain is irreducible and aperiodic over the finite space of all possible image. The
a-posteriori probability is the invariant probability of this chain (Roussignol et al., 1991).
This algorithm is close to 'simulated annealing' algorithms used in imaging. The marginal
is then computed from the Montecarlo method (Tarantola. 1987; Press et al. 19S9).

The two algorithms presented above, take advantage of resistivity sounding data in-
terpretation in 1-D approach and have been applied to a variety of real data obtained
at two sites in the central part of Madagascar: Tritrivakely (single site experiment) and
Ankadifotsy-Mahitsy (for several sites.). These two algorithms differ in variety of theoret-
ical and numerical details. Nevertheless, being based on the same fundamental idea, they
can be cross-checked for consistency. Obviously, a necessary condition for their automatic
usage is that either they give similar answer to similar 1-D problems.

From the theoretical development outlined above, an obvious inference can be drawn:
generalized linear inverse method is one of maximum simplicity, even at the price of in-
troducing parameters uncertainties constraints, whilst statistical method is one of greater
generality, leading eventually to large consumption of computer time.

3 Geoelectrical Sounding Results

In this section, we attempt to invert the existing set of resistivity sounding data, using
the algorithm described in the previous section. Two examples are given to illustrate the
ease of application and the flexibility of the algorithm. These examples are limited to the
one-dimensional approximation (the electrical resistivity may vary with depth only).



3.1 Single site data inversion. Example of Tritrivakely
The 1-D inversion methods are used to estimate the sedimentary thickness of the Tritrivakely
volcanic lake. Comparison with mechanical sounding results obtained provides a test of
the inversion method on real data.

The Tritrivakely volcanic lake, seated in a shield with a central c&ldera, is situated
about 34 km in the northwest of Antsirabe, and has erupted basalt. The Institute and
Observatory of Geophysics of Antananarivo conducted in June and August 1992 a geo-
physical survey in its central caldera.

Fig.l shows the apparent resistivity audiomagnetotelluric map (at frequency 230 Hz)
of that area. This map indicates the presence of a conductive zone. Assuming that
apparent resistivity depends only on sedimentary thickness, this conductive zone probably
corresponds to a deeper sedimentary zone. This area is considered as our single electrical
sounding site.

To examine the validity of 1-D interpretation over 3-D body, two cross peipendicutarly
directions of resistivity sounding are adopted. The two apparent resistivity curves plotted
from results obtained (Fig.2) show clearly that 1-D approximation is appropriate. The
bayesian analysis of the data was performed with a number of parameters lower than that
of the data. Each data set consists of seven apparent resistivities.

The a-priori model eventually used is shown in Fig.3. It has two layers. Four hundred
trials were used for this example.

For each run, we calculate the a-posteriori marginal laws and discussed their nature
in order to characterize the additional information brought by the data about each pa-
rameter. The marginal laws are presented in Fig.4. They are all unimodal, though not
gaussian with respect to the test excepted. We also used an 'a-priori model of three layers
in order to estimate if 'the a-posteriori model of two layers' was biased.

We observe that the resistivities of the two superficial layers are almost identical
and the thickness of the second layer is not resolved. This clearly indicates that a 2
layers model is the best representation of the distribution of resistivities with depth at
Tritrivakely volcanic lake.

The result of applying the inversion algorithms to resistivity sounding data of Tritrivakely
volcanic take shows, that the sedimentary zone is about 25-30 meters thick and has a re-
sistivity range of 20-22 flm. These results are in close agreement with those obtained by
drilling and the degree of accuracy (not more than 8%) is quite satisfactory in that case.

3.2 Several sites data inversion. Case of Ankadifotsy-Mahitsy
The Institute and Observatory of Geophysics of Antananarivo conducted a resistivity
sounding survey at Ankadifotsy-Mahitsy in the area beside 18,65° S latitude and 47,45°E
longitude in northern Antananarivo, the capital. The survey area is characterized by an
extremely erratic rainfall, most of which occurs during summer months.

12 Schlumberger electrical soundings distributed along 3 profiles were carried out
during a geoelectrical survey. Their locations ar; represented in Fig.5. Because of the
extensive vegetation, the soundings had to be earned out along tracks, rivers bed and at
few accessible places. The maximum current electrodes separation (AB) attained, varied
from 50m to 200m, depending on local conditions, with an average value of 150m. The
corresponding maximum depths of investigation are estimated to range between 10m and
50m.

The form of the geoelectrical curves varies considerably throughout the survey area.
Measurements of resistivities along 3 profiles named A, B, C have been performed for
displaying the lateral variation. The data, were inverted by using the algorithm previously
described.

3.2.1 The profile A (Fig.6)

The profile A is directed 17.5° NW. This profile is going from the north ridge to south
ridge through a flat. The profile contains successively from north to south, Falaise'2, Dig].
Sll and Route3 sounding sites.

The following information may be deduced from the geoelectrical profile: the resistant
basement top in Falaise2 and Digl are on the same level even if the two sites belong to
different units. The almost-horizontality of the substratum top under Falaise2 and Digl
is then confirmed. However, a throw of about 21 meters high has been noticed between
Digl and Route 3.

3.2.2 The profile B (Fig.7)

The profile B is directed 84.5° NE . All the measurement sites on this profile are on
the south ridge except the sounding site Dig2, and each point of the cross-river has an
average of 1255 m elevation. The geoelectrical data of that profile show that the resistant
basement top presents a slight west dip. Through the two geoelectrical profiles, it has
been noted that the deepest top is located under Route? site. From Dig2 to Route3
through S8, Routel, S7, the altered bed which has an averaged resistivity of 150 firn
becomes thicker.

3.2.3 The profile C (Fig.8)

The profile C is elongated parallel to the profile B. It is composed of 4 resistivity sounding
sites. Successively from west to east are Falaise2, S6, S12,A. The two resistivity soundings
on Fa!aise2 and S6 are located on the west part of the ridge: Si2 sounding is on the low-
ground and A sounding is on the east part of the other ridge.

When following the profile C from west to east, the basement top presents between S6
and S12 a throw of about 9m high. The basement top is mostly horizontal but is situated
on a different elevation. The throw between SG ami Si2 may be considered as a fault
effect.

3.2.4 Synthesis and first interpretation attempt

Those 3 geoelectrical profiles showed the lateral structure variation of the basement. They
indicated informations on the bedrock form (dip, discontinuity) which is supposed to be a
little crystalline basement. They give information about the structure described as above.

They also lead us to assume the presence of a strike which separates the investigated
area into 2 parts (northern and southern ridges) is not due to drainage basin erosion.
Each discontinuity obtained through this representation could be interpreted either as a
basement (bedrock) dip or a fault.

The very simplest interpretation is to consider that the basement presents a dip.
However, interpreting as basement dip excludes the presence of a fault. The presence of



a group of sites under which the basement top is on the same elevation confirms the fault
interpretation, if for another group of sites, basement top is on an another elevation.

The second interpretation is to consider fault-throws of 21m and 9m respectively be-
tween Falaise2 and Route3 and between S6 and S12. Without infirming nor confirming
the existence of a fault in Mahitsy-Ankadifotsy area, the geophysical works carried out
in the region permitted to conclude the sudden basement top depth variations between
Fa!aise2 and Rout.e3, and then between S6 and S12. Concerning the discontinuity be-
tween S6 and Sl2, the geological map (Fig.5) shows a strike escarpment directed to the
southwest-northeast. The important variation of basement top between sites S6 and S12
might be interpreted as thu effect of a fault.

A uniform variation of the basement top depth between Route3 and Digl sites should
be due to a fault. The presence of an east-west escarpment line (after general morphology
of tfie area) leads to conclude that this fault is crossing on or near Digl site.

4 Conclusion

Methods of problem inverse take advantage to deal with the real quality of geoelectrical
sounding data. Such methods have already been proposed separately in 1-D, 2-D, or 3-D
situations. We have reviewed here the published basic theories of two inverse problem
approaches: linearized inversion and bayesian statistical approach.

Clearly, we show the ability of bayesian approach to solve 1-D resistivity sounding
inverse problem with a limited number of parameters. It provides description of the
parameters after inversion by mean of their individual marginal density laws. A mode
deduced from this result, can be constructed to interpret a whole data set.

We suggest starting by determination of the partial derivatives of higher dimensional
geoelectrical functional response by using generalized linear inversion. Bayesian statistical
approaches also used to produce a model of resistivities distribution whose likelihood can
be estimated. This method allows us to cancel out higher dimensional effect (2-D, 3-D).

With the help of practical examples, with data acquired at Tritrivakely volcanic lake
and Ankadifotsy-Mahitsy area (Madagascar), we showed that the method can be defined
as a procedure for obtaining the resistivities distribution in a restricted area to be inves-
tigated.
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1'inversion des donnê es electriques acquises a Ankadifotsy-

Mahitsy et Tritrivakely. Memoire de DEA, Universite d'Antana-

narivo, Madagascar.

RATSIMBAZAFY J.B. and RANDRIANAMBININA E., 1992. inversion of

resistivity soundings int the archaeological site of Mahilaka (

North-West of Madagascar) using generalized linear inversion

method. Internal Report IC/92/5a,ICTP, Trieste, ITALY.

ROCROI J.P., 1974, Structures cylindriques en courant continu,

sources ponctuelles. Notes techniques, CGG.

ROUSSIGNOL H. , JOOANNE V., MENVIELLE M. and TARITS P., 1991.

Bayesian electromagnetic imaging. Computational statistics.

TARANTOLA H., 1987. Inverse problem theory. Elsevier, Amsterdam.

TARANTOLA H. and VALETTE B. , 1982. Generalized non linear inverse

problems solved using the least squares criterion. Rev.Geo-

phys.SpacePhys.,19, 394-406.

TIKHONOV A.N., 1949. On the uniqueness of the solution of the

problem of geoelectrical sounding (Russ.) Dolk. Akad. Nauk. SSSR,

69, 797-800.

10

tn Z

X
'•J

li

i % y

S2 * i*

3

\

Q-CS

s :E "

2 s §•

hi
Z

<

6
5

3c

i

o
c
.9



DISTRIBUTION OF A-PRIORI MODEL
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MARGINAL LAWS OF THE PARAMETERS
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ANKADIFOTSY- MAHITSY
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