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Abstracts 

A review of perturbative many-body descriptions of several nuclear systems is presented in 
this report. Examples of systems considered are symmetric and asymmetric nuclear mattei 
and finite nuclei with few valence particles. 

Our many-body description starts with the most recent meson-exchange potential models 
for the nucleon-nucieon interaction, an interaction which in turn is used in our perturbative 
schemes to evaluate the effective interaction for finite nuclei and infinite nuclear matter. A 
unified perturbative approach based on time-dependent perturbation theory is elaborated. 

For finite nuclei we present new results for the effective interaction and the energy spectra 
m the mass areas of oxygen, calcium and tin. 
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1 In t roduc t ion 

The purpose of this work is to give at a presentation of recent progresses m perturbative 
aiany-body theories, with applications to effective interactions for nuclear matter and finite 
nuclei. Several of the results presented here are new or are extended revisions of earlier 
compilations for nuclei in the mass regions of oxygen, calcium and tin. 

Our perturbative many-body approach rests on the time-dependent expansion within the 
framework of degenerate or nearly degenerate Rayleigh-Schrodinger (RS) perturbation the
ory [1-7]. The choice of the ti t Impendent approach rather than the time-independent, 
exposed ad extenso in the work by Lindgren and Morrison [8], is deliberate, since it conve
niently lends itself to extensions to systems at iinite temperature [5,9], Furthermore, since 
the nuclear systems we will cover are described in terms of valence holes and/or particles, 
a convenient scheme which microscopically accounts for the empirical shell or optical mod
els, is provided by a so-called valence-linked perturbative expansion *. A key point to the 
present investigation, is the evaluation of folded diagrams [1,10] in connection with the 
valence-linked expansion. Folded diagrams arise in Rayleigh-Schrodinger (RS) perturba
tion theory due Xc the removal of the dependence on the exact energy of the perturbation 
series. A major function of the folded diagrams is to account for the fact that the valence 
partjcle(hole) is not in the given single-particle (hole) state all the time. This correction 
may actually be important, as its effect is to renormalize the non-folded terms by a wound 
integral factor, being the probability that the valence particle(hole) is absent from the 
particular orbit considered. 

The philosophy of this work is in essence to derive properties of selected nuclear systems 
from a microscopic point of view. With microscopic we will mean a nuclear many-body 
approach outlined in the following three steps: 

- First, one needs a nucleon-nucleon (NN) interaction V which is appropriate for nuclear 
physics at low and intermediate energies. Since we deal with strong interactions, a really 
microscopic approach would be to derive nuclear expectation values from the underlying 
theory of the strong interaction, namely quantum chromodynamics (QCD). Due to the 
strongly non-perturbative character of QCD in the regime of nuclear physics, such an 
approach is at present not available. However, there are both theoretical and expedmenial 
indications that interaction models based on meson-exchange offer a viable scheme at 
low and intermediate energies. With microscopic we will therefore mean a theory which 
starts from selected baryons and mesons as the nuclear constituents. The nucleon-nucleon 
interaction is then described in terms of the exchange of selected mesons, see e.g. refs. 
[11-14). 

- Secondly, in nuclear many-body calculations, the first problem one is confronted with 
is the fact that the repulsive core of the NN potential V is unsuitable for a perturbative 

* The technicalities of the pertuibative expansion ate given in section 4. 
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treatment This problem is however overcome by introducing the reaction matrix G given 
Dy ihe solution of 

G = V + V ~-rry:G, {l) 
u-QHoQ v 

where w is the unperturbed energy of the interacting nucleons in a medium, and H0 is the 
unperturbed hamiltonian. The operator Q, commonly referred to as the Pauli operator^ is 
a projection operator which prevents the interacting nucleons from scattering into states 
occupied by other nucleons. 

- Finally, employing the G-matrix denned in the previous step and the perturbative 
techniques to be discussed in this work, one can derive expressions for effective transition 
operators and interactions in terms of the G-matrix. The effect of higher-order terms in the 
perturbative expansion account for nuclear correlations which modify e.g. the predictions 
made within the framework of the independent or simple shell-model picture. The appeal
ing feature of perturbation theory is that it offers a scheme by which one can interpret 
medium effects in terms of contributions to the perturbative expansion. Pictorially, various 
terms in perturbation theory are conventionally exhibited by way of so-called Feynman 
diagrams. The latter offer a physical and intuitive understanding of perturbation theory, 
The main emphasis of this work rests on this diagrammatic representation of perturbative 
methods, though, our microscopic approach presumes all three steps of the algorithm we 
have outlined. 

This work falls in 9 sections. After the above introductory remarks, we review the philoso
phy behind the G-matrix &nd Brueckner theory in section 2. Section 3 is devoted to a discus
sion of potential models for baryons interacting through meson exchange, while in section 
4 we present several perturbative many-body approaches based on both time-dependent 
and time-independent perturbation theory. In section 5 we detail the renonnalization of 
the bare interaction in a nuclear medium in terms of the G-matrix discussed above. An 
extensive discussion of the properties of the G-matrix in both nuclear matter and finite 
nuclei is given. The subsequent section is the first one on applications of the perturbative 
methods exposed in section 4. Here we review results from two-body effective interactions 
applied to several nuclei with two or more valence nucleons. The nuclei we investigate are in 
the mass regions of oxygen, calcium and tin, with an emphasis on the evaluation of folded 
diagrams in connection with the valence-linked perturbative expansion. Several properties 
and problems related to the evaluation of the effective interaction are discussed, such as 
the order-by-order convergence, the intruder state problem, the non-hermiticity of the RS 
perturbation expansion and so forth. 

Section 7 includes a discussion of a model-space approach to nuclear matter, an approach 
which is comparable in philosophy to the effective interaction approach for finite nuclei. 
Higher order diagrams such as the all-order summation of particle-particle and hole-hole 
ladder diagrams in nuclear matter are also reviewed within the framework of this model-
space approach. The systems considered in section 6 can all be described fairly well within 
the framework of non-relativistic many-body theories, However, for our nuclear matter 
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/ results of section 7 , such a non-relativistic aescnptioL. at high nuclear densities, is obviously 
inadequate Even at the nuclear matter saturation point, the lowest relativistic correction 
tc the kinetic energy per particle is of the order of 2 MeV [9], a quantity which should 
be compared ice the total binding energy per particle of approximately —16 MeV At 
densities higher than the saturation point, relativistic effects become even more important 
A relativistic extension of our nuclear matter results of section 7, is made m section 8 within 
the framework of the so-called Dirac-Brueckner-Hartree-Fock approach [15,16]. 

We conclude this presentation with an overview and a discussion of perspectives for future 
investigations in section 9. 

The final effective interactions we derive for e.g. the oxygen area, are rather close to the 
original ones of Kuo and Brown [17], as also observed by Zuker and co-workers [18]. In 
ref [IT], a potential with a strong tensor force was employed, and only terms through 
second order in Rayleigh-Schrodinger perturbation theory were included. There is strong 
theoretical and experimental evidence that the tensor force of the NN potential should 
be weak. Most modern NN potentials have such a weak tensor force. This, as will be 
demonstrated throughout this work, introduces more attraction in the nuclear systems 
considered. Though, through the introduction of many-body effects not taken into account 
by Kuc and Brown, the final renormalized effective interaction is close to e.g that in ref. 
[17] The mam idea of Kuo and Brown however, i.e. that the effective interaction is obtained 
by the G-matrix renormalization plus the core-polarization correction, which also includes 
collective long-range effects, is manifest in most many-body contributions presented in this 
work 

Finally, the reader should be aware of the fact that extensive review articles exist which 
cover in depth the subjects discussed in sections 3 to 4. The derivation of potential models 
based on meson-exchange is extensively detailed in the works of Machleidt and co-workers 
[11,12], whereas much of the formalism discussed in section 4 is taken from the recent 
monograph of Kuo and Osnes [1], also several tutorial text books cover in an elegant way 
recent advances in many-body theories [5,6,8,9]. In section 8 we borrow extensively from 
the relativistic work of Brockmann and Machleidt [15] and the Brooklyn group of Celenza 
and Shakin [16]. Further, a work which follows much of the philosophy of the present work, 
i.e. our microscopic approach, was recently presented by Dickhoff and Muther [19], In that 
work, recent developments in many-body theory applied to nuclear systems, were reviewed 
with a emphasis on a self-consistent Green's function approach. As a collation, it ought to 
be mentioned that in the present approach, except for an illustratory discussion of nuclear 
and neutron matter in sections 7 and 8, we do not attempt at describing bulk properties 
of nuclei, such as total binding energies or mean radii of nuclei like 1 6 0 . A viable approach 
tc •this problem is offered by variational methods, reviewed by e.g. Pandharipande in ref 
[20] 
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2 Brueckner t h e o r y and the G-macnx 

The Brueckner G-matnx is probably the most important ingredient in many-body calcu
lations of nuclear systems. In this section, we will biiefly survey the philosophy behind the 
G-maxnx 

Historically, the G-matrix was developed in microscopic nuclear matter calculations using 
realistic nuebon-nucieon (NN) interactions. It is an ingenuous as well as an interesting 
method to overcome the difficulties caused by the strong, short-range repulsive core con
tained in all modern models for the NN interaction. The G-matrix method was originally 
developed by Brueckner [21], and further developed by Goldstone [22] and Bethe, Brandow 
and Petschek [23]. In the literature it is generally referred to as the Brueckner theory or 
the Brueckner-Bethe-Goldstone theory. 

Suppose we want to calculate the nuclear matter ground-state energy E0 using the non-
reiativistic Schrodinger equation 

HVo{A) = E0{A)Vo(Å), (2) 

with H ~ T 4- V where A denotes the number of particles, T is the kinetic energy and V 
is the nucieon-nucieon (NN) potential. Models for the NN potential will be discussed in 
section 3 The corresponding unperturbed problem is 

HQi>0{A) = W0{A)4>o(A). (3) 

Here HG is just kinetic energy T and ipQ is a Slater determinant representing the Fermi sea, 
where all orbits through the Fermi momentum kp are filled. We write 

Ec = W0 4- A#„, (4; 

where A £ 0 is the ground-state energy shift, if we know how to calculate A£J0, then we 
know E0, since W0 is easily obtained. In the limit A —> oo, the quantities E0 and AE^ 
themselves are not well defined, but the ratios Eo/Å and AE0/A are. The nuclear-matter 
binding energy per nucieon is commonly denoted by BE /A, which is just —E0/A. In 
passing, we note that the empirical value for symmetric nuclear matter (proton number 
Z=neutrou number N) is » 16 MeV. There exists a formal theory for the calculation of 
AEQ- A "Girding to the well-known Goldstone linked-diagram theory [22], the energy shift 
AEc is given exactly by the diagrammatic expansion shown in fie. 1. This theory, is a 
linked-cluster perturbation expansion for the ground state energy of a many-body system, 
and applies equally well to both nuclear matter and closed-shell nuclei such as the doubly 
magic nucleus 4 0 C a . We will not discuss the Goldstone expansion, but rather discuss briefly 
how it is used in calculations. For systems with particles outside closed shells, a similar 
theory exists, namely the so-called folded-diagram theory, which we will review in section 
4 Using the standard diagram rules listed in appendix A, the various diagrams contained 



•o ø 

(ii) (iii) 

Fig i- Diagrams which enter the definition of the ground-state shift energy AiTo- Diagram (i) 
is first order in the interaction V", while diagrams (u) and (iii) are examples of contributions to 
second and third order, respectively. 

in the above figure can be readily calculated, viz. (in an uncoupled scheme) we have 

( O = H = — r <^'iV!^>A S, (5) 2".f 

with 7ih = rii = 2 and n^ = 1. As discussed in appendix A, rih denotes the number of hole 
lines, ni the number of closed fermion loops and n ^ is the number of so-called equivalent 
pairs. The factor 1/2"** is needed since we want to count a pair of particles only once. We 
will carry this factor 1/2 with us in the equations below. The subscript AS denotes the 
antisymmetrized and normalized matrix element 

( t ø l V \hihi)AS = (kiki) V |tø,-) - {kjki\ V \kikj). 

Similarly, diagrams (ii) and (iii) read 

(6) 

•T; 

file:///kikj


, .., = irl!!I y v v ikikil9lkmk"^s{kmk"19iw's{kk<1 *lkiki)"s 

(8) 
In the above, e denotes the sp energies defined by i?o- The steps leading to th? above 
expressions for the various diagrams are rather straightforward. Though, if we wish to 
compute the matrix elements for the potential V, a serious problem arises. Typically, the 
matrix elements will contain a term (see the next section for the formal details] V(irj), 
which represents the interaction potential V between two nucleons, where r is the mternu-
cleon distance. As we shall further detail in the next section, all modern models for V have 
a. strong short-range repulsive core. Hence, matrix elements involving V(|r[), will result in 
large (or infinitely large for a potential with a hard core) and repulsive contributions to 
ihe ground-state energy Thus, the diagrammatic expansion for the ground-state energy in 
terms of the potential T/(|rj) becomes meaningless. 

The resolution of this problem is provided by the well-known Brueckner theory or the 
Brueckner t?-matrix, or just the G-matrix. In fact, the G-matrrx is an indispensable tool in 
almost every microscopic nuclear structure calculation. Its main idea may be paraphrased 
as follows. Suppose we want to calculate the function f(x) = x / ( l + x). If x is small, we 
may expand the function f{x) as a power series x + x2 4- a;3 + • - - and it may be adequate 
to just calculate the first few terms. In other words, f(x) may be calculated using a low-
order perturbation method. But if x is large (or infinitely large), the above power series 
is obviously meaningless. However, the exact function x / ( l -f x) is still well defined in the 
limit of x becoming very large. 

These arguments suggest that one should sum up the diagrams (i), (ii), (iii) in fig. I and the 
similar ones to all orders, instead of computing them one by one. Denoting this all-order 
sum as l/2Gijij, where we have introduced the shorthand notation Gijij = {h^j\ G /^^i) As 
(and similarly for V), we have that 

- G • • • • = iy:...+ V -V- -
2 w 2 w *-* 2 JTnn£+E-£ - e 

x \lv ••+ r ^ - -v ••+ '9*. 
[ pq>l*F £» + £ J ep-£ql j 

The factor 1/2 is the same as that discussed above, namely we want to count a pair 
of particles only once. The quantity inside the brackets is just l/2Gmnij and the above 
equation can be rewritten as an integral equation 

mn>kw * ' i m — n 
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Note that G is the antisymmetrized G-matnx since the potential V is aJsc antisymmetnzed 
This means that G obeys 

?•* r\ f~- ' •y -, '• 

The G-matnx is denned as 

and the equation for G is 

(12) 

&ijij = Vijij + 2 - ^j'mn-——— — Gmnij; {13} 

which is the familiar G-matrix equation. The above matrix is specifically designed tc treat 
a class of diagrams contained in Ai?o, of which typical contributions were shown in iig. X 
In fact the sum of the diagrams in fig. 1 is equal tc l/2(Gijij — GJHJ). 

Let us now define a more general G-matrix as 

r -v. + V v. Q(mn) r '-^s 
rrwOO W - £ m - £ n 

which is an extension of eq. (13). Note that eq. (13) has £j + ej in the energy denominator, 
whereas in the latter equation we have a general energy variable w in the denominator. 
Furthermore, in eq. (13) we have a restricted sum over mn, while in eq. (14) we sum over 
all mn and we have introduced a weighting factor Q(mn). In eq. (14) Q(mn) corresponds 
TC the choice 

Q(km,kn)={ V m ' n ) F ., (15) 
3 0V else. 

where Q{mn) is usually referred to as the G-matrix Pauli exclusion operator. The role of 
Q is to enforce a selection of the intermediate stales allowed in the G-matrix equation. 
The above Q requires that the momenta of the intermediate particles m and n must be 
both above the Fermi surface defined hy kp. We may enforce a different requirement by 
using a summation over intermediate states diiferent trom that in eq. (14). An example is 
the Pauli operator for the model-space Brueckner-Hartree-Fock method to be discussed in 
section 7. 

Before ending this section, let us rewrite the G-matrix equation in a more compact form. 
The sp energies e and wave functions are defined by the unperturbed hamiltonian Hc as 

ffo|W = e ™ W , (16) 

•nå similarly 

Ho \1>m1>n) = (em + Sn) !lM*n) - (l?) 
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Fig. 2. Schematic representation of the ladder renormalization of the free NN potential. The wavy 
Une may represent either the scattering matrix T or the medium dependent reaction matrix G-
The iatter differs from the scattering matrix since it contains the Pauli exclusion operator Q and 
medium dependent single-particle energies. The physical interpretation of either T or G is that 
cbe particles must interact virtually with each other an arbitrary number of times m order to 
produce a finite interaction matrix element. 

The G-matrix equation can then be rewritten m the following compact form 

G(w) = V -+- V 
w — He 

G(u>), 

with Q = ^2 l^m^n) Qirrm) {VwønL In terms of diagrams, G corresponds to an all-order 

sum of the "ladder-type : ) interactions between two particles with the intermediate states 
restricted by Q, as schematically shown in fig. 2. 

The G-matnx equation has a very simple form. But its calculation is rather complicated, 
particularly for finite nuclear systems such as the nucleus 1 8 0 . There are a number of com
plexities. To mention a few, the Pauli operator Q may not commute with the unperturbed 
hamiltonian HQ and we have to make the replacement 

•QH„Q 

The determination of the starting energy u> is also another problem. These and other 
problems will be dealt with in section 5. 



M o d e r n nucleon-nucieon potentials 

5.1 Introduction 

Since quantum chromodynamics (QCD) is commonly acce^ ted as the theory of the strong 
interaction, the NN interaction V is completely determined by the underlying quark-quark 
dynamics in QCD. However, due to the non-perturbative character of QCD at low energies, 
one is still far from a quantitative understanding of the NN interaction from the QCD 
point of view This problem is circumvented by introducing models containing some of 
the properties of QCD, such as confinement and chiral symmetry breaking. One of the 
most used models is the so-called bag model, where a crucial question is the size of the 
radius (R) of the confining bag. If the size of the bag radius is chosen as in the "Little 
Dag" {R < 0.5 fm) [24], then low-energy nuclear physics phenomena can be fairly well 
described in terms of hadrons like nucleons, isobars and various mesons, which are to be 
understood as effective descriptions of complicated multiquark interactions. However, other 
models which seek to approximate QCD also indicate that an effective theory in terms of 
hadronic degrees of freedom may very TA^II be the most appropriate picture for low energy 
nuclear physics. Although there is no unique prescription for how to construct a free NN 
interaction, a description of the NN interaction in terms of various meson exchanges is 
presently the most quantitative representation of the NN interaction [12,25] in the energy 
••egime of nuclear physics. We will assume that meson-exchange is an appropriate picture at 
low and intermediate energies. Further, we will restrict the attention to one-boson-exchange 
(QBE) models only. 

In the next subsection we discuss the three-dimensional reduction of the Bethe-Salpeter 
equation and the phenomenological iagrangians which define the interactions between the 
various baryons and mesons. Thereafter, we briefly review the general properties of the 
nucieon-nucleon (NN) potential. To avoid unnecessary overlaps with already existing re
view articles and books on the subject [11,12,26,27], only a brief exposition of the under
lying theory is given. The reader is referred tc the above extensive works for the more 
sophisticated details. 
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'3.C The one-boson-exchange interaction and the Beihe^Salpeier equation 

To describe the interaction between the various baryons and mesons of table 1, we choose 
'.he following phenomenoiogical lagrangians* for spin 1/2 baryons 

£pt = fVy^^'K (19) 

C, = g'm4'\ (20) 

and 

£« = 5v*7/i*^3 + 9^*^ faffi ~ dyØ) > (21; 
for pseudoscalar (ps), scalar (s) and vector (v) coupling, respectively. The factors gv and 
gl are the vector and tensor coupling constants, respectively. Similarly the factor g' is 
the phenomenologicai coupling coefficient for scalar mesons -while gp" is the corresponding 
coupling constant for pseudoscalar meson exchanges. These coupling constants may be 
constrained by e.g. the nucleon-nucleon scattering data. In the above equations4 we have 
defined * to be the baryon field for spin 1/2 baiyons, while 4^"\ $** a n ( * 4>^ are the 
corresponding meson fields for pseudoscalar, scalar and vector mesons, respectively. In 

Table I 
List over selected baryons and mesons. We also include strange hadrons since the non-rsiativistic 
transition potential we will present applies to these hadrons as well. 

Baryons Mass (MeV) Mesons Mass (MeV) 

p , n 938.926 •K 138.03 

A 1116.0 n 548.8 

xj 1197.3 a w 550.0 

A 1232.0 e 770 

E* 1385.0 w 782.6 

e 983.0 

K 495.8 

K* 895.0 

2 We will also employ a pseadovectoi lagiangian for the pseudoscalar mesons. In this ca- e have C-^ = 
g^-to^ypydpijfa"), where g?* is the pseudovector coupling constant. The relativistic notations follow 
Itzyfcson and Zuber [28]. Throughout this work we will also set c = h = G = 1, wheie G is the gravitational 
constant. 



i able 1 3 we list selected baryons with masses below 1^00 MeV, though in our calculations 
we wili only deal with those mesons which define the NN potential. Note that the above 
equations are for isoscalar mesons, however, foi isovector mesons, the fields 4> trivially 
modify t c T<£ with T the familar isospmor Pauli matrices. Foi spin 1/2 baryons, the fields 
* are expanded m terms of the Dirac spmors (positive energy solution shown nere with 

/ V \ 

u(fer) = \j E(k) + m ! 
! 
\B( t )+™ X / 

2m 
(22) 

with x the familiar Pauli spinor and E(k) = y/m-2 •+• jk| 2. The positive energy part of the 
field $ reads 

with a a l'ermion annihilation operator. Similarly, the spin 3/2 field operator *PM are rep
resented IE terms of the Rarita-Schwinger spinors u M l a spin 1/2 spinor coupled to a four-
vector, which in the rest-frame reads 

»*(o.i) = E^KWK»."»;. J = - f , -7. i |. ( 2 4) 
(rt,f * — " * 

where C is a Clebsch-Gordan coefficient, eM a spin-1 spinor and tt(0,<re5 the free Dirac 
spinor in the rest frame with spin projections <rz = ± | . The u„(07j) can "be boosted to an 
arbitrary trame such that the Rarita-Schwinger field is 

•»(*) = 7^375 E «».(**)«-*•«*.• (25) 

The lagrangians which describe e.g. the interaction between a spin 1/2 and a spin 3/2 
baryon are 

Cpt = j * * * * ^ ^ , (26) 
for the exchange of a pseudoscalar meson and 

A, = is°'*7E7„*" ( 3 ^ v ) - 8„1# ) ) + A.c, (27) 

for the exchange of a vector meson. As mentioned above, we limit the attention in this work 
to nucleons only and thereby spin 1/2 baryons, and the corresponding mesons. Employing 
the above lagrangians, it is then possible to construct a one-boson-exchange potential 
model. Typically, a contribution V°BE arising from the exchange of a scalar meson between 

3 Note that we keep the name £ for the scalar tsovecioi meson with mass 980 MeV, in order to abide to 
the usage in previous works [12). The recent label is a o(9S0). 
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two spin 1/2 baryons with equal masses is given by 

(p'ip' 2 |v. 0 B Eip 1p J) = s: "(Pi)u(ri)"(Pi)»(pa) 
(pi +& -Pi -PiY -™1,' 

(28) 

wnere roe is the mass of the exchanged scalar meson 4 The diagrammatic structure of this 
equation is shown in fig- -3. 

p i , ^ 

a, 8 

V [ V 
+ 

Fig. 3. Diagrammatic representation of the exchange of a scalar boson between two equal mass 
and spin baryons. The leftmost picture is a shorthand for the two time-orderings tc the right. 

In order to obtain the parameters which define an NN potential derived from OBE mod
els, the Bethe-Salpeter equation is used as the starting point for most calculations. This 
equation serves to define a two-particle interaction T , meant to reptoduce properties Hke 
low-energy scattering data. A self-consistent comparison with the data, may m turn de-
tine the parameters of the NN interaction, such as meson cutoff parameters, or coupling 
constants not constrained by the data. The fully covariant Bethe-Salpeter equation reads 
(suppressing spin and isospin) in an arbitrary frame 

(Pipjmpip,) = {p[p'2\V\plp2)+j^Jdtk{p'1p'1\V\P + k,P-k) (29) 

xS ( 1 ) (P + h)Sm(F -k){P + k,P-klT \Plp2), 

where we have defined P to be half the total four-momentum, i.e. P = | (pi +$2)-, and k 
tc be the relative four-momentum. The term 5(i) is the fermion propagator, which for e.g. 
positive energy spin 1/2 baryons reads 

s(i){p) = (A-"** + " ) (3(T> 

1 Detailed expressions for the one-boson-exchange contributions can be found in e.g. refs. (11,12]. 



} with the subscript i referring to baryon ; 

In principle V is supposed to represent all kinds of irreducible two-particle interactions, 
ihough :t is commonly approximated by the lowest order two-particle diagram. With this 
prescription we obtain the familiar ladder approach to the Bethe-Salpeter equation, similar 
to T.he approach discussed m connection with ^he 5-matrix. The schematic structure of the 
ladder equation, representative for both the scattering matrix and the reaction matrix G, is 
shown m fig. 2. Eq. (29) is a four-dimensional integral equation, which is rather tedious tc 
solve numerically. It is therefore commonly replaced by a three-dimensional quasi-potential 
equation, where the time components of the four-momenta of the incoming and outgoing 
particles have been fixed by some adequate choice. Eq. (29) becomes, still in an arbitrary 
frame, 

(PiPijriPiPa) = (PiPil^ipiP2; + 72^s/d8*<PiPiiv|p + k,p-k) (3i; 
5 ( k , * ) < F - h k , F - k i r | P l p 2 ) . 

"' is now the so-called "quasi-•potential", with fixed time components of the in- and out
going particle momenta. As such, it is no longer an independent quantity. A much favored 
choice for the time components of the four-momenta is to fix p° = -p\ = | -Js, s = (pi 4- p2 ) 2 

being one of the familiar Mandelstam invariants. This prescription puts the two particles 
symmetrically off-shell, and is used in connection with the Blankenbecler-Sugar [29] and the 
Thompson [30] equations. The latter are two possible of several three-dimensional reduc
tions of the Bethe-Salpeter equation. The quantity g is related to the baryon propagators 
S(1i5(2> through 

g(k, 3) = -i ! dfc0S/1\(fc)S(2)(—k). (32} 

The Blankenbecler-Sugar choice for g is (assuming mi = m2 and spin 1/2 fermions) 

9{k'3'~Tk 1,-BI + U ' ( 3 3 ) 

and the Thompson choice 

•*••••=Amm-
Note that the above equations are in the two-baryon center-of-mass frame with F = 0 
Here A7"(fc) is the projection operator for positive energy states with spin 1/2 

A+{k) = £ |«(k, a)) (u(k, a)\ = 1 ' \ ^ m (35; 

With a pseudovector coupling for the pion one obtains also a strong reduction of negative 
energy states compared with the pseudoscalar choice [31]. By construction, the operator g 
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\ nas the same imaginary cut as the piopagaiors in the full four-dimensional Bethe-Salpeter 
equation and preserves therefore the umtamy relations satisfied by T The mere fact that 
we have iixed the time component of the four-momenta of the incoming baryons to be 
equally off-shell, implies that the exchanged bosons transfer three-momentum only. The 
meson propagators then reduce to 

=F^r ( 3 6 ) 

with ma the mass of the exchanged boson. This prescription for the meson propagaxors 
yields a so-called static interaction. The one-boson lnxeraction then takes the form, (omit
ting spin and isospm assignements) 

•' * \ 
v = s( P l ' )a( P ! ' ) i YlMVFj j »(PI)»(P2)- (37) 

V=i / 

Here F} (j — I,..., 5) denote the Fermi invariants defined as: 

S = l<»lM V = j ^ \ T = \a$J$, (38) 

^ n W W . PS-AH**, (39) 
01 if we wish to have a pseudovector coupling for the pseudoscalar mesons one has to 
replace P with the on-shell equivalent pseudovector invariant 

^«hi'M'hf'hP-yiTfl (40) 

with the labels (1,2) meaning the interacting baryons 1 and 2. The Vj term refers xe the 
appropriate meson propagator defined in eq. (36), including the appropriate coupling con
stants. In general, the coefficients Vj(k.) are functions of the three Mandelstam invariants 
a., t and u, tbougl we have chosen the interaction to depend on the momentum trans
fer. It ought also to be stressed that neither tne Blankenbecler-Sugar nor the Thompson 
approximations are unique approaches. However, the extensive compilations of Tjon and 
co-workers [31] indicate that the three-dimensional Biankenbecier-Sugar reduction of the 
Bethe-Salpeter equation gives only small differences compared with the results obtained by 
solving the full four-dimensional eq. (29). This conclusion applies to th<_ Thompson choice 
as well [12,15], 

Expanding the free Dirac spinois in terms of Xjrn (m is here the mass of the relevant 
oaryon) results, to lowest order, in the familiar non-relativistic expressions for baryon-
baryon potentials. Explicitly, in momentum space, the non-relativistic version of eq. (37) 
reads 

V(fc)=5>(fctø. (41) 
J = l 
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ilers the operators F. are given by the iamilar expressions 

Fx = i, F'i = -i(o-i + 0-2) k x P, F 3 = <7: • <r2fc2 - 3ffi k<r^ k, (42) 

F 4 = <n<T2 Fs = ffi • k x Po- 2 • k x P . (43) 
In certain models also operators like L 2 or an antisymmetric spin-orbit term appear [12.32], 
but these can be expressed as linear combinations of the above set on the energy shell 
[33] Velocity dependent terms are also omitted and & is the spin operator for spin 1/2 
particles We end this subsubsection by displaying the expression for a baiyon-baryon 
interaction in configuration space. The ;oniiguration space version of the interaction can 
be obtained through Hankel transformations of the above momentum-space components 
j33] The following expressions listed below are for a general baryon-baryon interaction for 
spin 1/2 fermions where the baryons at each vertex may have different masses. Hereafters 
baryon masses are always represented with a capital M, with the nucleon mass given by 
the average of the proton and neutron masses Mjf. Following Greenberg and Lomon [32] 
we have the time-honored expression (omitting isospin) 

V(r) = {C° + CI + C,<r, . „ , + C r (i + ^ + ^ ) S12(f) (44) 

where ma is the mass of the relevant mescs and S\2 is the familiar tensor term. The 
coefficients are as follows. For a scalar meson exchange (<7 or 6): 

Oe = — - — m a K {45 s 
4TT ' 

a n d - / \ 

CtT = CT = 0. (47) 

For a pseudoscalar meson exchange (TT,^, K)\ 

C -^T-?l°lr?k(± + ±\(± + ±\ (48-, 
C " - - T ~ 4* 48 {M{ + M1) \Mi + Mj ' ( 4 8 J 

Cg = Cl

c = C S 1 = 0. (49) 

For a vector meson exchange (p,Lv,K°): 
c ° = i f i G i G > - w ( M * + M z ) - if (M; + M l ) + ^ ( M = + M i ) w + ^ 

(50) 
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{51} r' - s i |Cig- //_!_ i xi r'_i !_1 ; i__I 

_£»£ i'(«i+«») ' _ : i_ \ . / l _ + _L\ \ 

Ca»! f(M.'+M0 (_J l ^ + C-J- + _J-U 

16Af I 2 lM,'Mi M,'M2y
 T ^ i ' Afi/J 

+ {Ml + Af,) tø -i- £ ) + (M, + M2) fø - ^ )} 

nr, m l G 1 G * / i X \ f 1 1 \ rc~\ 

CSL = - i ; I2GIG 2 (jjfø + j ^ + jjZgj- + j ^ j 

_SiBi (M^+Mi , _2_ _2 1 1_\ 
M V M;MI •*" Afi "*" AJ; Afs M ; / 

°3»! (M;+MI _s_ _2 i i_\ 

- # (M[ + J f , ) ( M 2 + M 2 ) ( j ^ + j ^ J 

.'531 

The gi are the standard scalar and pseudo sector coupling constants of the meson-baryon-
baryon vertex, the g\ are the vector meson exchange tensor coupling constants, and 

. Mi + Mi t 

where the g? are the vector meson exchange vector coupling constants. 

(54) 

As an example, consider the NN potential. Here we may have e.g., the exchange of ?r, 7?, ø, w, v 
and S mesons. Then we have M[ = Atfi = Mj = Af2 = iWjv and the coefficients for the 
exchange of a ff meson become 

: C j . : . fc "»j 
4r 12Mf, 

Cc = Cc = CSL = 0. 

(55) 

(56; 
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For the exchange of a 8 meson we have 

Cc = —£-"*, V- 7) 

and 

«fc.^-AHjg-. ( 5 8 ) 
and 

Ca — CT = 0- (59) 
Further, for the vector mesons we will throughout this work use the relations 

4 ^ = 9.1, (60) 
9pNN 

%™ = 0.0. (61) 
QuNN 

In so doing we follow reference [12]. The fact that we choose such a strong factor for the 
relation between gz and gv for the p meson, leads to a tensor force for the NN interaction 
which, is weak. Recall that the other important contribution to the tensor force stems from 
the exchange of the 7r meson. Although the coupling constants for the various mesons in 
different potential models vary ( the variation is in general rather small), the JJJVJV/SJJVAT 
relation of e.g. the Bonn potentials [12] employed here remains fixed. As we will discuss in 
the subsequent section, the strength of the tensor force is of central inportance in explaining 
how a free NN potential is modified in the nuclear medium. 

In conclusion, although we list an analytical expression for a non-relativistic potential in 
r-space, we will work in momentum space, since both the equations for the scattering 
matrix and the G-matrix are given in terms of integral equations. In coordinate space, the 
corresponding equations are given by differential equations, which are numerically more 
involved than integral equations. In terms of the relative and center-of-mass momenta k 
and K : the potential in momentum space is related to the nonlocal operator V(r, r') by 

(k'K'| V |fcK> = / dr<fr 'e-* v V(r' , r)etkr6(K, K'). (62) 

We will assume that the interaction is spherically symmetric and use the partial wave 
expansion of the plane waves in terms of spherical harmonics. This means that we can 
separate the radial part of the wave function from its angular dependence. The wave 
function of the relative motion is described in terms of plane waves as 

e ' k ' = (r |k) = 4irJ2^Mkr)Y,-Jk)Yim(T), (63) 
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ffhere ji is a spherical Bessel function and Yim the spherical harmonic This partial wave 
basis is useful for denning the operator for the nucleon-nucleoli interaction, which is sym
metric with respect to rotations, parity and isospm transformations. These symmetries 
:mply that the interaction is diagonal with respect to the quantum numbers of total an
gular momentum J, spin 5 and isospin T Using the above plane wave expansion, and 
coupling to final J", 5 and T we get 

;k'i v |k) = (t*r £ »'+'^;(k)^m.(k')eSsMeS5j l, &VSTJM\ V \USTJM) . 
STlVrnJ 

(64) 

where we have denned 

(k'l'STJM\ V \klSTJM) = j jvik'v') (l'STJM\ V{V,r) \ISTJM) ji(Jb-)r' 2<frV 2^. (65) 

We have omitted the momentum of the center-of-mass motion K and the corresponding 
orbital momentum L, since the interaction is diagonal in these variables. The potentials we 
will employ m this work, like those of the Bonn group, are all non-local potentials denned 
:n momentum space, and we will therefore not need the last equation. 

2.S. The nucleon-nudeon potential 

One of the key topics of this work is the behavior of the NN interaction in a nuclear 
medium. We therefore restrict the attention here to those details of the NN interaction 
which we feel are essential to our purposes. For details about the theoretical foundation 
of the one-boson-exchange (OBE) picture, we refer the reader *^ the literature, see e.g. 
refs. [26,27,34]. Here we will however briefly repeat some of the argument presented by 
the Bonn group [11,12] to justify the OBE picture. During the last three decades, several 
NN potential models have been presented, however, the reason for focusing on the Bonn 
potential is the fact that, this model offers perhaps the most consistent approach to the 
nuclear many-body problem at low energies. 

As our line of approach is based on one-boson-exchange models, we need to present argu
ments which justify this effective picture. The full Bonn potential model includes higher-
order meson-exchange processes. Typical examples of such higher-order contributions are 
shown in fig. 4. The diagrams with circles in fig. 4 represent contributions from -KIT cor
relations, while the remaining diagrams represent exchanges of two pions, giving rise to 
the contributions of the longest range. While the two-pion correlations in the P-wave form 
a resonance (the p meson), there is no proper resonance in the S-wave. However} there 
are strong correlations in the 5-wave at low energies, and Durso et al. [35] have shown 
*.hat these correlations can be described in terms of a broad mass distribution of about 
600 ± 260 MeV. This can then in turn be approximated by a zero-width scalar-isoscalar 
meson of mass == 550 MeV, justifying the introduction of the fictitious a meson in one-
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Fig. 4. Selected contributions to 2T exchange processes. The single line represents a nucleon, 
the double line is an isobar A, while the dashed line is the ir-meson. The circles represent TTT 
correlations. 

boson-exchange models. For peripheral partial waves, the low-energy scattering data can 
be accounted for by the construction ox a potential which includes (TT + 2T-)-meson and uv-
meson exchanges. At shorter internucleonic distances, this model gives however too much, 
attraction The necessary repulsion at the shorter ranges, and correspondingly lower partial 
waves, is provided by the inclusion of the xp diagrams shewn m fig. 5. 

The full Bonn potential model can be approximated by a one-boson-exchange model, where 
selected mesons (with masses below 1000 MeV) are included. Thus, as in the full Bonn 
model, the only parameters which enter the nuclear many-body approach exposed in this 
work are the coupling constants and cutoff parameters which serve to regularize the po
tential at short distances. As an example we redisplay in table 2 the mesons and their 
related parameters which define the Bonn potential models employed in this work. These 
potential models employ the Blankenbecler and Sugar (defined in table A.I of rei. [12]) 
and Thompson (defined in table A.2 of ref. [12]) reductions of the four-dimensional Bethe-
Saipeter equation. In total there are 13 parameters which need to be determined through a 
fit to the low-energy scattering data. Although we will concentrate on the Bonn potential 
models, other potential models will also be discussed, such as the Paris [13] or the Reid-
soft-core potentials [14]. In principle, all N ^ potentials reproduce essentially the same set 
of low-energy NN scattering data (Eiak < 300 MeV) and properties of the deuteron. These 
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Fig. 5. Selected wp contributions to the NN potential. 

are referred to as the "on-shell" properties of an NN potential, since all potential models 
result in a roughly similar on-shell scattering matrix T. Ås discussed by Machleidt and 
Li [34], the on-shell properties of various potentials yield only rather small differences in 
nuclear structure observables. The crucial point is then the differing off-shell behavior of 
ihe NN potentials. Since the body of scattering data is conventionally given in terms of 
partial waves, the Blankenbeclei-Sugar approach to the four-dimensional Bethe-Salpeter 
equation reads in the center-of-mass system (omitting angular momentum, isospin, spin 
etc. assignments) 

T ( k , k < ) = K ( k , k o + / 7 ^ ^ k , q ) ^ A ^ ( q ) ^ ( : q ) T ( q , k - ) . -
{2Tf k2 - q2 + « 

wiiere Eq — yMpr + q2- Since we are only interested in the matrix elements for positive-
energy spinors, we obtain 

r<k, k<) = </(k, 10 + / i W , „ - i — i rfc k 7 
q z + ie 

If we define 

v ' ' V E v

 K ; V Ek ' 

^k,kO = ^ v ( k , i o J f ^ , 

(67) 

(68) 

(69) 
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Table 2 
The meson parameters which define the Bonn A, B and C potentials of tables A.l and A.2 from 
ref. [12]. The first row in each entry gives the parameters from table A.l, while the second line 
represents those of table A.2. The numbers in parentheses refer to the T = 0 channel for the 
potentials defined in table A.l. Potential A uses a mass 710 MeV, while B and C employ 720 
MeV for the tr-meson. 

A B C 

Meson mass(MeV) g2/4w A(GeV) gz/4w A(GeV) g2/*T A(GeV) 

138.03 14.7 1.3 14.4 1.7 14.2 3.0 
138.03 14.9 1.05 14.6 1.2 14.6 1.3 
548.8 4 1.5 3 1.5 0 -
548.8 7 1.5 5 1.5 3 1.5 
769 0.86 1.95 0.9 1.85 1.0 1.7 
769 0.99 1.5 0.95 1.3 0.95 1.3 
782.6 25 1.35 24.5 1.85 24 1.4 
782.6 20 1.5 20 1.5 20 1.5 
550 8.8 2.0 8.9437 1.9 8.6289 1.7 

(710-720) (17.194) (2.0) (18.3773) (2.0) (17.5667) (2.0) 
550 8.3141 2.0 8.076S 2.0 8.0279 1.8 
983 1.3 2.0 2.488 2.0 4.722 2.0 
983 0.7707 2.0 3.115S 1.5 5.0742 1.5 

we can rewrite eq. (67) as 

f (k,k<) = nw+/^Msr^fH*). (") 
which has the same form as the non-reiativistic Lippmann-Sch winger equation, and serves 
therefore as a starting point for non-reiativistic nuclear structure calculations. In our cal
culations of properties of finite nuclei in section 6 (where relativistic effects are negligible); 
we will therefore employ the Bonn potential as it is denned in table A.l of ref. [12], with 
the Blankenbecler-Sugar reduction of the four-dimensional Bet he-Salpeter equation 
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With '.he Thompson choice, we obtain 

r(k.v; = ̂ . k ' ) + 7 | L V { k ^ ^ _ _ ^ _ r ( q > k . ) en; 

and denning 

n k , k ' l = ^ T ( k , k ' ) ^ , (72: 
and 

we can rewrite eq. (71) as 

f (k, k<) = V(k, k<) + / 7 0 V(k, q ) l _ L ^ f (q, t ) , (74) 

which has the form of the Lippmann-Schwinger equation, but with relaxi^istac energies. 
We will use the potentials defined through the Thompson choice in our nuclear matter 
and neutron matter calculations, where relativistic effects become of importance at large 
momenta 

Le; us now assign the relevant quantum numbers to the T-matrix. Recalling the structure 
of sq. (64), the general structure of the !T-matrix is 

l"mMs c 
( 7 S ; 

•^here we let the denominator o> — B0 be an abbreviation for one of the denominators in 
eqs (70) and (74). Further 5 the shorthand notation 

T$,(kk'Ku>) = (kKlLJST\T(u>) \k'Kl'LJST). (76) 

is introduced to denote the T-matrix with momenta k and k' and orbital momenta * and 
;" of the relative motion, and K is the corresponding momentum of the center-of-mass 
motion. Further, Ly J', S and T are the orbital momentum of the cent er-of-mass motion, 
the total angular momentum, spin and isospin., respectively. They are all represented by 
the label a. This notation applies to the potential V and the G-matrix as well. 

Eq. (75) can be further simplified by using the orthogonality properties of the Clebsch-
Gordan coefficients and the spherical harmonics. Eq. (75) then reduces to the well-known 
3ne-dimensional angle independent integral equation 

TSAkk'K») = VS(kk-) + I£ Ja^miM^M. (77) 
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Inserting the denominators for the Biankenbecier-Sugai and Thompson reductions of the 
full Bethe-Salpeter equation, eqs (70) and (74j can be rewritten as 

7T „. rf re — q -r 'l£ 
* 0 

for eq (70} and 

TS,(kk'K) = V^**') + - E / 'dq^(kq)- ^—-f^qKK) (79) 
' o * 

for eq (?4). Techniques to solve these equations will be discussed in section 5. The reader 
should also observe that these equations are similar to that for the G-matrix, the only 
difference being the omission of the Pauli operator Q and the medium dependence of the 
sp energies. For intermediate states in the two latter equations with k ^ q, energy is not 
conserved and the nucieons are off their energy shell. It is this aspect of various potentials 
which becomes of importance in a nuclear medium. Consider the contribution to the above 
scattering matrices for the 3 5 i partial wave, exhibited in fig. 6 to second order in the ladder 
approximation- The second-order terms contain contributions from intermediate states in 
the 5Z>! partial wave which connects only through the tensor force of the NN interaction. 
The 3 5 1 - 3 D 1 matrix elements account for the largest second-order contribution. Since vari
ous potentials yield essentially the same on-shell T-matrix, contributions to the 3Si partial 
wave may be obtained from rather different first and second' or higher-order terms to the 
i~-matnx. As an example, the tensor force contribution from the 3 D i intermediate state 
shown in iig. 8 may be rather weak as compared to the first contribution arising from the 
central part of the potential. The converse may also be the case, but the outcome may 
still yield the same on-shell T-matrix. In other words, the bulk of the T-matrix can be 
expressed as 

T as V c + VT ^ V T , (80) 
W — ili0 

where V'c is the central part of the NN interaction while Vx is the tensor force. Moreover, u> 
is the energy of the incoming nucieons and ff0 is t h e unperturbed hamiltonian representing 
the intermediate scattering states. Thus, if the tensor force is weak (strong), a stronger 
(weaker) antral force is needed to arrive at the same on-shell T-matrix. A similar mech
anism is present when we evaluate the G-matrix for either nuclear matter or finite nuclei, 
though, in these cases we must also account for medium effects such as the modification 
of the energy denominator and the inclusion of the Pauli principle. 

These remarks about the off-shell properties of the NN potential play in turn, as we will 
discuss below, an important role in explaining properties of nuclear systems, such as the 
binding energy of nuclear matter. Actually, among the above potential models, the recent 
versions of the Bonn group [12] have been rather successful in reproducing properties 
of nuclear many-body systems. The success of these potential models have by several 
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investigators been ascribed to the strength cf the much debated tensor force, examplifled 
m fig. 8 by the 3Sx-sDi contribution to the 3 S i partial wave. Akin to the Bonn potentials 
is a rather weak tensor force compared to older and commonly employed potential models 
like the semi-phenomenoiogical P?:is potential [13] or the purely phenomenoiogical Reid-
soft-core [14] potential. 

The strength of the tensor force in meson-exchange models is mainly dominated by the 
partial cancellation of the tensor components from the pseudoscalar ir-meson and the vector 
j-meson. The larger (smaller) the tensor-coupling constant of the /?-meson, the weaker 
(stronger) the tensor force of the NN potential. A measure of the strength of the tensor 
force is given by the Z?-state probability of the deuteron. Typical values for the Bonn 
potentials of table A.2 range from Pt> = 4.47 for the Bonn A potential, PD = 5.10 for the 
Bonn E potential and to PJJ = 5.53 for the Bonn C potential [12], whereas the Paris and 
ihe Reid potential cited above have PD — 5.8 and P& = 6.5, respectively. In conclusion, one 
should note that -lthough the potentials discussed hitherto exhibit different tensor forces, 
all potentials are fit essentially to the same set of scattering data, which in turn implies 
that a potential with a weak (strong) tensor force needs a stronger (weaker) central and/oi 
spin-orbit part to arrive at the same on-sheli scattering matrix for free nucleons [12]. The 
behaviors of these potentials in the nuclear medium will be discussed in sections 5-8. 

The reader should be aware of the fact that the tensor force is not a directly measuraL'e 
quantity. Information on the strength of the tensor force can be obtained through the 
determination of the mixing parameter ej. The recent reanalysis of the NN scattering data 
below 160 MeV by Henneck [36] seems to favor a strong tensor force in the NN interaction. 
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Trus conclusion, as will be shown throughout this work, is at askance with most present 
compilations of nuclear matter and finite nuclei. Also, a recent comment by Brown and 
Machieidi [37] shows that the ratio of tensor ic vector coupling constant 

QINN 

nas to be strong, in order to reproduce the phase shifts at higher scattering rnurgies as 
well. This is shown in fig. 7 for the 3Si- 3Z?i mixing parameter t\. A strong tensoi to vector 
coupling constant can also be inferred from the TTT — NN analysis of Hohler and ^ietannen 
[38]. Similarly, the Bonn B potential of table A.2 gives a very good reproduction of the 3PQ 
and 3 ^ 2 phase shifts for proton-proton scattering, see figs. 8 and 9, 

Finally, the many fev -body calculations with the various Bonn potentials, see e.g. Song 
and Machleidt [42] and Sammarucca, Xu and Machleidt [43], lend strong support to a 
potential which has a weak tensor force. The fact that the tensor force should be weak, is 
ajsc confirmed in the present work for heavier nuclei, see the discussions in sections 5-8. 

4. Folded d iagrams and theories of effective in terac t ions 

4.1. Introduction 

There are basically two main approaches in perturbation theory used to define an effective 
operator and the effective interaction, each with its hierarchy of sub-approaches. One of 
these main approaches is an energy-dependent, i.e. depending on the exact energy E-
approach, known as Brillouin-Wigner perturbation theory, while the Rayleigh-Schrodinger 
(RS) perturbation expansion stands for the energy independent approach. The latter is the 
most commonly used approach in the literature [1,8]. 

In order to derive a microscopic theory of the effective interaction within the framework of 
perturbation theory, we need to introduce various notations and definitions pertinent to the 
methods exposed. This is discussed in the first subsection together with an outline of time-
independent RS perturbation theory for the effective interaction. Throughout this section, 
we focus on a valence-linked effective interaction. In the next subsection we review how to 
calculate the effective interaction within the framework of time-dependent degenerate or 
nearly degenerate RS' perturbation theory [1,5]. 
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Fig. 7. The €i mixing parameter at low and intermediate energies. Taken from ref. [37]. Predictions 
by the Bonn B potential of table A.2 (solid line), the Paris [13] (solid line) and the Reid potential 
[14] (dashed line) are shown. The phase shift analysis by Henneck [36] is represented by the 
diamonds, while those of Arndt [39] (solid triangles), Bugg and Bryan [40] (solid dots), and the 
Nijmegen group [41] (solid squares) are also shown. 
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Fig. 8. The 3F0 phase shifts for proton-proton scattering. The solid line gives the prediction by a 
meson model tha t includes a weak tensor force {strong p), while the dashed line employs a strong 
tenser force. The solid dots are the Nijmegen. [41] proton-proton phase shift analysis. Taken from 
ref [3-; 
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Fig. 9. The 3 P 3 phase shifts for proton-proton scattering. The solid line gives the prediction by a 
meson model that includes a weak tensor force (strong p)y while the dashed line employs a strong 
tensor force. The solid dots are the Nijmegen [41] pioton-proton phase shift analysis. Taken from 
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Time-independent perturbation theory 

it is common practice in perturbation theory tc reduce the infinitely many degrees of 
freedom of the Hilbert space to those represented by a physically motivated s^ibspace, the 
moaei space In such truncations of the Hilbert space, the notions of a projection operator 
F onto the model space and its complement Q are introduced. The projection operators 
defining the model and excluded spaces are defined by 

? = E W ( * I , (Si; 

and 

C- E htøtøi, (82) 
i=D+l 

with D being the dimension of the model space, and PQ = 0, P2 = P>Q2 = Q and P + Q = 
I The wave functions j ^ ) are eigenfnnctions of the unperturbed hamiltonian Ho — T i-U 
(with eigenvalues e^), where T is the kinetic energy and U an appropriately chosen one-
body potential, normally that of the harmonic oscillator (h.o.). The full hamiltonian is 
then rewritten as H = H0 + Hi with Hi = V — U, V being e.g. the nucleon-nucieon (NN) 
interaction E. 

We define the projection of the exact wave function \^a) of a state a, i.e. the solution to 
the full Schrodinger equation 

fT |¥ B ) = £ « ! * * ) , (83) 

as P l^c) = p f ^ ) and a wave operatoi- £2 which transforms all the model states back into 

the corresponding exact states as )*?„) = a^jtp^). The latter sic+ement is however net 
trivial, it actually means that there is a one-to-one correspondence between the d exact 
states and the model functions. Actually, the only proof we are aware of, is given within 
the framework of the complex-time approach to be discussed in the next subsection. 

We will now assume that the wave operator fi has an inverse and consider a similarity 
transformation of the hamiitonian H such that eq. (83) can be rewritten as 

fi-^nn-1 |* a) = Ejr1 [*„). (84) 

Recall also that |<Pa) = Q \9*)t which means that fi"1 | $ a ) = tøj^ insofar as the inverse 
of ft exists. Let us define the transformed hamiltonian 7i = Q - 1 JJfi, which can be rewritten 
m terms of the operators P and Q {P 4- Q = I) as 

H = PHP 4- PHQ 4- QHP 4- QHQ. (85) 

5 In this section we will assume a potential V which is suitable foi peitmbative methods. In section 5 we 
will discuss how V is to be represented in a nuclear medium, in ordet to apply the pertnrbative techniques 
to be discussed heie. 
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The eigenvalues of H are the same as those of if, since a similarity transformation does 
not affect the eigenvalues. If we now operate on eq. (84), which in terms of the model space 
wave function reads 

W|*f) -£ B | * f )> (86) 
with the operator Q, we readily see that 

QHP = 0. (8?; 

Sq (87) is an important relation which states that the eigenfunction P \^a) is a pure model 
space ezgenfunciion. This implies that we can define an effective model space hamiUonian 

tfrfr = PHP = POT1 HUP, ' (88) 

oi equi valent ly 
HUP = SIPH&P, (89) 

which is the Bloch [44] equation. This equation can be used to determine the wave operator 

a 
At this stage we should point out that there are no unique representations for the wave 
operator Q. There is a considerable degree of variation in the choice of Q, yielding different 
approaches to the perturbative expansion of the effective interaction. Ås a consequence, 
since in applications we truncate the perturbative expansion at a given order, different 
choices for the wave operator £1 may then give different results for the effective interaction. 
Moreover, even the same defining equation for the wave operator can be solved by e.g. 
different iterative schemes. Let us consider some examples. The wave operator is often 
expressed as 

n = i + x, (90) 
where x l s known as the correlation operator. The correlation operator generates the com
ponent of the wave function in the Q-space and must therefore contain at least one interac
tion. Observing that P£IP = P, we see that the correlation operator x has the properties 

PxP = 0, QUP = QxP = xP- (91} 

Since j * 0 ) = fi)?'Jt\ determines the wave operator only when it operates to the right on 
the model space, i.e. only the QP part is denned, the term QQ never appears in the theory, 
and we could therefore add the conditions QxQ = 0 and PxQ = 0 to eq. (91). This leads 
tc the following choice for x 

X = QxP (92) 

The wave operator fl can be ordered in terms of the number of interactions with the 
perturbation Hi 

Q = 1 + n ' ] ) + ft(2> + . . . , (93) 
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where f2 ( n J means that we have n H\ terms. Explicitly, the above equation reads 

nifc») = tf«) + £ \i){i\Hi\1>*) j ^KX'IgiliXJlgilV'a f94> 

where e are the unperturbed energies of the P-space and Q-space states defined by H0. 
The iatin letters refer to Q-space states, whereas greek letters refer to model-space states. 
Throughout this work we will employ such a notation. The second term in the above 
equation corresponds to O^1* while the third and fourth define OS2\ Note that the fourth 
term diverges in case we have a degenerate or nearly degenerate model space. It is ac
tually divergencies like these which are to be removed by the folded diagram procedure. 
We will come back to this in section 4.3. Terms like these arise due to the introduction 
of ac energy independent perturbative expansion. Conventionally, the various contribu
tions tc the perturbative expansion are represented by Feynman-Goldstone diagrams, or 
just Feynmann-Goldstone diagrams. In fig. 10 we display some contributions tc the wave 
operator eq (94) m terms of Goldstone diagrams. 

(i 

a :i 
Fig. 10. Examples of diagrams which contribute to the wave operator il^n\ Both the railed lines, 
which denote particle states, and lines with downgoing arrows, hole states, belong to the excluded 
space Q 

One way of obtaining fi is through the generalized Bloch equation given by Lindgren and 
Morrison [8j 

[n,H0]P = QHlnp-xPH1np, (95) 
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which offers a suitable way of generating the RS perturbation expansion. Writing eq. (95) 
:n *.erms of i l ( n ; we have 

[n^.HoiF^QHiP, (96) 

(n ( 2\ H0\F = Qh\awp - nMPHtP, (97; 

and so forth, which can be generalized to 

[fi<">, H0]F = QH^-^P - £ $ ! < " - " ' P ^ n ' " - 1 ' ^ (98) 

The effective interaction to a given order can then be obtained from n<">, see [81. 
Another possibility is to assume thai we can start with a given approximation tc £2, and 
through an iterative scheme generate higher order terms. Such schemes will in general differ 
from the order-by-order scheme of eq. (95). Two such iterative schemes were derived by 
Lee and Suzuki [45]. 

Hanng defined the wave operator i2 = I + x (note that fi-1 = 1 — x) with x g i v e E hy eq. 
(92) we can rewrite eq. (87) as 

QHP - XHP + QHX ~ XHX = 0. (99) 

This is the basic equation to which a solution to x 1 £ t o D e sought. Since we will work with 
a degenerate model space we define 

PffoF = «P, 

where w is the unperturbed model space eigenvalue (or starting energy) in the degenerate 
case, such thai eq. (99) reads in a slightly modified form (H = JJ0 -\- Hi) 

(w - QHoQ - QHtQ)X = QH,F - XPHiP - X?HiQx, 

which yields the following equation for x 

x = ^ m Q H > F ~ ^QHQX { P H i P + P H i Q x P ) • ( 1 0 0 ) 

Observing that the P-space effective hamiltomac is given as 

Ha, = PHP + PHX = FHoF + VMx), 

with Kff(x) = PHiP + PHiQxP, eq. (100) becomes 
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Now we nnd it convenient tc introduce the so-called Q-bax, denned as 

Q(u) = Ph\P + PH,Q-
QHQ 

QH,P. 102; 

The 3-box is made up of non-folded diagrams which are irreducible and valence linked. 
A diagram is said to be irreducible if between each pair of vertices there is at least one 
dole state or a particle state outside the model space. In a valence-linked diagram the 
interactions are linked (via fermion lines) to at least one valence line. Note that a vaieace-
jnked diagram can be either connected (consisting of a single piece) or disconnected. In the 
final expansion including folded diagrams as well, the disconnected diagrams are found tc 
cancel out [1]. This corresponds to the cancellation of unlinked diagrams of the Goldstone 
expansion discussed in section 2. We illustrate these definitions by the diagrams shown in 
fig. 11, where an arrow pointing upwards (downwards) is a particle (hole) state. Particle 

(a) (b) (c) 

Fig. 11 Different types of valence-linked diagrams. Diagram (a) is irreducible and connected, (b) 
is reducible., while (c) is irreducible and disconnected. 

states outside the model space are given by raiied lines. Diagram (a) is irreducible, valence 
linked and connected, while (b) is reducible since the intermediate pa.ticle states belong 
to the model space. Diagram (c) is irreducible, vaience linked and disconnected. 

Multiplying both sides of eq. (101) with PHi and adding PH\F to both sides we get 

1 PHiF + PHlX = PHiF + PHLQ-
-QH; -QHrP - PHi 

u-QHQ xKff(x), 
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which gives 

Kff(x) = «(*>) - ?H._ ^ T c x K s t x ) (102) 

There are several ways to solve eq. (103). The idea is ic set UF an iteration scheme where 
we determine Xn and thus Kff(x*0 from Xn-i and Kx'\Xn-i)- F°r *h e mere sake of simplicity 
we wnte v j ' = Kff(Xn). 

4.&.1 The FD method 

Let us write eq. (103) as 

^ = <J(«,)-rø 1_i^X l.Kr i )-
The solution to this equation can be shown to be [45] 

^ = ̂ gh&{^-T (104) 

Observe also that the effective interaction is V^' is evaluated at a given mode: space 
energy w. If V̂ jV = V^~ , the iteration is said to converge. In the limiting case n —> oo,, 
'/be solution V& agrees with the formal solution of Brandow [10] and Des Cioizeaux [46] 

Note that although Q and its derivatives contain disconnected diagrams, such diagrams 
cancel exactly in each order [1], thus yielding a fully connected expansion in eq. (104). It is 
further important to note both in connection with the FD expansion and in the subsequent 
discussion of the LS method, that a term like Fi = QiQ actually means PQiPQP since 
the Q-box is defined in the model space only. Here we have defined Qm = ; £ r £ l - Due to 
this structure, only so-called folded diagrams contain P-space intermediate states. 

The perturbation expansion of eq. (105) diverges if so-called intruder states are present in 
the low-iying spectrum, as shown by Schucan and Weidenmulier [47]. Typical examples of 
intruder states for nuclei with two valence nucleons are represented by four-particie two-hole 
core-deformed states. Sevetal techniques to handle the intruder state problem have been 
discussed during the last two decades [2,48-50], Here we merely observe that a regrouping 
of the perturbation expansion as given by the partial summation of the folded diagrams 
in the FD method, may result in a converged result even if intruder states are present. 
If the FD expansion converges, the converged solutions are then those states which have 
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:he largest overlap with the chosen model space [45]. If the coupling between the modet 
space states and the intruder states is weaks as in the weak coupling model of ref. [51j, the 
derived two-body effective interaction is expected to reproduce fairly well the spectra of 
nuclei with few valence nucleons. We demonstrate this in a simple example ax the end of 
this subsection. 

4.S.2 The LS method 

Another iterative solution has been presented by Lee and Suzuki [45], In their approach 
eq. (103) is rewritten as 

for n > 1 and with the equation for Xn given as 

*» = Q^QHQQ^P " Q^WQ^-^- W 
Since the wave operator Q is given, as Q. = P •+ x-, a natural zeroth approximation tc xc 
wouid be co set Xo = 0, resulting in 

X^^HQQH-F' 
and 

v£ = <?{«), 
;.e the bare Q-box only evaluated at a. given model space energy ut. Nc folded diagrams 
are included at this stage. The next iterative step yields 

and 

The solution to this iterative scheme is given as [45] 

"<jr 
m=2 fc=n-m+l 

•(*) (108) 

It should be noted that the FD and LS expansions may give different results for V c u

 : / 

terminated after a given, finite number of iterations. The question is which method should 
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one prefer, the FD or the LS method? In this work we will limit the attention to the FD 
method. The reason is as follows. We observe that the convergence criterion for "he FD 
method states that if the FD expansion converges, it converges to those states which have 
the largest P-space overlap, while the LS method converges to those ^ t e s which have an 
energy closest to the chosen starting energy a*. With the LS method we should therefore 
t>e able to even reproduce states not accounted for by the actual model space. However^ 
Ellis ei al. [52] showed that the criterion for the LS method is only applicable if one :s 
able to determine an exact Q-box, else the FD and LS methods give similar results at low 
orders in. the interaction, irrespectively of the choice of starting energy. At low orders in the 
interaction we are not able to reproduce the Q-space eigenvalue with the LS method, even 
for a starting energy close to this eigenvalue. The FD method (if it converges) always gives 
\ result close to the eigenvalue with the largest P-space overlap. With increasing order 
of the interaction, the Q-box incorporates more ^-space degrees of freedom and the LS 
and FD methods give unstable results. To see this, consider the following simple example, 
:aken from the work of Ellis ei al [52]. 

In order to study the importance of intruder states, let the hamiltonian depend linearly on 
a. strength parameter z 

H = H0 + zHu 

with 0 < z < 1, where the limits z = 0 and z = X represent the non-interacting (unper
turbed) and fully interacting system, respectively. The model is an eigenvalue problem with 
only two available states, which we label P and Q. Below we will let state P represent the 
model-space eigenvalue whereas state Q represents the eigenvalue of the excluded space. 
The unperturbed solutions to this problem are 

HQ$P - ep$p .'109} 

and 
H0$Q = £<?$Q, (110) 

with ep < EQ. We label the off-diagonal matrix elements X, while Xp = ( $p | Hi \$p) and 
XQ = (<P<?j Hj I $ Q ) . The exact eigenvalues problem 

\ £p 4- zXp ZX \ 

\ zX eq + ZXQ I 

yieids 

B{z) = \ Up + £<5 -r zXp + zXq ± (eg - cp + ZXQ - zXP) (112) 

x / l | ,z'x' '} 
V (tQ-tp + zXq-zXp) J 

The authors of ref. [2] demonstrated how Brillouin-Wigner and Rayleigh-Schrodinger (RS) 
perturbation theories relate within the framework of this simple model. An RS expansion 
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for the iowesi eigenstate (defining slates P and Q as the model and excluded spaces, 
respectively) can be obtained by expanding the lowest eigenvalue as 

E = £p -zXp- J- 7 T7 •+• } T7 -, n r + > ( i x 3 ; 
ep - «Q v € P _ £ c ) V£P - e<?) V £ P - €QF 

which can be viewed as an effective interaction for state P in which state Q is taken into 
account to successive orders of the perturbation. In this work we choose the parameters 
ep = 9] e 0 — 4> Xp = —XQ = 3 and X — 0.2. The exact solutions given by eq. (112) 
are shown in fig. 12 as functions of the strength parameter z. Pertinent to the choice of 
parameters, is that at z > 2/3, the lowest eigenstate is dominated by $ Q while the upper 
is * P At z = 1 the $ p mixing of the lowest eigenvalue is 1% while for z < 2/3 we 
have » $ f component of more than 90%. The character of the eigenvectors has therefore 
been interchanged when passing z — 2/3. The value of the parameter X represents the 
strength of the coupling between the model space and the excluded space. Thus, this simple 
modei allows us to study how the perturbation expansion with a model space defined 
tc consist of state P only, behaves as the interaction strength z increases. The order-
by-order convergence in eq. (113) was discussed by the authors of ref. [2]. Here we will 
thence only repeat their conclusion: For small values of z one obtains good convergence 
to the lower eigenvalue. For larger values of z (i.e. z > 2/3), increasing orders in the 
perturbation expansion yield a divergent perturbation series, as expected [47]. However, 
it may be possible to rewrite the perturbative expansion in such a way that one sums 
subsets of diagrams to all orders. The hope is then that the expansion becomes convergent 
for appropriate infinite partial summations. This is actually the philosophy behind both 
the FD method and the LS method. Having defined a set of linked and irreducible valence 
diagrams, the so-called <2-box6, we can define an iterative scheme to sum the contributions 
from folded diagrams. The Q-box. serves therefore as the starting point for the iterative 
schemes, and within the framework of the 2 x 2 model one can study the FD and LS 
methods for various approximations of the Q-hox. Ås an example, to fifth order in the 
parameter z we have 

A v z2X2 z*X°XQ ziXiX2 z*X2X% , , 

Qt = zXp + •+- 2_ + ? S- + - 2^, ;114 

and it is easy to see that a Q-box of order 1 + 2 can be written as 

Q1+2 = zXp + -

:Q-zXQ [ \ep-eQJ j ep - £Q 

' The Q-box should not be confused with the exclusion operator Q. 
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wiucii in the limit I -+ oc gives 

z2X2 , . 
Cexoct(tp) = zXp 4- — , v l i 5 ; 

,/ 
i zXc I . „. 
f =— I < 1. ; 116 i 
I ep - £Q I 

The latter equation clearly restricts the possible values of eF for given XQ and CQ. Acsualiy, 
if one lets ep vary, the present values of XQ and EQ restrict ep to ep < i and ep > ?. in 
order to have a finite Q-box. 
The exact Q-box may be used to define the first iteration of the FD expansion as a function 
of -.he starting energy w a s 8 

Ai = u + Q „ M t ( w ) (117) 
The subsequent steps are 

0 0 1 'imO 
A2 = Ai + £ - 7 T ^ ( A l ~ w r > ( 1 1 8 5 

m general we nave 

0 0 t ^ O 

j ~ % mi ow™1 

- = A1 + Eig(^-r. -^o) 
If this iteration scheme converges we have, with A = Xn = A„_ l ( 

A = OJ 4- zJfp + • 
• £Q — ZXQ 

which is just eq. (112), so that one has obtained the true eigenvalues. In a similar way one 
can use the LS expansion defined in eq. (106) to sum the folded diagrams. We demonstrate 
the properties of the LS and FD methods with an exact Q-box in table 3 for two starting 
energies, 0.5 and 7.5 (arbitrary units). Clearly, we see that with a starting energy 0.5 the LS 
method yields the Q-space eigenvalue at z > 2/3. Below z = 2/3, the LS method reproduces 
the P-space eigenvalue. With a starting energy of 7.5, the LS method gives the Q-space 
eigenvalue for z < 2/3, whereas the P-space eigenvalue is reproduced for z > 2/3. Thus, 
this simple model demonstrates mcely the properties of the LS scheme, i.e. it converges 
to those eigenvalues which are closest to the chosen starting energy, irrespectively of the 
structure of the wave function. From table 3 we also see that the FD method always 

' < = 0 gives a second-order Q-box, i = l a third-order Q-box and so forth. 
8 We replace here ep with w. 
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iaoie 3 
The exact solutions Ep ( model space) and Eq (excluded space) of eq. ( i l l ) as functions of the 
strength parameter z. The results obtained with the LS and FD methods with an exact Q-bcx 
as functions of the starting energy w are also given. Taken from ref. [52]. 

ui z EF EQ FD LS 

0.5 0.0 0.00 4.00 0.00 0.00 

0.2 0.60 3.40 0.60 0.60 

0.4 1.20 2.80 1.20 1.20 

0.6 1.77 2.23 1.77 1.77 

0.7 2.17 1.83 2.17 1.83 

0.8 2.43 1.57 2.43 1.57 

1.0 3.02 0.98 3.02 0.98 

7.5 0.0 0.00 4.00 0.00 4.00 

0.2 0.60 3.40 0.60 3.40 

0.4 1.20 2.80 1.20 2.80 

0.6 1.77 2.23 1.77 2.23 

0.7 2.17 1.83 2.17 2.17 

0.8 2.43 1.57 2.43 2.43 

1.0 3.02 0.98 3.02 3.02 

reproduces the p-space eigenvalue At z = 2/3, the FD scheme does not stabilize, the 
eigenvalue fluctuates and there is no convargence. More precisely this means that we can 
not go from the lower to the upper eigenvalue along the real axis z [2]. The fluctuation is 
intimately connected to the convergence criterion for the FD scheme. If one of the solutions 
contains more than 50% valence state intensity, the FD method converges to that solution 
At ; = 2/3, equal admixtures of §p and $ Q occur in the true wave functions. 

This simple example, starting with the exact Q-box, serves to demonstrate significant differ
ences m convergence behavior of the two methods. Of importance is the fact that with the 
LS scheme one is able to reproduce a Q-space state insofar one defines a starting energy 
which is close to the actual Q-space state. However, in actual nuclear structure calculations, 
we are not able to define an exact Q-box. The question the authors of ref. [52] addressed 
was if an approximation of the Q-hox still gives the same difference between the LS and 
FD methods at z = 1. Tc shed bght on this, we redisplay their discussion in fig. 12 for 
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results obtained with various low-order approximations to the Q-box, recall eq. (114). The 
starting energy for the LS and FD calculations was set equal 0.5, since one is interested 
in seeing if the convergence criterion for the LS method holds for an approximate Q-box. 
Clearly, with a Q-box of second order m the interaction, the difference5 between the LS 
and the FD method is negligible. A second-order Q-box corresponds to setting XQ ~ 0, 
which means that in the range of physically interesting z values (0 < z < 1} there is nc 
intruder state, yielding an approximately straight line for the LS method. Up to fourth 
order m the interaction, both the LS and FD methods yield almost the same value. With, 
a fifth-order Q-box the FD method becomes unstable at z = 1. This can be inferred from 
the structure of the FD expansion, which with a fifth-order Q-box reads 

z2X* z*X2XQ z*X2XK z*X2X% 

The first iteration is just Â  = ep -+- Q, which gives a result close to the model space 
eigenvalue «r 3 at z = 1. Inserting Aj and higher iterations in the above expansion results 
m an FD expansion which for each iteration will fluctuate between a large value A and 
zp •+• Xp. The large eigenvalue stems from the fact that the energy denominators in the 
higher-order terms become small. With X = 0.2 this oscillating behavior sets in already 
at fifth order in the interaction, whereas if one chooses the coupling between the model 
space and the excluded space to be X = 0.01v this divergence appears first with a Q-box 
of tenth order. However, one will ultimately end up with a series which fluctuates, except 
for the trivial case X = 0. With the given parameters and a Q-box of tenth or higher order 
in the interaction, the FD method converges only if z < 2/3. If the FD method converges. 
Ellis et al. [52] obtained result close to the model-space eigenvalue^ and, if the coupling 
between the model space and the excluded space is weak, low-order perturbation theory 
was shown to work rather well. For the LS method with a low-order Q-box one is not 
able to reproduce the lowest eigenstate, even with an adequately chosen starting energy, 
as stated by the convergence criterion of the LS method. Ellis et al. had actually to go as 
far as tc a Q-box of fiftieth order before they got a result close to the lowest eigenvalue. 
However, if the order of the Q-box is further increased (æ 150 with the above parameters)^ 
even the LS method diverges. Thus, in summary, the general convergence properties of 
the LS method discussed above are demonstrated only for an exact Q-box. If the Q-box 
is approximated to a given order in the interaction, the convergence criterion cannot be 
applied. 

In realistic calculations, like those discussed by Ellis et dl. for 1 8 0 , one can only evaluate 
some low-order terms in the perturbation expansion, and although the FD and LS methods 
give negligible differences in the realistic calculations, the FD method is the preferable one 
m nuclear structure calculations since it converges to those eigenstates which have the 
largest P-space overlap, a desirable property since we in general can only employ a rather 

9 It ought be emphasized that all results with either the FD or the LS method represent converged 
eigenvalues, which means that contributions ftom folded diagrams to high order are included. 
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Fig. 12. Exact solutions (solid line) and the results obtained with the FD and LS methods with 
various approximations to the Q-box. FD-2nd and LS-2nd (dashed line) indicate that the FD 
and LS methods were used with a second-order Q-box, while FD-4th and LS-4th are the results 
obtained with a fourth-order Q-box. Similarly, LS-10th and LS-50th are the LS results with a 
tenth- and fiftieth-order <2-box, respectively. A starting energy 0.5 was chosen in all calculations. 
Taken from ref. [52], 

small shell-model space. We will come back to this in section 6. 
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4.3 Time-dependent perturbation iheory 

In this work we will primarily be interested in vaience-linked perturbative expansions for 'che 
effective interaction. Such expansions can be conveniently expressed within the framework 
of time-dependent perturbation theory. In this section we will review some of the properties 
of ihe time-development operator U{iy t') and its connection to the decomposition theorem, 
which yields a valence-linked expression for the actual operator. However, some of the 
divergencies which occur can only be handled by the introduction of the so-called folded 
diagrams, to be discussed below. The folded diagrams arise due to the removal of the 
dependence on the exact energy of the perturbative expansion- This is the price one has 
to pay when introducing the Rayleigh-Schrodinger expansion. 

The time-development operator U has the properties that 

Ut{tyt')U{i,t'} = U(i,t')W{t,t') = I, (122} 

wnich implies that U is unitary 

W(t,i') = U-\tyt'). (123) 

Further > 

U(t,i')U(t'i") = U(i,i") (124) 
and 

U{t,t')U{t',i) = l, :i25) 

which leads to 
U{ttt') = W(t',t). (126) 

We can then construct the true eigenvectors ¥fa,ø, where a and 0 indicate the initial and 
final states, respectively, in terms of the unperturbed wave functions Tpaip through the action 
of the time-development operator U. In the present discussion of the time-dependent theory 
we 'rill make use of the so-called complex-time approach to describe the time evolution 
operator U [ l ] 1 0 . This means that we allow the time t to be rotated by a small angle e 
relative to the real time axis. The complex time t is then related to the real time Z by 

t = i(l-ie). (127) 

Let us first study the true eigenvector tya which evolves from the unperturbed eigenvectors 
"•l>a through the action of the time development operator 

U(t,t') = l i m e ^ 0 U m ^ _ o o ( 1 _ i o y ; ^¥- f dtx fdt2... fdtn i 128) 

1 0 The time-development operator used here is determined by nse of the interaction picture. The suffix 
J, which is commonly used in the literature to distinguish Ui in the interaction picture from U in the 
Schiadinger or Heisenberg pictures, has been omitted. 
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where T stands for the correct time-ordering [5,7]. 

In time-dependent perturbation theory we let $« develop from i})a in the remote past tc a 
given time t 

!»•) _ . i j m K- t f ( t , f ) | » . ) , , 
(VU**) «<>«—»(l-«)(i |!f{M')|^)' V ' 

and similarly, we let $> develop from ipø in the remote future 

Msl**) « - . o , . - . ( i - , - . ) ( ^ | y ( i ' , t ) l ^ > ' V ' 

Here we are interested in the expectation value of a given operator O acting at a time 
t = C. This can be achieved from eqs. (129) and (130) denning 

we nave 

0 - = - ^ % - , (132) 

wnere we have introduced 

N0a = (M U(oo,0)OU(0, - c o ) |V . ) , (133) 

and 

A..* = \ / ^ ^ i ^ ( « . 0 ) ^ ( 0 . - O O ) | ^ « J J ) (134) 

If the operator O stands for the hamiltonian H we obtain 

Wiff!*>) 
<*AI*'A) " 

'1351 

At this stage, it ts important to observe that our expression for the expectation value of a 
given operator O is hermitian insofar C" = O This is readily demonstrated. Eq. (132) is 
of the general form 

U(t,to)OU[t0,-t), (136) 

and noting that 

tf'(Mo)= {eiB"e-'^'-''e-in',y = Ufa.-t), (137) 

since H' = if and Hi = H0> we have that 

(£/(t, *0)OC7(to, -<) ) ' = C(«, to)OU(t 0 , - t ) . (138) 
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In this form, the expression for the effective interaction differs fruin that given by either 
the foided-diagram method of eq. (104) or the Lee-Suzuki method of eq. (106). Tc define 
these perturbation expansions we employed the similarity transformation given by eq. (84) 

n-1HQ = e~xHex

1 (139) 

where 
n = l H - X = i - « - Qxp = e*- v 1 4 ° ) 

The important point to note here is that e* does not in general fulfill the condition x T = — X> 
which in turn leads to non-hermitian expansions for the effective interaction defined by the 
folded-diagram method or the Lee-Suzuki expansion. This non-heimiticity is however weak 
if we define a model space entirely within the same harmonic oscillator shell, as we will 
see in our calculations of the effective interaction in section 6. If one wishes to obtain an 
effective interaction which spans over several shells the non-hermiticity may no longer be 
weak. How to obtain a hermitian effective interaction in these cases will be discussed at 
the end of section 6. In our derivation below, we will not use eq. (135), but act with the 
unperturbed wave function to the left of H\. This will in turn lead to the familiar Goldstone 
perturbation expansion or linked valence expansion in oux case. 

Note that the operator O may be of one-body, two-body or of a more complicated structure. 
Similarly! the wave functions ^c may represent the degrees of freedom of one, two or more 
particles. As an example, an unperturbed model-space two-body wave function can be 
written as 

with C"y a coupling coefficient and |c) referring to some selected vacuum state, e.g. the 
Slater determinant of the 1 6 0 core if we are studying systems with mass A — 18. Eq. (132) 
:s our basic matrix element for an operator £/, though in its present form it is not suitable 
for computation, since both the numerator and denominator contain divergencies. These 
divergencies have to be removed in order to obtain a meaningful expression for C The 
nnal expression we are seeking, will be a valence-linked expansion where every term m the 
expansion for O is finite. To see how such divergencies arise, consider the contribution to 
the exact wave function shown in fig. 13. The exact wave function is proportional to 

tf(0, -oo)oJ,4l^. 

and the diagram shown in the above figure is an example of one possible contribution. It 
has two interaction terms acting successively at times t2 and i a . At t2, the valence particles 
are scattered into the valence states 7 and 6, and at i\ they are scattered into the passive 
particle states t and j . It is then possible to show that this diagram is given by [l] 

a\a\ \c) x -Vi^V^rt x / , (142) 
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a 

t2 

Fig. 13. A contribution to the exact wave function. T?.e time orderings are 0 > u > c2 > -co 
The raued line belongs to the Q-space, while the other represent valence space states 

where we have used antisymmetrized interaction matrix elements and 

2 ',' 
7 = hm lim {-if i åh <dt2e-i{'^"-'i"''>'>e-<^±'o-'-'-'>)':>. ,'143} 

As we will employ a degenerate or nearly degenerate model space n , we have ea 4- ep — E„ — 
£6 ~ G, and the above integral diverges. In order to handle such divergencies, we will m 
the procedure below factorize out such divergent terms in 17(0, —oo)oJ,a^ |c). We can then 
rewrite the diagram in fig. 13 as in fig. 14, where diagram (ii) represents a factorization of 
diagram (i) in two independet pieces and reads 

» X 1̂ ) x -Vij-ri^W x J(")> fl44) 

with 

i ( u ) = lim lim (-i)2 fitt [dt2e-i^+"-'--''1t>e-i(-'-+''>-'---','>'\ 
V *' 

which is also divergent. Diagram (iii) is given as 

{iii) = {ii) - (i) = -c jo ] |C) X ^V^V-riae x I{iii), 

** Even if we use sp enetgies from say a Brueckner-Hattree-Fock calculation, the model-space sp energies 
may be nearly degenerate if we have a mode! space which consists of the sp orbits from one shell only. 

: 145 I 

('146) 
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t i i ; i 

t i ? t f t i 

i i 
(i) 

! x 

Y 5 a 3 

(ii) 

S 

# * 

a P 

(iii) 

Fig. 14. The divergent diagram in (i) can be factonzed in two pieces, (ii) and (iii), with time 
ordermgs for (i) 0 > i] > t2 > -oe, for (ii) C > tt > -oo and 0 > t2 > -oe and for (iii) 
0 > x2 > t'i > - o e . 

and 

c o 
J(iu) = lim lim ( - i ) s / i t i / A 2 e - i *^ + e ' - *« - e »> i l e -^ + e ' » - e ' » - " J , a . (147) 

«-.0C__ o e i ( l_i e ) J j 
f ti 

This integral is finite even though I(i) and I(ii) are infinite. To evaluate the last integral, 
we note first that 

Substituting the above in the integral for I (Hi) we obtain 

Km) •• 
i 

(e-r + « « - « ; - «j) (e« + eg - E; - £;) ' 

We then obtain for diagram (iii) 

1.-, (m) = -o jo j |«) x -Vij^Vjiaf, 
> , + c s - Ej - e,-) (e„ + eg - Ci - Cj) 

(148; 

(149) 

(150) 

This expression can be further simplified if the model space is degenerate. If we set £-v + f£ 
£„ * eg = IM, we have 

(i«) = -a\a\ |c) x i i ^ j K r f ^ , 
(<* - *.- - e , - ) J 

(151) 
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I*) zy.. — i . -)V* 
itJ 

an observation we will utilize below in the derivation of the effective interaction. Diagram 
(iii) is an example of a folded diagram. The folded lines refer to the intermediate particle 
states -y and 6, which belong to the model space. Conventionally, they are drawn by way of 
downgoing lines with a circle to distinguish them from hole lines. The above diagrams are 
jusi mere examples of infinitely many diagrams which arise in the evaluation of the wave 
function. Further examples can be found m the work of ref. [1]. Here we will discuss how one 
m general can remove these unwanted divergencies in an expedient and computationally 
simple manner. Note that diagram (ii) may give rise to a valence disconnected diagram tc 
the effective interaction. This can be understood if we let the interaction Hi act on the left
most part of diagram (ii) at i — 0, as shown in fig. 15. These valence disconnected diagrams 

a 

Fig. 15 The divergent diagram in (ii) of the previous figure may yield a valence disconnected 
diagram if we let the interaction Hi act at t = 0 as shown. 

are then cancelled exactly to all orders in the folded-diagram expansion. This cancellation 
in the folded-diagram series 12 corresponds tc the familiar cancellation of unlinked diagrams 
in the Goldsione expansion. In order to discuss the removal of these terms, we will use the 
definition of the time-develop ment operator in eq. (129), such that the numerator Na$ and 
the denominator Datø can be expressed as collections of time-ordered Goldstone diagrams. 

1 2 There are also other types of disconnected diagrams which will be cancelled in the expansion delineated 
below 
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The aim of the development here is tc factonzs 

as a whole. Tc achieve this, we will make use of the decomposition theorem I 3 exposed in 
e.g. ref. flj. Let us illustrate the decomposition, theorem by considering an example to the 
two-body wave function of eq. (141) 

E/(0, - c o ) \i>a) = £7(0, -oo)a\a\ |c> > (154) 

where Å and T are valence space sp states. Examples of diagrams which contribute tc 
eq (154) are shown in fig. 16. The philosophy behind the decomposition theorem is that 
eq (154) can be factonzed into a group of diagrams which consists of a given number of 
interactions linked to one or both the valence lines Å and 7 and a group of diagrams with 
no vertices linked to any of the valence states. Examples of the latter case are shown an 
the lower part of fig. 16, while diagrams contributing to the former are shown in the upper 
part. Thus, as a first step, one can rewrite eq. (154) as 

U{0, - o o ) a J ^ \c) = Uv(0t -oo)aJaj[, |c) x (7(0, - 0 0 ) \c) . (155) 

The subscript V refers to the fact that we have at least one valence line present Then, we 
can m turn factorize each term on the rhs. of eq. (155), The term E7(0, —00) \c) factonzes 
as 

(7(0, -00) |c> = C/D(0, -00) \c) {c\ U{0} -00) |c>, (156) 

where (c\ {7(0, —00) \c) represents all vacuum fluctuations like diagram (iv) of fig. 16, 
whereas the first term is the sum of all contributions to the true ground-state wave function 
of the core system [l], examplified by diagram (iii) of fig. 16. The subscript Q refers to the 
fact that all states belong to the Q-space at c — 0. 

A similar factorization can be applied to the Uy '«erm. This term contains diagrams which 
begin and end in a model-space state P or which begin with a model-space state and end 
in a passive state at t = 0, i.e. 

tTv(0,-oo)|V.) = | x O + | x 2 ) . (157) 

The diagrams contained in these two terms can conveniently be expressed in terms of 
chains of so-called Q-boxes. The Q-box is defined as the sum of all irreducible 1 4 and 
valence-linked diagrams with at least one H\ vertex. This Q-hox. is defined for incoming 
and outgoing model-space states. Examples of diagrams which contribute are given in fig. 
17. However, in order to obtain the Wf ) term, we need a Q-hox defined for incoming model-

1 3 In order to avoid unnecessary overlap with the existing literature, only the essential results behind the 
decomposition theorem will be given here. For a more detailed account, we refer the reader to ref. [l], 
1 4 At least one passive state between two interactions H\-
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f LV 
! 

(i) (ii) 

O v 
\w) (iv) 

Fig. 16 Diagrams which contribute to U(0, -00) \^a)- The upper part shows diagrams, (i) and 
'̂ ii), linked te at least one valence line, while the lower part exhibits examples of diagrams where 
no vertices axe connected to valence lines. Diagrams (iii) is a contribution to the true ground-state 
wave function of the core system while diagram (iv) is a vacuum fluctuation diagram. 

space states and outgoing Q-space states. Typical examples of topologies which anse in 
the determination of the latter are shown in fig. 18. The structures of \Xa) a n t * Ixf) 15 

shown in the upper and lower parts of fig. 19, respectively. As discussed in the previous 
subsection in connection with eq. (94), certain terms of W*) give rise to divergencies. These 
divergencies can however be factorized out through the folding operation [1], such that a 
term proportional to \Xa) c a n ^ e extracted from \x2/- The final expression for Uv then 

Uv(0, - o e ) tø,) = J2 VVQ{Q* -00) tø) {j>0\Uv(O, - 0 0 ) tø). 158) 

The form of UYQ is shown in fig. 20, where U 1 integration sign represents the folding 
operation. The first term vanishes if /3 ^ a while the remaining terms end in passive states 
a.t 1 = 0 Correspondingly, the structure of {ipø\ Uy(Q, —00) tø) is displayed in fig. 2i. 
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Fig. 17. Diagrams which contribute to the Q-hox. with only model-space states as final and initial 
states. 

H n 

a P 
(i) 

a ! 
(ii) 

Fig. IS. Diagrams which contribute to the <j-box with initial model-space states and final Q-space 
states. 
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p = l I 

z 
n=D+l 

^ 

Fig. 19. The upper part shows a schematic representation of \x%)» where the time t = 0 is set at 
the top of the diagram. For contributions to an operator, there will always be an interaction or 
operator at z = 0. The lower part of this figure is a sketch of the structure of \Xa)- ^ e circle5 

are shorthands for the Q-hoi . 

Thus, collecting eqs. (156) and (158) we arrive at the following form of eq. (154) 

U(Gt - oc ) |VO = UQ(0, -oo) \c) {c\ f7(0, - o o ) \c) £ UVQ(0, - o o ) | ^ ) tø,| UV(G, - o o ) |^ D ) 

(159) 
The decomposition theorem applies equally well to eq. (130). 

Starting with the decomposition theorem as given by eq. (159), we will here detail the 
derivation of a valence-linked expression for the effective interaction appropriate for finite 
nuclei. 
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O / ! s l l 
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) 

^ 1 IP 

Fig. 20. Schematic structure of UVQ. Note, that, except for the first term, ail other contributions 
end in a Q-space state. 

Fig. 2i. Schematic structure of (Vtø| #v{0, —cc) \i/}a). 

Let now the operator O correspond to the familiar two-body hamiltonian H = HB + H\. 
The unperturbed part Ho is 

a/3 
(160) 
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wiih £ and u the sp kinetic energy and auxiliary potential, respectively. The eigeniunctions 
of H0 are the unperturbed wave functions given by eq. (141). The eigenvalues correspond 
10 the sum of the unperturbed sp energies. The interaction H\ is given by a two-body term 

Here we let the indices ap'yS run over both valence- and Q-space sp states 

The effective interaction we will derive should have the following properties: 

- The original eigenvalue problem given by eq. (83) reduces to a model-space eigenvalue 
probietn. 

PH&PVa = EaPVa. (162) 
The main purpose is to derive an effective interaction from the original hamiltonian. More
over, we wish our final model-space eigenvalue problem to reproduce the empirical shell-
model secular equation. More explicitly, we expect that eq. (162) can be separated into a 
valence-space part and a core contribution 

PH^P*a = (Ea - Ec)P*a> (163} 

where Ec is the true energy of the core. If one considers a nucleus like 1 8 0 , Ec corresponds 
then to the energy of 1 6 0 . In the empirical shell model we have 

PH\sP = PH's,P^PH'lPi (164) 

where the sp energies of H0 in the last equation are taken to be thedifference in binding 
energy between a state in the appropriate nucleus with one nucleon in addition tc closed 
sheDs and the ground state of the corresponding closed-shell nucleus. Following this pre
scription. PH[F should contain two-body interactions only. Note well that H[ is different 
from Hi since the latter includes both one- and two-body terms. Similarly! H'0 is normally 
approximated with the experimental sp energies. 

- The model-space eq. (163) is supposed to give D solutions, D being the dimension of 
the model space. We need therefore a scheme which gives us a one-to-one correspondence 
oetween D parent states \p\) in the model space and the true eigenstates |$A)- We define 
the parent states as the projections of the true eigenvectors onto the model space. Further, 
we assume that they are linearly independent and expand them in terms of the model-space 
basis states \4>a) 

l^ ) = E C i A ) l ^ ) , (165) 
a=l 

where 
{pA[P\&V) = G, (166} 

for A. ^ n = J , 2 , . . . ,D. Recall that the unperturbed eigenfunctions \ifta) are the eigen-
lunctions of HQ, with corresponding unperturbed eigenvalues ea. The latter equality holds 
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because we have assumed that the parent states are linearly independent. The parent states 
should oniy be regarded as a mathematical tool in order to obtain the effective interaction., 
since the construction of the parent states depends on the projection of the true eigenfunc-
uons onto the model space. This projection is not available until one knows the effective 
interaction The final expression for eq. (163) should therefore not depend on the kncwiedge 
of jpx), as will be demonstrated below, Thus we wish to have a one-to-one correspondence 
between between D parent states \p\) in the model space and the true eigenstates 

S ^ M i - U ) <J>x\U(0,V)\px) {pxWx)' ^ ' 

such that 
U(0,-æ)\px) C/(0,-oo)|p>) 

< W | f f ( 0 , - o o ) | M ) ^ { P A | U ( 0 , - O O ) | W ) - y > 

This equation states that the parent states p\ should give the true eigenvalues E\. In eq. 
(188) we have suppressed the complex time limit. Such a one-to-one correspondence can 
only be proven m the complex time approach, as demonstrated in ref. [ I ] 1 5 . According 
tc the complex-time approach, the eigenvalues reproduced by c ; (163) are the lowest D 
eigenvalues with eigenvectors J$A), A = 1,2,... ,D , with non-zero projection P | $ Å ) onto 
the model space. In actual calculations however, we may not obtain the lowest D eigenstates 
of H with non-zero model-space overlaps since we axe are not able to compute the effective 
interaction exactly. In the present work we will approximate the effective hamiltonian with 
certain classes of diagrams, thus only qualitative arguments about e.g. the convergence 
property of the effective interaction can be made. 

We wish now to derive an expression for the model-space effective interaction which has 
the structure of eq. (163). Employing the definition of the parent state in eq. (165), we can 
rewrite eq. (168) as 

which, through use of the decomposition theorem in eq. (159) can b t written as 

£ b^HUQ(0, - o c ) |c> UVQ(0, - O O ) | ^ ) = J2 t^ExUQiO, - « , ) |c) UVQ(0, - o c ) tø,), 

(170) 
where we have defined 

b(x) = £ w*)(Vvl Uy(0, -oo) W«} (c| UIO, - s o ) |c) 
' £ , " * {px\U{C,-oo)\Px) • < * " ' 

1 5 We will not repeat the proof leading to the above statement. For the details, we refei the reader to icf. 
[1], p. 35f. 
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Note that both the terms {^vl Uv(Cy — co) \ipa) and (c\ L/(0, — oo) \c) contain divergencies, 
these are however cancelled by corresponding terms in the denominator of eq. (171). The 
quantity ba is m turn proportional to the projection of the true eigenstate onto the model 
space, a. property which follows by multiplying 

vrstfa the model-space basis state (Vv| 

(172) 

= 2 - C° U.tnin _ ^ U . \ = b° • ^ 1 7 3 . ! 

(Vll^) _ _ _ 

Thus, the only dependence of the model-space eigenvalue problem on the parent state \p\) 
•s through the coefficient by\ and, as we will demonstrate beiow, we may solve the model-
space eigenvalue problem directly for b^\ For a known ty?\ eq. (173) serves to establish 
that the parent state really can be constructed as the projection of the true eigenstate. We 
can then construct a model-space eigenstate \b\) as 

\bx) = f" fc<A> I tU = P ^ . .'17*> 

Before we construct the final expression for Htg we observe that in general 

(bx\bx)*h (175) 

since the projections of the true orthogonal eigenvectors onto the model space, do not m 
general preserve orthogonality. This derinency, which may lead to a non-hermitian Htff can 
be overcome by introducing the biorthogonal wave function 

h)="tty®a), {i*6) 
such that 

<5A) = V (177) 

With these preliminaries we are now able to write a model-space equation for the effective 
interaction of the form given by eq. (132). Let us first introduce the shorthand notation 

UL(t, t') |V«> = UVQ[t, t')UQ{t, t') \j>a) (178) 

which can be written as, employing the folding operation [l], 

UL(t,t')\i>.) = Wa) + (w-wfQ + wfQjQ-..^Wa} = \4,a) + W(t,t')\i,a), 
(179) 
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where ike J* signs represent the folding operation and the structure of the wave function 
operator W is shown in fig. 20. Observe also that 

02(O,-oo) = £/£(oo,O). (180) 

The first term in eq. (179) is just the free propagation of a state. The remaining terms 
include at ieast one nuclear interaction and always end in a passive state. The folding 
operation / means that the states connecting the Q-bux and the wave operator W must 
be active states. 

Multiplying eq. (170) from the left with (^„| we obtain 

Y, *<*> (iM HUL(0, -oo) tø,) = ExbW, (181) 
T = l 

or 
P i f d r | P * A > = £ i | i : , * A ) , (182) 

where 
ff«* = <*.! #£/•/,(<>,-°o) tø.,) (183) 

Eqs. (181) and (182) have indeed the form of a model space effective interaction equation. 
The reader should now note an important point. To obtain eq. (181) we multiply trom the 
left with the unperturbed wave function (ifr9\. This operation gives rise to a non-hermitian 
effective interaction if the expansion is truncated at a given order in the interaction, though 
for model spaces defined within a single shell, this non-hermiticity is weak. At the end of 
section 6 we will discuss how to obtain a hermitian effective interaction which is hermitian 
to ail orders. If one is able to evaluate the effective interaction to all orders, then all pertur-
bative schemes should in principle result in the same and hermitian effective interaction. 
Our presentation here follows the traditional Goldstone expansion for valence spaces. 

The hamiltowan H is written as the sum of an unperturbed part H0 and an interaction 
term H\. In order to understand the structure of eq. (183) and obtain a secular model-space 
equation which resembles that of the empirical shell model, we study first the contributions 
from H0 to eq. (183). This contribution can be written as 

tø„| HBUL{0, - c o ) tø,) = (Vvl H0 tø,) (184) 

The term on the rhs. of the latter equation comes through due to the fact that the only 
P-space component in the wave operator Uz, is the unperturbed wave function tp. This 
term represents therefore nothing but the unperturbed energies and is conventionally [1] 
split into a valence component and a core contribution 

( ^ | #o |*r) = 4 , 7 (ffv + eG), (185) 

where ev is the eigenvalue of the valence part while cc is the core contribution. In our 
example, 1 8 0 , EV is the unperturbed energy of the valence particles while e c is the un-
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perturbed energy of the 1 6 0 core. Beiow we will show that the effective interaction can 
conveniently be expressed in terms of eq. (104). To obtain this» we decompose the inter
action term Hi into a valence part H\\V) and into a part H\{C) which at the time t = 0 
is not bnked to any valence Hne. The latter contributions give rise to contributions to the 
true core energy Ec- Examples of such terms are exhibited in the upper part of fig. 22. 
Typical contributions tc Hi(V) are shown in the lower part of fig. 22. Thus, summarizing, 
we may write 

QHQ o o 

1 . < 

f : 
Fig. 22. Examples of terms which contribute to 3i{C), upper part, and Bi(V), lower part. 

rø„l HUL{Q, -oo) | tM = 5*y (ev + ec) + {i>„\ {Hj{V) + H^C)) CtøO, - c o ) | ^ ) , {186} 

which finally yields 

£ W <lM W ) + Hi(V)) VL% - ~ ) I'M = ( ^ - Ec) bix\ {187) 

wiih Be = ec •+• Hi(C). Clearly, eq. (187) has the form of the empirical shell-model secolai 
eq. (163). Due to the inclusion of folded diagrams, eq. (181) is in general non-hermitian. A 
standard approach to obtain a hermitian effective interaction, is 

W BST) I*,) * \ (<*,| #<?"> |W + (*,| flff-» |^>) , (188) 

where (her) and (nher) stand for hermitian and non-hermitian, respectively. The non-
nermiticity is not unphysical, since, if we were able to sum all possible terms, this non-
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hermiticity will not arise, though it is possible to obtain, an effective interaction which is 
hernutian lor every order in the interaction, as demonstrated in section 6.6. 

The expression we have obtained from time-dependent perturbation theory is not directly 
applicable for computations. A compact expression like eq. (104) is desirable, 

When we include all terms from the wave operator Ui in eq. (179), we obtain> "by acting 
with H on Uz,., 

(f0\Heatya) = {i>e\HUL{t,t') \j>a), (189) 

which we iJiustrate in fig. 23. The various (J-boxes have different meanings. Both Q-boxes 

2 9 9 ^ 

o 
I 2 9 ^ 

o 1 2 

Fig. 23. The structure of the folded-diagram expansion. 

are composed of irreducible diagrams in which the vertices are linked to at least one valence 
line and Q' is at least second order in the interaction, while Q starts with first order t e r m s l e . 
The structure of the effective interaction can then be written as 

H« = Q'-Q' J Q + Q1 jQ I Q- (190', 

A contribution to the second term in this equation is shown in fig. 24 where the time t 2 is 
between 0 and t j . With a degenerate model space we obtain the expression for (i) 

a "<*0ij VirlS VfSuv , y, 
a {u> — Si — Sj) 

(191) 

where we have used the expression for the wave function contribution in eq. (151). In fact, 
what we have done is to act on the expression in eq. (151) with Hj. The expression ior 

1 6 With the inclusion of the unclear reaction matrix G, the difference between the two Q-boxes vanish. 
Further, we have dropped any reference to so-called last-moment core-insertions [1], since this diagrams 
also vanish when we indnde the nnclear reaction matrix G. 
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(i) (ii) 

i h 

(iii) 

Fig. 24. (i) shows an example of a contribution to Q' f Q, where (ii) belongs to Q' and (iii) belongs 
te Q 

diagram (i) can in turn be written as 

8 au \ Uf — £i — £j J 

Tiur is a rather general result which can be extended to all possible folded diagrams. Using 
the faci thai the Q-box can be written as 

(192) 

(193) 

where x) are intermediate states not belonging to the model space, it is easy to show that 
a term like —Q' J Q is equal to 

•*/*=-*!?*->. •:194, 

and we have assumed that 0 > t% > t\ and used generalized time ordering so that all 
diagrams with 0 > t2 > ti are included. A contribution to the folded diagram expansion 
like Q' / Q J Q are of the form as shown in fig. 25. Diagram (i) in fig. 25 reads 

«4^*), 
and diagram (ii) in the same figure is 

OUi SO-

(195) 

(196) 
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(i) (ii) 

Fig. 25. Examples of contributions to Q' jQ JQ. (i) has the time ordering 0 > r4 > : 2 > zlt 

t2 > i 3 and £* > t 5 . For (ii) we have 0 > t2 > t u t 2 > U > *3 and É4 > t 5 . 

The total contribution from diagrams (i) and (ii) has the following time constraints 

0 > t2 > t i , 0 > U > t 3 ) i4 > i B , i2 > t s . (197) 

These results can be extended to the general case with n folds. In an n-folded Q-box there 
are of course n -f i Q-hoxes. The general expression for an n-folded Q-box is then 

7-Q1 JQ + Q' JQJQ-

where we have the constraints 

1 dT'Q'p I d°*Qr 

mi! <Jw""' m2\ dwm* 

1 <T-g 

mnl du>mn PQ, 

fl98l 

TTli •+• 7772 " ! " • - • m n — TO> 

77li > 1 , 

m.2 , 7U3, . . . TOn > 0 , 

and 
mfc < n — k + 1. 

The last restnction follows from the fact that there are only n - i + 1 Q-boxes to ihe right 
of kth Q-box . Thus, it can at most be differentiated n — k + 1 times. We have inserted the 
model-space projection operator in the above expression, in order to emphasize that folded 
diagrams have as intermediate states only model-space states. Therefore, the sum in eq. 
(198) includes a sum over all model-space states with the same quantum numbers such as 
isospin and total angular momentum. It is understood that the Q-box and its derivatives 



are evaluated at the same starting energy* which should correspond xc xhe unperturbed 
energy of the model-space state. It is then straightforward to show that eq. (198) can be 
recast mic the form (we exclude Ho) 

where we have chosen V^' — Q. With the inclusion of the nuclear G-matnx we have 
o' — r* v — W 

This expansion will be studied for finite nuclei in section 6. In the next section we discuss 
the evaluation of the G-matrix for both finite nuclei and nuclear matter. 

5. G-ma t r i x for nuclear m a t t e r and finite nuclei 

5 1. Introduction 

As we discussed in sections 2 and 3, in nuclear structure and nuclear matter calculations 
one has to face the problem that any realistic nucleon-nucleon (NN) potential V exhibits a 
strong short-range repulsion, which in turn makes a peiturbative treatment of the nuclear 
many-body problem prohibitive. If the potential has a so-called hard coie s the matrix 
elements of such a potential (^| V \ip) evaluated for an uncorrelated two-body wave function 
•>J)(r) diverge, since the unconelated wave function is different from zero also for relative 
distances r smaller than the hard-core radius. Similarly, even if one uses potentials with 
softer cores, the matrix elements of the potential become very large at short distances. The 
above problem was however overcome by introducing the reaction matrix G (displayed 
by the summation of ladder type of diagrams in fig. 2) which accounts for the effects of 
two-nucleon correlations. 

The matrix elements of the potential V then become 

(MGtø) = (il>\V\y) (200) 

where "f is now the correlated wave function. By accounting for the correlations in the 
two-body wave functon $ , the matrix elements of the potential become finite, even for a 
hard-core potential V. Moreover, as will be discussed below, compared with the uncorre
c ted wave function, the correlated wave function enhances the matrix elements of V at 
distances for which the interaction is attractive. The C7-matrix applies to bound states, 
while for scattering of free particles, the G-matrix is replaced by the X-matrix. The dif
ference between the matrices resides m the medium dependence provided by the Pauli 
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operator and the energy w of the interacting particles. Recalling the discussion at the end 
of section 2, we defined the G-matrix by either 

G(u) = V + V Q G{u), (20i; 
a> — Ho 

01 
G(u) = V + VQ L^QG(U). (202; 

The former equation applies if the Pauli operator Q commutes with the unperturbed 
hamiltonian Ho, whereas the latter is needed if [HQ, Q] ^ 0. Similarly, the correlated wave 
function $ is given as 

|*) = W + - ^ - e W , (203) 
or 

m = m+Q—^TH<?GIV>)- (204) 

These equations look rather simple, but their actual calculation, is in fact rather compli
cated and difficult. Approximate methods were devised in the "early days", amongst these 
methods were the famous separation and reference spectrum methods. These methods 
present a physically intuitive picture of the G-matrix, and it is one of the scopes of this 
section to briefly review those methods here. This is done in subsection 5.2. Further, we 
will also discuss how to calculate the G-matrix for both nuclear matter and finite nuclei in 
subsecs. 5.3 and 5.4, respectively. 

5.2. The separation and reference-spectrum methods for calculating the G-matrix 

In section 3 we discussed the fact that the NN potential diverges at small intetmicleon 
distances. Fig. 26 displays a schematic plot of the nucleon-nucleon potential for the 15o 
partial wave. The interaucleon distance is r. As indicated in the figure, we divide the 
potential into two parts, the short-range part Vs and the long range part V .̂ Formally^ 
this may written as 

V(r) » Vs(r)®(d -T) + VL(T)Q(r - <*), (205) 
where 0 is the familiar step function, and d is known as the separation distance. The 
separation distance is chosen so that the attractive part of Vs balances that of the repulsive 
core. A remarkable resu'i is then to a good approximation 

G oc V L(r), (206) 

based on the separation method. This is quite an appealing result. The whole potential 
V(r) is "singular" in the sense that it has a very strong repulsive core. In contrast, VL{v) is 
obviously no ionger singular and hence the G-matrix is also no longer singular. We have not 
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Fig 26 Schematic plot of the nucieon-nucieon potential for the ^ o partial wave. See 'text foi 
further details. 

yet shown how to obtain this result, nor have we discussed what d is and how to determine 

We will now derive the above result and also try to motivate for the physics behind the 
separation and reference-spectrum methods. First we define a useful identity following 
Bethe, Brandow and Petschek [23]. Suppose we have two different G-matrices, defined, by 

• '207; 

Gj = Vj + V ^ G 2 , (208) 
ei 

where Qi/ei and Qi/e2 are the propagators of either eq. (201) or eq. (202). Gi and G 2 

are two different G-matrices having two different interactions and/or different propagators 
We aim at an identity which will enable us to calculate Gj in terms of G 2 , or vice versa. 
Defining the wave operators 

= l + 2iG», '209' 

' d is typically about 1 fin. 
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Viz = ~ H Gj,. '2iGs 

we can rewrite the above G-matrices as 

G i = V i f i l > (211) 

and 
G2 = V 2 n 2 . (212) 

Using these relations, we rewrite G± as 

Gl = Gi - G 2 fni - 1 - — Gi) + ffij - 1 - G l — ^ Gx \ e x / \ £2 / 

G1 + G 2 (2i __ 5a) d + n jd - G 2OI, f2i3j 
\ ei e 2 / ' 

and using eqs. (211) and (212) we obtain the identity 

Gl = G\^ G 2 f | i - ^ ] Gi + nJ(Vi - Vjjfii. (214) 

The se-.ond term, on the rhs. is called the propagator-correction term; it vanishes if G\ 
and G2 have the same propagators. The third term is often referred to as the potential-
correction term, and it disappears if Gt and G 2 have the same potentials. 

The reader may now ask what is the advantage of the above identity. If we assume that by 
some physical reasoning we are able to calculate Gi (we will see examples of this below both 
for nuclear matter and for finite nuclei), and that the expression for G 2 can be calculated 
easily, and further that G 2 is a good approximation to the originai G-matrix, then we can 
use the above identity to pe/form a per*''rbatrve calculation of G\ in terms of G2- Below 
we will use eq. (214) to discuss the sepai^tion and the reference-spec trum methods. 

5.2.1 The separation method 

This method was first introduced by Moszkowski and Scott for evaluating the G-matnx in 
nuclear matter [53,54]. In eq. (205) we separated the NN potential mto two ^arts., Vs and 
Vi. Let us define the G-matrices 

d = G = V + V^-G. (215) 

: Gs = V s + VsQlGs, {216) 
«2 
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where V is the NN potential. Eq (214) gives 

G = Gl -r Gs • ' - - 9*) G + £ll.VLn. {217} 
v e e 2 / 

The idea is that we can make G§ ~ 0, which in iurn yields the advertised relation 

We emphasize that the above result is an approximation, but the hope is that this ap
proximation is a physically reasonable one. Tc proceed, let us define the correlated wave 
function $' 6 

S|V».) = V ! * a i , (218) 

where i>c is the unperturbed wave function. Using the definition of the correlated wave 
function in eq (203) we have 

I*.) = IrM + — % - G \i>.) = W>„> + ~jrV l*.> • (219) 
it) ~- £1Q U> — HQ 

Note that we have assumed that the Pauli operator Q and the unperturbed hamiltonian 
H0 commute. If we are able to obtain the correlated wave function, we get the G-matrix 
by 

(i>a\G^b) = {fa\Vm). (220) 

We will try to obtain G$ through this scheme. Gs was defined according \o eq. (216} 
with the propagator Qtle%. We have not yet specified how to obtain Q 2 and e 2 i though 
the identity in eq. (217) is valid for any choice oi Q 2 a^d e 2 . The potential which defines 
Gs is V$, which is a short-range repulsive potential, Using the uncertainty pnncipie> the 
intermediate states included by Vg should be predominantly those at high momenta. For 
such scattering states there is hardly any Pauli blocking, which means that the probability 
of finding other nucieons at such momenta is practically equal to zero. This physically 
mtunive reasoning leads us to choose Q 2 = *• With this choice we obtain 

Gs = Vs-rVs—L—GSt (221) 
w — Ho 

and the corresponding correlated wave function 

|*f) = !*.) + — V V s l * « ) - <222) 
As mentioned earlier we are free to make whatever choice for e 2 in the operator w — Ho of 
G$. Let us employ a specific on-shell choice, i.e. o> = e a , and Ho \tf>a) — za tøa)- I E this case 
we have (w — H0) \ip0) = 0- Using the above definition for the correlated wave function we 
obtain for the diagonal matrix element 

<*-.! Gs tø.) = W.\ Vs | * f ) = tø„| ( £ o - Ho) | * f ) , (223) 
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with ifo acting on *f. We will also assume that V'a i s a plane-wave two-particle state which, 
can be wntten as 

*. = £«**«** = ^ « e i K E > < 2 2 4 > 
where k and K denote respectively the relative and center-of-mass momenta. The term CI 
in ihe denominators serves to normalize the wave function and is the volume of the system. 
We approximate Ho with the two-particie kinetic energy, denoted by the operators Tr and 
TR for the relative and center-of-mass systems, respectively. The energy ea is then just 
k2/Mff + K2/4Mr?, with M^ being the mass of the nucleon. Since the potential Vs is a 
function of f only, it has no effect on the center-of-mass wave function. Another possibility 
is to use harmonic oscillator (h.o.) wave functions, as detailed by Kuo and Brown [17]. The 
correlated wave function takes the form 

*f = - ^ # f ( r ) e i K E . (225) 

Since Vs(r) = 0 for >• > dy the matrix of eq. (223) is given bys using Greens theorem, 

WGs \i>) = jj-j^ j [*5VV>" - VW} dS, (226) 

where the integral is a surface integral over a sphere with radius equal d. 

The separation distance is still not yet specified. The main idea of the separation method 
is tc choose d such that the above surface integral vanishes. This is possible for the relative 
I = 0 partial wave. In this case we write the integrand as 

dr dr 

and the above integral vanishes if the wave function obeys the logarithmic boundary con
dition 

- — £ = 7 7 - T - at r = d. (227) 
Tfrdr Vs dr K J 

Here we assume that the potential has a hard core and hence the correlated wave function is 
identically equal to zero inside the core radius re. Note that the unperturbed wave function 
ip is not vanishing for r < r c . The correlated wave function $ s is pushed out by the core, 
but once outside rc it is pulled in by the exterior attraction. The separation distance is 
chosen such that there is just enough exterior attraction to balance the core repulsion 
sc that the correlated wave function heals at r = d. By healing we mean the logarithmic 
condition in the above equation. This condition means that Vj results in a zero phase shift 
Hence an equivalent definition of d is that the short-range potential Vs produces zero phase 
shifts. Note that this is not always possible, as we will discuss in the next subsection. In 
this case the separation distance does not exist. Hitherto we have only exposed the basic 



ideas on which the separation method is founded. We refer the reader to the literature lor 
numerical results, see e.g [17]. 

Cur original purpose is the calculation of the full G-matrix, not only that of Gs- In fact, 
G$ is merely an auxiliary potential, introduced as an intermediate step in the calculation 
of G Recall also that we only calculated the diagonal matrix element of Gs, and that these 
vanish. The hope as however that the full Gs is small enough so that G may be calculated 
by a low-order perturbation expansion in terms of G$. Using eq. (217) we may write G as 

G^Gg + Gl (S. _ 9l) G s + d + GS—) VL (l + — Gs) . (228) 

The second term on th^ rhs. may be written as 

U5 Gs + Gl

s ( J &Sl 

e \e e 2 / 
where the first term has commonly been denoted the Pauli correction term, while the 
second is referred to as the dispersion correction term. 

Here we note that one of the appealing features of the separation method is the physically 
intuitive picture provided by it, namely that the long-range part Vz is the leading term of 
G Nevertheless, there is the lingering question about the accuracy of this method, Eow 
accurate is G given by, for example, the low-order expansion of eq. (228)? Higher-order 
correction terms are progressively more difficult to calculate, and in most actual cases, the 
numencs sets a limit to how far we can go in this direction. It will indeed be very desirable 
if one could formulate a different approach, where one has the possibility of calculating 
G almost exactly. We will see how to obtain such a scheme in oui calculations of the 
G-matrix for finite nuclei and nuclear matter. Below, we will however briefly revisit the 
so-called reference-spectrum method introduced by Bethe, Brandow and Petschek [23], an 
excellent presentation of this method can be found in the review article of Day [55], which 
in spite of its age still reads well. 

5.2.2. The reference-spectrum method 

This method is also based on the identity of eq. (214). Here we choose an auxiliary G-matrix 
GR-, the reference-spectrum G-matrix, defined by 

GR = V + V—GR. (229) 

Using eq. (214), the G-matrix can be written as 

G = <?k + Gk ( 7 - r j G. {230} 
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Unlike the sepaiation method, we note that we have the whole potential V in the definition 
of GR. Moreover, for some partial-wave channels» the potential is repulsive for ali r and we 
have no exterior attraction. In this case the sepaiation method we discussed in the previous 
subsection, can not be used, as there is no exterior attraction to heal the wave function. It is 
mainly this difficulty which motivated the introduction of the reference-spectrum method. 
In this method, one first evaluates the defect wave function x *&& thereafter one calculates 
OR in terms of \- The correlated wave function $ * is denned by 

G*iV«) = y h l ? ) (231) 

where tpa is the unperturbed wave function. From eq- (229), we have 

\^f) = \i>.) + —V\9f). (232) 

The defect wave function is denned as the difference 

X« = i>«~ * ? • (233) 

In other words, the correlated wave function is equal to the unperturbed wave function 
minus the defect wave function (we will see examples of various defect wave functions in 
the next subsection, where we discuss nuclear matter results). Eq. (232) then leads to the 
result 

( e » - V ) | x > = -Vtø>), (234) 

where we for convenience have dropped the subscript a. The <?R-niatrix is just an auxiliary 
G-matnx. which we need in our determination of the full G-matrix defined in eq. (230). 
We need however to define the energy denominator CR. In principle G is independent of 
SR, though in practice we hope that GR alone should provide a good approximation tc G. 
Suppose we define 

eR = u>-Tr-TR, (235) 

where TT and TR denote respectively the relative and center-of-mass kinetic energies oi 
the two interacting particles. Since V depends on the inteinucleon distance r only, we can 
write the wave functions 

i>(rXT2) = J = V ( r ) e i K a , (236) 

ind 

X(rir>) = ^ x M 6 " ™ - ( 2 3 7 ) 

is was done in connection with the separation method. Eq. (234) takes then the form (in 
partial waves) 
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Fig. 27. Å typical defect wave function x *° r a hard-core potential with core radius 7*e. 

The asymptotic behaviors of the defect wave function x c a n n o w be readily seen. We let V 
be a. hard-core potential with core radius re. For T =rc,V is infinite and we must therefore 
have Xi{r) — $t[r) inside re. Now com.es an important point. If (a» — K2/4A/JV) is negative, 
we can define 

-jL- K 2 

with -v > 0. Eq. (238) gives then 

(239) 

Xr(r) oc e "** as r - (240) 

Since $ H = ^ — x> w e s e e that the correlated wave function * heals to ip at large r values. 
A typical behavior of the defect wave function for the I = 0 channel is illustrated in fig. 27. 
We see that the correlated wave function $ * is totally pushed out from the hard core and 
is zero inside r c . At large r-values it is bound to heal to i/i. At some indennediate values oi 
r, 9R overshoots ip in order to accomodate the wave function displaced by the core. With 
x(r) obtained by solving the differential equation indicated by eq. (238), we can calculate 
the matrix element 

W . | G J 1 | ^ ) = ( ^ | V | ^ - X i > , (241) 

where the radial integral is now well-defined, even for a hard-core potential. For a hard-core 
potential {i>\ V \ij>) is not well-defined, but {-øl V tø> — x) is since ifr — x — 0 inside the hard 

A computational advantage of the reference-spectrum method is that it provides a con
venient scheme, as outlined above, to obtain the reference G-matrix GR- However, our 
goal is not only to obtain GR but the full (7-matrix G. The hope is that GR is already a 
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good approximation to G, and that G may be accurately calculated by way of a low-order 
perturbation expansion in terms of GR. For example, we may approximate eq. (230) by 

«<a +«4 (3.-1)01, ^ 
= G<R + G'B (Q - i )G] , -,- G] , ( - - ^ } GR. (242) 

Here the second and third terms are usually referred to as the Pauli- and the dispersion-
correction terms, respectively. However, in spite of the nice features of the reference-
spectrum method, we are still left with the problem of how to obtain a reliable estimate of 
higher-order terms of the full G-matrix in terms of GR. In the next subsection we demon
strate how one can obtain (within the framework of the angle-average approximation) an 
"exact" solution of the G-matrix equation for nuclear matter. 

5.5 The G-matrix for nuclear matter 

In a medium such as nuclear m a t t e r 1 S , we must account for the fact that certain states 
are not available as intermediate states in the calculation of the G-matrix. Following the 
discussion m the previous two subsections, this is achieved by introducing the medium 
dependent Pauli operator Q in eq. (75). Further, the energy u> of the incoming particles, 
given by a pure kinetic term in eq. (75), must be modified so as to allow for medium 
corrections. How to evaluate the Pauli operator for e.g. nuclear matter is, however, not 
straightforward. Before discussing how to evaluate the Pauli operator for nuclear matter, we 
note that the G-matrix is conventionally given in terms of partial waves and the coordinates 
of the relative and center-of-mass motion, as in eq. (75). If we assume that the G-matnx 
is diagonal in a (a is a shorthand notation for J , S, L and T), eq. (1) can then be recast 
in the form of a coupled-channels equation in the relative and center-of-mass system [56] 

Gf,(kh'Ku) = VS(U>) + £ f £-V8,(kq)2!3>*QGk.WKu). (243) 

This equation is similar in structure to the scattering equations discussed in section 3, 
except that we now have introduced the Pauli operator Q and a medium dependent two-
particle energy w. The notations in this equation follow those of subsection 3.3, where we 
discuss the solution of the scattering matrix T. The numerical details on how to solve the 
above G-matnx equation through matrix inversion techniques are discussed in appendix 
B. Note however that the G-matnx may not be diagonal in a. This is due to the fact that 
the Pauli operator Q is not diagonal in the above representation in the relative and center-
of-mass system. The Pauli operator depends on the angle between the relative momentum 

1 6 We will postpone a thorougher discussion of nuclear nutter to sections 7 and S. This subsection serves 
to illustrate how one can calculate the G-matrix "exactly" through matnx inversion techniques. 
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and the center of mass momentum. This angle dependence causes Q sc couple states with 
different relative angular momentum J A partial wave decomposition of eq. (I) becomes 
therefore rather difficult The angle dependence of the Pauli operator can be eliminated by 
introducing the angle-average Pauli operator, where one replaces the exact Pauli operator 
Q by us average Q over all angles for fixed relative and center-of-mass momenta The 
choice of Pauli operator is decisive tc the determination of the sp spectrum. Basically, to 
first order in the reaction matrix G. there are three commonly used sp spectra, all defined 
by the solution of the following equations 

k2 

£m = e(km) = Cm + um = — ^ - + r m i (244) 

and 

2MN 

k<kp (245) 

Urn = 0, km > kM. 
For notationa! economy, we set jkml = k^. Here we employ antisymmetrized matrix ele
ments (AS), and kjif is a cutoff on the momentum. Further, t m is the sp kinetic energy and 
similarly um is the sp potential. The choice of cutoff &M is actually what determines the 
three commonly used sp spectra. In the conventional BHF approach one employs KM = &Fj 
which leads to a Pauli operator QBHF (ia the laboratory system) given by 

QBBF(Kn,kn) = < , (246) 
: C, else. 

or, since we will define an angle-average Pauli operator in the relative and center-of-mass 
system, we have 

• 0, k < Jk2

F - K2/4 

QBHF{K,K) = \ : , k > kF + KI2 (247) 

tg—* e l s e * 
with kf the momentum at the Fermi surface The difference between the Pauli operators 
in the lab and the relative and center-of-mass systems is shown in fig. 28 (a) and (b), 
respectively. See e.g. [56] for further details The BHF choice sets uj, — 0 for k > fef, which 
leads to an unphysical, large gap at the Fermi surface, typically of the order of 50 — 60 MeV. 
To overcome the gap problem, Mahaux and collaborators [57] introduced a continuous sp 
spectrum for all values of k. The divergencies which then may occur in eq (243) are taken 
care of by introducing a principal value integration in eq. (243), to retain only the real part 
contribution tc the G-matnx. 
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Q=0 

Q=l 

k F K 

(a) (b) 

Fig. 28. In (a) we show the Pauli operator for standard BHF theory in the lab frame, while (b) is 
the corresponding diagrammatic representation in the relative and center-of-mass system. Note 
that K = k„ + k æ and k = £(k„ - k m ) . 

Finally, the model-space BHF approach which we also will employ (to be discussed in 
section 7), adopts a cutoff KM — a&jr» where a is a constant. Thus, the cutoff k&f is given 
as a multiple of the Fermi momentum. A frequently used value [58] is a — 2. This means 
that we extend the BHF spectrum to go beyond kp- Here we limit the attention to the 
standard BHF calculations. A more detailed comparison with the BHF and the MBHF 
methods will be given in section 7. To define the energy denominators we will also make 
use of the angle-average approximation. The angle dependence is handled by the so-called 
effective mass approximation. The single-particle energies in nuclear matter are assumed 
to have the simple quadratic form 

«ou = 2MI 
+ A, i „ < kF 

(248) 

2MN' 
km > kf, 

where M'N is the effective mass of the nucleon and Ms is the bare micleon mass. For 
particle states above the Fermi sea we choose a puie kinetic energy term, whereas fot hole 
states, the terms M# and A, the latter being an effective single-particle potential related to 
the G-matnx, are obtained through th*. self-consistent Brueckner-Hartree-Fock procedure. 
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The sp potential IE obtained through the same aagie-average approximation i56] 

;" i*.p-*m)/2 

U!km^ = Y[2T -t- IMIS •+• 1} < - / k2dkGf,{k,K:) '249: 

+ -̂ — / kdk{k% -{kn -2kf)Gfl(k,K2) 
Ttkm J 

(fcp-fem)/2 

where we have defined 
K\ = 4(J& + k2), (259) 

and 
K\ = 4(J& + k2) -(2k + k m - kF)(2k + h + kF). (251) 

This self-consistency scheme consists in choosing adequate initial values of the effective 
mass and £.. The obtained G-matrix is in turn used to obtain new values for M^ and A-
This procedure continues until these parameters vary little. 

Having discussed how to evaluate the O-matrix for nuclear matter, we will in the remainder 
D{ this subsection study how the much debated tensor force of the NN potential influences 
observabtes like the binding energy per particle m nuclear matter. Tc examplify ihe role 
of the tensor force, we will show results for she potential energy per particle and the 
detect wave function for the 3S\ partial wave m nuclear matter. This discussion is closely 
connected io that in the next subsection, the G-matrix for finite nuclei, and the discussion 
on the T-matrix in subsection 3.3. 

It has oeeii argued that the increased attraction provided by modern meson-exchange po
tentials like those of the Bonn group [11,12], could be ascribed to the fairly weak tensor 
force exhibited by these interactions. In order to quantitatively explain this increased bind
ing we show m this subsection examples usmg the Bonn potentials defined in table A.2 of 
ref [12], where version A exhibits the weakest tensor force. The nuclear mazier results for 
the average potential energy for the partial wave 3 5 i obtained with potentials A, B and C 
are displayed in fig. 29 for the BHF calculation discussed above considering various values 
of the Fermi momentum kp (improvements of these results are given to section 7). 

The bulk of the G-matrix in the 3 5 j wave behaves similarly to the scattering matrix T, 
:.e. 

G*Vc-t VT %—*VT. (252) 

The latter equation differs however from the equation for the T-matrix (see subsection 3.3) 
due to the Pauli operator and the fact that the starting energy is given for particles in 
a medium. The second term in eq. (252) is then quenched by the combined effect of the 
Pauh operator and the attractive energy denominator. Thus, since all potentials are fit tc 
the same set of data, a potential with a weak (strong) tensor force needs a larger (weaker} 

76 



Potential energy for the Sl channel 

1.2 \ 6 2 2.4 

Fermi momentum kF (fm"1] 

Fig. 29. Contributions to the binding energy per particle from the 3 S , partial wave from the Bonn 
A, B and C potentials discussed in the text. Taken from ref. [59]. 

central force to arrive at the same on-shell scattering matrix. In the nuclear medium, the 
quenching of the second term will then be the more important the larger the tensor force. 
This is clearly reflected in fig. 29. At small values for the relative monentum k, the potentials 
differ negligibly, which reflects the fact that all potentials yield the same on-shell T-matrix 
At higher densities, the quenching mechanisms due to the Pauli operator and the energy 
denominator account for the differences in binding exhibited by the three potentials, with 
the potential exhibiting the weakest tensor force (A) being the most attractive. 

In connection with the tensor force, it is also instructive to consider the behavior of different 
potentials lu a nuclear medium, by analyzing the renonnalized wave functions arising 

77 



from ihese potentials We see from the eq. (203) that the second term contains the Pauli 
operator y , such that the difference between the uncorrected and the correlated wave 
functions, the defect wave function % discussed in the two previous subsections., contains 
only contributions compatible with the Pauli principle. In configuration space, for a given 
value of k, we can write the wave function $ as 

n,-l M -lt\x 2 1 dqq2iv(qT)Q{q,K)G?v(qkKu) 
y,AT,K) = Ji(fa-)«H' + - .' „ , r,s . U53; 

with the starting energy u> defined above. Tc calculate the wave function $ we employ here 
the Bonn A potential defined by the parameters of table A.2 in ref. [12]. Further, rather 
thai, using the Bonn B and C potentials, we plot results for the Paris potential [13] and 
the Reid-soft-core potential [14], potentials which have been widely used in both nuclear 
matter and finite nuclei calculations. The tensor force of the Paris potential is similar 1c 
that of the Bonn C potential The BHF self-consistent results with kp = 1.4 £m~ : have been 
used In fig. 30 we show the defect wave function, i.e. the second term on the nght hand 
side of eq. (253), in coordinate space for the above three potentials for the 3 5 j channel 
We aisc include the defect wave function obtained with the short-range parametrizaticn 
-?o(^ r)(! — Joiqr)) with 5 = 800 MeV (roughly the mass of the heaviest mesons in QBE 
models for the NN potential). The latter parametrization has been a much favored choice 
in the literature [60,61], and it is amusing to see how well these Bessel functions agree 
with the defect function of the Reid potential. However, it is important to note that fig 
30 reflects the fact that potentials with a weaker tensor force exhibit the smallest defect 
function at shori distances and at distances were the potential is attractive. This leads in 
turn to larger G-matnx elements and explains why potentials like the Bonn A result in 
more binding energy for nuclear matter and finite nuclei. Finally, it is also worth noting 
that ali potentials result in similar defect wave functions at larger r values, where one-pion 
exchange dominates. 

5.4. Double-partiiioned scheme for calculations of the G-matrix f or finite nuclei 

Before we proceed in detailing the calculation »he G-matrix appropriate for finite nuclei, 
certain approximations need be explained. 

As discussed m section 4, the philosophy behind perturbation theory is tc reduce the 
intractable ful] H Ob ert space problem to one which can be solved within a physically 
motivated model space, denned by the operator F The excluded degrees of freedom are 
represented by the projection operator Q. The definition of these operators is connected tc 
the nuclear system and to the perturbative expansions defined in section 4. Consider the 
evaluation of the effective interaction needed in calculations of the low-lying states of 1 8 0 . 
From experimental data and theoretical calculations the belief is that several properties of 
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Fig. 30. Contributions to the defect wave function for the 3 5 t partial wave from the Bonn A, 
Paris and Reid-soft-core potentials discussed in the teit for k = 0.8 fm~ l. 

this nucleus can be described by a model space consisting of a closed 1 8 0 core (consisting 
of the filled Os- and Op-shells) and two valence neutrons in the lsOd-shell. In fig. 31 we 
exhibit this division in terms of h.o. sp orbits. The active sp states in the lsOrf-shell are 
thee given by the 0<f6/j, 0 i i } / 2 and l j ^ orbits, labels 4 — 6 in fig. 31. The remaining 
states enter the definition of Q. Once we have denned P and Q we proceed in constructing 
the G-matrix and the corresponding perturbative expansion in terms of the G-matrix. 
There are however several ways of choosing Q. A common procedure is to specify the 
boundaries of Q by three numbers, T^, n 2 and n 3 , explained in fig. 32. Foe 1 8 0 we would 
choose (n, = 3 ,n 2 = 6, n3 = oo). Our choice of f-space implies that the passive single-
particie states start from the Ip0/-shell (numbers 7-10 in fig. 31), and orbits S, 2 and 
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Orbit number 
4s-3d-2g- ii-Ok 37-45 

3p-2f-lh- Oj 29-36 

3s-2d-lg-Oi 22-28 

2p-lf-0h 16-21 

2s-ld-0g 11-15 

Ip-Of 7-10 

Is-Od 4-6 

Op 2-3 

Os 1 

Fig. 31. Classification of harmonic oscillator single-particle orbits. 

3 are passive hole states. Stated differently, this means that Q is constructed so as to 
prevent scattering into intermediate two-particle states with one particle in the Os- or 
0^-shells or both particles in the ljOd-shell. This definition of the (?-space influences the 
determination of the Q-box discussed in section 4. Consider the diagrams displayed in 
fig. 33. Diagram (a) of this figure is just the G-matrix and )• allowed in the definition 
of the Q-box . With our choice (n\ = 3,n 2 = 6 ,n 3 = oo), igram (b) is not allowed 
since the intermediate state consists of passive particle states and is already included m 
the evaluation of the £7-matrix. Similarly, diagram (c) is also not allowed whereas diagram 
(d) is allowed. Now an important subtlety arises. If we evaluate the G-matrix with the 
boundaries (rti = 3, n^ = 10,713 = 00), and define the P-space of the effective interaction 
ay including orbits 4 to 6 only, then diagrams (b) and (c) are allowed if 7 < pi,p? < 1 0 i e 

1 5 A word on notations: In referring to model-space diagrams, greek letters will always represent the sp 
orbits which define the model space, whereas latin letters represent the remaining orbits. Notice however 
that, particle or hole labels may ran over model-space orbits as well. In this case, the total two-body wave 
function does not belong to the chosen model space. 
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n2 

0=1 

t f 
ni n2 n3 

Fig. 32. Definition of the P (shaded area) and Q operators appropriate for the definition of the 
G-matrix and the effective interaction. Outside the shaded area limited by the boundaries n 1 ; -n,% 

and n3 F = 0 and Q = 1. 

In this way we allow for intermediate two-particle states as well with orbits outside the 
model-space of the effective interaction. The reader should notice the above differences, 
i.e. that the (J-space defining the G-matrix and H^ may differ. Throughout the rest of 
this work we will apply such different <3-spaces, and label the Q-operator of the G-matrix 
by Q Several arguments for choosing {n\ = 3,n.2 = 10, n 3 = oo) in calculations of the 
G-matrix appropriate for 1 8 0 can be found in refs. [62,63]. Here we limit the attention tc 
the removal of the dependence on the auxiliary potential U in the definition of G. Since 
the interaction term H\ — V — U'\$ used to define the Q-box , there certainly are diagrams 
with U vertices in the Q-box . Certain of these diagrams can be removed by adding ladder 
type diagrams with U insertions to the intermediate states of the G-matrix. Such terms are 
shown in fig. 34. By adding such diagrams ( this amounts to summing a geometric series 
in U) we obtain a new G-matrix G 

G = V-t-V V - ^ G , 
u-QTQ 

(254) 

defined as the sum of all ladder diagrams with U insertions to the intermediate states as 
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(a) 

Fig 33 Examples of diagrams which may define the <j-box . Greek letters are active sp states 
while orbits which define Q are given by latin letters, with p; and h* representing particle and 
hole state t, respectively. An upgoing arrow represents a particle state (both active and passive] 
while a downgoing arrow is a hole state. 

•X '^%/N/^^y 

(a) (b) 

Fig 34 Examples of ladder diagrams with U and BHF insertions to the intermediate particle 
states. 
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weD The question now arises, which G-matnx should one choose, G or G? Here we recast 
some of the arguments given by the authors of ref. [63]. First, sines the hamiltoiuan H 
does not depend on U one should seek to minimize the dependence of G on U. This :s 
actually accounted for in our definition of G. Secondly, the BHF self-energy insertions for 
iugh-iying states in diagram (b) of fig. 34 may not cancel the corresponding U insertion 
diagram m (a), since the BEF insertions to a particle line are off the energy shell. For 
iow-iying particle states the off-shell character of the BHF insertions is in general rather 
weak [63], and the cancellation between diagrams (a) and (b) is approximately exact. For 
high-lying states it is not clear whether this cancellation may take place. Thus a G-matnx 
defined in eq. (254) is to be preferred since the G-matrix of eq. (1) presupposes that U and 
BHF insertions to intermediate particle states cancel exactly. There are also considerations 
which favor G from studies of three-body clusters in nuclear matter [63]. In those studies, 
certain three-body clusters nearly cancel diagrams with BHF insertions to the intermediate 
particle states, leaving only terms with U insertions included in G. 

The above remarks made the authors of ref. [63] suggest a two-step approach to the cal
culation of the G-matrix for finite nuclei. The intermediate states are divided into two 
parts, high-lying and low-lying ones. For the low-lying states one ignores all self-energy 
insertions, due to the above nuclear matter arguments. Thus one should use G for high-
lying intermediate states only. For the low-lying states, one assumes that the U and BHF 
insertions cancel approximately, leading to the G-matrix of eq. (1) with V replaced by G 
and Q restricted to iow-Iying intermediate particle states. This explains also out choice of 
boundaries for P and Q, given by (n-± — 3,7i2 = IG,n3 = oo) for 1 8 G. 

Let us be more specific and detail this double-partitioned procedure. We have defined G 
m terms of plane wave intermediate states, while G has harmonic oscillator intermediate 
states (this is one possible choice for U). We divide the exclusion operator into two parts> 
one which represents the low-lying states Qi and one which accounts for high-lying states 
Qh, viz. 

Q = Qi + QH = Qi + Q. 

If we consider 1 8 0 as our pilot nucleus, we may define Qi to consist of the sp orbits of 
the lpO/-sheli, orbits 7 — 10 in fig. 31, described by h.o. states. Qh represents then the 
remaining orthogonalized intermediate states. Using the identity of Bethe, Brandow and 
Petschek [23] of eq. (214) we can express G in terms of G as 

G = G + G(—%r)G> (255) 
\w — HQ/ 

where 

G = V + T / -2 i -G , 
iy — T 

and we have assumed that G is hermitian and that [Qi, Ho] = 0. We see again that the 
philosophy behind both the separation and reference-spectrum methods is employed here 
as well. We first calculate a "reference" G-matnx (G in our case), and then insert this in 

83 



che expression for the full G-matrix. The novelty here is that we are able to calculate G 
exactly through operator relations to be discussed below. In passing we note that G depends 
significantly on the choice of HQ, though the low-iymg intermediate states are believed tc 
be fairly well represented by h.o. states. Also, the authors of ref. [63] demonstrate that low-
lying intermediate states are not so important in G-matrix calculations, being consistent 
with the short-range nature of the NN potential. Since we let Qi to be defined by the orbits 
of the 1 pO/-shell, and *he energy difference between two particles in the sd-shell and pf 
shell is of the order —14 MeV, we can treat G as a perturbation expansion in G. Eq. (255) 
can then be written as 

G = G 4- G (—^t-) G + G f — ^ = r ) G ( — % ^ G + ... (256) 
\w - H0J W - H0 J Vw - H0J 

The only intermediate states are those denned by the lpO/-shell. The second term on 
the rhs. is nothing but thu second-order particle-particle ladder. The third term is then 
the third-order ladder diagram in terms of G. As shown by the author J of ref. [63], the 
inclusion of the second-order particle-particle diagram in the evaluation of the Q-box , 
represents a good approximation (in our work we will include all diagrams through third 
order). However, the still unsettled problem is how to define the boundary between Qi and 
Qh-

Now we will discuss how to compute G. The quenching of the tensor force due tc *he 
dependence of the starting energy and the Pauli operator are also discussed. Finally, the 
reader has probably noted that in the above examples we have set n 3 = oo. This is however 
not feasible in actual calculations, which in turn dictates an approximation to n 3 . We 
discuss such approximations as well. 

In this work we solve the equation for the G-matrix for finite nuclei by employing a formally 
exact technique for handling Q, originally presented by Tsai and Kuo [62] and discussed 
in ref. [63]. Tsai and Kuo employed the matrix identity 

Q J^Q = 1 - l p . * . p l (257'. 
QAQ A A PA-1? A 

with A = u -T>io rewrite eq. (254) a s 2 0 

G = GF + AG, (258) 

where GF is the free G-matrix denned as 

GF = V + V—L-GF. (259) 
w — 1 

3 0 We will omit the label G fox the G-ruatrir for finite nuclei, however it is understood that the G-matrbc 
for finite nuclei is calculated according to eq. (254) This means that we have to include the particle-
particle ladder diagrams in the Q-bax . The labels Q and P remain in order to distinguish these from 
those employed in the definition of the effective interaction. 
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The term AG is a correction terra defined entirely within the model space P and given by 

AG = -V±F - X . P -
A P.A-*P A 

Employing the definition for the free G-matrix of eq. (259), one can rewrite the latte: 
equation as 

AG = -GF-P-*-, -^P-GFt (261} 

with e = w — T. We see then that the G-matrix for finite nuclei is expressed as the sum 
of two terms; the first term is the free G-matrix with no Pauli corrections included, while 
the second term accounts for medium modifications due to the Pauli principle. The second 
term can easily be obtained by some simple matrix operations involving the model-space 
matrix P only. 

To calculate GF one needs only to solve eq. (259) via e.g. momentum space inversion 
techniques [56]. The equation for the free matrix GF is solved in momentum space and we 
obtain 

(kKlLJST] GF \k'KVLJS'T). (262) 

Transformations from the relative and center-of-mass motion system to the lab system will 
be discussed below. 

To obtain a G-matrix in a h.o. basis, eq. (262) is transformed into 

(nNILJST\GF \riN'VVJS'T), (263) 

with n and N the principal quantum numbers of the relative and center-of-mass motion, 
respectively. Moreover, the wave function \nlNLJ ST), with nNIL the oscillator quantum 
numbers of the relative motion and center-of-mass, is related to \klKLJST) by [64] 

\nlNLJST) = j k^K^kdKRntiy/^a^RffLiJl/iaK) \klKLJST), (264) 

with a being the oscillator length and R„j and RNL the HO functions in momentum space. 

Depending on the choice of single-particle basis, the G-matrix elements needed in the 
e q u a t i o n of the above expressions take different forms. The most commonly employed 
sp basis is the harmonic oscillator, which in turn means that a two-particle wave function 

(260) 
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vniix total angular momentum J aud isospiE T casi be expressed as [65] 

\{nJa}a)(ni,hjb)JT) = lf \ s Y, E F x (^1-57} 

x (niN L\nJ«nblb) \nlNLJST), 

where the term {nlN L[nalanblb) is the familiar Moshinsky bracket, see e.g. ref [65]. The 
term (ab\LSJ) is a shorthand for the LS — j j transformation coefficient, 

(ab\\SJ) = i j j l S j J t sb j b \ • (266) 

[A s j j 

Here we use x = ->/2z 4- I. The factor F is defined as F = "" ' " j r if a c = ^j, 

The G-matnx in terms of harmonic oscillator wave functions reads 

<(oijjriG|(cd)jr)= £ £ / ( i - ( - i ) » ^ 
XVSS'J nin'I'WI ^ ( 1 + Sab){l + S^j) 

x(oi|A5J){aJ|A'5'J) (»JJVL|n.( an lf.A) (nTJViM.n . lW ' ) 
) f r. „ v i ' 2 5 7 : (LI *\ { L V >'] 

[SJJ\ [S J 3) 

x (nNlLJSTl G In'N'l'L'JS'T), 

where G is the given by the sum G = Gf u AG. The label a represents here all the single 
particle quantum numbers nalaja. 

The only approximation needed in the calculation of the G-matrix is the choice of the 
boundary variable n 3 . In table 4 we display matrix elements of the ad-shell for J = 0,1 
and T — 0,1 using different approximations to n3

 n . The results have been obtained with 
the Bonn A potential of table A.l of ref. [12]. An oscillator energy of 14 MeV was used. 
The starting energy is —10 MeV. The most signiiicant contribution stems from values of 
n 3 < 2i, whereas greater n 3 values give only small contributions. For the abov<- matrix 
elements this can be understood from simple considerations on conservation of ihe center-
oi-mass momentum. The matrix elements are given for valence space states, and the valence 

3* Hereafter we abbreviate (ni = 3, n 3 = 10, n 3 = z) to f3,10.x). 
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panicles have momentum around kp. This means that an intermediate particle state m the 
calculation of the G-matrix can at most achieve a momemtum ~ 3&j?, when the boundaries 
are defined as (3, 10, a:)} since the hole momentum can at mosi be equal hp It is worth 

Table 4 
Dependence of the G-matrix on the choice of n 3 for matrix elements m the stf-shell for J = 0,1 
and T = 0. i. 

JT i. Js 7c 3d (3 ,10,45) (3,10,66) (3,10,78) (3,10,91) (3,10,120) 

01 4 / 2 4 / 2 4 / 2 4 / 2 -1.713 -1.712 -1.712 -1.712 -1.712 

10 -0.S52 -0.54S -0.548 -0.548 -0.548 

01 4 / 2 4 / 2 4 / 2 4 / 2 -0.324 -0.323 -0.323 -0.323 -0.323 

10 -0.339 -0.336 -0.335 -0.335 -0.335 

01 till «1/2 «1/2 «1/2 -2.418 •2.417 -2.417 -2.417 -2.417 

1G -3.762 -3.718 -3.700 -3.691 -3.690 

noting however that the T = 0 matrix elements show a much weaker convergence compared 
with the T = 1 elements. The latter can be approximated with the choice (3,10,45), 
whereas the T = 0 matrix elements show differences of the order 0.1%-0.7% when going 
from n 3 = 66 to n3 = 91. For n 3 = 91 and higher values the difference is negligible 2 2 

Could this poorer convergence in the T = 0 channel be retraced to the tensor force? To 
Detter underst:_nd this let us single out the matrix elements 

{[Osi/2)2 JT = 10| G \(0slf7)2JT = 10)., (2681 

and 
{{0s1/2)2JT = Olj G \{0i1/2)2JT = Ol) . (269\ 

The first matrix element receives contributions from the 3 5 j partial wave only The 3 Z) 1 

partial wave comes in as an intermediate state contribution in the evaluation of the G-
matrix and serves to quench the second- and higher-order contributions. Thus, the first 
matrix element allows us tc study directly the dependence on the tensor force. Also, the 
partial waves 3S\ and 3D\ are the most important ones in the analysis of the tensor force 
(recall the nuclear and neutron matter discussion). The second matrix element receives 
contributions from the 1SQ partial wave only. 

In order to test the dependence upon the tensor force we display in table 5 the results for 
72 For n 3 = 66, this means that the we include sp orbits np to the last orbit in the 5*4rf3<F2iU0m-fhell, 
TI3 = 78 means the last oibit in the 5p4/3/»2;li0n-shell and so forth. 
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one aoove two matrix elements obtained with, both the Bonn A and C potentials of table 
A 1 oi ref. [12], with the C potential exhibiting the stronger tensor force. We see from this 

Table 5 
Dependence of the {(0si/2} :| G |{0$i/3}

3) matrix element on the choice of n5 for the Bonn Å (first 
row in each entry) and the Bonn C potential (second row) for a starting energy —5 MeV. 

JT {(Os1/7)
2\G\(0*i;i)

2) (3,10,45) (3,10,66) (3,10,78) (3,10,91) (3,10,12G) 

-9.341 -9.331 -9.328 -9.328 -9.327 

-S.100 -9.088 -9.084 -9.083 -9.082 

-8.783 -6.783 -6.783 -6.783 -6.783 

-6.793 -6.793 -6.793 -6.793 -6.793 

table that the JT — 01 matrix elements converge rapidly, irrespective of potential. The 
differences between the two potentials is also neglibie, reflecting the fact that the 1So partial 
wave does not receive contributions from the tensor force. The JT = 10 Matrix elements 
stabilize first around n.3 — 66 — 91. However, we see that the convergence of the Bonn 
A potential is slightly faster than the Bonn C potential. The difference between (3,10,45) 
and (3,10,78) is 0.14% for the Bonn A potential whereas for the Bonn C potential we have 
0.18%. Although these differences are small, they reflect that potentials with a weak tensor 
force experience a larger quenching of Gp in the T = 0 channel. We demonstrate this in 
ngs 35 and 36 where we plot both the total G-matnx and Gp as functions of the starting 
energy for both potentials with a Pauli operator defined as (3,10,66). Fig 35 shows the 
results for the JT — 01 channel, whereas fig. 36 shows the JT = 10 matrix elements 

The JT = 01 matrix elements obtained with the Bonn A and C potentials show only 
negligible differences, both for GF and G. This explains why the convergence in the above 
table is rather similar for the two potentials. Moreover, the difference between Gf and 
G is aot so large in the JT = 01 channel. For the JT = 10 matrix elements at small 
starting energies, the difference between Gp and G is much more dramatic, as shown in 
fig. 36. The Gf-matrix for the two potentials differs already at small energies, by roughly 
2 MeV. This may explain why potential A converges faster in table 5. The quenching of 
Gp as a function of the starting energy for the two potentials is not so different however, 
though the quenching of Gp for the Bonn C potential is slightly larger. Gp for the Bone 
A potential is quenched 63% when going from a starting energy of —5 MeV to — 14C 
MeV The corresponding number for the Bonn C potent ;al is 57%. For the final G-matnx, 
which now takes into account both the Pauli operator and the starting energy through 
£ G , the quenching is much stronger than that for Gp. The G-matnx of the Bonn A 
potential is quenched 17% when going from —5 to —140 MeV in starting energy, whereas 
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-140 -120 -100 

Starting energy [ MeV] 

Fig. 35. The free G-matrn (Gp) and the G-malnl(G) for <(0a,/i)VT = 01|G \{0su,)'JT = 01) 
obtained with the Bonn A (solid lines) and C (dashed lines) potentials described in the text as a 
function of the starting energy. 

the corresponding number for the C potential is 26%. It is also worth noting that the effect 
of the Pauli operator is more important in the T = 0 channel at small starting energies. 

The quenching due to the Pauli operator and the starting energy, explains why a potential 
with a weak tensor force results in G-matrix elements which in general are more attractive 
compared to a potential with a stronger tensor force. We will see examples of this in sections 
6-8. For the applications of the G-matrix to calculations of the effective interaction it 
chapter four, we will approximate ns s 66. For j<f-shell nuclei we then have the boundaries 
(3,10,60). For nuclei in the mass regien of calcium, the sp states in the lpO/ shell are used 
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Quenching of She G-matrix 

I i L u — ' i . . . i 
•140 -120 -100 -8C -60 -40 -20 0 

Starring energy [ MeV] 

Fig. 36. The free G-matruc (Gr) and the G-matrii (G) for ((0s I / 3 ) 3 JT = 10| G KOsi,,)2 JT = 10, 
obtained with the Bonn A (solid lines) and C (dashed lines) potentials described in the text as a 
function of the starting energy. 

ic determine the model space appropriate for the effective interaction. The boundaries nj , 
TI2 and n3 become then (6,15,66), see fig. 31 for the number assignements. For nuclei in the 
mass region of tin, we choose the 2sld0g shell (except the Op9/j orbit) as our model space 
and the G-matnx is calculated with the boundaries (11,21,66). 

Finally, instead of a h.o. basis we could employ a representation for the two-particle wave 
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\ function where both particles are represented by piane waves. In this case we have [64,66,67] 

•{KlajaKhkjkpT) = *T } k2dk ! KidKFx(ab\XSJ) 
ILXSJ" 

xt_1\x-tj-L~s)i I L ' X i {270': 

[SJjj 
x {klKL\kJMk) \klKLJST), 

where the term (klKL\kalakt,lb) is the vector bracket defined in refs. [66,67]. We coxdd 
correspondingly define a G-matrix in terms of plane waves only, or in a mixed representation 
by noting that the two-particle wave functions with \(nJaja)(kblbji,)JT), can be obtained 
from the latter equation through 

\{nJa3a)(hhjb)JT) = / kldKtU.i.iak.) \(kaU.)(kbibjb)JT) (271) 

6. Results for finite nuclei 

6 ; Introduction 

In this section we calculate effective interactions appropriate for nuclei in the mass regions 
of oxygen, calcium and tin, using the formalism presented in section 4 and G-mamces 
obtained with the Bonn A, B and C potentials irom table A.i of [12]. However, before 
presenting these results, we need to deal with technicalities and problems which arise in the 
evaluation of the effective interaction. Typical problems which arise are the convergence uf 
the order-by-order perturbative expansion, the summation over intermediate states which 
arise in the various Feynman-Goldstone diagrams and so forth In the next subsection we 
discuss some of these problems, and methods to overcome the difficulties which anse. In the 
subsequent subsections, we present our results for nuclei in the above mass regions. Finally, 
in subsection 6.6 we outline how to calculate a hermitian effective interaction, appropriate 
for multi-shell effective interactions. 

Concluding remarks and open problems resulting from our calculations will be presented 
in section 9. 
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6.2. problems in perturbation theory 

6.2.1. intruder states 

h is a well-known fact that the presence of so-called intruder states [1,47] may lead tc 
the divergence of the order-by-order perturbative expansion for H^g. To understand the 
intruder-state problem, let us illustrate their meaning and importance by considering the 
spectra for the three lowest-lying 0* stales in I 8 0 . These are displayed in fig. 37 In calcu-

«I 

__) 1 
z=0 z=l 

Fig 37. Intruder states in "O. 

lations of effective interactions for 1 8 0 , one normally chooses a model space consisting of a 
closed 1 6 0 core with two nucleons in the sp states of the ad-shell. This model space consists 
of two-particle states only, and for J = 0 we have three 0 + states. However, from model 
calculations of energies and electromagnetic properties and experimental data, the belief 
is that the 0J state is predominantly of a four-particle-two-hole nature, while the ground 
state and the 0,' state are classified as two-particle states. In the left part of fig. 37 we show, 
in a schematic way, the unperturbed eigenstates with a degenerate model space, arising 
from the unperturbed hamiltoman H0. The model space states are separated from those of 
the excluded space by an amount A We let the hamiltonian of the system be described as 
Ho -r- zHi, where Hi is the interaction term and 0 < z < 1 is just a strength parameter with 
: = 1 resulting in the fully interacting system. As we switch on the interaction term zHx, 
the £-space terms come down into the P-space region, and we have a situation where one 
Q-space eigenvalue becomes the 0^ state. Thus, as inferred by Schuchan and Weidenmuller 
'47], the order-by-order perturbative expansion should not converge if we restrict a model 
space to consist of two-particle states only. 

One way to handle intruder states is that of introducing an enlarged model space which in-

I 
I QHoQ 

n 

PH 0P 
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eludes intruder states. Such calculations do however become prohibitively time-consuming 
foi nude: heavier than ja-shell nuclei There are also other approaches which aim at over
coming the divergence of the order-by-ordei expansion, of Heir- One may e.g. regroup the 
perturbative expansion and perform infinite partial summations to obtain convergence. 
The folded-diagram approach we will apply :n our calculations, is an example of such a 
method 

An important point in connection with the intruder state discussion, is that the derived 
two-body (or three-body) effective interaction, is in conventional shell-model calculations 
used to compute the spectra for nuclei with more than two valence nucieons. For such 
systems, the degrees of freedom represented by intruder states, may not be relevant for say 
2 8 Si. From this argument, although the effective sa-shell interaction is not fully appropriate 
for 1 8 0 , it may very well be a good approximation to the low-lying spectra of nuclei with 
more than two valence nucieons. Finally, even if the effective interaction expansion for l s O 
should diverge at higher order, most effective interaction calculations show that (see e.g. 
{52]) the admixture of Q-space states is weak at low orders in the interaction, and gives 
a fairly good reproduction of the lowest lying states, though, this effective interaction» as 
we will discuss in the next subsections, is not able to reproduce e.g. the second 0"1" state in 
1 8 Q 

5 £.£. evaluation of the Q-box 

There are also other problems which arise in the evaluation of the effective interactions 
In section 5 we studied the stability of the G-matnx as a function of n.3, where ns defines 
the Pauli operator for finite nuclei, see fig. 32. Here we extend this discussion to higher-
order diagrams as well. Other questions we deal with is how to approximate the Q-box, 
ana bow to restnct the summation over intermediate states in each Q-box diagram :c a 
reliable way The Q-box is the starting pomt in our calculations of the folded-diagram (FD) 
effective interaction. Thus, the reader should note that when we discuss the convergence of 
;he effective interaction, we will not only deal with the order-by-order convergence of the 
effective interaction, but extend our discussion on convergence to include the convergence 
of the sum over intermediate states in each diagram, and the convergence in terms of n 3 . 
We bum the discussions to the id-shell, although the qualitative behaviors presented apply 
equally well to the other mass areas 

To obtain the effective interaction we first need to calculate the Brueckner G-matrix by 
solving the Bethe-Goldstone equation. The latter has been solved employing the Bonn 
A, B and C potentials discussed in section 5 for various starting energies w, with w = 
-140, -90 , -50, - 2 0 , - 5 MeV. The Pauli-exclusion operator is denned such as tc prevent 
scattering into intermediate particle states with a nucleon in Qs or Op states or both nucieons 
tn the Is - Odf or \p - Of shell, or in terms of the boundaries n\,nj and n 3 (nj = 3 ,n 3 = 
10, n 3 = oc). Below we will see that nj — 66 is a fairly good approximation. We use an 
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} oscillator parameter 6 defined through the relation fm = 45A~l^s — 25A~2^ = 14 MeV, 
which gives b = 1.72 £m. The ladder terms with two particles in the IpO/ shell are taken 
into account explicitly when we evaluate the diagrams which enter the Q-box. 

The oper question is how to approximate the Q-box. Until recently, a Q-box including 
ah hnked and irreducible diagrams through second order in the G-matnx bas been the 
common choice. Examples of such calculations with a second-order Q-box can be found 
in ref. (68) for the sti-shell and the recent work of Polls et al [69] for the p/-shell. The 
constituent topologies of a second-order Q-box are listed in appendix A for the one-body 
and two-body diagrams respectively, i.e. diagrams (I-i) to (1-4) in fig. A.6 and (2-1) £c 
{2-4} m fig. A.7. Conventionally, since the single-particle energies are poorly reproduced, 
one approximates the one-body part with the experimental single-particle energies. Having 
accounted for the one-body terms in an effective way, one could represent the Q-box by 
only including the bare G-matrix and the core-polarization term, diagram (2-2) in fig. A.7 
This was the original approach presented by Kuo and Brown [17,70] in order to determine 
an effective interaction for mass-18 nuclei. The remaining second-order two-body diagrams 
of fig. A.7 were also included. Moreover, the area of investigation was extended to heavier 
nuclei, such as those m the calcium region [71] and to the lead region in the work by Kuo 
and Herling [72]. 

The success of these early calculations is demonstrated, in spite of their age, by the fre
quent use of the obtained interactions in various calculations of nuclear properties, either 
m .heir original form or m a somewhat modified form [73-75]. Several improvements tc 
the original Kuo-Brown approach can be found in the literature [2], using either the par
tial summations of the folded diagrams as discussed above, or by including renormalized 
particle-hole interactions as advocated by the random-phase approximation or studying 
the perturbation expansion order-by-order in the interaction. Following the latter philos
ophy, Barrett and Kirson [76] showed that third-order contributions played a sizable role, 
questioning thereby many of the conclusions reached m previous works. Typical examples 
of third-order topologies are shown in appendix A, figs. A.6 and A.7. To evaluate the Q-box 
we will expand the denominator of cq. (102) such that we obtain a perturbative expansion 
lor the Q-'oox which reads 

PQP = PHlP + p(nl-2lrHl-rIll—Qlrlit-2lrHl+ .)P, (272) 
\ w — no w — slo w — Ho ' 

ln actual calculations, the interaction H\ is replaced by G — U. 

3efore we study various properties of the Q-box , let us first discuss the physical meaning of 
many of the diagrams shown in appendix A The second-order two-particle ladder diagram 
nas already been discussed in section 5 Diagram 2-4 of fig. A.7 in appendix A, represents 
:he admixture of four-particle-two-hole stales, configurations which are important for nucie. 
near a closed core nucleus like l a O . In this sense, diagram 2-4 is supposed to represent 
degrees of freedom (such at 4p-2L ".trader states) not included in the definition of the 
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Fig. 38. Snapshots of the core-polarization process. 

model space. One might then argue that in calculations of the sd-sheW effective interactions 
one should not include diagrams with 4p-2h intermediate states in order to avoid double 
counting. However, the majority of 4p-2h states are not intruder states, so one would 
probably make less error by including diagrams with 4p-2h intermediate states. Also, tc 
low orders in the interaction, the Q-space component is weak [52]. Diagram 2-2 in the same 
figure is the well-know core-polarization term, and its physical interpretation has been 
discussed by several authors, see e.g. refs. [2,17]. Here we restate the arguments of ref. [2]. 
A decomposition of the core-polarization diagram into J and 7 of the intermediate states, 
shows that the dominant contribution comes from J = 2 and T = 0, which corresponds to 
a quadropole-quadropole interaction. This quadropole component gives rise to a long-range 
component in the effective interaction, a long-range component which can be understood 
from the following pictorial configuration space representation of the core polarization 
process in fig. 38. In order for two nucleons to interact via the G-matrix, they must be 
fairly close to each other. Thus two valence nucleons on opposite sites of the core, see (a) 
in the above figure, cannot interact directly via G. However, they may interact via the 
exchange of a particle-hole excitation as shown by the series of snapshots of the process 
depicted in (b)-(d). First, the valence particle a interacts, thus being left in a state 7, with 
a nearby core particle, creating a particle-hole pair (b). This particle-hole pair propagates 
over to the valence particle /? (c) in a time interval AT Ri h/AE, where AE is the excitation 
energy. When the particle-hole pair is close enough to /3 (d), it is then annihilated, leaving 
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0 in a state S (e). Tau» a long-range effective interaction it generated between & pair of 
valence particles a and 0, leaving them in states i and S. 

For several years, the belief was after the work of Kuo and Brown (17|, that the effective 
interaction could very well be approximated by the G-matrix, which account» for the short-
range part of the interaction, and the core-polarization diagram to second-order. However, 
although the results of Kuo and Brown resulted in a good agreement with the data, these 
findings were questioned by Barrett and Kirson [76] who found many third-order JT = 01 
matrix elements to be as large as the second-order contributions, and of opposite sign. 
To demonstrate the importance of third-order diagrams, we present in table 6 various 
contributions to a third-order Q-box for selected model-space configurations 1 3 in the td-
sheli The value of n 3 = 66 was used, an approximation we found t c be rather good in 
section S and in the discussion below, see table 7 We see from table 6 t h a t , al though many 

Table 6 
The id-shell two-body contributions to the Q-box for selected configurations obtained with the 
Bonn A potential. G denotes the bare (7-matrix, CP is the second-order core-polarization diagram 
whereas 2nd means all two-body second-order diagrams. 3rd means all third-order diagrams 
without folded diagrams. All entries in MeV. 

JT u 3t U U O CF 2nd 3rd 

01 4 / 2 4 /2 4 / 2 4 / 2 -1-712 -1.086 -1.763 0.471 

10 -0.314 -0.353 -1.126 -0.17S 

01 4 / 2 4 / 2 4 / 2 4 / 2 -3-462 -0.843 -1.193 1.247 

10 2.66S -0.721 -0.692 -0.044 

01 4 / 2 4 / 2 s m « m -0.810 -0.409 -0.588 -0.135 

10 -0.493 -0.204 -0.548 -0.263 

01 4 / 2 4 / 2 4 / 2 4 / 2 -C.323 -0.522 -1.057 0.061 

10 -0.113 -0.10S -0.428 -1.006 

0i 4 / 2 4 / 2 «1/2 "1/2 -0.662 -0.253 -0.399 -0.007 

10 -0.395 0.253 0.310 0.225 

01 5 1 / 2 Si/2 *i/2 «1/2 -2.417 -0.054 -0.136 -0.301 

10 -3.50S 0.176 -0.422 -0.665 

2 3 Note well that we omit highei-oidei diagrams with Hartree-Fock insertions. We will tacitly assume that 
a h.o. basis reproduces the spectra fairly well, although fo; the less bound states in e.g. 1 8 0 , this may not 
be too realistic a choice, see the discussion of lef. [2]. 
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third-order contributions are small compared with the second-order ones, some of them are 
rather large, of the size of, or even larger than the G-matrix Thus, we can not neglect third-
order terms completely and will retain them in oar calculation of the Q-box Moreover, in 
this table we have neglected third-order folded diagrams, which may be rather large and 
repulsive. Similar conclusions apply to matrix elements in the p / - and j<fø-shells as well 
The reader should note that the above JT combinations have been chosen since they give 
the largest differences between second and third order. For the other JT configurations 
such differences are smaller. The JT = 01 and JT = 10 configurations yield the largest 
third-order terms in the tin and calcium regions as well. 

The third-order contributions can however be reduced if one uses a Hartree-Fock basis, 
as shown in ref. [77], though the agreement with the experimental data for 1 8 0 was not 
as good as that obtained with a h.o. basis. Another mechanism which reduces the size 
of a higher-order diagram, is to take into account the dependence of the G-matrix of the 
starting energy, see appendix A for relevant examples. Since the G-matrix is not on-shell for 
the intermediate states, a proper evaluation of the starting energy dependence reduces the 
absolute value of the G-matrix (see the discussion in section 5), and thereby the absolute 
value of the higher-order diagram. For starting energies close to the chosen unperturbed 
model-space sp energies, the variations in G are rather small, though for a diagram like the 
2p-lh diagram discussed in appendix A, the starting energy of the intermediate G-matnces 
is UJ ss £h — Ep, which is of the order —30 MeV or more. This number should be compared to 
the starting energy appropriate for arf-shell nuclei, approximately —10 MeV. The relevant 
matrix elements are on the average reduced with 5% when decreasing the starting energy 
from —10 to —30 MeV. This effect comes in squared in the 2p-lh diagram, since we have 
two interactions which are reduced. For higher-order diagrams this effect is even stronger, 
and the total effect on third-order diagrams with a proper evaluation of the starting energy, 
is a reduction of their absolute value of the order of 10 — 20%. The latter effect is properly 
taken into account into the results shown in the above table, and in all our calculations of 
the effective interaction. 

Although there are several third-order contributions, most of them can be given a physical 
interpretation. Diagram 2-14 in fig. A.7 in appendix A, is the third-order core-polarization 
diagram, and can be interpreted as a renormalization of the particle-hole propagator of the 
second-order core-polarization diagram. In a similar way, diagrams 2-15(Å) and 2-15(B), 
which are the third-order RPA diagrams, and diagrams 2-18 and 2-19 in fig. A.7 are also 
examples of corrections to the second-order core-polarization diagram, since they modify 
the propagator which couples the particle-hole pair to the valence particles. 

Another class of third-order diagrams which have a neat physical interpretation are dia
grams 2-5 to 2-10 in the appendix. We redisplay diagrams 2-5 and 2-6 plus a third-order 
folded diagram not included in the Q-'box in fig. 39. It was suggested by Brandow [10] that 
these diagrams should cancel approximately according to the principle of number conserva
tion. If the middle vertex is replaced by the number operator, these diagrams should cancel 
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Fig. 39. The set of number-conserving diagrams discussed in text. 

exactly. In physical terms, these diagrams may be thought of as a correction to the bare 
G-matrix due to the creation of a particle-1-ole pair. In 2-5, the particle in the particle-hole 
pair interacts with the other valence particle. The folded diagram is a correction of the 
same form as 2-5 to the G-matrix, but it accounts for the fact that the valence particle 
may not be in the same orbit all the time. This diagram has in general an opposite sign to 
diagram 2-5. Diagram 2-6 represents the interaction of the hole (core) with the other va
lence particle and balances diagram 2-5. Most NN potentials reproduce only approximately 
this number conserving feature [78,79] in the T = 1 channel, while in the T = 0 channel, 
the cancellation is rather poor. The qualitative conclusions reached in refs. [78,79] apply 
to the present potentials as well. The second set of number-conserving diagrams exhibits 
a similar behavior, here diagrams 2-7, 2-8 and 2-10(B) in tig. Å.7 in the appendix should 
cancel if the middle interaction vertex is replaced by the number operator. There are also 
two other diagrams belonging to this number-conserving set, but they do not contribute if 
we restrict the attention to excitations of 2hw. 

We have seen that third-order contributions may be large, and can not be neglected. In 
the evaluation of the Q-box , a third-order Q-box contains some hundred diagrams if 
we include Hartree-Fock contributions, and it is rather straightforward, but tedious, to 
evaluate such a Q-box . To fourth order in the interaction there are several hundreds of 
diagrams which contribute to the effective interaction, and it is still an open question how 
important such contributions will be, although an estimation by Goode and Koltun [80] 
by way of a diagrammatic technique where averages of valence-particle diagrams in terms 
of diagrams of closed-shell form are studied, shows that fourth-order contributions may 
be large. We can therefore not say anything about the order-by-order convergence of the 
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effective interaction. However, at we discussed in section 4, a reordering of the perturbation 
expansion can in principle yield a convergent perturbation expansion. This is the philosophy 
behind the Q-box approach and the summation of the folded diagrams, employed m this 
work. As we will show in this section, the differences between Q-boxes to various orders in 
perturbation theory, become small when we sum folded diagrams tc all orders 

In the calculation of the Q-box and the effective interaction for sd-nuclei we will only 
allow intermediate energy state excitations of 2hu> — 4&u> in oscillator energy when we 
evaluate the various diagrams. It was demonstrated by Sommerman et al. [81J that when 
one employs potentials with a weak tensor force, the core-polarization diagram, (diagram 
2-2 in appendix A), the intermediate state contributions could be approximated by 2hu> in 
oscillator energy. The potentials we will employ all exhibit a weak tensor force. We will not 
include high-lying sp states in our analysis of various Q-box diagrams, since an appropriate 
inclusion of high-lying intermediate particle states would require a description in terms of 
plane waves. A G-matrix where one or two of the particle states are in a plane wave 
basis and the other two sp states are described in terms of h.o. states, can in principle be 
calculated using the techniques outlined at the end of section 5 (see eqs. (271) and (270). 
Though, the numerical expenditure would grow tremendously. Here we will assume the 
analysis of ref. [81] to be approximately valid for the other diagrams as well, and carry 
out our calculations restricting the summation over intermediate states to 2ku — ihu in 
oscillator energy. Actually, for third-order Q-box diagrams, the contributions from high-
lying states is indeed rather weak, since the energy denominator appears as (reftui)' [n 
being the number of oscillator shells). Thus such contributions are largely quenched in 
higher-order diagrams. 

We conclude this subsection by justifying our choice of 713 (which defines the Pauli operator 
for finite nuclei in fig. 32) in table 7, where we shew the dependence of the Q-box on the 
choice of n 3 in the calculation of the G-matrix. The results list all diagrams of appendix A 
to second order in G (third-order diagrams show a neglible dependence upon n 3 ) , except 
for the auxiliary potential U, diagram 1-2 in fig. A.6. The Q-box consists of both one-body 
and two-body diagrams, and as can be deduced from this table, the dependence on re3 

is rather weak, and the largest discrepancies occur for the diagonal contributions. This is 
ascribed to the first-order Hartree-Fock diagram, which does not stabilize properly, as can 
be seen from tabic 8. However, we subtract this diagram from our effective interaction, and 
our approximation of 713 = 66 introduces on the average an error of the order 0.1% or even 
lesd, a negligible effect. 

S.S. Results for nuclei in the mass region ofieO 

We present here the results from effective interaction calculations for several nuclei in the 
si-shell. First we will discuss the convergence of the order-by-order perturbative expansion 
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Table 7 
Dependence of the second-order diagrams on the choice of n 3 for matrix elements in the sd-sheL 
for J = 0,1 and T = 0,1. The results are for the Q-boi without the auxiliary potential V Note 
that the Q-boi includes both one-body and two-body diagrams. No folded diagrams are included, 
and the results were obtained with the Bonn A potential at a starting energy w = -10 MeV. 

JT u jb jc 3d (3,10,45) (3,10,66) (3,10,78) (3,10,91) (3,10,120) 

01 4 /2 4 / 2 dili dm -60.33 -60.13 -60.10 -60.07 -60.05 

10 -58.56 -58.97 -58.33 -58.29 -58.28 

01 4 /2 4 / 2 4 / 2 4 / 2 -4.59 -4.59 -4.60 -4.60 -4.60 

10 2.12 2.11 2.11 2.11 2.11 

01 4 / 2 4 / 2 •»l/2 •»l/2 -1.39 -i.40 -1.40 -1.40 -1.40 

10 -1.12 -1.12 -1.12 -1.12 -1.12 

01 d3/2 4 / 2 4 / 2 4 / 2 -47.19 -47.05 -47.02 -47.00 -46.98 

10 -46.59 -46.45 -46.42 -46.40 -46.4C 

01 <*3/2 4/2 « 1 / 2 HI2 -1.06 -1.06 -1.06 -1.06 -1,06 

10 -0.02 -0.03 -0.03 -0.03 -0.03 

01 S l / 2 H/2 « 1 / J «1 /2 -60.54 -60.09 -59.9S -59.91 -59.85 

10 -62.13 -61.67 -61.56 -61.48 -61.41 

Table S 
Dependence of the Hartree-Fock sp potential, diagram 1-1 in ng. A.7, on the choice of n3 for the 
Bonn A potential for a starting energy —10 MeV for various sp orbits. 

(3,10,45) (3,10,66) (3,10,78) (3,10,91) (3,10,120) 

((U1/2)\U\(lsllt)) -25.728 

<(04/2)| P 1(04/2)) "21.031 

<(Oi s / a)|P|(0d5 / a)) -26.517 

-25.539 -25,500 -25.464 -25.436 

-20.957 -20.945 -20.931 -20.922 

-26.405 -26,384 -26.364 -26.350 
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for the effective interaction, by considering the results through third order in conventional 
Rayieigh-Schrodinger (RS) perturbation theory. In connection with the convergence of RS 
perturbation theory, we focus also on various approximations to the (J-box and study the 
summation of the folded diagrams. Thereafter, we discuss the convergence of the folded-
diagram method itself. To study these topics we will use nuclei in the «a-shell with two 
valence nucleons only, in our case " 0 and 1 8 F . The effective interactions we derive will 
in turn be used to calculate the spectra foi nuclei in the jd-shell with more than two 
valence nucleons, here the nuclei 1 9 F , 2 0 0 , 2 0 Ne, and 2 2 Ne. The effective matrix elements 
are tabulated in appendix C. The starting point for our calculations is the G-matrix, 
which was defined in section 5 with (nj = 3,« 2 = 10,13 = 66) and an oscillator parameter 
b = 1.72 fm The three Bonn potentials, A, B and C will be used, in order to study the 
role played by different tensor forces. 

8.3.1. Order-by-order perturbation theory and folded diagrams 

Here we present the results for various approximations to perturbation theory, including the 
converged results from the folded-diagram method with a Q-box of second and third order. 
These results are listed in figs. 40-45 for the nuclei l s O and 1 S F . Observe that, throughout 
this work we will only plot the lowest lying states for each value of J. Thereby we omit 
any discussion on intruder states and focus on those states which from experimental data 
are expected to have a large overlap with the chosen model spaces. We have employed ali 
three Bonn potentials, i.e. versions A, B and C oi table A.l of ref. [12]. 

The Ubei Q' 1 ' in these six figures stands for perturbation theory to first order in the G-
matrix. Q ' 2 ' is second-order perturbation theory, while Q' 3 ' is the third-order Q-box . i.e. 
no third-order folded diagrams are included. Third-order folded diagrams are included in 
H.ls , which is RS perturbation theory to third order. The converged results (for a discussion 
on how tc obtain these results, see below) of a folded diagrams calculation are shown in 
columns live and six, under the labels Q' 2 ' 4- fold and Q' 3 ' + fold, obtained with a Q-box 
of second order and third order in G, respectively. 

The following is to be noted from these figures: 

- For all potentials and both nuclei, order-by-order RS perturbation theory does not 
seem to converge. This conclusion was first pointed out by Barrett and Kirson [76] v and 
later several workers in the field have obtained the same conclusion, but with different 
potentials. Though, the difference between the results with a second-order and a third-
order Q-box is not as large as the difference between pertubation theory to first- and 
second-order in G. Thus, one is led to conclude that the order-by-order convergence, if we 
omit any discussion on intruder states, is slow in terms of the G-matrix. 

- For 1 S 0 we observe however taat there are small differences between the results ob
tained with third-order perturbation theory, and folded diagrams with either a second-
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Fig. 40. The low-lying spectra for 1 8 0 with the Bonn A potential. 

or a third-order Q-box . This is a very promising conclusion, and may indicate that the 
most important higher-order terms come from folded diagrams. For 1 8 0 we note that the 
probably largest contribution to the effective interaction, stems from folded diagrams of 
third order in G, since the difference between H\J and <J(3' + fold, is negligible. 

- For : S F , the contribution from folded diagrams of order higher than third order, is 
important, since we find a difference of approximately 1 MeV between H\g and Q^+fold. 
However, as was the case with 1 8 0 , the difference between Q^2' + fold and Q'3) + fold is 
small, lending support to our conclusion that the contributions from folded diagrams which 
are important. The fact that high-order folded diagrams are more important in the T = C 
than in the T = 1 can simply be ascribed to the role of the tensor force. 

- In connection with the tensor force, we note that the potential with *,he weakest tensor 
force, introduces too much binding in the T = 0 channel. This has in turn consequences for 
the excited spectra as well, yielding a larger separation between the ground state and the 
excited states. Our T = 1 results show small differences lor the various potentials, and the 
agreement with the data is rather good. Compared with the experimental value, we obtain 
less binding, though this is desirable since the inclusion of configurations representing 
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Fig. 41. The low-lying spectra for 1 8 0 with the Bonn B potential. 

intruder states are expected to bring in an additional binding of 0.1 — 0.5 MeV [51]. For 
T = 0, the Bonn B and Bonn C potentials seem to the preferable ones. From our results, 
one could therefore feel tempted to infer that the tensor force of the Bonn A potential 
is too weak. However, the reader should observe that there are several many-body effects 
we have not considered, such as the replacement of a h.o. basis with a Brueckner-Hartree-
Fock basis. As demonstrated by Goodin et al [82], the average effect of a self-consistent 
Hartree-Fock basis is to reduce the effective ,s<£-shell matrix elements by a factor 0.7. Then, 
the Bonn A potential would be the most likely candidate. It is important to note that all 
the Bonn potentials we consider have a weak tensor force compared with earlier potential 
models. 

In connection with the folded-diagram expansion for H^g, the most important question is 
actually whether they converge or not and which factors influence the convergence. As can 
"be seen from the equation for the folded-diagram expansion of eq. (104), which we rewrite 
here 

1 <f"<? ^ ^ ^ H i ^ y 
103 



1 -
3 

3 3 - 3 
3 - 3 

3 

0 

4 
4 4 

4 4 4 
-1 4 

4 4 
4 4 4 

-2 2 2 
2 2 - 2 

3 0 
2 2 

4 0 0 - 0 
0 

5 
0 

0 
« 

Q « QM giv Hjg <?<2>+fold QW-tMd Expt 

Fig. 42. The low-lying spectra for l s O with the Bonn C potential. 

the energy dependence of the Q-box is of central importance. As discussed in section 4, we 
ariproximate 

Since the Q-box employed in this work is the sum of all non-folded linked-valence diagrams 
through third order, one ought to find the energy dependence of the Q-box to be more 
pronounced the higher the order of the diagrams included. This can be seen from table 
9, where we list the values of some selected diagrams through third order. The diagrams 
Ested in table 9 are all of comparable size in absolute value at u = —2 MeV, and it is 
clearly seen that the third-order diagram (diagram 2-5) exhibits the strongest dependence 
on energy when one compares the relative increment for each diagram. A similar conclu
sion was reached by Shurpin et al. [68]. They calculated the folded diagrams using four 
approximations to the Q-box, in the first approximation they used with all diagrams up 
to second order in G. while the most extensive approach was to include all diagrams to 
second order in G plus hole-hole and particle-hole phonons. The latter calculation, involv
ing selected higher-order effects, resulted in a much more pronounced dependence on the 
energy as compared to the first approach to the Q-box. It was then shown by Shurpin si 
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Fig. 43. The low-lying spectra for 1 8 F with the Bonn Å potential. 

al. [68] that larger Q-box derivatives led to a slower converging FD expansion. This can 
easily be understood from the structure of eq. (104). 

Therefore, since some individual third-order diagrams exhibit a stronger dependence upon 
the starting energy ui, we may expect larger <j-box derivatives, which may suggest that 
the effects of folded diagrams should be larger if third-order diagrams are considered in 
the Q-box. This conclusion, however, seems to be premature. One must keep in mind 
that there are many (see appendix A) third-order topologies which contribute to the Q-
box. Many of these third-order topologies have been found to be quite large in absolute 
value [4,76]. Therefore one should not extrapolate from the energy dependence of some 
individual diagrams to that of all terms. Actually, in ref. [4] we found several of the third-
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Fig. 44. The low-lying spectra for 1 8 F with the Bonn B potential. 

order Q-box derivatives to be smaller than those obtained with a second-order O-box. 
Especially, the derivatives of the diagonal matrix elements tend to be smaller with a third-
order (J-box. This is mainly due to the contribution from the one-body-diagrams with a 
passive valence line. Ås discussed in ref. [4], some total third-order contributions to the 
Q-box are repulsive. Furthermore, they tend to increase with energy, and hence result in 
a derivative of the third-order contribution which is positive. The derivatives of the Q-
boxes including all diagrams through third order tend therefore to be smaller than the 
corresponding derivatives of the Q-boxes to second order in the interaction. This should 
improve the convergence of the folded diagram expansion if all terms through third order 
are included in the Q-box as compared to a calculation which only accounts for terms 
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Fig. 45. The low-lying spectra for 1 8 F with the Bonn C potential. 

througr second order. Another interesting feature observed in ref. [4], is that the higher 
derivatives become small, this means in turn that, if the Q-hox h small (of the order some 
few MeV), the series in eq. (104) can be terminated after the inclusion of some few higher-
order terms, since the derivatives have to be divided by their respective factorials. These 
observations apply to this work as well. In most calculations, we find the first derivative 
to be in the range 0.01 — 0.3 MeV. This is the case in the other mass areas studied in 
this work. The fourth derivative multiplied with its factorial is on the average of the order 
1 0 - r —10~6, and we can in most cases terminate our expansion in eq. (104) after m as 4 — 5. 
The effective interaction V^ can then in turn be used t© calculate TQj and so forth. In 
all our calculations we truncate the sum over m at m = 10, which means that we need 
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Table 9 
Dependence on the starting energy u for various included in the Q-box. We have chosen diagrams 
with a similar magnitude at u = —2 MeV All results have been obtained with the Bonn A 
potential. The numbering follows figure A.7 in appendix A. Diagram 2-1 is then the bare C-
matrix and diagram 2-2 is the core-polarization diagram, while 2-5 is the third-order diagram. 
All encries in MeV. 

JT 3c ]b U 3d *> = -18 u = -14 w = -10 w = -6 w = -2 

01 di/2 din di/, d5/2 2-1 -1.687 1.693 -1.712 -1.726 -1 73S 

2-2 -0.821 -0.936 -1.086 -1.286 -1.S6S 

2-5 -0 470 -0.606 -0.807 -1.122 -1.653 

to evaluate the Q-box at 11 starting energies m order to calculate derivatives up till the 
tenth order derivative. In this sense we differ from ref. [4], There only four iterations were 
considered, and the FD method did not converge properly. Thus, it was important to have 
a Q-box which yielded a weaker dependence on the starting energy i») In our calculations 
however, the difference in w dependence of a Q-box of second or third order in G, is not sc 
important, since the results stabilize with n sa 5 — 10. We show in fig. 46 the reliability of 
our approximation. We see that after four or five iterations the eigenvalues for the low-lying 
states in l s O are close to the result after ten iterations in eq. (104). The lowest JT = 01 
state and the lowest JT = 10 state (not shown in this figure) require more iterations than 
the other states in order to arrive at a converged result for the effective matrix elements 
with an accuracy of 0.0001 MeV. However, the convergence is in general rather rapid for 
all effective interactions investigated in this work. 

It also worth noting that for values of w close to the chosen starting energy, the Q-bcx 
shows only a weak dependence upon the starting energy. This behavior of the Q-box is 
important, since we will obtain an effective interaction and energy eigenvalues which depend 
only weakly on the chosen w, see e.g. figs. 2 and 3 in ref. [52]. 

In summary, we have seen that the potential models of the Bonn group are successful in 
describing the property of 1 8 0 ans 1 8 F . Although the results of an FD calculation with 
either a second- or third-order Q-box are rather similar, we will henceforth employ the 
third-order results in the calculations of nuclei with more than two valence nucieons. This 
is done in order to be consistent with the fact that third-order terms in the Q-box are not 
negligible. Finally, before we can conclude on which potential model one should prefer, we 
need to test our effective interactions "by applying them in the calculation of properties of 
nuclei with more than iwc valence nucieons and So other mass areas as well. 
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Fig. 46. The low-lying spectra for 1 8 0 with the Bonn A potential as %nctic-^ of the number of 
iterations n needed in the FD expansion. The results hare been obtained with a Q-box of third 
order in the interaction G. The label n = 0 represents the results with the Q-box only. All entries 
in MeV. 

6.3.2. Results f or nuclei with more than two valence nucleons 

We end this subsection by computing the spectra for nuclei with more than two valence 
nucleons. The FD results with a Q-box of third order in the G-matrix has been used as the 
effective interaction. We display the results for I 9 F , 2 0 O , 2 0 Ne and 2 2 Ne as functions of the 
Bonn Å, B and C potentials in figs. 47-50. We only include the lowest-lying states for each 
angular momentum, and avoid thereby any discussion on possible intruder configurations. 
For a review of the latter, see e.g. the text of Lawson [65]. 

For 1 9 F we see that all potentials give, except for the first | state, a very good agreement 
with the data. Also, as compared with earlier calculations such as those of Shurpin et 
at. [68], all potentials result in a binding energy for the ground state which is close to 
the experimental value. We note however that both the Bonn Å and Bonn B potentials 
introduce too much binding, a fact which can be ascribed to the strong attraction in the 
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Fig. 47. The low-lying 1 9 F spectra relative to 1 6 0 . The labels A, B, and C refer to the various 
versions of the Bonn potential discussed in the text. Twice the total angular momentum is used. 
All energies in MeV. 

T = 0 -natrix elements. However, here one has to consider effective three-body forces as 
well. As shown by Polls ei al. [83], the effect of three-body diagrams is small for systems 
with three valence nucleons only, though the net result would be to bring our results with 
the Bonn A and B potentials closer to the experimental binding energy. For the two Ne 
isotopes in figs. 49 and 50, the agreement with the excited spectra is very good with 
the Bonn A potential, although this potential yields too much binding. Again, however, we 
would expect effective three-body forces to bring the ground state closer to the experimental 
value. For the Bonn B and C potentials, which have stronger tensor forces, we obtain less 
attraction and a more compressed spectrum. We will observe this feature in the other mass 
areas as well, i.e. the potential which has the weakest tensor force, yields a more bound 
ground state and a less compressed excited spectrum compared with potentials with a 
stronger tensor force. 

Another point which should be noted from figs. 49 and 50, is that the 4 + and 6 + states 
in 2 0 Ne are slightly below the experimental value for all potentials, whereas in 2 2 Ne, the 
agreement with the data is excellent. 
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Fig. 48. The low-lying a o O spectra relative to 1 6 0 . 

Our effective interactions have also been applied to other a<£-shell nuclei, with rather good 
results, except for odd-odd nuclei like 2 2 Na, where all realistic effective interactions fail to 
reproduce the order between the I + and 3"1" states. In our calculations however, the 1 + 

state is only some few keV below the 3 + state. 

In summary, we have seen that our effective interactions do fairly well in reproducing 
the properties of several nuclei in the s<i-shell. Although the Bonn Å potential introduces 
more attraction than the Bonn B and C potentials, all these potentials yield a much 
better reproduction of both the binding energy and the excited spectra than previous 
calculations with potentials with strong tensor forces, see e.g. [68]. Also, there is room for 
both introduction of three-body forces and intruder state configurations. We have however 
not tested the quality of our wave functions in the evaluation of transition operators. As 
mentioned in the introductory section, we will defer from this here. 

The effective interactions are listed in table C.l, together with the phenomenological in
teraction of Brown and Wildenthal [73]. 

6.4. Results for nuclei in the mass region of*°Ca 

Recently, several systematic shell-model calculations have been presented for nuclei in the 
p/-sheli, to mention a few, we note the work of Richter et al. [84], the compilations of the 
Strasbourg-Madrid groups [85,86] or refs. [59,87]. The model space has usually been chosen 
to be represented by the degrees of freedom of the p/-shell. In ref. [84], a phenomenological 
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Fig. 49. The low-lying 2 0Ne spectra relative to 1 6 0 . 

effective interaction is constructed through a fit to the available data, whereas in the work 
of Zuker and Poves and co-workers [85,86], the philosophy has been to adjust realistic 
effective interactions so that the modified interaction reproduces the spectra of different 
nuclei. Especially, in refs. [85,86], monopole terms of the Kuo-Brown interaction in the 
p/-shell were modified by adding constant shifts to make the interaction spectroscopically 
viable. 

Our philosophy is however to start with the free NN potential, which is determined by the 
various meson parameters, and use this interaction in a perturbative scheme. If the final 
effective interaction does not reproduce various properties of selected nuclei, t'ds deficiency 
may be ascribed to the potential itself, or the chosen many-body approach, or the chosen 
model space. Prom our calculations in the sd-shel! we feel that both the potential and the 
many-body formalism is reliable. If we then observe discrepancies between the calculated 
spectra and the data, a possible improvement is to extend the model space. As we will 
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Fig. 50. The low-lying 2 2Ne spectra relative tc 1 6 0 . 

show in this subsection, a model space given by the p/-shell is sufficient to reproduce the 
data, although our agreement for the A = 42 nuclei is poor. 

The single-particle energies of 4 1 C a are [71] €fB/2 — Ef7jl = 6.5 MeV, e P 3 / 2 — £j7n = 2.1 
MeV and e„, „ — e / r / 3 =3 .9 MeV. The unperturbed energy at which we evaluate the Q-box 
was set to —16 MeV, approximately twice the energy of the f7/2 state. The G-matrix was 
denned with rai = 6, n 2 = 15, n3 = 66 and an oscillator parameter 6 = 2.02 fm. The Bonn 
potentials we use here are the same as those employed for aii-shell nuclei. 

Again we note that the difference between results obtained with the folded diagram summa
tions with either a second- or third-order Q-box , are rather similar, see the results labelled 
Q(2) + fold and Q ' 3 ' + fold in the preceeding subsection. For the T = X channel there is 
barely any difference. We note also, as was the case in the sd-sheil, that the difference 
between the results obtained with a Q-box of second order in G and the third-order results 
without folded diagrams, is not so large, Actually, the average third-order contributions in 
the pf-shell are slightly smaller than those in the ad-shell. This is an interesting property, 
since it is not a priori clear whether third-order contributions may be large or small in 
the p/-shell. For the p/-shell effective interaction, there are two mechanisms which may 
increase the contribution from a given third-order diagram. These are the smaller energy 
denominators due to a smaller oscillator energy and the increased number of intermediate 
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states which contribute. The mechanism which counterbalances these effects is the decrease 
in absolute value of the G-matrix, since the oscillator energy is smaller here, i.e 11 MeV 
in the j>/-sheli and 14 MeV in the id-shell. These conclusions apply to the nuclei in *.he 
tin mass areas as well. However, third-order terms are still not negligible, and in order tc 
be consistent we will, as in the jd-shell, use effective interactions obtained with a Q-box 
through third order in the interaction. We show our results obtained with a third-orde; Q-
box and summing the folded diagrams to arbitrary order in table 10. The agreement with 

Table 10 
Eigenvalues for the T = 1 and T = 0 (p/) 2 systems obtained with the Bonn A, B and C potentials 
using a third-order Q-box and the FD method. All entries in MeV. 

JT A B C Erpt 

10 -3.44 -2.9S -2.60 -2.57 

30 -1.53 -i.36 -1.20 -1.69 

50 -1.43 -1.32 -1.21 -1.67 

70 -2.47 -2.36 -2.24 -2.56 

01 -2.6S -2.58 -2.56 -3.12 

21 -1.17 -1.13 -1.12 -1.60 

41 -C.2E -0.28 -0.28 -0.37 

61 0.07 0.06 0.04 0.07 

the data is rather poor. For all three potentials, the JT = 10 state is below the JT = 01 
state. The latter state differs 400 — 600 keV from the experimental value, however, we would 
expect that the inclusion of intruder state configurations will bring the calculated ground 
state closer tc the experimental value and account Tor a correct ordering between the low
est JT = 01 and JT — 10 states, since the corrections from intruder state configurations 
are stronger in the T = 1 channel than in the T = 0 channel. This conclusion was also 
made in refs. [59,87]. Since intruder state configurations are important near the closed shell 
nucleus, we will apply the effective interactions to calculate the spectra of nuclei with more 
than two valence nucleons, here 4 4 Ca, 4 4 Sc, **Ti, 4 5 Ca, 4 6 Ca and 4 8 Ca. These are shown 
in figo. 51-56. A comparison with the experimental data from [88] including the Coulomb 
corrections of Richter et al. [84] is also added. 

Although our results for the A = 42 system did not reproduce properly the experimental 
levels, we see that the correspondence between levels in all the nuclei shown in figs. 51-56 
is in general rather good, except for the excited states in 4 8 Ca. The binding energies are 

114 



. 6 6 6 
6 

4 4 4 4 

2 2 2 2 

0 0 0 0 
(-36.44) (-38.29) (-38.27) (-38.91) 

Expt 

Fig. 51. The low-lying ilCa. spectra relative to 4 0Ca. 
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Fig. 52. The low-lying 4*Sc spectra relative to 4 0Ca. For the cases with more than one angular 
momentum value per level, the first angular momentum valne, corresponds to the lowest lying 
level. 

within some few keV close to the experimental values, and our results with a two-body 
effective interaction in the p/-shell allow both for intruder state corrections 2 4 and the 

2 4 Again we omit any reference to possible intruder states in our spectra. 
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Fig. S3. The low-lying 4 4 Ti spectra relative to 4 0Ga. 
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Fig. 54. The iow-lying 4 5 Ca spectra relative to 4 0Ca. Twice the angular momentum is used. 

inclusion of effective three-body forces, probably without loosing the degree of accuracy 
presented in these figures. Actually, the present results are close to those of Richter et al. 
[84] where a phenomenological effective interaction was constructed through a fit to the 
available body of data. Though, our effective interactions are not directly comparable to 
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Fig. 55. The low-lying 4 6 Ca spectra relative to 4 0Ca, 
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Fig. 56. The low-lying 4 8Ca spectra relative to 4 0 Ca. 

those of Richter et al., since these authors try to construct an effective interaction meant 
to reproduce the observed levels, with the least possible deviation. In such a fit, intruder 
state admixtures may be present in the wave functions of the various states, and accounting 
for such admixtures could then very well spoil their agreement with the data. The matrix 
elements of Richter et al. [84] are shown in table C.2 togetb JC with our effective interactions, 
The differences are discussed below in connection with the results for 4 8 Ca. 

The remarkable feature of the effective interactions obtained with the Bonn potentials is 
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that their monopole terms are realistic enough to reproduce the known binding energies of 
most of the nuclei we have studied. This should be contrasted to the Kuo-Brown interaction 
in the p/-shell [71], which produced too little binding for the ground states m general 
Extensive discussions of the effective interactions from ref. [71] can be found m refs [84] 
and [85]. In the latter work, the Kuo-Brown matrix elements were adjusted in order to 
make them spectroscopically viable. These findings apply to other potentials which have a 
tensor force stronger than those of the Bonn potentials, like the Reid potential [14] oi the 
Paris potential [13]. Results obtained with the latter potential are given in ref. [87]. There 
the binding energy of e.g. M S c was 2 MeV lower than the experimental value. For this 
nucleus, shown in fig. 52, although our effective interactions do not reproduce precisely the 
correct ordering, the deviations are not very large, the calculated ground states are close 
to the experimental value. The high-spin states 9"*", 10 + and 1 1 + , which are expected to be 
dominated by the (/r/z) 4 configuration, are reproduced at about the right energies for the 
Bonn C potential, while the Bonn A and B potentials, which introduce too much attraction, 
give high-spin states in less agreement with the experimental values. This conforms with 
what we saw in the sd-sheli, the potentials with a stronger tensor force result in spectra 
which are more compressed. In general, our excited spectra are within some 100 — 300 keV 
of the experimental values. One of the exceptions are the low-lying states of 4 8 Ca. Although 
the binding energy is correctly reproduced, we are not able (even if we include the ga/2 
orbit) to reproduce the typical shell-closure feature of 4 8 Ca. It seems that the pairing 
structure seen in the lighter calcium isotopes like 4 2 Ca, 4 4 Ca and 4 6 C a prevails in 4 8 Ca 
as well, with an almost constant spacing between the Oj" and 2^ states. This observation 
applies tc the Kuo-Brown interaction as well [84], or to the effective interaction derived 
from the Paris potential in ref. [87]. The question we then pose is whether our results for 
, 8 C a could be retraced to certain effective matrix elements. In 4 8 Ca the / 7 / 2 orbit is filled 
up, and the p 3 / 2 orbit is the next close one. We would therefore expect matrix elements 
which involve these two orbits to be the most important ones in the description of the iow-
iying spectra of , 8 Ca . Moreover, since the matrix elements of Richter et al. [84] reproduce 
niceiy the experimental 0̂  and 2* states for this nucleus, it is of interest tc compare our 
matrix elements with theirs. In table C.2 we list our matrix elements and those of Richter 
si al. For the Bonn C potential there is a rather close agreement for almost all matrix 
elements 2 5 with the empirical ones. The only exceptions are our 1/7/2^3/2' Vts\fi/2P3/2) 
matrix elements for T = 1 and J = 3,4,5, which are more attractive than those in ref. 
[84]. Our energy centroid V for this matrix element, i.e. 

. , ! _ ! , v J2jJ2(f7!2P3/2J\Ks\f7/2P3/2J)T 

{fr/2Pi/2\V)fVip3/2)T=_ = ' - ^ ^ = 1 , 

is —0.1303 MeV, whereas with the empirical interaction we get +0.1631 MeV, a repulsitivity 
which is expected from phenomenological studies. The latter number is almost equal to the 
one extracted by Cole [90] from an analysis of sp spectra in the mass regions of A = 40—48, 

2 5 The average difference is 125 KeV for both T = 0 and T = 1 matrix elements. 
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see table 1 of ref. [90]. 

The question then is which mechanisms may affect these matrix elements. One possibility 
is to abandon the h.o. basis and use a self-consistent Brueckner-Hartree-Fock (BHF) basis. 
The latter yields in general less attractive matrix elements, though the final result for the 
spectra of all the studied calcium isotopes may not turn out as good as it is with a h.c. 
basis. Results from BHF calculations in the j<£-shell seem to suggest this [77]. Another 
possibility is to look at the nucleon-nucleon interaction. There one could consider the 
relevant medium modifications of the parameters which define the NN potential, such as 
the meson and nucleon masses. However, this is a fairly involved scheme which implies that 
one has to solve self-consistently the Dyson equations for the various particles, in order 
to obtain their effective masses. The outcome of this scheme is also not clear. Moreover, 
the reader has probably noticed that we have omitted effective three-body forces like those 
displayed in fig. 57. Three-body forces are in general repulsive [83] > and we would therefore 

(a) (b) 

Fig. 57. Examples of effective three-body forces not included in the definition of the Q-box . 

expect that their inclusion may improve the agreement for ^Ca. Calculations with three-
body forces are under study [89]. In summary, however, before any conclusion can be drawn, 
we need to further investigate some of the possible mechanisms discussed above. 

S.5. Nuclei with two or more valence nucleons in the mass region of100Sn 

Considerable attention is at present being devoted to the experimental study of light Sn 
isotopes [91-95]. During the last few years, a rich variety of data has become available 
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for nuclei far from the stability line. Recently, substantial progress has been made in the 
spectroscopic approach to the neutron deficient doubly magic 1 0 0 Sn core. Experimental 
spectroscopic data are presently available down to 1 0 4 Sn (91-94]. A recent work by Schneider 
et at [96] reports on the production and identification of 1 0 0 Sn. This nucleus is the heaviest 
doubly-magic nucleus close to the proton drip line, and has been studied theoretically, using 
approaches inspired by the relativistic Serot-Walecka [97] model, such as the calculations 
of Hirata et at [98] and Nikolaus et al. [99], oi non-relativistic models used by Leande; .; 
ai. [100]. The theoretical studie» of refs. (98,99] indicate that 1 0 0 Sn is a reasonably stable 
closed shell model core. 

To evaluate physical quantities in light tin isotopes, we will proceed in the standard fashion 
as done in the previous subsections. But this requires the knowledge of the experimental 
sp energies of 1 0 1 5n, which are not known. One tan however guess or an optimal set of sp 
energies by extrapolating them from the data of tin isotopes with more valence nucleons, 
as done here, in refs. [101-103] and in the work of Sanduiescu et at [104,105]. In ref [105], 
the sp energies were derived from a fit to the levels in l n S n with a one quasiparticle con
tent. These authors use the BCS method, and the spuriosities that appear as a result of 
the breakii!» of the particle number conservation symmetry, were removed using the quasi-
particle multistep shell-model method (QM3M) of ref. [106]. The QMSM method oilers a 
direct and nice interpretation of the spectra of tin isotopes in terms of quasiparticie excita
tions. Recently, the authors of ref. [107] have performed a quantitative comparison with the 
QMSM and the shell-model approach discussed here, using the effective interactions oi ref 
[101]. The agreement between the two methods was striking [107], both for odd and even 
tin isotopes. Since shell-model calculations like the ones reported here, are rather intensive 
from a computational point of view, methods kks the QMSM may provide information on 
the sp energies from nuclei like 1 1 1 Sn > were full shell-model calculations are extremely t.'nie 
consuming. That the dimensionality of the systems to consider is large, can be seen from 
cable 6.5. 

In this subsection we present results for the even io2ii°4,ioe,ioB,nogn j s o t 0 p e s

2 6 using the 
doubly magic nucleus 1 0 0 Sn as core and distributing the valence neutrons over the single-
particle orbits in the N = 4 oscillator shell (ids/j, O57/2, idj/j, 2sj/ 2) and the orbital 
O/in/2 from the N = 5 oscillator shell. We include the 0hu/z orbital, which is known to be 
important for the structure of the heavier 3n isotopes [108] particularly in order tc produce 
the pairing correlation found in these nuciei. This is also supported by the conclusions of 
refs. [101-103,105,107], 

Since no experimental information is available for the l 0 1 Sn one-neutron system to establish 
the sp energies, we adopt here the sp energies from [107], which reproduce the lowest lying 
kii/2 energy leve! n 1 0 7 , 1 0 9 S n , and the g7/7 and the i 5 / 2 energy levels in the same nuclei. 
This means that our sp energies are E0S7I, — EuBli = 0.20 MeV. e I (j — £ ] j 6 / 2 = 1.50 MeV, 

2 6 The results for the odd tin isotopes will be presented ill *efs. [103,107]. 
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Table 11 
Number of basic states for the shell-model calculation for (elected tin isotopes with the ld ; 

OST/J, Ids/}, 2JI / ] and the Ohup sp orbits denning the model space. 

System Dimension System Dimension 

1 0 J S n 26 n o S n 1,852,256 

1 0 J S n 245 m S n 3,608,550 

1 0*Sn 1504 •»Sn 6,210,638 

1 0 5 S n 7,451 I 1 3 S n 9,397,335 

1 0 6 S n 31,124 l » S n 12,655,280 

1 0 T S n 108,297 " s S n 15,064,787 

1 0 8 S n 323,682 U 6 S n 16,010,204 

1 0 9 S n 828,422 

^•t/1 — £ i d s / s = 2.80 MeV and eo/>„/a — £i<f6/3

 s e t *° 3.0 MeV. At present we have not yet 
carried out full shell-model calculations of ! 1 1 Sn , thus our sp energies for the 1̂ 3/2 and 
the 2si/2 orbits may not be fully adequate. The QMSM calculation of ref. [107] using the 
effective interactions of ref. [101], suggest that the sp energies for the latter two orbits 
should be changed to roughly 2.5 MeV. However, for all other tin isotopes, the agreement 
between the data and our shell-model results from realistic effective interactions is rather 
satisfactory, though we are not able to reproduce well the only known E2 transitions in 
io4,io6gn ^ s e e JJJQ jjjg discussion below). The Pauli operator used in the evaluation of the 
G-matrix was defined in chapter 5, with n%, = 11, nj = 21,7ij = 66, so as to prevent 
scattering into intermediate states with a single nucleon in any of the states .̂eftned by 
the orbitals from the 0s state to the 0g 9 / 2 state or with two nucleons in the sag (0ga/2 
excluded) or the pfh shells. Å harmonic-oscillator basis was chosen for the single-particle 
wave functions, with an oscillator energy ku, where w is determined through the relation 
hw = 4 5 A ' 1 ! 3 — 25A~2/3 = 8.5 MeV, A being the mass number. Only effective interactions 
obtained from the FD method with a third-order Q-box are used in the calculation of the 
spectra. The results of the calculations for 1 0 ! ' 1 0 4 ' 1 M S n , are shown in tables 12-14 for the 
three potentials used in the previous sections. The 2 + state in 1 0 2 Sn is tentative [109], The 
other experimental data are from refs. [91-93]. Since the experimental binding energies 
relative to 1 0 0 Sn are unknown, these axe not displayed in these tables, though, as was the 
case in the sd- and ^/-shells, it is the Bonn A potential which gives the most strongly 
bound ground state. Similarly, as observed in previous sections, this yields excited spectra 
for high-spin states which are close to the experimental values. For the Bonn B and C 
potentials, we obtain spectra which are more compressed, in agreement with our findings 
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Table 12 
Results for , M Sn for the Bonn A, B and C potentials. 

J A B C Expt 

0 0.000 0.000 0.000 

2 1.485 1.452 1.481 

4 1.864 1.715 1.752 

6 1.968 1.814 1.851 

8 8.150 7.974 8.000 

10 8.271 8.085 8.116 

Table 13 
Results for 1 0 4Sn for the Bonn Å, B and C potentials. 

J A B C Erpt 

0 0.000 0.000 o.oon 0.000 

2 1.265 1.211 1.230 1.259 

4 1.702 1.621 1.641 1.942 

6 2.137 1.962 1.999 2.257 

8 3.262 3.005 3.073 3.440 

10 3.808 3.495 3.561 3.980 

in the sd- and p/-shells. We note also that with an increasing number of valence nucleons, 
the agreement for the theoretical high-spin states with the experimental values, becomes 
better. 

Engeland ei al. [101] have evaluated the only known E2 transitions in 1 0 4 , 1 0 6 S n , namely 
6? -> if. In that work, one was not able to reproduce the experimental values for these 
transitions, and in 1 < M Sn the computed 6 j —> 4f was closest to the experimental value of 4 
W.u. These results were however premature, since the main decay trend follows the Yrast 
states [109]. The theoretical 6f -» if E2 transitions for 1 0 4 ' 1 0 °Sn with the interaction in 
ref. [101] and the present work, disagree with the experimental values [110]. One possible 
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Table 14 
Results for , o s Sn for the Bonn A, B and C potentials. 

B Expt 

0 0.000 0.000 0.000 0.000 

2 1.186 1.150 1.164 1.206 

4 1.835 1.745 1.756 2.017 

6 2.255 2.066 2.099 2.321 

8 3.313 3.079 3.119 3.476 

10 4.169 3.796 3.864 4.128 

explanation is that the choice of a h.o. basis for the wave functions is not too realistic in 
the E2 calculations. 

-
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Fig. 58. The low-lying spectra for «n.u»,ios,noSn obtained with the folded-diagram method and 
the Bonn Å potential. Solid lines are the theoretical values while a dashed Une represents the 
experimental values. 
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Since it is the Bonn A potential which gives the best agreement with the data, we choose 
to display the final results for all the nuclei i««*,ioel««.iiogI1 f o r this potential only in fig. 
58. The experimental values are those with the dashed lines. Clearly, as can he seen from 
this figure, the agreement with the data is indeed rather good. The corresponding effective 
interaction is listed in appendix C. 

For the heavier tin isotopes, only recently the sp energies for 1 3 1 Sn were reasonably es
tablished [111]. For these isotopes, one can then get a much clearer picture of whether 
our effective interaction is suited or not for calculating properties of nuclei like l 2 6 Sn. The 
results for these nuclei will be presented elsewehere. 

6.6. Hermitian effective interactions 

Typical examples where the non-hermiticity is wei •', can be found in the calculations 
presented hitherto. Consider again the core-polarization diagram shown in (a) and (b) of 

a 

(b) 

Fig. 59. Illustration of the non-hermiticity for the core-polarization diagram, 

fig. 59. Diagram (a) is proportional to 

(o)oc 
£<= + £fe - £P - £~ 

(273) 
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while (b) is proportional to 

(6) a 1 , (274) 

where e is the unperturbed single-particle energy. If the model space is degenerate, (a) — 
(b) = 0, the contribution to the effective interaction from the core-polarization diagram is 
hermitian. In general however, the model space is not degenerate, although if we define a 
model-space to consist of single-particle orbitals from the same shell, we will have (a) — 
(6) ~ 0. As discussed in the preceeding subsections, such a model space is believed to be 
appropriate for calculations of e.g. nuclei like l a O or 4 2 Ca. 

For model spaces which include orbits from several shells the non-hermiticity may not be 
weak, and the above brute force scheme questionable. As an example, consider a model 
space consisting of both the sd- and p/-snells. Such a multi-shell model space may be 
appropriate in the description of closed shell nuclei like 4 0 Ca. We let the labels 7 and S in 
fig. 59 be single-particle orbits in the pf shell, while a and /? are sif-shell single-particle 
orbits. If we restrict the attention to intermediate state excitations of 2hu> in oscillator 
energy, then diagram (a) in fig. 59 gives 

1 1 
(275) e.d + £h — s p — epj 2ficd' 

whei we employ harmonic oscillator single-particle energies and the hole state ft is in 
the Op shell and the particle state p is in the «d-shell. Diagram (b) gives, with the same 
single-particle orbits, 

1 1 
- = - - . (276) 

e P / + £fc - e p - e,d 0 
Even with the insertion of self-consistent Brueckner-Hartree-Fock or experimental single-
particle energies, diagrams (a) and (b) will be rather different, yielding a possibly large 
non-hermitian contribution to Hoc. 
In summary, this example shows that with a single-shell model space, the non-hermiticity 
may be weak, whereas multi-shell model spaces may result in large non-hermitian con
tributions to the effective interaction. Thus, multi-shell effective interactions call for a 
hermitian description. Even the G-matrix is non-hermitian if we employ different start
ing energies. Several procedures exist 10 obtain a hermitian effective interaction. One is 
to transform the non-hermitian matrix through bi-unitary transformations to a hermitiac 
matrix. Furthermore, recently, several authors have presented a hermitian formulation for 
the effective interaction H^g [112-114], obtained within the framework of time-independent 
perturbation theory [2,8,10]. These authors impose subsidiary conditions in order to ob
tain a hermitian effective interaction. Though, the reader should note that there is nothing 
more fundamental in the hermitian schemes compared to the traditional RS schemes. To 
all orders, whatever formulation of perturbation theory we employ, we should obtain the 
same results. However, in actual calculations we are only able to evaluate a limited number 
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of terms in the perturbation expansion. If we truncate the various expansions at a given 
order, the results may differ. 

The question now is whether we may obtain a hermitian secular equation for the effective 
interaction which has the structure of eq. (163) and is of the form given by eq. (135). In 
deriving such an equation, we will follow Ellis, Kuo, Suzuki and co-workers [113,114]. 

Let us first recall some of the results and definitions of section 4. In that section we defined 
a model-space eigenstate \bx) in eq. (174) as 

M = i;*iA )tøo 
a = l 

and the biorthogonal wave function 

such that 
(bxlpn) = 8\u. 

Finally, in eq. (181) we defined a model-space eigenvalue equation in terms of the time-
development operator and the unperturbed wave functions 

Y, b\X) &.\HUL(0, -oo) foft,) \9e) = Bxb^\ 
7=1 

and an effective interaction as 

fr e f f = (V«,|ffDi(C,-co)|^>l*o). 

The exact wave function was expressed in terms of the correlation operator 

!*A> = (1 + X) \i>x) • (277) 

The part x \i>\) c a n be expressed in terms of the time-development operator 

xlV-A)ocKy-(0,-oo)|^)|* £>, (278) 

or using the time-independent formalism 

* ^ = E-^QHQQVP^)' ( 2 ? 9 ) 

where Q is the exclusion operator. Note that this equation is given in terms of the Brillouin-
Wigner perturbation expansion, since we have the exact energy Ex in the denominator. As 
in section 4, we will use the folded-diagram technique to remove this energy dependence. 
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Using the normalization condition for the true wave function we obtain 

(*,!»*) NxS» = (iM (1 + x'x tø), (280) 

where we have used the fact that (Vs lxfø) = 0. Recalling that the time-development 
operator is hermitian we have that x^X is also hermitian. We can then define ar. orthogonal 
basis d whose eigenvalue relation is 

E d M x ' x h k K ^ ^ , (28i) 
a 

with eigenvalues greater than 0. Using the definition in eq. (279), we note that the diagonal 
element of 

(*A| X'X htø = (v-xl p v Q { E x J L

Q H Q y Q v p l*»> • ( 2 8 2 ) 
which is nothing but the derivative of the Q-box , with an additional minus sign. Thus, 
noting '.hat if 7 ^ A 

<¥ 7 |¥>) = 0 = <*,|,fc) -r «s |x*X fø> , (283) 
we can write xTX in operator form as 

x'x = -E|?«) (*-i4iC?.; tø«> (?.| - E |?«) w.hw fe) - (284) 

Using the new basis in eq. (281), we see that eq. (280) allows us to define another orthogonal 
basis h 

hi = ^+iE^-^ = -r=-=E^x

0^ ( 2 8 5 ) 
where we have used the orthogonality properties of the vectors involved. The vector h was 
used by the authors of ref. [114] to obtain a hermitian effective interaction as 

(Valvar fø) = 1 , , , (.286) 

where (her) and (nher) stand for hermitian and non-hermitian respectively. This equation 
is rather simple to compute, since we can use either the Lee-Suzuki or the folded-diagram 
method to obtain the non-hermitian part. To obtain the total hermitian effective interac
tion, we have to add the Ho term. The above equation is manifestly hermitian and was 
used in ref. [114] to compute effective interactions with the Bonn A potential of table A.l 
in ref. [12], using the same parameters for .stf-shell nuclei as in this work. The Lee-Suzuki 
method was used to obtain the non-hermitian effective interactions V}B "', see section 
4. The results for both a hermitian and a non-hermitian effective interactions from ref. 
[114] are shown in table 15. Clearly, the non-hermiticity is rather weak, and the hermiti».n 
s<f-shell effective is in general close to 

tt.i vfi-' m * \ (GU vg-* fø) + <,M KT") 1^)). (28?) 
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Similar results were also obtained for the p/-shell. However, if one takes into account 

Table 15 
Hermitian and non-hermitian effective interactions derived from a second-order Q-hox using the 
Bonn Å potential. The results are taken from ref. [113]. 

JT i« h }c n v(hcr) 
'eff v£b"> 

'efl 

01 d>r- dt/2 du/2 ds/2 -2.676 -2.676 

01 ds/2 di/2 d3/2 d3/2 -3.546 -3.589 -3.567 

01 ds/2 ds/2 «1/2 «1/2 -1.080 -1.032 -1.056 

01 d3/2 d3/2 
d3/2 d3/2 -1.059 -1.059 

01 d3/2 d3/2 «1/2 «1/2 -0.826 -0.774 -0.800 

01 «1/2 «1/2 «1/2 «1/2 -2.011 -2.013 

a model space which spans over more than one shell, the eigenvalues of eq. (281) may 
become rather large, and the approximation used in this work may no longer be valid. For 
such extended model spaces, the hermitian formulation of ref. [114] may be appropriate, 
though one of the problems with this expansion, is that eq. (281) depends on the exact 
energy E. This is an undesirable property of the above expansion, since we would like to 
use this effective interaction for nuclei other than those with two valence nucleons only. 
The expansion presented by Lindgren [112] seems at present to be free of such problems, 
though it would be desirable to preseni, an effective hermitian interaction based on time-
dependent perturbation theory. Such an approach will be presented elsewhere [115]. Finally, 
we mention that an expression for a folded-diagram expansion with a non-degenerate model 
space has been presented by Suzuki et at. [116]. 

7» Model-space approach for nuclear m a t t e r 

7.1. Introduction 

In this section and section 8 we will focus on nuclear matter calculations. Central to the 
discussion is the Brueckner-Hartree-Fock (BHF) approach, where variational methods are 
used to obtain self-consistent sp energies and wave functions. 

Nuclear matter is an idealized infinite medium with an equal number of protons and neu-
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trons and the Coulomb interaction between the protons being artificially removed. These 
restrictions imply that the phenomenological Weizsåcker mass formula, extrapolated to 
A -> oo, gives a binding energy per particle £/A - 16 ± 1 MeV. A main purpose of nu
clear matter theories is to derive this binding energy SjA from first principle, i.e. from the 
underlying NN interaction. Following this microscopic Une of approach, one can in turn 
determine the equilibrium nuclear matter density p 0 and the incompressibility coefficient 
K. From electron-nucleus scattering experiments one has estimated Po ~ 0.17 fm~3, and 
from the analysis of nuclear breathing modes K is of the order ~ 200 MeV. Finally, calcu
lations are simplified in nuclear matter, since the solutions to either the Dirac or the sp 
Schrodinger equations are given in terms of plane waves. 

Until recently, most microscopic calculations of the energy per particle for nuclear or neu
tron matter have been carried out within a non-relativistic framework [57,58,117], where 
the non-relativistic Schrodinger equation is used to describe the sp motion in the nuclear 
medium. Various degrees of sophistication are accounted for in the literature [12], rang
ing from first order calculations in the reaction matrix G to the inclusion of two- and 
three-body higher order effects [19,57,58,117]. Å common problem to non-relativistic nu
clear matter calculations, is however the simultaneous reproduction of both the binding 
energy per nucleon (SjA = 16 ± IMeV) and the saturation density, with fermi momentum 
fejr = 1.35 ± 0 .05 /m - 1 . Results obtained with a variety of methods and nucleon-nucieon 
(NN) interactions, are located along a band, denoted the "Coester band", which does not 
meet the empirical data for nuclear matter. Albeit these deficiencies, much progress has 
been achieved recently in the description of the saturation properties of nuclear matter. 
Of special relevance is the replacement of the non-relativistic Schrodinger equation with 
the Dirac equation to describe the sp motion, referred to as the Dirac-Brueckner (DB) 
approach. This is motivated by the success of the phenomenoiogical Dirac approach in 
nucieon-nucleus scattering [118] and m the description of properties of finite nuclei [99], 
such as e.g. the spin-orbit splitting in finite nuclei [119]. Moreover, rather promising results 
within the framework of the DB approach, have been obtained by Machleidt, Brockmann 
and Muther [15,120,121], employing the OBE models of the Bonn group. Actually, the 
empirical properties of nuclear matter were quantitatively reproduced by Brockmann and 
Machleidt [15]. However, although interesting results have been obtained within the DB 
scheme, these findings need further refinements through e.g. the introduction of more com
plicated many-body corrections. 

7.2. Non-relativistic approaches 

In section 5.3 we discussed the G-matrix for nuclear matter, using the Brueckner-Hartree-
Fock (BHF) approch. Here we will extend those calculations by considering the so-called 
model-space Breuckner-Hartree-Fock (MBHF) method. This method follows much of the 
philosophy behind the effective model-space calculations discussed in section 6. 
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In the MBHF method, the cutoff k/u is given as a multiple of the Fermi momentum A 
frequently used value [58] is k/n = 2kFt a choice also used here. This means that we extend 
the BHF spectrum beyond kp. The resulting Pauli operator QMBHF (in the laboratory 
system) for the model-space BHF method is 

j 1, minffcn,,^) > kF and maa:(im,fc n) > kM ,„„„, 
QMBHF(*m,fc„)= \ ( 2 8 8 ) 

( 0, else. 

If we set kit = kF , we obtain the traditional BHF choice. Note that at least one particle 
must be outside the model space, which means that we must have at least fc„ or kn to be 
greater than k^. In actual calculations, it will again be convenient to express the MBHF 
Pauli operator in the coordinates of the relative and center-of-mass system. We replace the 
operator QMBHF with its angle average QMBHF given by 

] I in regions a, b 

| 

<?MBHF(*> K ) = \ {K2H + kl - k2

F) IkK d (288} 

| ((Kn-kf'-hfa/kK 
[(K2/2 + 2k2-kF-k2

M)/kK f, 
with the various regions and values of k and K defined m fig. 60. Wr have assumed that 
all relative directions between k and K are equally likely and thereby we can average over 
these directions. To better understand the analytical expressions for QMBHF m regions d, e 
and / it is instructive to consider QMBHF a E composed of one part which has one particle 
with momentum between kF and fejvr and the other particle with momentum above ku, and 
another piece which has two particles above kg^. The latter corresponds to region d, and 
here we can use the angle-average (k2 + K2/i — kF)/kK from the BHF Pauli operator In 
region e we have that the standard BHF has QBBF — J-i D U t w e must take the angle-average 
for momenta below km, i.e. 

k2 + ff2/4 - h2

M (k + K/2)2 - kj. 
kK KK 

In region f we need to satisfy 

k2 -t-K2/4 + 2kKcos6l > k\, 
k2 + K2/4 + 2kKco391 > kF 

k2 -t- KJ/4 - 2kKcos62 > k2

M 

k2 + K2/4 - 2kKcos6z > k2

F, (290; 

and taking the angle average results m the expression for region / . Thus, the MBHF G-
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Fig. 60. In (a) we show the Pauli operator for the MBHF choice in the lab frame, while (b) is the 
corresponding diagrammatic representation in the relative and centcr-of-mass system. We have 
defined K 'by fcj = \(k2

P + k?u). Note that K = k„ + k m a n d k = i ( k n - k„). 

matrix takes into account intermediate energy states where we may have a state with one 
particle outside the model space or two particles outside the model space. The MBHP 
Pauli operator and the energy denominators can then be expressed as 

QMBBF _ Qip 
w — Ho w — EiT u- E-2p 

(291) 

where the labels lp and 2p refer to one or two particles outside the model space, re
spectively. To define the energy denominators we will also make use of the angle-average 
approximation. The angle dependence is again handled by the so-called effective mass ap
proximation. The self-consistency scheme consists in choosing adequate initial values of 
the effective mass and A. The obtained G-matrix is in turn used to deiermine new values 
for Mp and A. This procedure continues until these parameters vary little. The energy 
variables Eir and Eip are then determined by 

ElB = MN 

K2 I (MN , \ , , 2 ,2 ) + A (292) 

~M~N 

K2 

iMN' 
(293) 

131 



Similarly, for two particles below ktt we will have 

kl K2 

E°> = 777 + 7777 +2A, Ml iMt, (294) 

and this equation defines the starting energy u> in the MBHF scheme. 

The G-matrix within the MBHF scheme can then be written as 

G&(«) = V«H + £ W ^ f ^ G J U w ) , (295) 

From G M we obtain the antisymmetrized model-space BHF matrix GM', defined as 

G&i = J (G&I - G&) > (296) 

which we will employ in our evaluation of the energy shift. For further notations, recall 
the discussion in section 2, eqs. (11) to (15). The structure of eq. (295) is shown in fig. 
61. The sp states are divided in two groups in GM, those with momenta k > kin and 

i J 

i M 

k | 1 

+... + 

Fig. 61. The structure of Gu. 

those with momenta k < ktt- The particles belonging to the former are depicted with 
railed lines in the above figure. The intermediate states of GM, must have both particles 
with k > kp and at least one of them must be outside the model space. If we relate the 
model-space BHF approach to the conventional BHF sp spectrum and the continuous sp 
spectrum, one may say that the model-space BHF is an intermediate scheme, in the sense 
that we introduce an extended Pauli operator in eq. (289), such that we have a continuous 
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sp spectrum for k < k\f, while for k > ku the spectrum is that of a free particle. Moreover, 
the model-space BHF definition of the Pauli operator, gives a G-matrix which does not 
account for scattering into intermediate states if both particles have momenta between kp 
and k\f This is however a welcome feature of the model-space BHF method as it allows one 
to consider collective excitations like the summation of particle-particle hole-hole (pp-hh) 
terms without double counting problems These terms will be discussed below in connection 
with the higher-order corrections. Finally, the non-relativistic energy per particle £/A is 
formally given as 

*M = 7 E S- + TI £ <**''<*> = £h + £ * ' ) ' * * ' > " • < 2 9 7 > 
A h<kF

 l M l * * A W<kp 

where the G-matrix may be defined :th the BHF or the MBHF Pauli operators. 

We present the results of non-relativistic calculations in fig. 62 obtained with the Bonn 
potentials of table A.l of ref. [12]. There we show the saturation curves employing both the 
BEF and the MBHF choices for the sp spectrum. As can be observed from this figure, both 
the BHF (full line) and the MBHF (dotted line) choices for all potentials miss the empirical 
area, a feature common to all non-relativistic calculations of nuclear matter. Moreover, the 
potential with the weakest tensor force, Bonn A, gives the largest binding energy per 
nucleon. The latter can be understood from the qualitative arguments already presented 
in section 5.3. Since all potentials give essentially the same scattering matrix, they are 
quenched differently in a medium. At small densities where both the Pauli operator and 
the starting energy are small, the potentials yield similar results, irrespective of whether we 
use the BHF or the MBHF choice for the sp spectrum. However, as the density increases, 
the quenching of 

YrQ 17PFHQVT ( 2 9 8 ' 

u-QTQ 
becomes significant for potentials with a strong tensor force. Fig. 62 illustrates this point 
clearly. In connection with the non-relativistic calculations, it is worth noting that the 
saturation density is left almost unchanged irrespective of sp spectrum approach, i.e. with 
the same potential employing the BHF and MBHF methods. The binding energy at satu
ration per nucleon changes however with approximately —3 MeV for each potential when 
we replace the BHF choice with the MBHF choice. This is solely due to the introduction of 
additional short-range effects through the enlargement of the model space. The increased 
importance of short-range correlations in the MBHF method is also reflected in the char ge 
of the sSi — 3 JDI partial wave contribution. With kp = 1.5 fm _ 1 , this partial wave contribu
tion to the potential energy per particle for the Bonn Å potential changes from —20.22 to 
—21.57 MeV for the BHF and the MBHF choices, respectively. For the remaining partial 
waves the changes are less significant or negligible. A thorougher discussion of different 
partial waves will be given below where we also discuss the contributions from ring di
agrams as presented by Song ei al. [122]. The interesting feature of this summation of 
ring diagrams is that it takes hole-hole propagations in intermediate states into account. 
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Nuclear matter saturation curves 
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CO 

BonnB 

Fermi level k- F fm" ] 

Fig. 62. The nuclear matter saturation curves as functions of the Fermi momentum kF for the 
Bonn A, B and G potentials discussed in the text. The full lines are the results obtained with the 
conventional non-relativistic BHF method, while the dashed line represents the results with the 
MBHF method. The rectangular box describes the empirical data. 

These are long-range correlations which are ignored in the standard BHF theory. Hole-hole 
propagation was found to provide an effect which is repulsive and strongly density depen
dent [124]. This effect serves to improve the predictions from the conventional BHF results 
discussed above. Short-range correlations through the summation of particle-particle lad
ders are also taken into account, and introduce more binding. Thus, the essential effect of 
these particle-particle and hole-hole (pp-hh) correlations is to increase the binding energy 
and decrease the saturation density. Note that hitherto we have restricted the attention to 
non-relativistic results. 
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7.3. Higher-order terms 

Here we will study the contribution from higher order terms represented by the all-order 
summation of the so-called particle-particle and hole-hole (pp-hh) ring-dirgrams. In so-
doing we will make contact with the the theory for Green's functions. Moreover, we will 
extend the formalism discussed in section 2, where only we sum over intermediate particle 
states in the calculation of the energy shift. A similar approach was presented by Ramos 
et al. [124], chough these authors start with the Green's function approach, as discussed in 
e.g. Fettw and Walecka [7], 

Before we present the fined equation for the energy shift, it is instructive to reconsider 
the steps of section 2 which led to the definition of the G-matrix. In fig. 1 we showed 
contributions to the energy shift AE to third order in the interaction. The contributions 
to the energy shift from the three diagrams of fig. 1 can be rewritten as 

(•) = lim - — / due^Fi^Vijij, (299) 

where we defined in section 2 

%y=J{%;-%/)- (300) 

Similarly, diagrams (ii) and (iii) read 

and 

( " } = SS "5S / ^^l^^W^FU^WmrUi, (301) 

oo 

(iii) = lim--^ / due^-Fi&^^Fn^V^F^Vrtj, (302) 

where repeated indices are summed over all sp states and Fij is the unperturbed pair 
Dropagator 

*•<,(„) = ^ — * = i - ^ . (303) 
u> — e,- — £j + iij u — Si — e,j — ii} 

riere we set ra; = 1 if ki < *F and 0 if fe; > feF, and Hi = 1 — n;. The diagrams of fig. 1, i.e. 
diagrams (i), (ii) and (iii), can then be summed to all orders ic much a similar way as we 
did in the construction ci the G-matrix in section 2, yielding 

A B P P - W > = j j s i . . J _ J foe*»>Tr (FY + UFV)2 + ^(FVf + ...). (304) 
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For computatioi u purposes it is however convenient to introduce the strength parameter 
z discussed in section 4.2, so that we can rewrite the preceeding equation u 

1 , CO 

AEpf-hh = lim —^-. J — f d w e ' T r (zFV + UzFVf + \(zFV)3 + . . . ) . (305) 

The strength parameter z makes the trace a simple geometric series, and z tells us how the 
many-body system evolves from the non-interacting one with z = 0 to the fully interacting 
one with z = 1. At this stage, let us introduce the z-dependent particle-particle Green's 
function G?jkl(w, z) defined as 

<3fc(«. *) = *«(«)**»• + * P « ( « ) » W . Q ! L U ( « . *)• (306) 

The first lerm on the rhs. is simply the free propagation of a pair. Eq. (305) can be rewritten 
as 

AEPP-hh = H nj _ _ L . f * f ^gi^Tr {zVG>*{w, z)) . (307) 
0 -oo 

Alternatively, we could define a generalized G-matrix K as 

J*I5i(«. *) = *%* •¥ zPt^,)ViimKKZM{u, z), (308) 

and eq. (305) reads 

AEpp-hh = ] j m _ - f <E I fa^Tr {F(w)Kfv(w, z)). (309) 
V-*0 27TI J Z J 

0 —oo 

The reader should notice the distinction between the generalized reaction matrix K and 
the G-matrix discussed in section 2. In section 2, we restricted the attention to repetcad 
interactions between pairs of particle lines. Such interactions form the starting point for 
nuclear mat lor calculations within the conventional Brueckner-Hartree-Fock (BHP) scheme 
discussed in section 5.3. The generalized reaction matrix K of eq. (308) depends however on 
the pair propagator F. This means that eq. (309), or equally well eq. (307), also include the 
contributions from repeated interactions between two hole lines, i.e. hole-hole correlations. 
Thus, in addition to including all particle-particle interactions through the definition of 
the G-matrix (standard BHF), we have hole-hole correlations and ground-state correlations 
connecting two particle lines to two hole lines to all orders. These differences are illustrated 
in fig. 63. 

We wish now to make contact with the model-space Brueckner-Hartree-Fock approach 
discussed above, in order to study one possible approximation to the generalized reaction 
matrix K. We rewrite the equation for the model-spsce BHF G-matnx G " as 

G & W = Vm + £ )< gMBHF(mn) GMM(u)f ( 3 1 0 ) 

n n U> - e „ - e„ + VI) 
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(i) (ii) 

Fig. 63. Diagram (i) is a general ring diagram, where the indices i and j can be either particles 
or holes. A typical diagram which enters the usual BHF nuclear matter calculation is shown in 
(ii). All particles are determined hy k > kF. 

with the Pauli operator already defined in eq. (288). For further details, see the discussions 
in section 7.2. The factor iij ensures that it is only the retarded part of the pair propagator 
F (i.e. only two lines propagating upward) that can take part in the intermediate states of 
GM, or stated differently, the poles of GM are only in the lower half of the complex a> plane. 
This is important since we do not want to double count contributions from intermediate 
particle states already included in the definition of GM in the sum of particle-particle 
and hole-hole ladder diagrams. To better understand this, consider the ring diagrams of 
fig. 64, where we now use the antisymmetrized G M -matrix GM. Diagram (i) is a pp-hh 
ring diagram with propagators for the pairs (ij), (kl) and (mn) all denned within the 
model space P, i.e. they are composed of both retarded and advanced parts. For diagram 
(ii), the propagators for the same pairs are also all within the model space. However, the 
propagators for the pairs (uv), (pq) and (rs) are only retarded ones, whereas the pairs {ij), 
(kl) and (mn) have propagators with both advanced and retarded parts in F. Also, at least 
one of the intermediate states in the pairs (uv), (pq) and (rs) must be outside the model 
space in order to avoid the double counting problem when we substitute the interaction V 
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(i) Oi) 

Fig. 64. Examples ofring diagrams with GM interactions discussed in the text, 

with GM. The authors of ref. [122] show then that e.g. eq. (302) can be rewritten as 

(Hi) = Km -— J duf* £ f i ^ M ^ F U w J G E ^ H G f t , , (311) 

where the sum is now restricted to sp states within the model space only. With the re
placement 

V -> GM, 

we can now repeat the steps leading to e.g. eq. (307) and obtain 

AEpp-hh = j | ^ _ J _£ j jufWTTj, (ZQM(w)G^(a,, z)) , (312) 

where the trace is taken over model space states only. Alternatively, we could also rewrite 
eq. (307) in terms of GM. However, the authors of ref. [122] found it more convenient 
from a computational point of view to evaluate eq. (307) rather than eq. (309). A useful 
prescription is then to write the Green's function G&u(w, z) in its Lehmann representation 

r«» /., _,_srXn(ij,z)X'(kl,z) ^Ym(ij,z)Y£{kl,z) (313) 
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where we have defined 

u>:(z) = E™(z)-E*(z), (314) 

*£(*) = - f i t f t ø - ^ M . (315) 

Xn(ij, z) = (9fa)\ ajai | * r 2 ( z ) ) , (316) 
and 

Ym(ij, z) = (*£ - ! (* ) | ajai |#*(«)) . (317) 

We have defined the eigenfunctions and eigenvalues through 

(HB + *JJi)ltf (*) = E$(z)V£(z), 

(JJ. + zHJlfiz) = Ei+i(z)*t+2(z), 

and similarly for ¥%~2 a n d E£~2. Substituting the above equations into eq. (307) yields 

AEP,-HH = J*1 £ £K m (ij , *)!£(«, *)«?««• (318) 
0 m(A—2) ijfcl 

The convergence factor e**"1 (connected with the limit T\ —> 0) in eq. (307) enables us tc 
convert the integral over u in eq. (307) into a contour integral closed in the upper u/ plane. 
Using GM we obtain the final result of ref. [122] 

i . P dz 

mlA-l) ijH 
AE^-hh=f- £ Ei r-W,*«(«.*)GgL l(«;(*))*. (319) 

where the sum is restricted to model space states only. The amplitudes 1^, are determined 
through the RPA-type equation of 

£ {(«, + e})SiM + tøff, - nini)zG¥ict}Ym{ef, z) = u>^(z)Ym(ij, z). (320) 

Note that the indices ijklef run over all possible sp states within the model space. At 
the present stage only two-body terms are included in the above expression through the 
approximation GM. As discussed by the authors of ref. [122], one-body terms are also 
important, and can be taken into account when sp self-energy insertions are included. The 
normalization condition for the K-amplitudes is [122] 

£ in.(PiP2,*)l2- £ |ym(w2,*)i2 = - ( i - ^ | P ) , (32i) 

where pi,P2,hi, hi are sp states within the chosen model space and the rhs. of this equa
tion expresses the model-space overlap. Computational details for solving the above set of 
equations can be found in ref. [122]. 
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Fig. 65. Diagram (a) is included in the conventional BHF procedure, while (b) is included in the 
MBHF method. Diagram (c) represents a ring-diagram. The label B is the BHF reaction matrix, 
while label M refers to the model-space BHF reaction matrix. 

How does this ring-diagram approach compare with the usual BHF method in section 5.3 
and the MBHF method of section 7.2 for nuclear matter? To understand these differences, 
consider the three diagrams of fig. 65. Diagram (a) is the typical two-hole line diagram 
included in the conventional BHF scheme. The label B represents the BHF G-matrix using 
a discontinuous sp spectrum at fcp. Diagram (b) is a diagram included in the MBHF 
scheme, and the label M refers to the MBHF G-matrix with the particle labels pi, p2, pa 
and pt with momenta between kp and kit• The main difference between the BHF and the 
MBHF schemes, as discussed in section 7.2, is the use of different sp spectra between kp 
and kin- For the BHF approach, a free particle sp spectrum is used for momenta larger than 
kp, whereiis for the MBHF scheme, a free particle sp spectrum is employed for momenta 
larger th in km. In the ring-diagram approach, we sum diagrams of type (c) to all orders, 
but in this case, the intermediate states from i to s are all within the model space, and 
they can be both particle pairs and hole pairs. Thus, we sum a larger class of diagrams in 
this approach than in either the BHF or the MBHF approaches. 

In summary, the calculational steps in the ring-diagram method proceed as follows: first 
we evaluate the MBHF G-matrix and obtain a sp spectrum following the steps in section 
7.2. Then we solve the RPA-type of equations to obtain the K-amplitudes. These are 
in turn used to evaluate the potential energy for nuclear matter by the integral of eq. 
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(319) involving the product YVGM. We conclude then this section by showing the results 
from ring-diagram calculations using the Bonn potentials discussed in sections 3, 5, 6 and 
7.2. These results are compared with those from the conventional BHF and the MBHF 
approaches of section 7.2. 

In fig. 66 we show the non-relativistic ring-diagram results, compared with those from the 
BHF calculation of the previous section. As clearly can be seen from this figure, we see 

Nuclear matter saturation curves 

> 

A3 

•16 j -

i-

Bonn B 

Bonn P. | 

Fermi level kc [fm"'i 

Fig. 66. The nuclear matter saturation curves as functions of the Fermi momentum kF for the 
Bonn A, B and C potentials discussed m the text. The dashed lines are the results obtained 
with ring-diagram scheme, while the full lines represents the results with the BHF method. The 
rectangular box describes the empirical data, The ring-diagram results are taken from ref. [123] 
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a rather substantial difference between the BHF scheme and the ring-diagram scheme. 
More attraction is provided by the ring-diagram approach, in addition to an improved 
saturation density. Moreover, the differences in saturation energies and density for the 
various potentials is smaller within the framework of the ring-diagram approach. This 
means that the uncertainty due to the choice of potential model is reduced i t nuclear 
matter calculation. Typically, for the ring-diagram calculations, the difference between the 
binding energies and the saturation densities for the Bonn A and Bonn C potentials are 2.4 
MeV and 0.11 fm - 1 , respectively. For the BHF calculation the corresponding differences 
are 4 MeV and 0.2 fm - 1 , respectively. 

It is also instructive to consider the contributions from the different partial waves. This 
is shown in table 16. Clearly, the largest difference arises for the 3Si-3Di contribution. As 

Table 16 
Partial wave contribution to the ring-diagram energy shift AE^~hu/A at fcj = 1.4 fm"1 for the 
three Bonn potentials. All entries in MeV. Taken from ref. [123]. 

Bonn A Bonn B Bonn. C 

'So -17.65 -17.61 -17.57 

3 S i - 3 A -22.21 -21.31 -20.58 

"Pi 5.10 5.17 4.87 
3Po -3.95 -3.85 -3.75 
3P, 11.30 11.19 10.76 
3P2-3F2 -9.19 -9.24 -9.12 

"D2 -2.78 -2.74 -2.67 
3D2 -4.67 -4.57 -4.52 
3D3-3G3 0.4S 0.49 0.49 

lF3 
1.00 0.98 0.96 

3F3 1.86 1.81 1.77 
3F*-3Hi -0.4S -0.49 -0.47 
lGf -0.51 -0.50 -0.49 

3G< -0.87 -0.85 -0.83 

mentioned previously, the ring-diagram effect is strongest in this channel. Therefore, it may 
be of some interest to to look into the relevance of the tensor force for the ring-diagram 
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Table 17 
The z dependence of the potential energy contribution AE^~hh/A in the 3 5 r

3 ZJ i channel for 
the Bonn A potential. All energies in MeV Taken from ref. [123], 

kF fm - 1 z = 0.11S z = 0.500 z = 0.887 

1.2 -12.66 -18.37 -28.19 

1.3 -14.74 -20.21 -27.19 

1.4 -16.83 -21.96 -27 98 

1.5 -18.91 -23.57 -28.78 

1.6 -21.06 -25.12 -29.54 

i.7 -22.99 -26.37 -29.98 

effect. We rewrite the energy-shift as 

i 

AEJ?-iA= I dz&Eg-^iz). (322) 
r 

The dependence of AEf'^z) on z is a direct measure tor the importance of the higher-
order ring diagrams. In tables 17 and 18, we plot the dependence on z for the Bonn A and 
the Bonn C potentials, respectively. We see that the difference between AE^'hk{z = 0.887) 
and AE™~ (z = 0.113) is of the order —10 MeV, which implies that the higher-order ring 
diagrams are important and not negligible. We also see that the difference is larger with 
the Bonn C potential, thus the larger the tensor force, the larger the effect of higher-order 
ring diagrams. These tables also tell us thai the difference decreases with density. Note 
that the energy in the 3Si-3Z>i channel is attractive; therefore such a decrease implies an 
increase of the repulsive effect with density. This effect has the important consequence that 
the saturation density will be lowered. 

8. The Dirac-Brueckner-Hartree-Fock approach 

8.1. Introduction 

The properties of compact objects like neutron stars depend on the equation of state at 
densities up to an order of magnitude higher than those observed in ordinary nuclei. At 
such densities, relativistic effects certainly prevail. 
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Table 18 
The z dependence of the potential energy contribution AEjf^/A in the 3Si-3Di channel for 
the Bonn C potential. All energies in MeV. Taken from ref. [123]. 

kF fin"1 z = 0.113 z = 0.500 z = 0.887 

1.2 -10.29 -17.72 -28.19 

1.3 -11.69 -19.18 -28.15 

1.4 -12.94 -20.37 -28.55 

1.5 -14.04 -21.24 -28.72 

1.6 -15.13 -21.87 -28.63 

1.7 -15.67 -21.81 -27.80 

Among relativistic approaches to the nuclear many-body problem, the so-called Dirac-
Hartree and Dirac-Hartree-Fock approaches have received much interest. One of the early 
successes of these approaches was the quantitative reproduction of spin observables, which 
are oniy poorly described by the non-relativistic theory. Pertinent to these methods, was 
the introduction of a strongly attractive scalar component and a repulsive vector com
ponent [97] to describe the nucleon self-energy. The sp motion is described by the Dirac 
equation which includes this self-energy. Due to the scalar field, the nucleon mass is re
duced enhancing thereby the ratio between the small and large components of the Dirac 
spinors. Moreover, the scalar field decouples causing a strongly density dependent repulsive 
effect. In a non-relativistic language, the reduction of the nucleon mass means that e.g. the 
repulsive spm-orbit term in the NN potential is enhanced --i large densities. 

Inspired by the successes of the Dirac-Hartree-Fock method, a relativistic extension of 
Brueckner theory was proposed by the Brooklyn group [16], known as the Dirac-Brueckner 
theory. The Dirac-Brueckner approach differs from the Dirac-Hartree-Fock one, in the sense 
that m the former one starts from the free NN potential which is only constrained by a fit 
to the world NN data, whereas the Dirac-Hartree-Fock method pursues a line where the 
parameters of the theory are determined so as to reproduce the bulk properties of nuclear 
matter. It ought however to be stressed that the Dirac-Brueckner approach [15,16,125], 
which starts from NN potentials based on meson-exchange, is a non-renormalizable theory, 
where the short-range part of the potential depends on additional parameters like vertex 
cutoffs, clearly minimizing the sensitivity of calculated results to short-distance inputs. 
This should "be contrasted to the Dirac-Hartree-Fock method pioneereu by Walecka and 
Serot [97,126]. Nonetheless, one of the appealing features of the Dirac-Brueckner approach 
is the self-consistent determination of the relativistic sp energies and wave functions. The 
description presented here for the Dirac-Brueckner approach, follows closely that of Brock-
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mann and Machieidt [IS]. We will thus start from the meson-exchange models of the Bonn 
group, defined in table A.2 of ref. [12], and discussed in section 3. Thence, including the 
necessary medium effects like the Pauli operators and the starting energy, we will rewrite 
eq. (243) using the Thompson equation. Then, in a self-consistent way, we determine the 
above mentioned scalar and vector components which define the nucleon self-energy. In 
this sense we also differ from the non-relativistic approach discussed above, where the pa
rameters which are varied at each iterative step are the non-relativistic effective mass and 
the effective sp potential A. 

8.2. Symmetric nuclear matter 

To account for medium modifications to the free Dirac equation, we introduce the notion 
of the self-energy 2(p). Ås we assume parity to be a good quantum, and assume the 
self-energy to be hermitian, the self-energy of a nucleon can be formally written as 

S(J») = Mv) - 7oS°(p) + 7 p S y ( ? ) - (323) 

The momentum dependence of S° and Ss is rather weak [97]. Moreover, Hv « I, such 
that the features of the Dirac-Brueckner-Hartree-Fock procedure can be discussed within 
the framework of the phenomenological ansatz 

S « E s - 7 0 3 D = US + Uv (324) 

where Us is an attractive scalar field and Uy the timelike component of a repulsive vector 
field. The finite self-energy modifies the free Dirac spinors of eq. (22) as 

u(p, a) = ^ 
Ejp) + MN 

2MN 

(325) 

where we let the terms with tilde represent the medium modified quantities. Here we have 
defined [15,97] 

MN = MN + Us (326) 

and 
£ ' « = % a ) = \ / ^ + Pl (327) 

The relativistic analog of eq. (244) is [15] 

i a = Ea + UVt | p a | < hit 

(328) 

= Ea, | p Q | > kM 
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where fcjw = kp gives the traditional BHF sp spectrum while ka = akp with a > 1 results 
in the MBHF approach. The sp potential is given as 

Mz 

«- = E i H r < a A l G ( É = *- + E%) \ah)AS , (329) 

or if we wish to express it in terms of the constants Us and Uv, we have 

ua = ^-Us + Uv. (330) 
Ea 

In eq. (329), we have introduced the relativistic G-matrix, which in a partial wave repre
sentation is given by 

GUkk'KE) = V,T.(kk') + £ / å t ( M £* f9' y OfoWK É), (331) 

where the relativistic starting energy is E = 2EiK+k. 

Equations (329)-(331) are solved self-consistently in the same fashion as in the non-
relativistic case, starting with adequate values for the scalar and vector components Us and 
Uv. This iterative scheme is continued until these parameters vary little. The calculation 
is carried out in the nuclear matter rest frame, avoiding thereby a cumbersome transfor
mation between the two-nucleon center of mass system and the nuclear matter rest frame. 
The additional factors MnjE in the above equations arise due to the normalization of the 
nuclear matter spinors w, i.e. ur'ti = 1 [15]. 

Finally, the relativistic version of eq. (297) reads 

£ / i E ^ M , + P I i ^L{hh.lGiÉ=ih+ih,m.)As_MN_ {Z32) 

A h<kF

 E h i A hh'<kF bh&h' 

The importance of relativistic effects are clearly demonstrated in fig. 67. There we show 
results obtained with the Bonn A potential of table A.2 in [12]. Åt small densities the 
relativistic and non-relativistic results almost coincide, whereas at higher densities the 
relativistic calculations almost reproduce the empirical points. The differences between the 
relativistic and non-relativistic results can be understood from the follcwing two arguments, 
see e.g. ref. [127]. Firstly, relativistic effects introduce a strongly density dependent repulsive 
term in the energy per particle, of the order (n/na)

B/3 where na is the nuclear matter 
saturation density in fm - 3 . This contribution 2 7 is important in order to saturate nuclear 
matter, and is interpreted by the authors of ref. [127] as a density dependent correction 

2 7 The relativistic effects can also be understood as a spec al class of many-body forces. 
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Nuclear matter saturation curves 
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Fig. 67. Comparisons of the total binding energy for nuclear matter obtained with the BHF 
method with both a relativistic (dashed line) and a non-relativistic (solid line) approach. The 
continuous sp choice has been employed for the dashed and the solid line. The results have been 
obtained with the Bonn A potential and are taken from ref. [15]. We also include the relativistic 
results fror a ring-diagram calculation (dotted line) of ref. [128]. 

to the mass of the scalar boson v, which is responsible for the scalar term Us in the 
relativistic nucleon mass. In the vacuum, the c-meson has self-energy contributions due to 
its coupling to virtual nucleon-antinucleon pairs. In nuclear matter; scattering into states 
with k < kp are Pauli blocked, giving in turn a repulsive contribution to the energy per 
particle. This quenching of the a contribution can also be understood from the expression 
for the one-boson-exchange (OBE) diagram, see eq. (28). There, due to the normalization of 
the Dirac spinors in nuclear matter, an additional factor (Mtr/E)2 has to be incorporated in 
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the OBE contribution. This factor decreases with increasing density, and yields a repulsive 
reiativistic effect, in addition to the kinetic energy. Secondly, the nucleon-nucleon spin-orbit 
interaction from the u-meson in P-waves is enhanced (the spin-orbit force is repulsive), 
since the reiativistic effective mass is changed due to the scalar fields which couple to 
negative energy states. 

In the above figure, we show BHF calculations with the continuous choice for the sp 
spectrum taken from ref. [15], and reiativistic ring-diagram calculations from ref. [128]. 
The latter are obtained from the formalism in section 7.2, the differences between the 
non-relativistic and the reiativistic ring-diagram scheme being the use of *he reiativistic 
G-matrix and reiativistic sp energies. We note that the differences between the reiativistic 
BHF and ring-diagram calculations are small, though the eSect of *Iie infinite summa
tion of particle-particle and hole-hole ring diagrams is to move the minimum of the curve 
towards smaller densities. Moreover, the curvature of the reiativistic ring-diagram calcu
lation is smaller compared with the DBHF calculation of Brockmann and Machleidt [15], 
yielding a softer equation of state. Again, as discussed in 7.2, ring diagrams bring in an ad
ditional density-dependent repulsive effect. This feature can be studied in table IS, where 
we display the z dependence of the energy shift for the 3Si-3Di channel. It is seen that the 
difference in energy shift between z = 0.887 and z = 0.113 becomes less attractive with 
increasing density, which means that we have a repulsive effect that increases with density, 
and therefore shifts the saturation point. 

Table 19 
The z dependence of the potential energy contribution AEQP~H>''/A in the sS1-*Dl channel for s. 
ralativistic calculation. AH energies in MeV. Taken trom ref. [128]. 

kF ba.-1 z = 0.113 z = 0.887 

1.2 -11.30 -20.87 

1.3 -12.52 -21.32 

1.4 -13.41 -21.41 

1.5 -13.94 -21.13 

1.6 -14.07 -20.20 

1.7 -13.66 -18.68 

Compared with the non-relativistic ring-diagram calculations in 7.2, we observe that the 
difference between a calculation which accounts for rmg diagrams and the DBHF results, 
is much smaller than in the non-relativistic comparison between BHF calculations and ring 
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diagrams. This is in turn connected with the fact that in the non-relativistic calculations, 
the sp energies depend quadratically on the momentum, and thereby exhibit an increased 
momentum dependence with increasing densities. In the relativistic case, the dependence 
on k is only linear. 

Thus, in summary, for a relativistic calculation, the chief mechanism behind the near re
production of the empirical points for nuclear matter, is mainly due to the quenching of the 
reiativistic nucleon self-energy. Higher-order effects like ring diagrams, are much smaller 
in the relativistic case, as compared with the non-relativistic approach. However, needless 
to say, relativistic calculations are still beset with uncertainties, and, although a calcula
tion of first order in the G-matrix almost reproduces the empirical nuclear matter data, 
there are still many-body effects which need to be understood. It is rather questionable 
if a calculation to first order in the interaction should reproduce properties of strongly 
interacting matter. Our conclusions in section 6, clearly indicate that more complicated 
many-body effects need to be accounted for. Another effect which also is an open question 
is the spin-orbit splitting in e.g. finite nuclei. In the framework of the Walecka model or 
the DBHF approach, one is able to reproduce fairly well the spin-orbit splitting between 
the Opi/j and the 0p 3 / 2 sp states in 1 6 0 . These are hole states and should therefore depend 
more on the density than the 0^3/2 and the 0<J5/2 states in 1 7 0 . The latter are valence nucle-
ons, and most non-relativistic many-body calculations reproduce failry well the spin-orbit 
splitting £od3/3 — eodb/s = 5.08 MeV, wuereas for eop3/2 — £ttt>il2 = 6.IS MeV, most non-
relativistic calculations yield 4 ± 1 MeV. Relativistic calculations improve this spin-orbit 
splitting, as demonstrated by Brockmann [119]. An alternative approch is advocated by 
Pandharipande and co-workers [20]. There, non-relativistic Monte-Carlo calculations with 
three-body forces yield a similar spin-orbit splitting as the relativistic calculations. There
fore, although the relativistic nuclear matter results are appealing, we believe that there 
still are many effects wnich call for further studies. The reader should also note that in our 
calculation of the relativis+ic G-matrix, a constant effective mass is used in the integral 
over all momenta. This approach is obviously questionable. Rather, a density dependent 
relativistic effective mass should have been used. Whether the saturation mechanisms seen 
in the relativistic calculations persist with a density dependent effective mass, remains 
to see. Moreover, one should not only solve self-consistently the Dirac equation, but also 
the Kiein-Gordon equation for the various mesons, in order to obtain effective masses for 
these particles as well. The obtained effective masses, should then be introduced in e.g. the 
medium dependent nucleon-nucleon interaction. 

8.S. Neutron stars and asymmetric nuclear matter 

We end this section with applications of the Dirac-Brueckner-Hartree-Fock theory to the 
calculation of the equation of state for neutron stars. The physics of compact objects like 
neutron stars offers an intriguing interplay between nuclear processes and astrophysical 
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observables [129,130]. Neutron stars exhibit conditions far from those encountered on earth; 
typically, expected densities of a neutron star interior are of the order 103 or more than the 
density at neutron drip, 10 1 1 g e m - 3 . Thus, central to calculations of neutron star properties, 
is the determination of an equation of state for dense matter. This determines the mass 
range as well as the mass-radius relationship for these stars. It is also an important 
ingredient to the determination of the composition of dense matter and to how thick the 
crust of a neutron star is. The latter influences neutrino generating processes and the 
cooling of neutron stars [131]. The properties of neutron stars depend on the equation 
of state (EOS) at densities up to an order of magnitude higher than those observed in 
ordinary nuclei. Data on the EOS can be obtained from many sources, such as studies 
of the monopole resonance in finite nuclei, high-energy nuclear collisions, supernovae and 
neutron stars. Supernova simulations seem tc require an EOS which is too soft ic support 
some observed masses of neutrons stars, whereas analyses of high-energy nuclear collisions 
indicate a rather stiff EOS, predicting m turn neutron star masses which are «oo large. 
Thus, no definite statements can be made about the equation of state EOS at high densities, 
except that the equation of state should probably be moderately stiff in order to support 
maximum neutron star masses in the range from approximately 1.4Mø to 1.9M0 [132]. 

However, although quantitative calculations of the EOS for dense nuclear matter are still 
besec. with many problems, there have recently been important changes in the qualitative 
picture. Several mechanisms have been studied, mechanisms which result in an EOS which 
is soft enough to support neutron stars with maximum masses in the range of the ob
served data. Amongst such processes we have exotic states of nuclear matter, such as kaon 
[133,134] or pion condesation. Another scenario which gives neutron star masses within 
the experimental values, has been presented by Pethick and co-workers [135,136]. These 
authors study properties of various phase transitions from spherical nuclei tc uniform nu
clear matter, and the coexistence of quark matter and nuclear matter over a finite fraction 
of the neutron star volume. 

Here we derive the EOS for pure neutron matter and asymmetric nuclear matter, using 
the relativistic DBHF approach discussed above. For the NN potential, we choose again 
the Bonn A potential in table Å.2 of [12]. For these calculations we restrict the attention 
to the continuous choice for the sp spectra, but we will treat the Pauli operator for various 
proton asymmetries "exactly", following the expressions given by the authors of ref. [137]. 
Asymmetric nuclear matter is important in e.g. studies of neutron star cooling, as demon
strated recently by Lattimer et al. [138] who showed that ordinary nuclear matter with 
a small asymmetry parameter can cool by the so-called direct URCA process, even more 
rapidly than matter in an exotic state. In addition, at high densities, degrees of freedom 
represented by isobars and hyperons may also result in a rapid cooling of neutron stars 
[139]. 

With these preliminaries, we show here the results of Engvik et at from ref. [140] for the 
energy per particle with various proton fractions in fig. 68. From this figure we note that 
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Energy per nucleon for neutron matter 

Density n [fm" ] 

Fig. 68. The energy per particle for asymmetric nuclear matter as function of the particle density 
with different proton fractions. Taken from ref. [140]. 

all proton fractions yield an energy per particle which exhibits much the same curvature as 
the curve for pure neutron matter at high densities, although the energy per particle is less 
repulsive at high densities. Åt low densities, the situation is rather different. This is due to 
the contributions from various isospin T = 0 partial waves, especially the contribution from 
the 3 5i- 3 i? i channel, where the tensor force component of the nucleon-nucleon potential 
provides additional binding. With a proton fraction of 0.15, the energy per particle starts 
to become attractive at low densities (in the region 0.07 fm~3 to 0.3 f m - 3 ) , and with 
increasing proton fractions, additional attraction in the energy per particle is introduced. 
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The next step in the calculations is thus to evaluate the EOS and the total mass and radius 
of a neutron star from the above energies per particle with the proton fractions shown in 
fig. 88, in order to see how different proton fractions influence the mass and radius of 
neutron stars. Here we assume that the neutron stars we study exhibit an isotropic mass 
distribution. Hence, from the general theory of relativity, the structure of a neutron stai is 
determined through the Tolman-Oppenheimer-Volkov equation, i.e. 

dP {p(r) + P(r)} {M(T) + 4flT3P(r)} 
dr ~ r2 - 2rM(r) 

where P(r) is the pressure and M(r) is the gravitional mass inside a radius r. To obtain 
observables lite the mass and radius of a neutron star, Engvik et al. [140] combine eq. (333) 
with the equation of state (EOS), which is defined as P(n) = re2 (de/dn), where e = £/A is 
the energy per particle and re is the particle density. The EOS is valid in a limited density 
range from 0.1 f m - 3 to 0.8 f m - 3 . It is therefore coupled tc other equations of state at 
higher and lower densities as outlined in ref. [141]. Total masses and radii are calculated 
and parametrized as functions of the central density nc. The results from ref. [140] are 
redisplayed in figs. 69 and 70. The neutron star equation of state should probably be only 
moderately stiff to support maximum neutron star masses of only 1. ;Afe [132]. From figs. 
69 and 70 we see that the relativistic EOS for pure neutron matter seems to be too stiff., 
since it gives a predicted maximum mass of M m o I RJ 2.4M S with a corresponding radius of 
it = 12 km. However, the EOS for neutron star matter could be softened considerably due 
to pion or kaon condensation because of the lower symmetry energy of nuclear matter, and 
maximum masses are then reduced correspondingly from the cases with no condensates. We 
note fiom figs. 69 and 70 that for the EOS the calculated maximum mass can be reduced to 
Afnux ~ 2.0M S with a corresponding radius of R ss 10 km. Pions may be likely to condense 
in neutron star matter because neutrons at the top of the Fermi sea could decay to protons 
plus electrons, and kaon condensation is also believed to be a possible mechanism which 
could be energetically favorable in the interior of neutron stars [134,142; 143]. Both pion and 
kaon condensation would then increase the proton abundance in the matter, possibly up to 
more than 40% protons, i.e. close to symmetric nuclear matter, and produce a softer EOS 
and smaller maximum mass. The results from Engvik et ah [140] discussed here show this, if 
one assumes that e.g. kaon condensation is a likely mechanism, an increased proton fraction 
results in smaller masses. The EOS, even with s proton fraction close to symmetric nuclear 
matter, results in maximum masses which are slightly above the experimental values [132]. 
However, following the the relativistic ring-diagram results above, we would expect that 
higher order many-body contributions to soften the EOS further. Moreover, we have cot 
discussed the energy gain due to kaon condesation, an energy gain which will soften further 
the above EOS at high densities, as demonstrated in ref. [142]. 
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Fig. 69. MJMQ for various proton fractions as function of the central density n e . Taken from ref. 
[140]. 

9. Overview and perspectives 

Throughout this work we have put emphasis on the connections between the free nucleon-
nucleon (NN) interaction and the many-body theory appropriate for selected nuclear sys
tems. Of special interest was the connection between the tensor force of the nucleon-nucleon 
interaction and properties of nuclear systems, like the binding energy per particle in nuclear 
matter and the reproduction of nuclear spectra. In these systems, it was seen that poten
tials with a weak tensor force, i.e. strong cancellation between the contributions from iz and 
p mesons, introduced more attraction in both nuclear matter and nnite nuclei. Further, in 
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Fig. 70. The total radius R for different proton fractions as function of the central density nc. 
Taken from ref. [140]. 

addition to the study of the tensor force component in a nuclear medium, relativistic effects 
were reviewed in the nuclear matter and neutron matter analyses. Åt densities greater than 
the saturation density of nuclear matter, relativistic effects begin to dominate. Actually, 
these effects were seen to be of importance in order to reproduce the empirical nuclear 
matter data, a feature which is normally not accounted for by non-relativistic approaches. 

With the above comments is mind, following the many-body approach discussed in this 
work, we wish to draw the attention to some of our results in sections 6-8 and discuss 
selected perspectives for future works: 
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- In section 6 we calculated effective interactions for nuclei in the mass regions of oxygen, 
calcium and tin. The effective two-body interaction was in turn used to calculate spectra 
of nuclei with more than two valence nucleons. The agreement with the experimental data 
was in many cases rather good. Especially, the reproduction of binding energies for several 
of the nuclei studied is an improvement compared to earlier calculations with older and 
more phenomenological models for the nucleon-nucleon (NN) interaction 2 8. Our results 
support the view that the tensor force of the NN interaction should be weak. Also, the 
excited spectra for many of the nuclei studied were in satisfactory agreement with the 
data. Similarly, in sections 7-8, possible improvements in nuclear matter calculations were 
reviewed. 
However, although it is satisfactory to have a microscopic theory which yields a nice repro
duction of the data, it is our firm belief that one "learns more from the disagreements than 
from the agreements with the data. Such disagreements with the data were discussed by us 
in connection with the results for the calcium isotopes in section 8.4. It is always possi
ble to construct say effective interactions which yield a good agreement with the spectra 
for calcium isotopes. A typical example is given in the work of Richter et al. [84], where 
an effective p/-shell interaction is constructed. Por nuclei Eke 4 2 Ca with two valence nu
cleons outside the closed 4 0 C a core, there is both theoretical and experimental evidence 
that configurations outside the chosen model space, the p/-shell, play an important role. 
Therefore, an effective interaction defined within the p/-shell only should not reproduce 
the data for nuclei like 4 2 Ca. This was indeed the case in our calculations in section 6.4. 
There, the binding energies of both 4 2 C a and 4 2 Sc were in a poor agreement with the data. 
We argued then that the inclusion of so-called intruder state configurations which were 
excluded from our model space, would improve the agreement with the data. For isotopes 
like 4 4 C a and 4 6 Ca the agreement with the data was much better, whereas for 4 8 Ca the 
theoretical spectra were too compressed compared tc the data. Most microscopic effective 
interactions, from those of Kuo and Brown [71] to the present, are not able to reproduce 
the typical shell closure (the / 7 / 2 orbit) in 4 8 Ca, even if we extend the model space so as 
tc include the j 9 / 2 orbit. This is still a puzzle tc u s 2 9 

One should then be able to find the reasons for the disagreements by re-examining the var
ious approximations made in the many-body approach. One possible reason is the omission 
of certain configurations in the definition of the model space. Another reason is whether 
neglected many-body effects like effective three-body forces would play an important role, 
or if the parameters which enter the NN potential, which is defined through scattering data 
for free particles, should reflect the medium dependence. There one has to take into account 
medium modifications of the meson masses and the nucleon mass in the NN potential, fol
lowing e.g. the scaling of masses proposed by Brown and Rho [145], In order for such a 

2 8 A word on semantics. We ought to stress that om approach is also a phenomenologicai one, in the sense 
that we employ an effective model for the NN potential, where the particles which enter our formalism are 
not the fundamental ones. Though, the parameters which enter the theory are physically motivated ones 
(e.g. meson masses and coupling constants), and many of these parameters are measurable quantities. 
2 S A similar behavior has been observed in tin isotopes for n 6 S n , where the l<i 5 / 2 and 0g7/2 orbits are 
filled up [144]. 
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scheme to be a consistent one, one would have to solve self-consistently the Dyson equation 
for both the nucleon and the mesons involved, in order to obtain the self-energy and the 
effective masses of these hadrons in a medium. Even the calculation of the self-energy for 
the nucleon (see the discussion below in connection with the self-energy of baryons) is a 
highly non-trivial pursuit. 
One could also ascribe the discrepancies between the data and our calculations to the use 
of a harmonic oscillator basis. It is well known that a harmonic oscillator basis gives in 
general matrix elements which are more attractive compared with those obtained through 
a self-consistent Brueckner-Hartree-Fock (BHF) calculation. Whether such a BHF basis 
really will improve our results, is not clear to us. Results from BHF calculations in the 
sdrsheU. [77] yield a rather poor agreement for nuclei in the mass region of oxygen. 
Another possible extension of our many-body approach is to account for relativistic effects. 
For finite nuclei such calculations have recently been pursued by Brockmann, Machleidt 
and Muther and co-workers [120,146-149], although at the level of the G-matrix. Thus, 
from our experience in non-relativistic calculations, we would expect that there is still room 
for important many-body correlations. In this work, relativistic effects were studied only 
for nuclear and neutron matter in sections 7-8, since the nuclei studied in section 6 could 
be described by the degrees of freedom of selected valence nucleons. The density of these 
valence nucleons is rather small, and relativistic effects negligible, a fact confirmed by the 
analysis of Muther et al [146]. However, for hoie states, the density is larger, and the above 
relativistic effects become important, as demonstrated in the recent work of Zheng et al. 
[150]-
Finally, the reader should note that in the microscopic approaches applied in sections 6-S, 
we have put emphasis on certain properties of finite nuclei and nuclear matter, in ordei 
to study how the various components of the NN potential behave in a nuclear medium. 
It ought to be stressed that properties like the tensor force may behave differently for 
other observables, as discussed by Zamick and Zheng [151] for the case of particle-hole 
siates in closed-shell nuclei, such as the 0~ state in 1 6 0 . Thus, a careful study of several 
nuclear observables is needed in order to shed more light on the connections between the 
many-body approaches and the relevant free NN interaction. 
Last but not least, this application of the NN potential in calculations of various medium 
properties, implies also the development of the many-body approaches. It should be clear 
that the approach outlined for finite nuclei in section 4 has its limitations. On one side, 
there are problems like the dimensionality of the model space used in the shell model 
calculations 3 0 . These are to some extent technical problems, which with modern computers 
can be handled to a certain level of complexity. On the other side, the approach in section 
4 is taylored to solve problems within the framework of the nuclear shell model. Recent 
experimental results from electron scattering facilities have provided both confirmation of 
shell-model related concepts (such as the sp wave function for the description of nucleons in 
nuclei) as well as detailed informations on its limitations, see e.g. refs. [152-154] for both 

3 0 The problems we think of here arise both in the construction of the effective two-body interaction and 
in the calculation of spectra for nuclei with several valence nucleons, like u 0 S n . 
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theoretical and experimental surveys. Clearly, if one wishes to evaluate the self-energy 
of the nucleon in a finite nuclues (this self-energy could in turn be used in a medium 
dependent NN potential), one has to account for high-lying states in energy ranges beyond 
the validity of the shell model. Also, a description of such high-lying states, means that one 
has to consider representations of the wave functions where particles may be bound or in 
the continuum. Thus we believe, that the many-body approach outlined in section 4, needs 
to be extended in order to handle the new results from e.g. electron scattering experiments. 
Åt present, a viable approach seems to be offered by the so-called self-consistent Green's 
function method, see e.g. refs. [19,124,155]. The above comments lead us to the next point, 
namely, how to evaluate the self-energy of baryons in a nuclear medium (we do not mention 
the self-energy of mesons, although this is also an obvious area of research). 

- In this work we have limited the attention to effective interactions, though the ex
tension to the calculation of effective operators is straightforward. An effective operator 
which is of interest is the self-energy of e.g. a baryon in a nuclear medium. The phenomeno-
logical optical model has widely been used to analyze the data of elastic nucleon-nucleus 
scattering experiments. This large amount of empirical information alone [152], would give 
a sufficient justification for the different attempts of theoretical nuclear physics to derive 
the potential of the optical model within a microscopic many-body theory, starting with a 
realistic interaction between the relevant baryons. Such theoretical investigations are use
ful in obtaining a microscopic justification for the real and imaginary part of the optical 
potential. The starting point for these investigations is the determination of the self-energy 
of a given baryon as a function of the two independent variables energy and momentum. 
The self-energy can be used as an important ingredient for an evaluation of the structure 
function or response function of nuclei, which are used to analyze the excitation modes of 
nuclei as they are observed e.g. in (e,e') experiments [153] Prom the self-energy one can 
furthermore derive the single-particle Green's function through the solution of the Dyson 
equation and the spectral function depending on momentum and energy. The integration of 
the spectral function with respect to the energy yields the occupation probabilities, which 
provide important information on nuclear correlations. Several experimental studies have 
been made to obtain reliable information on these quantities [154] 
The above remarks serve to demonstrate that the self-energy of a baryon can be considered 
as a key point for many investigations of nuclear structure. Thus, quite a lot of effort has 
been made in order to evaluate the self-energy [152], though most attempts to determine 
this quantity are based on studies in nuclear matter [124], where the single-particle states 
can be described in terms of plane waves. 
One of the main obstacles for theoretical investigations in finite nuclei is related to the fact 
that one has to consider a representation for single-particle states in terms of both bound 
and scattering states. To overcome this problem, the authors of refs. [64,156,157] devoloped 
a method which allows a direct calculation of the self-energy for the nucleon in terms of 
matrix elements derived from a realistic interaction for the baryons of interest. The novelty 
of this method, resides in the fact that one can calculate the self-energy from a microscopic 
approach, where scattering states are described in terms of plane waves while bound states 
are described by the wave functions of the harmonic oscillator. This is easily achieved using 
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eqs. (270) and (271). The self-energy one obtains from these calculations, is then used tc 
derive an optical potential which is parametrized in terms of a local and energy dependent 
Wood-Saxon potential. The formalism of refs. [64,156,157], can be applied to the study of 
the isobar A self-energy, as done in ref. [158]. Moreover, recently, much attention has been 
devoted to the study of baryons with a strangeness content, such as the A and E, and their 
"behavior in a nuclear medium Of importance here is the evaluation of the self-energy for 
these baryons, since the self-energy is intimately related to the decay width [159]. This is 
especially relevant for the S, since the existence of relatively long-lived E-bound states has 
to be yet understood. 

- Another effective operator of particular interest is the study of the nuclear renormal-
ization of the axial coupling constants. The renormalizations of the isovector axial charge 
and current coupling constants form an interesting and nontrivial topic. On the one hand 
second order configuration mixing of the nucleon states and exchange current effects are 
known to cause a quenching of the axial current coupling constant, g°T

t the magnitude of 
which is about 30%, in sd shell nuclei [160]. On the other hand the value of the axial charge 
<?]£, which equals g%T for free nucleons, is strongly enhanced by up to 100% in heavy nuclei 
[161,162] by exchange current effects [61,163]. The main difference between the exchange 
current contributions to the effective isoscalar and isovector axial charge coupling constants 
is the absence of any long range pion exchange current contribution to the former In the 
nuclear matter calculations of ref. [164], it was shown that the charge and current coupling 
constants of the effective isoscalar axial current density of a nucleon in a nucleus differ 
appreciably from the corresponding free nucleon values. The exchange current correction 
implied by the short range components of the NN interaction leads to a large enhancement 
of 40-50% of the isoscalar axial charge coupling constant at nuclear matter densities, the 
precise value depending on the potential model employed. An obvious extension of the 
above results, would be to calculate the corresponding effective operator for various finite 
nuclei, in order to test the dependence on the different nuclear media. 

One of us (MHJ) is much indebted to Torgeir Engeland and Anne Holt for numerous 
discussions on the shell-model code developed at Oslo and to Lars Engvik for the many 
days spent on the nuclear matter calculations. We are also indebted to Ruprecht Ivlachleidt 
for providing us with figs. 7-9 prior to publication. Moreover, throuf hout the course of this 
work we have largely benefitted from interactions with many colleagues, amongst these: 
Gang Bac, Jan Blomqvist, Gerry Brown, Paul Ellis, Marios Kagarlis, Ruprecht Machleidt, 
Herbert Muther, Chris Pethick, Arturo Polls, Dan Olof Riska, Nicolae Sandulescu, Dan 
Strottman, Kazuo Tsushrria and Erlend Østgaard. 

All calculations behind the results reported here, except whose which are explicitly refer
enced, have been performed at the IBM cluster at the University of Oslo. Support for this 
by the Norwegian Research Council (NFR) is greatly acknowledged. Further, T.T.S. Kuo 
shanks the Nordic Institute for Theoretical Physics (Nordita) for travel support. 

158 



Appendix A. Evaluation of Feynman-Goldstone diagrams 

In this appendix we review first the rules for calculating Feynman-Goldstone diagrams 
in an uncoupled representation. Thereafter, we show by way of selected examples how to 
calculate these diagrams in a coupled representation, e.g. two particles coupled to a final 
angular momentum / . Finally, we list the one-body and two-body diagrams included in 
our evaluation of the Q-box . 

A.l. Diagram rules 

A matrix element of an operator O in time-dependent perturbation theory may have the 
form 

0H = (C\ A,O(0)U(0, -oo)A] \C), (A.1) 
where the time evolution operator U discussed in section 4 is 

t—i) f t t 
U(t, t') = lime_o!imtu_„(i-i,i J2 \ r J d t l J dt* • • • J dtr- (A'2'l 

»=" ' t' t' f 
^T[H1{t1)H1{U)...H,{tn)\, 

In this work we have mainly dealt with a valence-linked expansion, which means that an 
re-body valence space wave function is denned through 

^ ! C ) = <4<4. . .4ic) , (A.3) 

where \C) refers to e.g. a closed l e O core wave function. 

The diagrams rules in the uncoupled scheme are rather simple to obtain through use of 
Wicks theorem and the symmetry properties of the interaction V or G. These rules are 
rather well-known, see [1], and we will simply state them in the following. 

- Draw all topological distinct diagrams and for each interaction there is an antisym-
metrized and normalized matrix element 

(ab\ V \cd)AS = (ab\ V \cd) - (ab\ V \dc), 

or in terms of the G-matrix 

(ab\ G \cd)AS = {ab\ G \cd) - (ab\ G \dc). 

If not stated differently, througout this work we will always employ anti-symmetrized ma
trix elements, and thence skip the label AS. 
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- From the time integrations in the time evolution operator we obtain an energy de
nominator 

r? ^ - 1 ' ( A - 4 ) 
w - ( E e P - E £ k ) 

between successive interactions. Here u> is the unperturbed energy of the valence particles, 
or the starting energy, and £ SP and £ £* represent the sum over intermediate particle and 
hole sp unperturbed energies between two interactions. 

- By applying Wicks theorem we obtain for each diagram an overall factor 

( -1 ) 
nh+ni+nc+nextl 

2n*t 
(A.5) 

where 7ifc is the number of hole lines in a diagram, n\ is the number of closed loops, nc 

is the numbers of crossings of different external lines as they trace through the diagram 
and 7j„fc is the number of external hole lines which continuously trace through a diagram. 
Finally, riq, is the number of pairs of lines which start at the same interaction and end at 
the same interaction. 

As an example we list the expressions for the diagrams shown in fig. A.l. Diagram (a), 

(a) (b) (c) (d) 

Fig. A.l. Examples of diagrams which contribute to the effective interaction, 

which is the 2plh diagram, reads 

1 y {ah\G\p1p2){plP2\G\^h) 
2 Pink eø-i-£h- ePl - e„ 

(A.6) 
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where we have re», = i, nj = 1, n„h = 0 and nc = 0 giving rise to a factor + i . Finally, we 
have two intermediate particle lines which start and end at the same interaction, yielding 

Similarly, diagram (b), the 3p2h diagram, reads 

_ i y . ( o p | g | M > H A 1 & , | c | i g p ) ) 

where we have re/, = 2, raj = 1, re„/, = 0 and nc = 0 giving rise to a factor — i. Moreover, 
we have two intermediate hole lines which start and end at the same interaction, yielding 
re«p = 1. 

For both expressions, we sum freely over the quantum numbers of the intermediate states, 
expressed through the labels pi,2h and hx^p. 

For diagram (c), which is the third-order TDA diagram, we have 

where we have re/, = 2, re; = 2 and re^ = rera(.. = rec = 0. 

Diagram (d) is a third-order contribution to the hole-hole or particle-hole effective interac
tion and has an external hole which traces through the diagram, i.e. rueI\ = 1. Moreover, 
we have rej, = 3, re; = 2, nc = 0 and n^ — 0. The final expression in an uncoupled scheme 
is then 

y y{hh2\G\l3P2)(p2h1\Glh2p1)(apl\G\hh2) ( J ^ 

The analytical expressions in an angular momentum representation for many of the dia
grams employed m our definition of the Q-box and the effective operator can be found in 
the works of Barrett and Kirson [76] and Kassis [165], though, here we have used a method 
described by Kuo et al. [166]. By the use of this method, the analytical expressions are 
in general simpler compared to those obtained in the m—scheme, and moreover, they are 
less time-consuming from a computational point of view. Since this method is extensively 
detailed in [166], we will not give all details in connection with the calculations of the 
various diagrams of fig. A.l, though certain basic steps will be presented. 

Before we proceed we need to define so-called cross-coupled matrix elements (not normal
ized) which are defined as 

((a - i)JT\ G |09 - S)JT) = ( - ) « + « + ^ ^ / ( l + ^ ) ( i + oJyJl)Jt 
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x(2J' + 1)(2T' + 1) ((a0)J'r\ G [(S-t)J'T') (A.10) 

The normalized two-body wave function |(a/3)J) (omitting isospin) in the above equation 
is given as 

\(C0)J) = \(afi)JM) = • \ £ < £ £ * 1 ( ^ ) 0 ^ ) ) , (A.11) 

where jafi and m a i ^ are the quantum numbers defining a sp state and C is a standard 
Glebsch-Gordan coefficient defined according tc. the Condon-Shortley phase convention. 
Both the two-body wave function and the sp wave function transform under rotations as 
a spherical tensor. In fig. A.2 we show in terms of diagrams the meaning of the coupling 
orders {(a -> 7)JT\ G |(/3 - t S)JT) and ((a0)JT\ G \(f8)JT). Eq. (A.10) is just an exam" 
pie of one possible recoupling, another possible recoupling is 

({a -» 5)JT\ G 109 - i)JT) = (_)*+*+J+«y(i + 5 ^ ) ( 1 + S^Jf 

x(2J ' + 1)(2T' + l ) ( - ) J ' + r ((a/?) J'T'I G \{6i)J'%%.\2) 

Tc illustrate the advantages of this method we present the analytical expressions for the 
diagrams of fig. A.l. 

In brief, the essence of the method of ref. [166], for evaluating Goldstone diagrams in a 
coupled basis, is to rewrite a diagram (or parts of a diagram) into ladder forms, by opening 
selected internal lines. An internal line consists of two pieces, an incoming and an outgoing 
one, which are coupled to a scalar. This coupling ca*, t broken by a suitable recoupling 
transformation, and the technique is to cut the "correct" internal line in order to factorize 
the diagram into the form of a ladder diagram. To illustrate this, consider first the 2plh 
diagram of fig. A.l, diagram (a). First we coupl- IL», fxternal lines to a scalar, as shown 
in step (a) of fig. A.3. Note that the external lines are coupled to zero total momentum. 
This gives rise to a factor ^- for angular momentum and 4 j for isospin. In our angular 
momentum conventions, see eq. (A.10) and fig. A.2, ve let angular momentum couplings 
run from an outgoing line to an ingoing line, opposite to what is done in ref. [166], Next 
we cut open the internal hole line labeled k, as shown in (b) of fig. A.3. For the internal 
lines we obtain a factor jh for angular momentum and V2 for isospin, see eq. (45) of ref. 
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Fig. A.2. The two-body matrix element coupled according to {(a —• T ) J T | G |(/3 —* S)JT) is shown 
in (a) while (t) represents the matrix element ({a.0)JT\ G \(fS)JT). 

Fig. A.3. Various «couplings for the 2plh diagram. 
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[166]. Finally, we recouple this diagram as shown in (c) of fig. A.3. The latter is clearly in 
a ladder form and its angular momentum part reads (omitting isospin) 

3a J 

3a 3* 0 

jh jh 0 

J J 0 

{{ah)J\ G | ( P l P 2 ) J > ((PlP2)J\ G \tfh)J), (A.13) 

which reduces to, using the properties of the Wigner 9j symbols, 

1 
W = r E J2 {{ak)J\ G\(Plp2)J) <(plP2) J\ G \(/3h)J). (A.14) 

We can then write out the final expression for the 2plh diagram (including isospin) as 

(A.15) ( B ) = J- V Jf*iiah)JTl G ( U l ) ^ l P ^ J T ) ^P>)JT\ GM \(/3h)JT) 

In this equation we have also introduced the energy dependent G-matrix (recall the discus
sion in section 5), through the variables wj and w2. This is due to the fact that the various 
interactions have s'rrting energies which need not coincide with those of the model space 
states. In the above, Wi = ep -f E& and u>2 = ep + e/,, which, unless eh = 0 differs from 
the model space energies e a J 3. As the G-matrix becomes weaker for more negative starting 
energies, the energy dependence of the G-matrix serves to reduce the magnitude of higher 
order contributions. 

The expression for the 3p2h diagram in fig. A.l can be obtained in a similar manner as 
the 2plh diagram. Here we cut open the internal particle line and obtain 

(b): ^ i E ^ : U#*((.*P)W\ G M K*!*»)-"1) ( ( * A ) J T | G(**) \iPp)*T) 

ill JT E*i + e*» 

Here we have Ui = e^ + £fc2 and w2 — e^ + eh2 + eø — ea. 

(A.16) 

Diagram (c) of fig. A.l, the third-order TDA diagram, can be recoupled to give the dia
gram (b) in fig. A.4. This recoupling gives rise to the following angular momentum relation 
(omitting isospin) 

.((a^l)J'\TDA\(/3->8)J'). 

\3* Jø J 

{(a0)J\ TDA \(7S)J) = (2J + 1) £ ( 2 J ' + 1) j j , j t J 

{ J' J' 0 f 

(A.17) 
TDA in the above expressions stands for all three interactions. The next step is to cut 
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JT 

a n 

J 'T 

Fig. A.4. The TDA diagram (a) can be recoupled as shown in (b). 

open the internal particle-hole pairs, as shown in (a) of fig. A.5. This gives an additional 
factor (—) 2' h for every internal particle-hole pair which is cut open [166], though this factor 
reduces to +1 when we introduce isospin. We are then left with three crosscoupled matrix 
elements defined according to eq. (A.10) and shown in (b) of fig. A.5. The final expression 
for the TDÅ diagram (including isospin) is then given by 

(_)w+j->+i+J+J'+T+r' 

x {(a -t y)J'T'\ G(o>.) Kft - h2)J'T>) {{h2 «- p2)J'T'\ G(w») \(Pl -> hJJ'V) 

x ((h, - Pl)J'T'\ G{w3) |(/J - S)J'V) (A.18) 

where w = e 7 + eg and the energy variables are u^ = u + E^ — £«, «2 = w + £;,, + ei,2 — e„ — es 
and 0/3 = w-t-ej,, —ej. We finally note that, compared to the expression presented by Barrett 
and Kirson [76], diagram 15 in their appendix, the number of summations is reduced by a 
factor of two, and the number of 6j coefficients are reduced from eight to two in eq. (A.18). 
Furthermore, the cross-coupled matrix elements can be calculated once and for all. 
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J'T' 

(a) 

J'T' 

fb) 

J'T' 

J T 

P\ 8 
1 1 A-J 

J'T' 

J T ' 

J 'T' 

Fig. A.5. Various reccaplings for the third-order TDA diagram. See text for further details. 

To calculate diagram (d) of fig. A.l, we proceed in a similar way as for the 2plh diagram. 
We first recouple the external lines to a scalar, thereafter we recouple the external lines 
to the internal hole line labelled h. The next step is to cut open the internal particle-hole 
pairs, and finally we are left with three cross-coupled matrix elements of the type defined 
in eq. (A.10). The final expression for diagram (d) is then 

JTkh,hspiP2 " 

x ((a - k)JT\ G(«!) Ifo - . h,)JT) <( P 2 - h2)JT\ G(u») |(h, «- n)JT) { A l g ) 

x ((ft <- P)JT\ G(w3) \(h2 *- p2)JT), 
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with the starting energies given by 

<"1 = «Ai + £h 

<"2 = £Ai + £fc + £J.J - e„ 

w3 = «to + £A + £p - £«, 

A.2. £ist over Goldstont diagrams 

The one-body and two-body liuked-vaience diagrams through third order included in the 
evaluation of the <?-box are shown in figs. A.6 and A.7, respectively. Each topology is a 
sum of one to four diagrams, the one given in figs. A.6 and A.7 plus all those that can be 
obtained through the exchange of the external pairs of lines. We omit diagrams involving 
Hartree-Fock contributions. 

Many of the third-order two-body diagrams give rise to non-hermitian contributions to the 
effective interaction. However, these diagrams are generally followed by similar diagrams, 
and the sum of the first diagram and its " companion" results in a hermitian contribution. 
The first of these diagrams is then labeled with an (A) and the second with a (B) in figure 
A.7. 
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Fig. A.6. One-body Goldstone diagrams without a spectator valence line included m the evaluation 
of the Q-box . 



5-16 

Fig. A.6 - continued 
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2-1 

v w 

2-8 

Fig. A.7. Two-body Goldstone diagrams included in the evaluation of the Q-box . 
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2-9(A) 2-9(B) 2-10(A) 

2-11 (A) 

Fig. A.7 - continued 
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2-15(A) 

A/WWW 

2-15(B) 2-16(A) 2-16(B) 2-17 

Fig. A.7- c-'tini'o.d 
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2-18(A) 2-!8(B) 2-19(A) 2-19(B) 

2-20(A) 2-20(B) 2-21 

Fig. A.7 - continued 
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2-22(A) 2-22(B) 2-23(A) 2-23(B) 

2-24(A) 2-24(B) 2-25(A) 2-25(B) 

Fig. A.7 - continued 
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2-26(A) 2-26(B) 2-27(A) 2-27(B) 

Fig. A.7 - continued 
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Appendix B. Numerical evaluation of the X-mairix and the G-matrix 

In this section we outline how to calculate the G-matrix for nuclear matter, the GF-matrix 
used in the evaluation of the G-matrix for finite nuclei and the T-matrix through matrix 
inversion. 

Let us first consider uncoupled channels, e.g. the 1So partial wave. The one-dimensional 
equation for either the G-matrix or the T-matrix can be written as 

oo 

G(kk'K) = V{kk'K) - J F{kqK)G{qk'K)dq, (B.l) 
o 

where 

« = VMf- (B.2) 
•K q2 — w — K' 

For nuclear matter we have that the Pauli operator Q is given by the angle-average BHF 
operator discussed in subsection 5.3. For finite nuclei we set Q = 1, since we are only 
interested in the so-called free G-matrix Gp. The equation for Gp differs however from 
that of the T-matrix, which also employs Q = 1, in the choice of starting energy. For 
Gp the starting energy is negative, whereas for T it is positive. The above is an integral 
equation in the relative momentum &, and the G- or T-matrices are defined for a given 
center-of-mass momentum K. Below we will skip this variable. We assume also that G, 
V and Q are continuous in k and that their derivatives are also continuous. Further, we 
expect high-lying momenta to play a negligible role due to the denominator in F , and 
replace then the infinity limit with a finite value of 5. In this way we can solve our problem 
numerically and rewrite the equation for G as 

Gtø.fcj) = Vih,^) - £ F(&.-,fcn)G(fe„,%K. (B.3) 

The numerical integration is done hy using Gaussian points k; and weights w.; 

h =£7tan( i i±p^) (B.4) 

^ = C ^ c o s - J ( i i ± f ^ ) , 

where — 1 < x < 1 and C is a constant chosen so as to optimize the numerical grid. It is 
convenient to define G, F and V as N x N matrices in fc-space (N is the number of mesh 
points) Fij = F(ki, kj)wj, Vy = V(ki, kj) and G;J = G(fc;, kj). This allows us to rewrite the 
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equation for G as a matrix equation 

| Gn G12 

G 2 i G22 

GIN 

G2N 

GNI Gm • • • GNN J 

fvtl v12 

v21 v22 

\ Vivi Vivi 

Fn F\z 
F21 F22 

v2N 

VN J VNN 

• FIN 

• F2N G21 G22 

GiN 

G2N 

or in a more compact form 

^ FN\ FN2 • • • FNN j \ Gm G, 

- F G 

(B.5) 

*NN j 

G = V -
( i + F)G = V 

G = (1 + F ) _ 1 V . (B.6) 

The G-matrix can now be obtained for a given starting energy and relative momenta by 
inverting a matrix ( l + F) with the following matrix elements 

in + -Vi Qi 
«*J-< 

•law,. 

Hitherto we have only considered uncoupled partial waves, though the extension to coupled 
channels is easily accomplished by defining a 2JV x 2N matrix Gw (this matrix represents 
Gfv(kikjKw)) The couplings between various angular momenta are then accounted through 
the solution of 

(GU G W \ = ( V U V W \ _ (FH F W \ (GU G„.} 

{ G,., Gvv J \ V,,t V,,,. J { Fn Fw j \ Gn Gm } 
(B.7) 

which means that we need to invert a (2N x 2N)-matrix. As an example., consider the 
3 Si- Di channel. There we have four different G-matrices, given by the partial wave com
binations 3S1-3SU

 3St-3Du

 3D1-3S1 and 3D1-3D1. 

A numerical stable and accurate (to 5-6 leading digits) result for both G in nuclear matter 
and GF for finite nuclei is obtained using 40 — 50 mesh points. The above method is rather 
simple and efficient to implement numerically, and is used in our computation of G. 
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Appendix C. List of two-body matrix elements 

We list here the matrix elements for the various mass areas discussed in the text. These 
matrix elements have been obtained with the Bonn A, B and C potentials of table A.l of 
ref. [12]. The folded-diagram method with a third-order Q-box has been used. For the tin 
isotopes we list only the T = 1 results obtained with the Bonn Å potential. In tables C.l and 
C.2 we list also the empirically derived matrix elements of Brown and co-workers [73,84]. 
Although our matrix elements and those of refs. [73,84] are not directly comparable (this is 
due to the fact that the empirical matrix elements may contain intruder state components 
since a fit was made to the available data), we see from these tables that the differences 
are rather small, especially in the /p-sheli where they are on the order of some few keV 
only. For the /p-shell, we find, without accounting for differences in sp energies, an average 
difference between the matrix elements with the Bonn C potential and the matrix elements 
of Kichter ei al. of 125 keV. For the /p-shell, we choose to compare with the interaction 
labelled FPMIZ. 

The reader should note that the authors of refs. [73,84] use slightly different sp energies. 
These are s o i l l . = -3.9478 MeV, eUl/2 = -3.1635 MeV, e^, = 1.64S6 MeV for the 
ad-shell [73], and e 0 / r / 2 = -8.3637 MeV, e0h/2 = -2.1539 MeV, e l p i n = -6.3325 MeV, 
£ l p i / ! = —4.4068 MeV for the /p-shell [84]. These should be compared to those used in 
this work e W 6 / 2 = -4.14 MeV, sUl/1 - -3.27 MeV, tod3/2 = 0.94 MeV for the si-shell, and 
£ o / , / 2 = -8.36 MeV, eok„ = -1.86 MeV, e l p i / 2 = -6.26 MeV, e i P l / 2 = -4.46 MeV for the 
/p-shell. 

Finally, in table C.3, we list the effective T = 1 interactions for the light tin isotopes 
discussed in section 6.5 3 1 . 

3 1 For all mass areas except the sd-shell, there are moie than hundied matrix elements. A more convenient 
usting of the various effective interactions can be obtained through electronic post to one of us (MHJ) at 
mhjensen@fys.uio.no (internet). 
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Table C.l 
The ad-shell two-body effective interactions with 1 6 0 as core. The labels Å, B and C refer to the 
results with the Bonn A, B and C potentials. Bmp are the matrix elements of Brown ez al., see 
ref. [73]. AH entries in MeV. 

2j . 2j"(, 2j'c 2jd 2T 2J A B C Emp 

5 5 5 5 0 2 -1.4315 -1.1773 -1.0001 -1.6321 

5 5 5 3 0 2 3.1790 3.0167 2.8543 2.5435 

5 5 3 3 0 2 1.7666 1.6503 1.5547 .7221 

5 5 3 1 0 2 .3628 .3187 .2922 1.1026 

5 5 I 1 0 2 -.8749 -.8103 -.7593 -1.1756 

5 3 5 3 0 2 -6.S104 -6.1933 -5.8803 -6.5058 

5 3 3 3 0 2 -.0200 .0811 .1523 .5647 

5 3 3 1 0 2 1.7250 1.7993 1.8374 1.7080 

5 3 I 1 0 2 1.8887 1.8113 1.7418 2.1042 

3 3 3 s 0 2 -1.3404 -1.1359 -.9805 -1.4151 

3 3 3 i 0 2 -.8402 -.8319 -.8360 -.3983 

3 3 1 1 0 2 .0405 .0048 -.0171 .0275 

3 1 3 i. 0 2 -3.3056 -3.214S -3.1355 -4.2930 

3 I 1 I 0 2 -.2441 -.3513 -.4181 -1.2501 

1 1 1 x 0 2 -3.3313 -3.1451 -2.9803 -3.2628 

5 3 S 3 0 4 -4.5004 -4.3628 -4.2156 -3.8253 

5 3 5 i 0 4 -1.2555 -1.1941 -1.1508 -.0968 

5 3 3 1 0 4 -1.4793 -1.4065 -1.3542 -2832 

5 1 5 1 0 4 -.4109 -.3142 -.2632 -1.447* 

C 1 3 I 0 4 -2.7050 -2.6508 -2.5870 -2.0664 

3 1 3 1 0 4 -1.3883 -1.2959 -1.2283 -1.8194 

5 5 5 5 0 6 -.8478 -.7239 -.6200 -1.5012 

5 5 5 3 G 6 2.1769 2.0897 1.9916 2.2216 

5 5 5 1 0 6 -1.4992 -1.4574 -1.4132 -1.2420 

5 £ 3 3 0 6 .8466 .7837 .7291 1.8949 
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2;. 2;'i 2jc 2j'd 2T 2J Å B C Emp 

5 3 5 3 0 6 -1.0712 -.9881 -.9042 -.5377 

5 3 5 1 0 6 1.0367 1.0201 .9982 1.2032 

5 3 3 3 0 6 2.1625 2.1363 2.0980 2.0337 

5 1 5 1 0 6 -3.6000 -3.4532 -3.2943 -3.8598 

5 1 3 3 0 6 .1668 .1476 .1331 .1887 

3 3 3 3 0 6 -2.9026 -2.7918 -2.6684 -2.8842 

5 3 5 3 0 8 -4.4330 -4.2504 -4.0678 -4.5062 

5 5 5 5 0 10 -3.6858 -3.5261 -3.3532 -4.2256 

5 5 5 5 2 0 -2.5418 -2.4640 -2.4660 -2.8197 

5 3 3 2 0 -2.9807 -2.9531 -2.9448 -3.1856 

5 5 1 1 2 0 -1.0885 -1.0542 -1.0407 -1.3247 

3 3 3 3 2 0 -1.1624 -1.1046 -1.1095 -2.1845 

3 3 i 1 2 0 -.7911 -.7734 -.7684 -1.083E 

1 1 1 1 2 0 -2.0617 -1.9866 -1.9592 -2.1246 

e 3 5 3 2 2 -.4249 -.3983 -.4008 1.0334 

e 3 3 1 2 2 -.0304 -.0148 -.0079 -.1874 

3 1 3 1 2 2 .3994 .3767 .3343 .6066 

5 5 5 5 2 4 -.9932 -.9857 -.9906 -1.0020 

5 C 5 3 2 4 -.1394 -.1530 -.1706 -.2328 

5 5 5 1 2 4 -.7957 -.7790 -.7635 -.8616 

5 5 3 3 2 4 -.9399 -.9271 -.9122 -1.6221 

5 5 3 1 2 4 .8477 .8240 .8025 .6198 

5 3 5 3 2 4 -.4043 -.3996 -.4092 -.3248 

5 3 5 1 2 4 -.2469 -.2297 -.2263 -.4770 

5 3 3 3 2 4 -.9871 -.9573 -.9317 -.6149 

5 %/ 3 1 2 4 .6449 .6358 .6235 .5247 

Table C.l - continued 
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2ia 2j' b 2 j c 2u 2T 2J A B C Emp 

5 1 5 1 2 4 -1.2335 -1.2159 -1.2084 -.8183 
5 1 3 3 2 4 -.6317 -.6087 -.5940 -.4041 
5 1 3 1 2 4 1.4633 1.4327 1.3981 1.9410 
3 3 3 3 2 4 .1427 .1041 .0663 -0.0665 
3 3 3 1 2 4 .1787 .1753 .176? .5154 
3 1 3 1 2 4 -.2767 -.2791 -.2955 -.4064 
5 3 5 3 2 6 .5050 .4364 .3750 .5898 
5 3 5 1 2 6 -.1021 -.1046 -.0974 -.6741 
5 1 5 1 2 6 .2781 .2565 .2223 .7626 
5 5 5 5 2 8 .0356 .0026 -.0290 -.1641 
5 5 5 3 2 S -1.4942 -1.4410 -1.3867 -1.2363 
5 3 5 3 2 8 -1.6941 -1.6455 -1.6074 -1.4497 

Table C.l - continued 
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Table C.2 
The /p-shell two-body effective interactions with 4 0 Ca as core. The labels A, B and C refer to 
the results with the Bonn A, B and C potentials. Emp are the matrix elements of Richter et ai, 
see ref. [84]. All entries in MeV. 

2j„ 2jb 2j„ 2jd 2T 2J A B C Emp 

-7 7 7 7 0 2 -1.3648 -1.1529 -.9966 -.7678 
7 7 7 5 0 2 2.0982 1.9577 1.8225 1.8940 
7 7 5 5 0 2 1.0393 .9626 .9023 1.0710 
7 7 5 3 0 2 .1409 .1143 .1006 .2270 
7 7 3 3 0 2 -.6701 -.6089 -.5563 -.4268 
7 7 3 1 0 2 .5128 .4685 .4280 .3920 
7 7 1 1 0 2 .1302 .1042 .0877 .1840 
7 5 7 5 0 2 -5.3926 -5.0793 -4.7837 -3.7062 
7 5 5 5 0 2 -.5502 -.4528 -.3718 -.4160 
7 5 5 3 0 2 1.3780 1.4309 1.4515 .9530 
7 5 3 3 0 2 .9914 .9209 .8550 .8710 
7 5 3 1 0 2 -1.8391 -1.7577 -1.6710 -1.4490 
7 c 1 1 0 2 .1946 .2316 .2549 .1680 
S 5 5 5 0 2 -1.0273 -.8585 -.7368 -.0120 
5 S 5 3 0 2 -.3557 -.3481 -.3505 -.2920 
5 5 3 3 0 2 .0568 .0287 .0101 .0400 
5 5 3 1 0 2 -.1239 -.0882 -.0614 -.1590 
5 5 1 1 0 2 -.2665 -.2411 -.2266 -.0840 
5 3 5 3 0 2 -2.6432 -2.5716 -2.5208 -2.1727 
5 3 3 3 0 2 -.1029 -.1470 -.1642 -.0730 
5 3 3 1 0 2 .8006 .8691 .9089 .6200 
5 3 1 1 0 2 -.5586 -.5602 -.5748 -.3930 
3 3 3 3 0 2 -.8391 -.6673 -.5677 -.6655 
3 3 3 1 0 2 1.9727 1.8707 1.7732 1.5540 
3 3 1 1 0 2 1.0701 .9961 .9285 .7090 
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2j„ 2jb 2jc 2ji 2T 2J A B C Emp 

3 1 3 i 0 2 -2.8963 -2.7302 -2.5939 -2.2910 
3 1 1 1 0 2 .7883 .8340 .8519 .6860 
1 1 1 1 0 2 -1.4512 -1.3347 -1.2501 -1.0740 
7 5 7 5 0 4 -3.4362 -3.3226 -3.2065 -2.7595 
7 5 7 3 0 4 -.7384 -.7051 -.6834 -.7350 
7 5 5 3 0 4 -.7482 -.6958 -.6583 -.7050 
7 5 5 1 0 4 .5841 .5677 .5547 .4270 
7 5 3 1 0 4 -.7963 -.7604 -.7291 -.6590 
7 3 7 3 0 4 -.6715 -.5777 -.5188 -.3564 
7 3 5 3 0 4 -1.3050 -1 2687 -1.2335 -1.1230 
7 3 5 1 0 4 1.0777 1.0. "'4 1.0051 .8380 
7 3 3 1 0 4 -.6269 -.6127 -.6049 -.4810 
5 3 5 3 0 4 -1.4871 -1.4338 -1.3844 -1.2448 
5 3 5 1 0 4 .4170 .3824 .3627 .2550 
5 3 3 1 0 4 -.3428 -.3114 -.2995 -.0710 
5 1 5 1 0 4 -.4739 -.4059 -.3552 -.0810 
5 1 3 1 0 4 .5322 .0406 .5453 .2410 
3 1 3 1 0 4 -2.494i -2.3287 -2.1921 -1.8970 
7 7 7 7 0 6 -.3909 -.3069 -.2404 -.4498 
7 7 7 5 0 6 1.2049 1.1408 1.0768 1.0050 
7 7 7 3 0 6 -.6178 -.5939 -.5680 -.8315 
7 7 7 1 0 6 .5610 .5471 .5322 .8315 
7 7 5 5 0 6 .7076 .6631 .6218 .5170 
7 7 5 3 0 6 -.0494 -.0549 -.0578 -.0870 
7 7 5 1 0 6 .0047 -.0003 -.0020 -.0330 

Table C.2 - continued 
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2j. 2jb 2jc 2jd 2T 2J A B C Emp 

7 7 3 3 0 6 -.3727 -.3490 -.3276 -.5049 

7 5 7 5 0 6 -1.3805 -1.2872 -1.1969 -1.0140 

7 c 7 3 0 6 .3140 .3109 .3033 .3280 

7 5 7 1 0 6 -.6050 -.5806 -.5587 -.4400 
-7 5 5 5 0 6 .6526 .6508 .6431 .6750 

7 5 C 3 0 6 .7027 .7018 .6936 .6280 

7 5 5 1 0 6 .5797 .5793 .5767 .5380 

7 5 3 3 0 6 .5515 .5327 .5128 .5380 

7 3 7 3 0 6 -.6121 -.5555 -.5070 -.7433 

7 3 7 1 0 6 1.4540 1.3932 1.3339 1.2950 
•7 3 5 5 0 6 .1533 .1462 .1415 .1580 

7 3 5 3 0 6 -.7063 -.6706 -.6356 -.4080 
*7 3 5 i 0 6 ,7707 .7277 .6871 .5180 

7 3 3 3 0 6 -.6286 -.6185 -.6076 -.6812 

7 I 7 1 0 6 -1.7374 -1.6619 -1.5826 •1.4840 

7 1 5 5 0 6 -.1966 -.1955 -.1931 -.2700 

7 1 5 3 0 8 .1269 .1203 .1188 .1400 

7 1 5 1 0 6 .4884 .4802 .4721 .4000 

7 1 3 3 0 6 .6161 .5940 .5733 .4610 

5 5 5 5 0 6 -.5724 -.5141 -.•*557 -.1960 

5 5 5 3 0 6 -.2678 -.2759 -.2827 -.3270 

5 5 5 1 0 6 -.5582 -.5422 -.5325 -.3910 

5 5 3 3 0 6 -.0842 -.0946 -.1011 -.1820 

5 3 5 3 0 6 -.5947 -.5617 -.5283 -.4640 

5 3 5 1 0 6 -1.1232 -1.0922 -1.0644 -.9880 

Table C.2 - continued 
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2j„ 2jb 2jc 2jd 2T 23 A B C Emp 

5 3 3 3 0 6 -.3664 -.3860 -.3955 -.3400 
5 1 5 1 0 6 -1.5476 -1.4911 -1.4342 -1.2340 
5 1 3 3 0 6 -.0443 -.0539 -.0576 -.0840 
3 3 3 3 0 6 -2.2762 -2.1266 -1.9908 -1.8885 
7 5 7 5 0 8 -1.9959 -1.9249 -1.8418 -1.9080 
7 5 7 3 0 8 -.0697 -.0514 -.0400 -.0390 
7 5 7 1 0 8 -.6415 -.6270 -.6184 -.6740 
*7 5 5 3 0 8 -.6705 -.6396 -.6162 -.5440 
7 3 7 3 0 S -.2790 -.2378 -.1975 -.1742 
7 3 7 1 0 8 .1239 .1267 .1177 .1080 
7 3 5 3 0 S -.8228 -.8018 -.7770 -.6140 
7 1 7 1 0 8 -.9010 -.8288 -.7664 -.7460 
7 1 5 3 0 8 -1.5802 -1.5329 -1.4818 -1.1880 
J 3 5 3 0 8 -.9084 -.8557 -.8091 -.7336 
7 7 7 7 0 10 -.5074 -.4574 -.4065 -.4830 
7 7 7 5 0 10 1.0521 1.0092 .9614 .9010 
7 7 7 3 0 10 -.8523 -.8286 -.8043 -1.0085 
7 7 5 5 0 10 .3078 .2754 .2483 .1700 
7 c 7 5 0 10 -.0647 -.0448 -.0211 -.1265 
7 5 7 3 0 10 .4811 .4732 .4624 .4050 
7 5 e 5 0 10 \.2W 1.1961 1.1617 1.1380 
7 3 7 3 0 10 -2.4203 -2.3146 -2.2033 -2.3544 
•7 3 5 5 0 10 .0869 .0821 .0784 .0480 
5 5 S 5 0 10 -2.0419 -1.9610 -1.8756 -1.6899 
7 5 7 5 0 12 -2.6701 -2.5567 -2.4425 -2.2650 

Table C.2 - continued 

186 



2j„ 2jb 2jc 2jd 

7 7 7 7 
7 7 7 7 
7 7 5 5 
7 7 3 3 
7 7 1 1 
5 5 5 5 
5 5 3 3 
5 5 •L 1 
3 3 3 3 
3 3 1 1 
1 1 1 1 
7 5 7 5 
"7 5 5 3 
7 5 3 1 
5 3 5 g 
5 3 3 1 
3 1 3 1 
7 7 7 7 
7 7 7 5 
7 7 7 3 
7 7 5 5 
7 7 5 3 
7 7 5 1 
7 7 3 3 
7 7 3 1 

2T 2J A B 

0 14 -2.4664 -2.3571 
2 0 -2.1644 -2.0713 
2 0 -1.9841 -1.9764 
2 0 -.9018 -.8712 
2 0 -.5294 -.5245 
2 0 -1.4539 -1.3709 
2 0 -.5436 -.5382 
2 0 -.4792 -.4568 
2 0 -1.3933 -1.3007 
2 0 -1.4725 -1.4278 
2 0 -.3584 -.3086 
2 2 -.6502 -.6031 
2 2 .0264 .0368 
2 2 -.2387 -.2209 
2 2 -.0898 -.0838 
2 2 -.0143 -.0037 
2 2 .1363 .1458 
2 4 -.8700 -.8481 
2 4 .2250 .2016 
2 4 -.5229 -.5112 
2 4 -.6214 -.6181 
2 4 .3338 .3224 
2 4 -.3824 -.3791 
2 4 -.3616 -.3476 
2 4 -.1950 -.1940 

Table C.2 - continued 

C Emp 

-2.2416 -2.6034 

-2.0452 -2.1900 

-1.9875 -2.7800 

-.8588 -1.1133 

-.5292 -.7140 

-1.3481 -.8837 

-.5457 -.7770 

-.4499 -.3920 

-1.2769 -1.2613 

-1.3929 -1.4650 

-.3083 -.2490 

-.5827 -.2890 

.0407 .0350 

-.2060 -.3420 

-.0947 -.0279 

.0008 .0580 

.1269 .1520 

-.8419 -.8690 

.1760 .0000 

-.4999 -.8826 

-.6151 -.6380 

.3109 .2850 

-.3756 -.4700 

-.3351 -.4233 

-.1950 -.2500 
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2j„ 2jb 2jc 2u 

7 5 7 5 
7 5 7 3 
7 5 5 5 
7 5 5 3 
7 5 5 1 
7 5 3 3 
7 5 3 1 
7 3 7 3 
7 3 5 5 
7 3 5 3 
7 3 5 1 
T 3 3 3 
T 3 3 1 
5 5 5 5 
5 5 5 3 
5 5 5 1 
5 5 3 3 
5 5 3 1 
5 3 5 3 
5 3 5 1 
5 3 3 3 
5 3 3 1 
5 i 5 1 
5 - 3 3 
5 1 3 1 
3 3 3 3 

2T 23 A 

2 4 -.4688 
2 4 -.0548 
2 4 -.6304 
2 4 .3208 
2 4 -.1404 
2 4 .0910 
2 4 -.2218 
2 4 -1.0055 
2 4 -.3035 
2 4 .2962 
2 4 -1.0051 
2 4 -.3675 
2 4 -.4814 
2 4 -.2880 
2 4 -.0404 
2 4 -.3153 
2 4 -.0758 
2 4 -.2607 
2 4 .2122 
2 4 .5653 
2 4 .0774 
2 4 .2180 
2 4 -.1450 
2 4 -.1504 
2 4 -.2866 
2 4 -.4912 

Table C.2 -

B C Emp 

-.4423 -.4301 -.1061 

-.0447 -.0438 -.0140 

-.6057 -.5869 -.6310 

.3172 .3094 .2950 

-.1473 -.1517 -.3420 

.0840 .0751 .0180 
-.2113 -.2044 -.0790 
-.9716 -.9546 -.9036 
-.2963 -.2959 -.4460 
.3001 .3011 .4020 
-.9810 -.9572 -.9660 
-.3610 -.3518 -.4503 
-.4649 -.4506 -.3190 
-.2943 -.3060 -.2180 
-.0369 -.0326 .0230 
-.3011 -.2921 -.1860 
-.0787 -.0821 -.1280 
-.2527 -.2479 -.1590 
.1970 .1754 .2156 
.5287 .5045 .3890 
.0732 .0715 -068C 
.2165 .2122 .1590 
-.1568 -.1738 -.1061 
-.1409 -.1362 -.0470 
-.2817 -.2758 -.2410 
-.4587 -.4498 -.3755 
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2j<, 2jb 2jc 2jd 

3 3 3 1 
3 1 3 1 
7 5 7 5 
7 5 7 3 
7 5 7 1 
7 5 5 3 
7 5 5 1 
7 3 7 3 
7 3 7 1 
7 3 5 3 
7 3 5 1 
7 I 7 I 

7 1 5 3 
7 1 5 1 
5 3 5 3 
5 3 5 1 
5 I 5 1 
7 7 7 7 
7 7 7 5 
7 7 7 3 
7 7 7 1 
7 7 5 5 
7 7 5 3 
7 5 7 5 
7 5 7 3 

2T 2J A 

2 4 -.7773 
2 4 -.9044 
2 6 .2248 
2 6 -.1372 
2 6 -.0318 
2 6 -.1862 
2 6 .0889 
2 6 -.0411 
2 6 .1984 
2 6 .1004 
2 6 -.0674 
2 6 .0094 
2 6 .2649 
2 6 -.1171 
2 6 .2897 
2 6 -.0107 
2 6 .2517 
2 8 -.0540 
2 8 -.3530 
2 8 -.4584 
2 8 -.2219 
2 8 -.4473 
2 8 .3754 
2 8 .0459 
2 8 -.0365 

Table C.2 -

B C Emp 

-.7506 -.7270 -.6010 
-.8531 -.8291 -.6880 
.1871 .1527 .0191 
-.1349 -.1298 -.1180 
-.0259 -.0259 -.0120 
-.1724 -.1612 -.1320 
.0890 .0881 .0800 
-.0506 -.0612 .2396 
.1770 .1638 .0780 
.0949 .0899 .0260 
-.0738 -.0755 -.0590 
.0020 -.0099 .0290 
.2499 .2358 .1400 
-.1090 -.1026 -.0780 
.2502 .2176 .1290 
-.0033 -.0020 .0070 
.2294 .2066 .1290 
-.0745 -.0946 -.0868 
-.3462 -.3399 -.3860 
-.4397 -.4203 -.4527 
-.2209 -.2189 -.2930 
-.4395 -.4285 -.4000 
.3629 .3502 .3050 
.0268 .0068 .0085 
-.0359 -.0386 -.1140 
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2j. ty 2j'e 2jd 2T 2J A B C Emp 

7 5 7 1 2 8 
7 5 S 5 2 8 
7 5 5 3 2 8 
7 3 7 3 2 8 
7 3 7 1 2 8 
7 3 5 5 2 8 
7 3 & 3 2 8 
7 1 7 1 2 8 
7 1 5 5 2 8 
7 1 5 3 2 8 
5 5 5 5 2 8 
5 5 5 3 2 8 
5 3 5 3 2 8 
f c 7 5 2 10 
•7 5 7 3 2 10 
7 3 7 3 2 10 
? 7 7 7 2 12 
7 n 7 5 2 12 
•7 5 7 E 2 12 

Tabie C. 

-.1887 -.1740 -.1669 -.0930 

-.4483 -.4321 -.4186 -.4680 

.5002 .4886 .4753 .4930 

-.0421 -.0596 -.0727 .1891 

-.6690 -.6352 -.6073 -.5020 

-.1546 -.1484 -.1446 -.1560 

.7554 .7268 .6989 .6190 

-.3554 -.3529 -.3523 -.2740 

-.2396 -.2305 -.2238 -.2520 

.7068 .6794 .6519 .5310 

.2506 .2158 .1920 .2949 

1398 .1356 .1328 .1020 

-.3310 -.3263 -.3260 -.2570 

.4665 .4069 .358.? .1523 

-.0614 -.0592 -.0530 -.0100 

.1900 .1748 .1533 .5781 

.2374 .2044 .1773 .1519 

-.9213 -.8796 -.8398 -.7160 

•1.2375 -1.1886 -1.1484 -.9971 

2 - continued 
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Table C.3 
The 7 = 1 two-body effective interactions for light tin isotopes with l 0 0 Sn as core. The labels A, 
B and C refer to the results with the Bonn A, B and C potentials. All entries in MeV. 

2j. 2 j t 2jc 2jj 2T 2J A B C 

7 7 7 7 2 0 -1.5157 -1.3143 -1.3745 
T 7 5 S 2 0 -.5107 -.5101 -.5067 
7 7 3 3 2 0 -.5502 -.5024 -.5184 
7 7 1 1 2 0 -.2501 -.2411 -.2429 
7 7 11 11 2 0 1.5688 1.5586 1.5382 
c 5 5 5 2 0 -.8643 -.8032 -.8167 
5 5 3 3 2 0 -.8803 -.8802 -.8585 
5 S 1 1 2 0 -.4022 -.3788 -.3838 
5 5 11 11 2 0 .4465 .4308 .4397 
3 3 3 3 2 0 -.4309 -.3842 -.4016 
3 3 1 i 2 0 -.3027 -.2892 -.2924 
3 3 11 11 2 0 .4964 .5023 .4955 
1 1 1 1 2 0 -.7807 -.7451 -.7325 
i 1 11 11 2 0 .2210 .2197 .2204 
li 11 11 11 2 0 -1.0621 -.9339 -.9662 
7 5 7 5 2 2 -.2045 -.1889 -.1887 
7 5 C 3 2 2 -.0350 -.0329 -.0253 
7 5 3 1 2 2 -.0849 -.0747 -.0787 
5 3 5 3 2 2 -.0708 -.0588 -.0572 
5 3 3 1 2 2 -.0287 -.0259 -.0206 
3 1 3 1 2 2 .0038 .0061 .0111 
7 11 7 11 2 4 -.9097 -.8081 -.8181 
7 7 7 7 2 4 -.4814 -.4462 -.4551 
7 7 7 5 2 4 -.0763 -.0648 -.0669 
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2j . 2 j t 2je in IT 2J A B C 

7 7 7 3 2 4 -.2844 -.2560 -.2640 
7 7 5 5 2 4 -.0628 -.0678 -.0677 
7 7 S 3 2 4 -.1541 -.1483 -.1462 
7 7 5 1 2 4 -.1525 -.1523 -.1482 
7 7 3 3 2 4 -.1930 -.1745 -.1786 
7 7 3 1 2 4 .0908 .0850 .0869 
7 7 11 11 2 4 .3476 .3388 .3425 
7 5 7 5 2 4 -.0114 -.0031 -.0128 
7 5 7 3 2 4 .2714 .2451 .2476 
7 5 5 5 2 4 .0681 .0623 .0637 
7 5 5 3 2 4 .0670 .0695 .0704 
7 5 5 1 2 4 .0629 .0675 .0634 
7 5 3 3 2 4 .0167 .0183 .0161 
7 5 3 1 2 4 -.0725 -.0626 -.0681 
7 5 11 11 2 4 -.2141 -.2073 -.2034 
7 3 7 3 2 4 -.3595 -.3414 -.3463 
7 3 5 5 2 4 -.1562 -.1470 -.1468 
7 3 5 3 2 4 -.1249 -.1257 -.1221 
7 3 6 1 2 4 -.1817 -.1773 -.1774 
? 3 3 3 2 4 -.1362 -.1337 -.1333 
7 3 3 1 2 4 .1908 .1823 .1831 
7 3 11 11 2 4 .3925 .3874 .3826 
5 5 5 5 2 4 -.3147 -.3001 -.2968 
5 5 5 3 2 4 -.1201 -.1209 -.1200 
g c 5 1 2 4 -.2726 -.2628 -.2611 

Table C.3 - continued 
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2.7. 2j b 2;'c 2u 2T 2J A B C 

s 5 3 3 2 4 -.2255 -.2199 -.2202 
s 5 3 1 2 4 .2314 .2209 .2199 
s 5 11 11 2 4 .2164 .2090 .2077 
5 3 5 3 2 4 -.1240 -.1113 -.1128 
5 3 5 1 2 4 -.1318 -.1205 -.1219 
5 3 3 3 2 4 -.2367 -.2300 -.2245 
5 3 3 1 2 4 .1911 .1924 .1868 
5 3 11 11 2 4 .0337 .0347 .0362 
5 1 5 1 2 4 -.4939 -.4651 -.4647 
5 1 3 3 2 4 -.2093 -.2047 -.1980 
5 1 3 1 2 4 4537 .4454 .4366 
5 1 11 11 2 4 .1270 .1245 .1258 
3 3 3 3 2 4 -.0623 -.0596 -.0613 
3 3 3 1 2 4 .1031 .0960 .0985 
3 3 11 11 2 4 .0912 .0919 .0918 
3 1 3 1 2 4 -.2515 -.2308 -.2313 
3 1 11 11 2 4 -.1577 -.1564 -.1547 
11 11 11 11 2 4 -.8137 -.7522 -.7551 
7 11 7 11 2 8 -.4237 -.3774 -.3864 
7 11 5 11 2 6 .1761 .1570 .1605 
5 11 5 11 2 6 -.5454 -.5284 -.5306 
7 5 7 5 2 8 .1055 .0740 .0813 
7 5 7 3 2 6 .1423 .1256 .1291 
7 5 7 1 2 6 -.1235 -.1100 -.1105 
"7 5 5 3 2 6 -.0406 -.0363 -.0361 

Table C.3 - continued 
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2j» 2}b "LU 2ji 2T 2] A B C 

7 5 5 1 2 6 -.0186 -.0183 -.0191 
7 3 7 3 2 6 .0937 .0670 .0717 
7 3 7 1 2 6 -.1289 -.1096 -.1137 
7 3 5 3 2 6 .0109 .0066 .0098 
7 3 5 1 2 8 0138 .0075 .0098 
7 1 7 1 2 8 .1639 .1366 .1411 
7 1 5 3 2 6 -.0169 -.0158 -.0141 
7 1 5 1 2 6 .0244 .0242 .0205 
5 3 5 3 2 6 .05J7 .0375 .0459 
5 3 5 1 2 6 -.0257 -.0270 -.0247 
5 1 5 1 2 S -.0307 -.0282 -.0218 
7 11 7 11 2 8 -.1305 -.1305 -.1326 
7 11 5 11 2 8 .0604 .0584 .0572 
7 11 3 11 2 S -.1903 -.1656 -.1699 
5 11 5 11 2 8 -.0600 -.0720 -.0711 
5 11 3 11 2 8 -.1409 -.1244 -.1264 
3 11 3 11 2 8 -.1439 -.1390 -.1430 
7 7 7 7 2 8 -.0053 -.0315 -.0327 
7 7 7 5 2 8 .0443 .0434 .0432 
7 7 7 3 2 8 -.2020 -.1771 -.1845 
7 7 7 1 2 a .0650 .0578 .0601 
7 7 5 5 2 8 -.0473 -.0475 -.0479 
7 7 5 3 2 8 -.1529 -.1463 -.1445 
7 7 11 11 2 8 .2351 .2260 .2279 
7 5 7 5 2 8 .1179 .0928 .0937 

Table C.3 - continued 
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2j„ 2/ b 2jc 2ji 2T 2J A B 

7 S 7 3 2 8 .1932 .1818 .1800 
7 5 7 1 2 8 -.2456 -.2218 -.2231 
7 5 5 5 2 8 .0565 .0515 .0519 
7 5 5 3 2 8 .1381 .1319 .1337 
7 5 11 11 2 8 -.1480 -.1441 -.1427 
7 3 7 3 2 8 .0758 .0520 .0526 
7 3 7 1 2 S .1564 .1444 .1457 
7 3 5 5 2 8 -.0494 -.0460 -.0458 
7 3 5 3 2 8 -.1335 -.1261 -.1265 
7 3 11 11 2 a .1492 .1468 .1462 
7 £ 7 1 2 8 -.1091 -.1147 -.1138 
7 1 5 5 2 8 .1037 .0973 .0964 
7 1 5 3 2 8 .1740 .1653 .1644 
7 1 11 11 2 S -.1516 -.1474 -.1466 
5 5 5 5 2 8 -.0813 -.0796 -.0773 
5 5 5 3 2 8 -.3620 -.3477 -.3435 
5 5 11 11 2 8 .1027 .0987 .0984 
5 3 5 3 2 8 -.5678 -.5470 -.5350 
5 3 11 11 2 8 .1447 .1427 .1419 
11 11 11 11 2 8 -.3057 -.2881 -.2899 
7 11 7 11 2 10 -.0921 -.0994 -.1007 
7 11 5 11 2 10 .0471 .0499 .0480 
7 11 3 11 2 10 -.1986 -.1745 -.1795 
7 11 1 11 2 10 .0913 .0823 .0840 
5 11 S 11 2 10 -.0276 -.0498 -.0475 

Table C.3 - continued 
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2u 2jt 2jc 2jd 2T 2J A B C 

5 11 3 11 2 10 .1481 .1444 .1431 
5 11 1 11 2 10 -.2678 -.2512 -.2517 
3 11 3 li 2 10 .0597 .0354 .0358 
3 11 1 11 2 10 .2156 .2020 .2023 
1 11 1 11 2 10 -.1313 -.1463 -.1444 
7 5 7 5 2 10 .1193 .0839 .0912 
7 5 7 3 2 10 .0281 .0238 .0277 
7 3 7 3 2 10 .1535 .1277 .1327 
7 11 7 11 2 12 .0258 -.0006 .0005 
7 11 5 11 2 12 .0122 .0136 .0123 
T 11 3 11 2 12 -.1375 -.1217 -.1245 
7 11 1 11 2 12 -.0338 -.0286 -.0301 
5 11 5 11 2 12 .1528 .1207 .1226 
5 11 3 11 2 12 .0257 .0240 .023S 
5 11 1 11 2 12 -.1828 -.1624 -.1662 
3 11 3 11 2 12 .1290 .0996 .1004 
3 11 1 11 2 12 -.1196 -.1057 -.1084 
1 11 1 11 2 12 .1336 .1081 .1083 
•7 7 7 7 2 12 .1973 .1517 .1513 
T 7 7 5 2 12 .1173 .1026 .1073 
7 7 11 11 2 12 .1635 .1561 .1567 
7 5 7 5 2 12 -.3418 -.3297 -.3240 
7 5 11 11 2 12 -.2128 -.2047 -.2038 
11 11 11 11 2 12 -.0873 -.0913 -.0924 
T 11 7 11 2 14 -.1154 -.1382 -.1331 

Table C.3 - continued 
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2;'. 2ji In 2;'j 2T 21 A B C 

7 1 1 5 1 1 2 14 .0718 .0753 .0712 
7 1 1 3 1 1 2 14 -.2879 -.2662 -.2663 
5 1 1 5 1 1 2 14 .1101 .0805 .0827 
5 1 1 3 1 1 n 14 .2972 .2802 .2784 
3 1 1 3 1 1 2 14 -.2772 -.2853 -.2803 
7 1 i 7 1 1 2 16 .0852 .0508 .0532 
7 1 1 5 1 1 2 16 -0570 -.0508 -.0526 
5 1 1 5 1 1 2 16 .0712 .0520 .0509 
11 1 1 11 1 1 2 16 .0139 .0004 -.0004 
7 1 1 7 1 1 2 18 -.2321 -.1901 -.1923 
11 1 1 11 1 1 2 20 .1343 .1171 .1161 

Table C.3 - continued 
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